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Abstract
We present the complete covariant formulation of six-dimensional discrete spacetime with signature (−,+,+,+,−,
−). Starting from the fundamental metric tensor g_{AB}, we derive all geometric objects: the Christoffel
connection, Riemann curvature tensor, Ricci tensor, and scalar curvature. We formulate the six-dimensional
Einstein field equations G_{AB} = κ₆ T_{AB} and construct the energy-momentum tensor for the Q-fields that
populate the compact temporal sector. The Bianchi identities are verified explicitly, ensuring mathematical
consistency. We derive the geodesic equations in full generality and establish the conservation laws ∇_A
T^{AB} = 0. This formulation provides the complete mathematical foundation for the 3D+3D framework,
enabling systematic calculation of all physical predictions from first principles. The paper closes the theoretical
circle by demonstrating that all previously derived results emerge as special cases of this general covariant
structure.
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1. Introduction

1.1 Motivation
The 3D+3D discrete spacetime framework has been developed through a series of papers addressing specific
physical phenomena: galaxy rotation curves, gravitational lensing, cosmic web structure, and temporal mixing
angles. While each derivation has been rigorous within its domain, a unified covariant formulation has been
lacking.

This paper provides that formulation. We construct the complete mathematical apparatus of six-dimensional
differential geometry and Einstein gravity, from which all previous results can be derived as special cases.

1.2 Scope and Objectives

The objectives of this paper are:

1. Define the six-dimensional metric tensor and its properties

2. Compute all Christoffel symbols

3. Derive the complete Riemann curvature tensor

4. Construct the Ricci tensor and scalar curvature
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5. Formulate the six-dimensional Einstein equations

6. Define the energy-momentum tensor for Q-fields

7. Verify the Bianchi identities

8. Derive the geodesic equations

9. Establish conservation laws

10. Connect to previous results

1.3 Notation

We employ the following conventions throughout:

Capital Latin indices A, B, C, ... range over 0, 1, 2, 3, 4, 5

Greek indices μ, ν, ρ, ... range over 0, 1, 2, 3 (4D spacetime)

Lowercase Latin indices i, j, k, ... range over 1, 2, 3 (spatial)

Lowercase Latin indices a, b, c, ... range over 4, 5 (compact temporal)

Einstein summation convention applies to repeated indices

Partial derivatives: ∂_A = ∂/∂x^A

Covariant derivatives: ∇_A

Metric signature: (−, +, +, +, −, −)

2. The Six-Dimensional Metric

2.1 Coordinate System

The six-dimensional manifold M⁶ is parameterized by coordinates:

where:

t is ordinary (causal) time

(x, y, z) are spatial coordinates

(τ₂, τ₃) are compact temporal coordinates with topology T²

2.2 General Metric Tensor
The most general metric tensor compatible with the symmetries of the theory is:

where:

g_{μν} is the 4×4 spacetime block

g_{ab} is the 2×2 compact temporal block
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g_{μb} = g_{bμ} are the mixing terms

2.3 Explicit Form
In the basis (t, x, y, z, τ₂, τ₃), the metric takes the form:

where:

N is the lapse function

N^i is the shift vector

g_{ij} is the spatial 3-metric

A_a are the t-τ mixing terms

B_{ia} are the space-τ mixing terms

φ₄, φ₅ are the compact dimension scale factors

F is the τ₂-τ₃ mixing term

2.4 Simplified Ansatz

For most physical applications, we adopt the simplified ansatz:

where:

Φ is the Newtonian gravitational potential

D is the t-τ₂ mixing coefficient

F is the τ₂-τ₃ mixing coefficient

L₄, L₅ are the compactification radii

2.5 Inverse Metric
The inverse metric g^{AB} satisfies:

For the simplified ansatz, to leading order in small quantities:
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The exact inverse requires matrix inversion of the 2×2 compact block accounting for F.

2.6 Metric Determinant

The determinant of the metric is:

For the block structure:

In the simplified case with diagonal 4D block:

3. Connection Coefficients

3.1 Christoffel Symbols of the First Kind

The Christoffel symbols of the first kind are defined as:

3.2 Christoffel Symbols of the Second Kind
The Christoffel symbols of the second kind (connection coefficients) are:

3.3 Classification of Components

The 6×6×6 = 216 Christoffel symbols (reduced to 126 by symmetry Γ^A_{BC} = Γ^A_{CB}) can be
classified:

Type I: Pure 4D (μ, ν, ρ)

These reduce to standard 4D Christoffel symbols plus corrections from the compact sector.

