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Abstract
We investigate the ultraviolet (UV) completion of scalar fields emerging from Kaluza-Klein reduction of
compactified temporal dimensions in the 3D+3D discrete spacetime framework. Using the functional
renormalization group (FRG) within the Local Potential Approximation with wave function renormalization
(LPA'), we identify a UV fixed point with only two relevant operators, establishing the theory as both UV-
complete and maximally predictive. The fixed point exhibits quasi-Gaussian structure (λ* = 0, m̃ ²* = 0.003)
analogous to asymptotic freedom in QCD, where interactions emerge dynamically in the infrared. Despite the
unusual signature (−,−) of the compactified temporal dimensions, no pathological behavior is observed, with
boundary conditions on the compact manifold projecting out potential ghost modes. The stability matrix at the
fixed point reveals two relevant directions (θ₅,₆ = −2.0063), three irrelevant directions (θ₀,₁,₂ > 0), and two
marginal directions (θ₃,₄ = 0). This structure implies that only two input parameters are required at the UV scale,
with all other couplings determined by renormalization group flow. We discuss implications for the
phenomenology of the 3D+3D framework, including the emergence of screening mechanisms at intermediate
scales and connections to galactic dynamics.

Keywords: asymptotic safety, functional renormalization group, extra dimensions, UV completion, Kaluza-
Klein reduction, scalar field theory
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1. Introduction

1.1 The UV Completion Problem
Effective field theories arising from dimensional reduction generically face the question of UV completion. The
3D+3D discrete spacetime framework, which proposes six-dimensional spacetime with signature (−,+,+,+,−,−)
and two compactified temporal dimensions, yields an effective four-dimensional theory containing scalar fields
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Q₂ and Q₃ from Kaluza-Klein reduction (Papers I-IV). While this effective theory successfully describes
galactic dynamics and gravitational lensing phenomenology, its behavior at high energies requires investigation.

The standard approach to UV completion in gravitational theories employs the asymptotic safety program
initiated by Weinberg [1], which seeks non-trivial fixed points of the renormalization group where the theory
remains finite. Recent work by Reuter, Percacci, and collaborators [2-4] has established evidence for such fixed
points in pure gravity. The application of these methods to scalar sectors from extra-dimensional theories
remains less explored.

1.2 Challenges from Temporal Compactification

Compactification of temporal dimensions introduces potential difficulties not present in standard spatial Kaluza-
Klein theories:

1. Ghost instabilities: The signature (−,−) for internal dimensions could generate kinetic terms with wrong
sign

2. Unitarity violations: Time-like extra dimensions may lead to negative norm states

3. Causality concerns: Multiple time dimensions raise questions about causal structure

Previous work (Paper IV, Appendix A) established that boundary conditions on the compact torus T² project the
spectrum onto physical states, eliminating would-be ghosts. The present analysis provides independent
confirmation through the functional renormalization group, demonstrating that standard RG methods apply
without pathologies.

1.3 Objectives and Outline

This paper presents a systematic FRG analysis of the Q₂-Q₃ scalar sector using the Local Potential
Approximation with wave function renormalization (LPA'). Section 2 reviews the theoretical framework and
FRG methodology. Section 3 presents numerical results for fixed points and critical exponents. Section 4
discusses physical interpretation and connections to phenomenology. Section 5 addresses remaining open
questions and future directions.

2. Theoretical Framework

2.1 Effective Action from Kaluza-Klein Reduction
The six-dimensional Einstein-Hilbert action reduces to a four-dimensional theory containing graviton plus
scalar fields. For the scalar sector relevant to galactic phenomenology:

where the masses arise from compactification:
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with L₄ ≈ 9.5 light-years and L₅ ≈ 6.0 light-years determined from pulsar timing observations.

2.2 Functional Renormalization Group

The FRG implements Wilson's renormalization group through the exact flow equation for the effective average
action Γ_k [5]:

where t = ln(k/k₀), Γ_k^(2) is the second functional derivative, and R_k is the infrared regulator.

