
gaussian_int((nxa-i+nxb-j), gamma) 

 

∫ 𝑑𝑥(𝑥 − 𝑋𝑝)
𝑛𝑥𝑎+𝑛𝑥𝑏−(𝑖+𝑗)

exp(−𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2) 

 

double gaussian_overlap_ref(int nxa, double alp_a, double Xa, int nxb, double alp_b, 
double Xb ) computes ⟨(𝒙 − 𝑿𝒂)𝒏𝒙𝒂𝑮𝒂(𝒙; 𝜶𝒂, 𝑿𝒂)|(𝒙 − 𝑿𝒃)𝒏𝒙𝒃𝑮𝒃(𝒙; 𝜶𝒃, 𝑿𝒃)⟩ 

 

Consider that Gaussians are given as: 

𝐺(𝑥; 𝛼, 𝑋) = exp(−𝛼(𝑥 − 𝑋)2) 

Then: 

𝐺𝑎(𝑥; 𝛼𝑎, 𝑋𝑎)𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏) = exp(−𝛼𝑎(𝑥 − 𝑋𝑎)2) exp(−𝛼𝑏(𝑥 − 𝑋𝑏)2)

= exp (−
𝛼𝑎𝛼𝑏

(𝛼𝑎 + 𝛼𝑏)
(𝑋𝑏 − 𝑋𝑎)2) exp(−𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2) 

 

The basic overlap is: 

𝑆𝑎𝑏 = ⟨𝐺𝑎(𝑥; 𝛼𝑎, 𝑋𝑎)|𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏)⟩

= exp (−
𝛼𝑎𝛼𝑏

(𝛼𝑎 + 𝛼𝑏)
(𝑋𝑏 − 𝑋𝑎)2) ∫ 𝑑𝑥 exp(−𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2) 

Because: 

𝛼𝑎(𝑥 − 𝑋𝑎)2 + 𝛼𝑏(𝑥 − 𝑋𝑏)2 = 𝛼𝑎(𝑥2 − 2𝑥𝑋𝑎 + 𝑋𝑎
2) + 𝛼𝑏(𝑥2 − 2𝑥𝑋𝑏 + 𝑋𝑏

2)

= (𝛼𝑎 + 𝛼𝑏)𝑥2 − 2(𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)𝑥 + (𝛼𝑎𝑋𝑎
2 + 𝛼𝑏𝑋𝑏

2)

= (𝛼𝑎 + 𝛼𝑏) [𝑥2 −
2(𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)

(𝛼𝑎 + 𝛼𝑏)
𝑥 +

(𝛼𝑎𝑋𝑎
2 + 𝛼𝑏𝑋𝑏

2)

(𝛼𝑎 + 𝛼𝑏)
]

= 𝛾𝑎𝑏 [𝑥2 − 2𝑋𝑎𝑏𝑥 +
(𝛼𝑎𝑋𝑎

2 + 𝛼𝑏𝑋𝑏
2)

(𝛼𝑎 + 𝛼𝑏)
]

= 𝛾𝑎𝑏 [𝑥2 − 2𝑋𝑎𝑏𝑥 + 𝑋𝑎𝑏
2 − 𝑋𝑎𝑏

2 +
(𝛼𝑎𝑋𝑎

2 + 𝛼𝑏𝑋𝑏
2)

(𝛼𝑎 + 𝛼𝑏)
]

= 𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2 + 𝛾𝑎𝑏 [
(𝛼𝑎𝑋𝑎

2 + 𝛼𝑏𝑋𝑏
2)

(𝛼𝑎 + 𝛼𝑏)
− 𝑋𝑎𝑏

2 ]

= 𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2 +
𝛼𝑎𝛼𝑏

(𝛼𝑎 + 𝛼𝑏)
(𝑋𝑏 − 𝑋𝑎)2 



Where: 

𝛾 = 𝛼𝑎 + 𝛼𝑏 

𝑋𝑎𝑏 =
(𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)

(𝛼𝑎 + 𝛼𝑏)
 

Because: 

(𝛼𝑎𝑋𝑎
2 + 𝛼𝑏𝑋𝑏

2)

(𝛼𝑎 + 𝛼𝑏)
− 𝑋𝑎𝑏

2 =
(𝛼𝑎𝑋𝑎

2 + 𝛼𝑏𝑋𝑏
2)