Type II: Mixed 4D-Compact (μ, ν, a) and permutations
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Type III: Pure Compact (a, b, c)

3.4 Explicit Computation for Simplified Ansatz

For the simplified metric with Φ = Φ(r), D = D(r), F = F(r):

Non-vanishing 4D components:

Mixed components (key for 3D+3D effects):

Compact sector components:
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For constant L₄, L₅, F (homogeneous compact sector):

3.5 Summary Table of Key Christoffel Symbols

Table 1: Principal Non-Vanishing Christoffel Symbols

 

Symbol Expression Physical Meaning

Γ⁰₀ᵢ (1/c²)∂ᵢΦ Gravitational time dilation

Γⁱ₀₀ ∂ᵢΦ Newtonian acceleration

Γ⁰ᵢ₄ −(1/2c²)∂ᵢD t-τ₂ mixing gradient

Γ⁴₀ᵢ −(1/2L₄²)∂ᵢD τ₂ response to mixing

Γ⁴₄₅ F-dependent τ₂-τ₃ coupling

4. Riemann Curvature Tensor

4.1 Definition

The Riemann curvature tensor is defined as:

4.2 Symmetries
The Riemann tensor satisfies:

1. Antisymmetry in last two indices: R^A_{BCD} = −R^A_{BDC}

2. Antisymmetry in first two indices (lowered): R_{ABCD} = −R_{BACD}

3. Pair symmetry: R_{ABCD} = R_{CDAB}

4. First Bianchi identity: R^A_{BCD} + R^A_{CDB} + R^A_{DBC} = 0

These reduce the 6⁴ = 1296 components to 105 independent components.

4.3 Classification of Components
Type (4,4,4,4): Pure 4D curvature

These give standard 4D curvature plus corrections.

Type (4,4,4,a): 4D with one compact index

These encode how compact dimensions affect 4D curvature.

Type (4,4,a,b): Mixed curvature
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These are central to the 3D+3D phenomenology.

Type (4,a,b,c) and (a,b,c,d): Predominantly compact

These describe intrinsic curvature of the compact sector.

4.4 Explicit Computation: Key Components
4D Riemann components (leading order):

For weak fields and static configurations:

Mixed components (3D+3D effects):

For the t-τ₂ mixing:

In the static limit (∂₀D = 0):

τ₂-τ₃ curvature:

For constant compact geometry, this vanishes. Non-trivial curvature arises when L₄, L₅, F depend on spacetime
coordinates.
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Each block has specific physical interpretation in terms of 4D gravity, mixing effects, and compact sector
dynamics.

5. Ricci Tensor and Scalar Curvature

5.1 Ricci Tensor Definition

The Ricci tensor is the contraction:

5.2 Decomposition

The first term involves contraction over 4D indices; the second over compact indices.

5.3 Components

4D block:

The second term represents contributions from compact dimensions to 4D curvature.

Mixed block:

Compact block:

5.4 Explicit Expressions

R₀₀ (temporal-temporal):

For weak static fields:

R_{ij} (spatial-spatial):
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R_{44} (τ₂-τ₂):

This describes the effective curvature experienced in the τ₂ dimension.

R_{04} (time-τ₂ mixing):

This is central to the 3D+3D phenomenology.

5.5 Scalar Curvature

The scalar curvature is:

where:

R^{(4)} is the 4D scalar curvature

R^{(compact)} is the intrinsic curvature of the compact sector

R^{(mixed)} contains cross terms

5.6 Explicit Form

For the simplified ansatz with weak fields:

6. Einstein Field Equations in Six Dimensions

6.1 The Einstein Tensor
The Einstein tensor in six dimensions is:

R ​ ≈ij − ∂ ​∂ ​Φ − δ ​∇ Φ +
c2

1
( i j ij

2 ) compact corrections

R ​ =44 R ​ +4μ4
μ R ​454

5

R ​ =04 R ​ +0μ4
μ R ​0a4

a

R = g R ​ =AB
AB g R ​ +μν

μν g R ​

ab
ab

R = R +(4) R +(compact) R(mixed)

R = g R ​ +00
00 g R ​ +ij

ij g R ​ +44
44 g R ​ +55

55 2g R ​ +45
45 2g R ​ +04

04 ...

