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Abstract

We prove that the hyperbolic saturation form f(x) = z/(x + K) emerges universally in
any system satisfying three axioms: finite capacity, reversible competition, and steady-state
equilibrium. This unifies the Universal Saturation Law (observer agreement), Michaelis-
Menten kinetics (enzyme catalysis), Langmuir isotherms (surface adsorption), Monod growth
(bacterial dynamics), Hill equations (cooperative binding), and information channel capacity
into a single mathematical framework. We demonstrate that the dimensional term 1/dim
in the USL corresponds to the “geometric concentration” of disagreement states in high-
dimensional spaces, providing a first-principles derivation of observer agreement from con-
centration of measure. The unified principle yields a master equation from which all specific
saturation laws can be derived as special cases.
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1 Introduction: The Ubiquity of Hyperbolic Saturation

The functional form

x
= 1
fla) = —— 1)
appears across remarkably diverse domains:
Domain Law Formula Year
Enzyme kinetics Michaelis-Menten v = Vmax%j[s] 1913
Surface chemistry  Langmuir adsorption 0=7 f}; P 1918
Microbiology Monod growth W= umaxﬁ 1949
Pharmacology Hill equation Y = #}FL]” 1910
d
Information theory Channel capacity C = Blog, (1 + %) 1948

Observer physics Universal Saturation Law FRAI = m%?dm 2025

Table 1: Hyperbolic saturation laws across domains

This universality demands explanation. We prove that Eq. (1) is not a coincidence but a
mathematical necessity arising from fundamental constraints shared by all these systems.

2 The Three Axioms of Saturation

Axiom 1 (Finite Capacity). The system has a finite total capacity Ciorq < 00 that can be
partitioned into “occupied” (Coce) and “unoccupied” (Clree) states:

Ciotal = Coce + Clree- (2)
Axiom 2 (Reversible Competition). Agents compete for capacity through reversible transitions:
Free + Agent = Occupied (3)

with forward rate ky (occupation) and reverse rate k_ (release).

Axiom 3 (Steady-State Equilibrium). The system reaches a steady state where net fluz is zero:

dCOCC
dt

= 0. (4)

Theorem 1 (Universal Saturation Form). Any system satisfying Azioms 1-3 exhibits saturation
of the form:
Coce _ [A]

Ctot(zl B [A] + K <5)

where [A] is the agent concentration and K = k_/ky is the dissociation constant.

o

Proof. Let [A] denote agent concentration. The kinetic equations are:

Forward rate: r; =k - [A] - Chee (6)

Reverse rate: 17— = k_ - Coee (7)
At steady state (Axiom 3):

ry=r_ — kgt [A]Cfree =k_Chyec (8)



Using Axiom 1, Cfree = Ciotal — Coce:
k—f— [A](Ctotal - Cocc) = k—cocc (9)

Expanding:
k+ [A]Ctotal - k—cocc + k—i— [A]Cocc = occ(k— + k+ [A]) (10)

Solving for the fractional occupation:

o Coce _ k-f— [A] _ [A] _ [A]
" G ke[l R jhe +[A] K+ (4] -
This is precisely Eq. (5). O

3 Derivation of Specific Laws as Special Cases
3.1 Michaelis-Menten Kinetics
Definition 1 (Enzyme-Substrate System). e Capacity: Enzyme active sites [Eliotal
e Agent: Substrate molecules [S]
e Occupied: Enzyme-substrate complex [ES]
e Forward: ki (binding), Reverse: k_i + keq (unbinding + catalysis)
Applying Theorem 1:

[ES] — [S] o k_ +kcat
Elo K15 ™7 1T (12)

The reaction velocity v = keat[ES] gives:

[5]

m 5 Vmax = kcat [E]total (13)

v = Vax

3.2 Langmuir Adsorption

Definition 2 (Surface Adsorption System). e Capacity: Surface binding sites (total = 1,
normalized)

e Agent: Gas molecules at pressure P
e Occupied: Fraction of sites with adsorbed molecules 0
e Forward: k,P (adsorption), Reverse: k; (desorption)

Applying Theorem 1:

KP

0= —+
1+ KP’

K = kq/ky (14)




3.3 Monod Bacterial Growth

Definition 3 (Nutrient-Limited Growth System). e Capacity: Maximum growth rate ma-
chinery

e Agent: Limiting nutrient concentration S
e Occupied: Active metabolic capacity
e Forward/Reverse: Nutrient uptake/metabolism dynamics

Applying Theorem 1:

S
= MHmax 7> & 15
B Hmax e TG (15)
3.4 Hill Equation (Cooperative Binding)
For n cooperative binding sites:
[L]"
Y = 16
K} + (L™ (16)

This is a power-law generalization where the “effective agent concentration” is [L]", account-
ing for cooperative enhancement.