2.3 LPA' Truncation

The Local Potential Approximation with wave function renormalization employs the ansatz:

where Z_k captures wave function renormalization and U_k(Q) is the effective potential. For the two-field
system, we parametrize:

The dimensionless couplings are defined as:

2.4 Beta Functions

The flow equations in LPA' take the form:

The anomalous dimension is computed self-consistently:
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For the symmetric phase (m² > 0), the anomalous dimension vanishes at the fixed points of interest.

2.5 Fixed Point Conditions

Fixed points satisfy β_i = 0 for all couplings. The stability matrix is:

with eigenvalues θ_n (critical exponents). The classification follows:

θ < 0: Relevant direction (UV-attractive)

θ > 0: Irrelevant direction (UV-repulsive)

θ = 0: Marginal direction

The number of relevant operators equals the number of free parameters required to specify the theory.

3. Results

3.1 Fixed Point Structure

Numerical solution of the fixed point equations reveals two distinct fixed points:

Fixed Point 1 (Quasi-Gaussian):

 

Coupling Value

m̃ ²* 0.003

λ* 0

λ₂₃* 0

Z* 1

Fixed Point 2 (Interacting):

 

Coupling Value

m̃ ²* 0.003

λ* 0.50

λ₂₃* 0.25

Z* 1

3.2 Critical Exponents

The stability analysis at Fixed Point 1 yields:
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 

Exponent Value Classification

θ₀ +0.0126 Irrelevant

θ₁ +0.0063 Irrelevant

θ₂ +0.0063 Irrelevant

θ₃ 0.0000 Marginal

θ₄ 0.0000 Marginal

θ₅ −2.0063 Relevant

θ₆ −2.0063 Relevant

Summary: 2 relevant, 3 irrelevant, 2 marginal operators.

For Fixed Point 2:

 

Exponent Value Classification

θ₀ +0.0126 Irrelevant

θ₁ −1.2847 Relevant

θ₂ −1.2847 Relevant

θ₃ 0.0000 Marginal

θ₄ 0.0000 Marginal

θ₅ −2.0063 Relevant

θ₆ −2.0063 Relevant

Summary: 4 relevant, 1 irrelevant, 2 marginal operators.

3.3 Comparison of LPA and LPA'

The transition from LPA to LPA' preserves the essential structure while introducing marginal directions:

 

Property LPA FP1 LPA FP2 LPA' FP1 LPA' FP2

λ* 0 0.50 0 0.50

m̃ ²* 0.003 0.003 0.003 0.003

Relevant 2 4 2 4

Irrelevant 3 1 3 1

Marginal 0 0 2 2

UV-complete Yes No Yes No

Predictive Yes No Yes No

The robustness of the fixed point structure under inclusion of wave function renormalization provides
confidence in the results.

4. Discussion



4.1 Physical Interpretation of Fixed Point 1

The quasi-Gaussian fixed point (λ* = 0) exhibits structure analogous to asymptotic freedom in quantum
chromodynamics. While the UV theory approaches free behavior, interactions emerge dynamically through
renormalization group running toward the infrared:

1. UV regime (k → ∞): λ → 0, theory weakly coupled

2. Compactification scale (k ~ 1/L): λ ~ 0.5, screening activates

3. Galactic scales (k ~ 1/kpc): Full phenomenology manifests

This mechanism resolves the apparent tension between UV completeness and non-trivial low-energy physics.

4.2 Predictivity

The presence of only two relevant operators implies that specifying two parameters at the UV scale determines
all low-energy couplings through RG flow. For comparison:

 

Theory Free Parameters

Standard Model ~19

ΛCDM Cosmology 6

3D+3D (this work) 2

The two relevant directions correspond to:

Initial mass scale m²(k_UV)

Overall coupling normalization

All other couplings, including those governing screening phenomena, emerge as predictions.

4.3 Absence of Ghost Instabilities

Despite the signature (−,−) of the compactified temporal dimensions, the FRG analysis reveals no pathological
behavior:

1. Fixed points are real-valued

2. Critical exponents are finite

3. RG flow is well-defined in all directions

This confirms the stabilization mechanism proposed in Paper IV: boundary conditions on the compact torus T²
project the spectrum onto physical states, eliminating modes that would otherwise generate instabilities.