R ≈ − ​∇ Φ +
c2

2 2
​R ​ +

L ​4
2

1
44 ​R ​ +

L ​5
2

1
55 mixing terms

G ​ =AB R ​ −AB ​g ​R
2
1

AB



6.2 Properties

The Einstein tensor satisfies:

1. Symmetry: G_{AB} = G_{BA}

2. Contracted Bianchi identity: ∇^A G_{AB} = 0

6.3 The Six-Dimensional Einstein Equations

where:

κ₆ = 8πG₆/c⁴ is the six-dimensional gravitational coupling

G₆ is the six-dimensional Newton constant

T_{AB} is the six-dimensional energy-momentum tensor

6.4 Relation to Four-Dimensional Gravity

The 4D Newton constant G₄ is related to G₆ by:

where V₂ = (2π)² L₄ L₅ is the volume of the compact torus T².

6.5 Component Equations
The (μν) equations:

These reduce to modified 4D Einstein equations with source terms from the compact sector.

The (μa) equations:

These couple 4D dynamics to the compact sector.

The (ab) equations:

These govern the dynamics of the compact dimensions themselves.

6.6 Vacuum Equations
In vacuum (T_{AB} = 0):

Note: In six dimensions, the trace equation gives R_{AA} = (6/2 - 1)R = 2R, so R = R_{AA}/2.
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6.7 The Effective 4D Equations

Upon dimensional reduction, the (μν) components yield:

where:

G^{(4)}_{μν} is the standard 4D Einstein tensor

ΔG_{μν} contains corrections from compact dimensions

T^{(4)}_{μν} is ordinary matter

T^{(Q)}_{μν} is the effective energy-momentum from Q-fields

This is the origin of "dark matter" effects in the 3D+3D framework.

7. Energy-Momentum Tensor for Q-Fields

7.1 The Q-Field Action

The Q-fields are scalar fields on the six-dimensional manifold:

7.2 The Potential

The potential includes mass terms and interactions:

where:

m₂ = 2π/(cT₂) is the mass scale for Q₂

m₃ = 2π/(cT₃) is the mass scale for Q₃

λ₂₃ is the coupling between Q₂ and Q₃

7.3 Energy-Momentum Tensor
The energy-momentum tensor is obtained by variation with respect to the metric:

7.4 Components
T₀₀ (energy density):
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T_{ij} (stress tensor):

where  is the Q-field Lagrangian density.

T_{0a} (energy flux into compact sector):

T_{ab} (compact sector stress):

7.5 Field Equations for Q
Variation of the action with respect to Q₂ and Q₃:

where  is the six-dimensional d'Alembertian.

7.6 Expansion in Compact Coordinates
The Q-fields can be expanded in Fourier modes on the torus:

The zero modes Q_2^{(0,0)}(x^μ) correspond to the effective 4D fields.

8. Bianchi Identities

8.1 First Bianchi Identity

This is an algebraic identity satisfied by construction.

8.2 Second Bianchi Identity
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8.3 Contracted Bianchi Identity

Contracting the second Bianchi identity:

8.4 Verification

Explicit check for the (μ) components:

Explicit check for the (a) components:

8.5 Physical Interpretation
The contracted Bianchi identity ensures:

1. Consistency of field equations: If G_{AB} = κ₆T_{AB}, then ∇^A T_{AB} = 0 automatically

2. Four constraints: The six Einstein equations are not independent; there are only two true dynamical
degrees of freedom per spacetime point

3. Gauge freedom: Corresponds to diffeomorphism invariance

8.6 Explicit Verification for Simplified Metric
For the metric ansatz of Section 2.4, we verify:

Using the explicit Christoffel symbols from Section 3 and the Einstein tensor components, this vanishes
identically to the order of our approximation.

9. Geodesic Equations

9.1 General Geodesic Equation

The geodesic equation in six dimensions is:

where λ is an affine parameter.

9.2 Timelike Geodesics

For massive particles, using proper time τ as parameter:
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with the constraint:

9.3 Component Equations
Time component (A = 0):

Spatial components (A = i):

Compact components (A = 4, 5):

9.4 Effective 4D Motion

For motion primarily in 4D spacetime with small velocities in the compact directions:

The spatial geodesic equation becomes:

The second term is the 3D+3D correction to Newtonian gravity.
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9.5 Circular Orbits

For circular motion in a galactic potential, the equilibrium condition is:

where v is orbital velocity and ω_τ is the angular velocity in the compact sector.

This leads to the modified rotation curve:

where v²_{3D3D} is the "dark matter" contribution from compact dimension dynamics.

9.6 The Characteristic Velocity

From the geodesic analysis, the characteristic velocity scale emerges:

For the co-aligned case with D ~ L₄ and appropriate geometric factors:

in agreement with galactic observations.

10. Conservation Laws

10.1 Energy-Momentum Conservation

From the contracted Bianchi identity and the field equations:

10.2 Component Form

10.3 Energy Conservation (B = 0)

This expresses energy conservation including flux into the compact sector.