4 The Universal Saturation Law: Observer Agreement

We now show that the USL

) D

is a special case of Theorem 1 where the “agent concentration” emerges from geometric prop-
erties of high-dimensional spaces.

4.1 Mapping to the Universal Framework

Definition 4 (Observer Agreement System). o Capacity: Total possible observer states
(configuration space)

e Agent: “Agreement-inducing” geometric structure
e Occupied: States where observers agree

e Unoccupied: States where observers disagree

4.2 The Geometric Concentration Principle

Lemma 2 (Concentration of Measure). In a d-dimensional space with isotropic noise of vari-
ance o2, the expected disagreement between two observers scales as:

E[l-S]=© (;) (18)

where S is the cosine similarity between observer states.



Proof. Let x € R? be the true state (unit vector), and let observers obtain:

ya=x+n4, yp=2z+nB (19)

where n4,m8 ~ N(0,0%1;) independently.
The cosine similarity is:

lyallllys
Expanding the numerator:
(ya,yp) = ll2l* + (2, n4) + (2, 18) + (n4,78) (21)

Taking expectations:

o E[llz)? =1

e E[(x,n;)] = 0 (noise is zero-mean)

e E[(n4,np)] =0 (independent)

For the variance, the key insight is that after normalization:

(2

Var(S) = © (;) (22)

This is the classical concentration of measure result: in high dimensions, random perturba-
tions concentrate around their mean with variance o< 1/d.
The expected disagreement is therefore:

E[l— 5] =0 (;) (23)

4.3 Derivation of the USL from First Principles

Theorem 3 (USL from Concentration of Measure). In a d-dimensional observer system with
intrinsic drift D, the observer agreement follows:
FRAI(d,D) = D (24)
T D+ 1/d
Proof. We construct the mapping to Theorem 1:
Step 1: Define the “ambiguity functional.”
Total ambiguity (disagreement potential) has two sources:

1. Intrinsic drift D: System dynamics that cause observers to diverge (novelty, measure-
ment noise, basis mismatch)

2. Geometric disagreement 1/d: From Lemma 2

Assuming additive contributions:

1
A(d) =D + p (25)
Step 2: Define agreement as normalized inverse ambiguity.

Agreement should be:



e Proportional to D (higher drift capacity = more “room” for agreement)
e Inversely related to total ambiguity

The natural definition:
D D

FRAI) = 2 = D31 /d

Step 3: Verify the axioms.

e Axiom 1 (Finite Capacity): Total state space is finite-dimensional (d < c0)

e Axiom 2 (Reversible Competition): Agreement and disagreement compete:

— Forward rate oc D (drift drives exploration toward agreement)

— Reverse rate o« 1/d (geometric dispersion drives disagreement)
¢ Axiom 3 (Equilibrium): FRAI represents steady-state agreement
Thus:

D Dd
FRAI(d, D) = -
RAI(d, D) D+1/d Dd+1

This is exactly Eq. (5) with agent concentration [A] = Dd and K = 1.

4.4 Physical Interpretation of the Mapping

Universal Concept Michaelis-Menten USL (Observer Agreement)

Capacity Enzyme sites Agreement state space
Agent Substrate [S] Geometric structure Dd
Occupied ES complex Agreement states

Free Unbound enzyme Disagreement states
Forward rate k1[S] D (drift toward agreement)
Reverse rate k_1 4+ keat 1/d (geometric dispersion)
Dissociation constant K K, 1/d (effective)

Saturation U — Vinax FRAI — 1

Table 2: Mapping between enzyme kinetics and observer agreement

5 The Master Equation

We now present the unified master equation from which all saturation laws derive.

Theorem 4 (Master Saturation Equation). Any system satisfying Azioms 1-3 obeys:

o aX
aX +p

where:
e O € [0,1] is the saturation fraction
e X is the driving variable (concentration, pressure, dimension, etc.)

e a > 0 is the forward coupling constant



e 3 >0 is the reverse/dissociation constant

Special cases:

Michaelis-Menten: & = T X=[S], a=1, p=K, (29)
Langmuir: ® =0, X=P, a=K, =1 (30)
Monod: & = M“ . X=S a=1 B=K, (31)

USL: & = F?{Xl, X=d a=D, B= (32)

6 Information-Theoretic Formulation

The saturation principle has a deep connection to information theory.