(𝛼𝑎 + 𝛼𝑏)
−

(𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)2

(𝛼𝑎 + 𝛼𝑏)2

=
(𝛼𝑎𝑋𝑎

2 + 𝛼𝑏𝑋𝑏
2)(𝛼𝑎 + 𝛼𝑏) − (𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)2

(𝛼𝑎 + 𝛼𝑏)2
=

𝛼𝑎𝛼𝑏(𝑋𝑏 − 𝑋𝑎)2

(𝛼𝑎 + 𝛼𝑏)2
 

Because: 

(𝛼𝑎𝑋𝑎
2 + 𝛼𝑏𝑋𝑏

2)(𝛼𝑎 + 𝛼𝑏) − (𝛼𝑎𝑋𝑎 + 𝛼𝑏𝑋𝑏)2

= 𝛼𝑎
2𝑋𝑎

2 + 𝛼𝑎𝛼𝑏𝑋𝑏
2 + 𝛼𝑏𝛼𝑎𝑋𝑎

2 + 𝛼𝑏
2𝑋𝑏

2 − (𝛼𝑎
2𝑋𝑎

2 + 2𝛼𝑎𝑋𝑎𝛼𝑏𝑋𝑏 + 𝛼𝑏
2𝑋𝑏

2)

= +𝛼𝑎𝛼𝑏𝑋𝑏
2 + 𝛼𝑏𝛼𝑎𝑋𝑎

2 − (2𝛼𝑎𝑋𝑎𝛼𝑏𝑋𝑏) = 𝛼𝑎𝛼𝑏(𝑋𝑏 − 𝑋𝑎)2 

 

Now consider: 

(𝑥 − 𝑋𝑎)𝑛𝑥𝑎 = (𝑥 − 𝑋𝑎𝑏 + 𝑋𝑎𝑏 − 𝑋𝑎)𝑛𝑥𝑎 = ∑ 𝐶𝑛𝑥𝑎
𝑖 (𝑥 − 𝑋𝑎𝑏)𝑛𝑥𝑎−𝑖(𝑋𝑎𝑏 − 𝑋𝑎)𝑖

𝑛𝑥𝑎

𝑖=0

 

 

Thus, without normalization: 

⟨(𝑥 − 𝑋𝑎)𝑛𝑥𝑎𝐺𝑎(𝑥; 𝛼𝑎, 𝑋𝑎)|(𝑥 − 𝑋𝑏)𝑛𝑥𝑏𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏)⟩

= ∑ ∑ ∫ 𝑑𝑥𝐶𝑛𝑥𝑎
𝑖 (𝑥 − 𝑋𝑎𝑏)𝑛𝑥𝑎−𝑖(𝑋𝑎𝑏 − 𝑋𝑎)𝑖𝐶𝑛𝑥𝑏

𝑗 (𝑥 − 𝑋𝑎𝑏)𝑛𝑥𝑏−𝑗(𝑋𝑎𝑏

𝑛𝑥𝑏

𝑗=0

𝑛𝑥𝑎

𝑖=0

− 𝑋𝑏)𝑗 exp (−
𝛼𝑎𝛼𝑏

(𝛼𝑎 + 𝛼𝑏)
(𝑋𝑏 − 𝑋𝑎)2) exp(−𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2)

= ∑ ∑ 𝐶𝑛𝑥𝑎
𝑖 𝐶𝑛𝑥𝑏

𝑗 (𝑋𝑎𝑏 − 𝑋𝑎)𝑖(𝑋𝑎𝑏

𝑛𝑥𝑏

𝑗=0

𝑛𝑥𝑎

𝑖=0

− 𝑋𝑏)𝑗 exp (−
𝛼𝑎𝛼𝑏

(𝛼𝑎 + 𝛼𝑏)
(𝑋𝑏 − 𝑋𝑎)2) ∫ 𝑑𝑥(𝑥

− 𝑋𝑎𝑏)𝑛𝑥𝑎+𝑛𝑥𝑏−(𝑖+𝑗) exp(−𝛾𝑎𝑏(𝑥 − 𝑋𝑎𝑏)2) 

 



This is done by the function: 

 

double gaussian_moment_ref(int nx, double alp, double X, int nxa,double alp_a, 
double Xa, int nxb,double alp_b, double Xb) computes 