4.4 The Interacting Fixed Point
Fixed Point 2, with λ* = 0.5, possesses four relevant operators and is therefore less predictive. Several
interpretations are possible:

1. Truncation artifact: Extended truncations (derivative expansion) may reduce the number of relevant

operators

2. Different universality class: The interacting fixed point may describe a distinct physical theory



3. Broken phase: The fixed point may exist in a spontaneously broken symmetry regime

Resolution requires investigation with higher-order truncations, which we defer to future work.

4.5 Marginal Operators

The two marginal directions (θ = 0) require careful treatment:

1. Logarithmic running: Marginal operators typically exhibit slow (logarithmic) scale dependence

2. Higher-order resolution: Next-to-leading order calculations may resolve marginality into weak relevance

or irrelevance

3. Symmetry protection: The marginality may reflect underlying symmetries (ℤ₂ × ℤ₂: Q₂ ↔ −Q₂, Q₃ ↔

−Q₃)

For practical purposes, the marginality does not affect UV completeness, as the fixed point remains well-
defined.

4.6 Connection to Screening Mechanism

The phenomenological screening term:

derived in Paper IV from fourth-order metric perturbations, was not included in the present truncation. Future
work should extend the analysis to include higher-derivative operators, potentially predicting the screening
scale Λ from first principles.

5. Conclusions
We have demonstrated that the scalar sector of the 3D+3D discrete spacetime framework admits a UV fixed
point with the following properties:

1. UV completeness: The theory is well-defined at arbitrarily high energies

2. Predictivity: Only two relevant operators require specification

3. Consistency: No ghost instabilities despite temporal compactification signature

4. Asymptotic structure: Quasi-Gaussian UV behavior with dynamical emergence of interactions in the IR

These results establish the viability of the 3D+3D framework as a consistent quantum field theory,
complementing the phenomenological successes demonstrated in Papers I-VI.

5.1 Summary of Key Results

Result Status

UV fixed point exists Confirmed

Number of relevant operators 2

Ghost-free despite (−,−) signature Confirmed

L ​ =screening ​(□Q)
Λ3

1 2



 

 

Result Status

LPA' confirms LPA structure Confirmed

Interacting FP (λ* = 0.5) predictive Not yet (4 relevant)

5.2 Future Directions

1. Derivative expansion: Include Y_k(∂Q)⁴ terms to resolve marginal operators

2. Screening sector: Extend truncation to predict Λ_screening

3. Full two-field analysis: Couple Q₂ and Q₃ non-perturbatively

4. Connection to gravity: Include metric fluctuations for complete UV analysis

5. Phenomenological extraction: Compute running couplings from UV to galactic scales
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Appendix A: Numerical Methods

A.1 Fixed Point Search

Fixed points were located using Newton-Raphson iteration on the system β_i(g*) = 0 with tolerance 10⁻¹⁰.
Multiple initial conditions were employed to ensure completeness of the fixed point catalog.

A.2 Stability Matrix Computation
The stability matrix was computed via finite differences:

with ε = 10⁻⁶. Eigenvalues were extracted using standard linear algebra routines.

A.3 RG Flow Integration

Flow equations were integrated using fourth-order Runge-Kutta with adaptive step size, from k_UV = 10¹⁹ GeV
to k_IR = 10⁻³ eV. Results were verified against semi-analytical solutions in limiting cases.

Appendix B: Relation to Gravity Asymptotic Safety
The structure of Fixed Point 1 bears resemblance to the Reuter fixed point in asymptotic safety for gravity [2]:
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 

Property Gravity (Reuter) 3D+3D Scalars (this work)

Fixed point type Non-Gaussian Quasi-Gaussian

Relevant operators 2-3 2

Anomalous dimension η* ≈ 0.02 η* = 0

UV behavior Finite Finite

The similarity suggests that asymptotic safety may be a generic feature of geometric theories with appropriate
symmetry structure.
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