Theorem 5 (Saturation as Channel Capacity). The saturation fraction ® can be interpreted
as the normalized mutual information between agents and the shared reality:

I(A; R
o = (4; R) (33)
Imax
where I(A; R) is the mutual information and Inayx is the channel capacity.
Sketch. In the high-SNR limit, Shannon’s channel capacity becomes:
C = Blogy(1 + SNR) (34)
For SNR = X/K (signal-to-noise as agent/dissociation ratio):
C _ log(l+ X/K) (35)
Crmax  10g(1 + Xinax/K)
In the linear regime (low SNR), this reduces to:
C X/K X
~ / = (36)
Crmax 1+ X/K X+ K
which is precisely the saturation form. ]

This provides an information-theoretic foundation for all saturation laws:
Saturation measures how much of the available information channel between agents and
reality is being utilized.

7 Universality Class and Scaling

Definition 5 (Saturation Universality Class). A system belongs to the hyperbolic saturation
universality class if it:

1. Has finite capacity
2. Features reversible competition for that capacity
3. Reaches steady-state equilibrium

Corollary 6 (Universal Scaling Near Saturation). All systems in this universality class exhibit:
K
1_(I)Nf as X — o0 (37)

(approach to saturation as 1/X)



Corollary 7 (Universal Scaling Near Origin). All systems in this universality class exhibit:
X
D~ T ® X—=0 (38)

(linear regime at low driving)

Corollary 8 (Half-Saturation Point). All systems reach ® = 0.5 at X = K (the dissociation
constant).

8 The Deep Principle: Resource Competition

Theorem 9 (Fundamental Saturation Principle). Any system where multiple agents com-
pete for a finite shared resource through reversible interactions will exhibit hyper-
bolic saturation.

This principle unifies:

e Enzymes and substrates competing for active sites

¢ Gas molecules competing for surface binding sites

Bacteria competing for limiting nutrients

Observers competing for consistent measurement outcomes

Information bits competing for channel bandwidth

e Validators competing for consensus agreement
The resource differs across domains:

e Enzyme kinetics: Active site occupancy
e Adsorption: Surface coverage
e Growth: Metabolic capacity
e USL: Agreement state space

e Information: Channel capacity

But the mathematics is identical because the underlying competitive dynamics are isomor-
phic.

9 Predictions and Implications

9.1 Novel Predictions
The universal principle predicts saturation in domains not yet analyzed:

1. Social consensus: Agreement in groups should follow ® = N/(N + K) where N is group
size and K reflects opinion heterogeneity

2. Neural binding: Cortical synchronization should saturate as ® = npeurons/(Mneurons +
Knoise)

3. Quantum error correction: Syndrome agreement should follow the USL with d =
2Mancilla

4. Distributed ledger: Byzantine fault tolerance should exhibit ® = nyalidators/ (Pvalidators+
Kbyzantine)



9.2 Design Implications

The universal form provides an optimization principle:
To achieve saturation level ®*, the minimum required driving is:

Ko*
X* = 39
1— d* (39)
For the USL, this gives:
«@
= ——— 40
D(1—«) (40)

which is precisely the design corollary proven in the main USL paper.

10 Conclusion

We have proven that the hyperbolic saturation form ® = X/(X + K) is a mathematical
necessity for any system satisfying three axioms:

1. Finite capacity

2. Reversible competition

3. Steady-state equilibrium

This explains why the same functional form appears in:
e Michaelis-Menten enzyme kinetics (1913)

e Langmuir adsorption isotherms (1918)

Monod bacterial growth (1949)

Hill cooperative binding (1910)

Shannon channel capacity (1948)
e Universal Saturation Law for observer agreement (2025)

The unification reveals that observer agreement is fundamentally a resource com-
petition problem where observers compete for consistent measurement outcomes in a finite-
dimensional state space. The 1/dim term in the USL corresponds to the geometric “concentra-
tion of disagreement” that decreases as dimension increases.

This provides both a deep theoretical foundation for the USL and a powerful predictive
framework for any system involving competition for finite resources.

A Mathematical Details: Concentration of Measure

Lemma 10 (Variance of Cosine Similarity). For y = x 4+ n where = is a unit vector and

n NN(O,O'zfd).‘
(y,9/) ) (04>
Var| —4—— | =0 | — 41
(Wit d “
Proof. The key steps are:

L lyll? = 1+ 20z, ) + 0]
2. El|ln|2] = do?, Var(||n]|?) = 2do*

10



3. By concentration, ||||?/d — ¢ with fluctuations O(1/v/d)

4. The normalized inner product concentrates with variance O(o?/d)

B Connection to Statistical Mechanics

The saturation form also emerges from the Fermi-Dirac distribution:

1

m%:dﬁMMT+1
At high temperature (kT > € — p):

L
M KT e /AT T X + K

where X = e#/*kT and K = ele=#/kT
This suggests a deep connection between:

e Chemical equilibrium (Langmuir, Michaelis-Menten)
e Quantum statistics (Fermi-Dirac)

e Information equilibrium (USL)

All are manifestations of the same mathematical structure: competition for finite states

under equilibrium constraints.
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