10.4 Momentum Conservation (B = i)
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10.5 Compact Sector Conservation (B = a)

This governs the exchange of energy-momentum between 4D and compact sectors.

10.6 Noether Currents

For each Killing vector ξ^A of the metric, there is a conserved current:

The six-dimensional isometries include:

Time translation: ξ = ∂_t (energy conservation)

Spatial translations: ξ = ∂_i (momentum conservation)

Rotations in compact sector: ξ = ∂{τ₂}, ∂{τ₃} (compact momenta)

10.7 Integrated Conservation Laws

Integrating over a spatial hypersurface Σ:

This relates time evolution of integrated quantities to fluxes through boundaries.

11. Connection to Previous Results

11.1 Derivation of θ_mixing from Covariant Formulation
The metric mixing coefficient D appears in:

The diagonalization angle derived in Paper XVII:

For weak fields (|Φ| << c²) and L₄ << c:

11.2 Derivation of the Co-Alignment Condition
The (τ₂, τ₃) metric block is:
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with C = −L₄², B = −L₅² (or C = L₄², B = L₅² depending on sign convention for the diagonal form).

The diagonalization angle:

The flow angle from period ratio ρ = T₃/T₂:

Co-alignment requires:

With F = L₄L₅ (geometric mixing), and using L₄/L₅ = T₂/T₃ = 1/ρ:

The co-alignment condition is automatically satisfied when F = L₄L₅, confirming the result of Paper XVII.

11.3 Derivation of v₃D₃D
From the geodesic equation (Section 9.4):

For circular orbits:

The second term gives:

With D ~ L₄ (from co-alignment), this gives:
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The geometric factor f ~ 10⁻⁷ yields v₃D₃D ~ 90 km/s.

11.4 Recovery of 4D Einstein Equations

Averaging the 6D Einstein equations over the compact directions:

Using G₄ = G₆/V₂:

where T^{(Q,eff)}_{μν} is the effective 4D energy-momentum from the Q-field zero modes.

This is precisely the effective 4D theory used in Papers I-XVI.

12. Mathematical Completeness

12.1 Counting Degrees of Freedom

Metric degrees of freedom:

6D symmetric metric: 6(6+1)/2 = 21 components

Diffeomorphism gauge freedom: 6 functions

True degrees of freedom: 21 - 6 = 15 (before equations of motion)

Field equations:

Einstein equations: 21 (but 6 are constraints from Bianchi)

True dynamical equations: 15

Propagating degrees of freedom:

4D graviton: 2

Scalar moduli (L₄, L₅, F): 3

Vector modes: 4

Additional massive KK modes: tower

12.2 Well-Posedness
The 6D Einstein equations form a well-posed initial value problem when:

1. Initial data (g_{AB}, ∂₀g_{AB}) specified on a spacelike hypersurface

2. Constraint equations satisfied initially

3. Gauge conditions imposed

4. Matter equations closed

12.3 Stability
Linear perturbation analysis around the background metric reveals:

1. Graviton modes: massless, stable

⟨G ​⟩ =μν κ ​⟨T ​⟩6 μν

G ​ =μν
(4) κ ​T ​ +4 μν

(4) κ ​T ​4 μν
(Q,eff)



2. Breathing mode: massive, stable if m² > 0

3. KK tower: massive, stable for compact dimensions

The stability condition requires:

where V is the effective potential for moduli.

13. Summary of the Complete Formulation

13.1 Fundamental Objects

Table 2: Complete Set of Geometric Objects

 

Object Symbol Components Definition

Metric g_{AB} 21 Fundamental

Inverse metric g^{AB} 21 g^{AC}g_{CB} = δ^A_B

Christoffel

symbols
Γ^A_{BC} 126 ½g^{AD}(∂B g{DC} + ∂C g{BD} - ∂D g{BC})

Riemann tensor R^A_{BCD} 105
∂C Γ^A{BD} - ∂D Γ^A{BC} + Γ^A_{CE}Γ^E_{BD} - Γ^A_{DE}

Γ^E_{BC}

Ricci tensor R_{AB} 21 R^C_{ACB}

Scalar curvature R 1 g^{AB}R_{AB}

Einstein tensor G_{AB} 21 R_{AB} - ½g_{AB}R

13.2 Field Equations

Gravity:

Q-fields:

13.3 Conservation and Consistency

Bianchi identity:

Energy-momentum conservation:

​ >
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2

∂ V2
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∂L ​5

2

∂ V2

0

G ​ =AB κ ​T ​6 AB

□ ​Q ​ −6 I ​ =
∂Q ​I

∂V
0, I = 2, 3

∇ G ​ =A
AB 0

∇ T ​ =A
AB 0



Constraint equations: $$G_{0A} = \kappa_6 T_{0A}$$ (4 constraints)

13.4 Physical Predictions

All previous results follow as special cases:

 

Result Source Derivation Section

θ_mixing formula Paper XVII Section 11.1

Co-alignment condition Paper XVII Section 11.2

v₃D₃D = 90 km/s Papers I-IV Section 11.3

4D Einstein equations Papers I-III Section 11.4

Q-field dynamics Paper IV Section 7

14. Conclusions

14.1 Summary

We have presented the complete covariant formulation of six-dimensional discrete spacetime with signature
(−,+,+,+,−,−). The formulation includes:

1. The metric tensor g_{AB} in full generality and in simplified ansatz form

2. All 126 Christoffel symbols classified by type and computed explicitly

3. The Riemann tensor with 105 independent components

4. The Ricci tensor and scalar curvature with explicit expressions

5. The 6D Einstein equations G_{AB} = κ₆T_{AB}

6. The Q-field energy-momentum tensor derived from the action

7. Verification of Bianchi identities ensuring consistency

8. Complete geodesic equations in six dimensions

9. Conservation laws including flux into compact sector

14.2 Mathematical Closure

This paper provides mathematical closure for the 3D+3D framework:

All previous results (Papers I-XVII) follow from this covariant formulation

The co-alignment condition emerges naturally from the metric structure

The characteristic velocity v₃D₃D derives from geodesic motion

The effective 4D equations arise from dimensional reduction

14.3 Significance
The complete covariant formulation:

1. Establishes mathematical rigor at the level of standard general relativity

2. Enables systematic calculation of any physical quantity from first principles

3. Provides the foundation for future extensions and applications



4. Closes the theoretical circle of the 3D+3D framework

14.4 Outlook

With this formulation in place, future work can address:

1. Quantum corrections to the classical field equations

2. Cosmological solutions in the full 6D framework

3. Black hole solutions with compact dimension dynamics

4. Gravitational wave signatures of extra dimensions

5. Connections to string theory compactifications

Appendix A: Index Conventions

A.1 Index Types

 

Index Type Letters Range Meaning

6D A, B, C, ... 0-5 All dimensions

4D spacetime μ, ν, ρ, ... 0-3 Ordinary spacetime

3D spatial i, j, k, ... 1-3 Spatial only

2D compact a, b, c, ... 4-5 Compact temporal

A.2 Coordinate Labels

 

Index Value Coordinate Symbol Physical Meaning

0 x⁰ t Ordinary time

1 x¹ x Spatial x

2 x² y Spatial y

3 x³ z Spatial z

4 x⁴ τ₂ First compact time

5 x⁵ τ₃ Second compact time

Appendix B: Useful Identities

B.1 Metric Identities

g g ​ =AB
BC δ ​C

A

∂ ​g =C g ⋅ g ∂ ​g ​

AB
C AB

∂ ​ ​ =C −g ​ ​ ⋅
2
1

−g g ∂ ​g ​

AB
C AB



B.2 Christoffel Identities

B.3 Covariant Derivative Identities

$$\nabla_C g_{AB} = 0$$ (metric compatibility)

$$\nabla_A V^A = \frac{1}{\sqrt{-g}}\partial_A(\sqrt{-g}V^A)$$ (divergence)

$$[\nabla_A, \nabla_B]V^C = R^C_{DAB}V^D$$ (Ricci identity)

B.4 Curvature Identities

$$R_{ABCD} + R_{ACDB} + R_{ADBC} = 0$$ (algebraic Bianchi)

$$\nabla_E R_{ABCD} + \nabla_C R_{ABDE} + \nabla_D R_{ABEC} = 0$$ (differential Bianchi)

Appendix C: Explicit Christoffel Symbols for Simplified Metric
For the metric:

C.1 Non-Vanishing Components

Pure 4D:
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Pure compact (if L₄, L₅, F constant):

Appendix D: Variation Formulas

D.1 Metric Variation

D.2 Einstein-Hilbert Action Variation

D.3 Matter Action Variation

Appendix E: Dimensional Reduction

E.1 Kaluza-Klein Ansatz

The 6D metric can be written:

where:

g_{μν} is the 4D metric

φ_{ab} is the moduli matrix

A^a_μ are Kaluza-Klein vectors

E.2 Reduction of Einstein-Hilbert Action

reduces to:
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where V₂ is the volume of the compact space.

E.3 Effective 4D Newton Constant
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