 ⟨(𝒙 − 𝑿𝒂)𝒏𝒙𝒂𝑮𝒂(𝒙; 𝜶𝒂, 𝑿𝒂)|(𝒙 − 𝑿𝒄)𝒏𝒙𝒄𝑮𝒄(𝒙; 𝜶𝒄, 𝑿𝒄)|(𝒙 − 𝑿𝒃)𝒏𝒙𝒃𝑮𝒃(𝒙; 𝜶𝒃, 𝑿𝒃)⟩ 

 

Using the Gaussian contraction formula: 

𝐺𝑐(𝑥; 𝛼𝑐, 𝑋𝑐)𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏) = exp (−
𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) exp(−𝛾𝑐𝑏(𝑥 − 𝑋𝑐𝑏)2) 

Where: 

𝑋𝑐𝑏 =
(𝛼𝑐𝑋𝑐 + 𝛼𝑏𝑋𝑏)

(𝛼𝑐 + 𝛼𝑏)
 

𝛾𝑐𝑏 = 𝛼𝑐 + 𝛼𝑏 

Then express the middle GTO in terms of the center of the contraction of GTOs 𝑐 and 𝑏: 

(𝑥 − 𝑋𝑐)𝑛𝑥𝑐 = (𝑥 − 𝑋𝑐𝑏 + 𝑋𝑐𝑏 − 𝑋𝑐)𝑛𝑥𝑐 = ∑ 𝐶𝑛𝑥𝑐
𝑘 (𝑥 − 𝑋𝑐𝑏)𝑛𝑥𝑐−𝑘(𝑋𝑐𝑏 − 𝑋𝑐)𝑘

𝑛𝑥𝑐

𝑘=0

 

 

So: 

(𝑥 − 𝑋𝑐)𝑛𝑥𝑐𝐺𝑐(𝑥; 𝛼𝑐, 𝑋𝑐)(𝑥 − 𝑋𝑏)𝑛𝑥𝑏𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏)

= ∑ 𝐶𝑛𝑥𝑐
𝑘 (𝑋𝑐𝑏 − 𝑋𝑐)𝑘 exp (−

𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) (𝑥

𝑛𝑥𝑐

𝑘=0

− 𝑋𝑐𝑏)𝑛𝑥𝑐−𝑘 exp(−𝛾𝑐𝑏(𝑥 − 𝑋𝑐𝑏)2) 

 

Then: 



𝐼𝑎𝑐𝑏 = ⟨(𝑥 − 𝑋𝑎)𝑛𝑥𝑎𝐺𝑎(𝑥; 𝛼𝑎, 𝑋𝑎)|(𝑥 − 𝑋𝑐)𝑛𝑥𝑐𝐺𝑐(𝑥; 𝛼𝑐, 𝑋𝑐)|(𝑥 − 𝑋𝑏)𝑛𝑥𝑏𝐺𝑏(𝑥; 𝛼𝑏 , 𝑋𝑏)⟩

= exp (−
𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) ∑ 𝐶𝑛𝑥𝑐

𝑘 (𝑋𝑐𝑏

𝑛𝑥𝑐

𝑘=0

− 𝑋𝑐)𝑘⟨(𝑥 − 𝑋𝑎)𝑛𝑥𝑎𝐺𝑎(𝑥; 𝛼𝑎, 𝑋𝑎)|(𝑥 − 𝑋𝑐𝑏)𝑛𝑥𝑐−𝑘𝐺𝑐𝑏(𝑥; 𝛾𝑐𝑏 , 𝑋𝑐𝑏)⟩

= exp (−
𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) ∑ 𝐶𝑛𝑥𝑐

𝑘 (𝑋𝑐𝑏 − 𝑋𝑐)𝑘𝑆𝑎,𝑐𝑏
(𝑘)

𝑛𝑥𝑐

𝑘=0

 

 

Now compute the derivatives: 

𝑆𝑎,𝑐𝑏
(𝑘)

= ⟨(𝑥 − 𝑋𝑎)𝑛𝑥𝑎𝐺𝑎(𝑥; 𝛼𝑎 , 𝑋𝑎)|(𝑥 − 𝑋𝑐𝑏)𝑛𝑥𝑐−𝑘𝐺𝑐𝑏(𝑥; 𝛾𝑐𝑏, 𝑋𝑐𝑏)⟩ 

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑎
  - directly 

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑐
=

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑐𝑏

𝑑𝑋𝑐𝑏

𝑑𝑋𝑐
=

𝛼𝑐

𝛾𝑐𝑏

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑐𝑏
, 

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑏
=

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑐𝑏

𝑑𝑋𝑐𝑏

𝑑𝑋𝑏
=

𝛼𝑏

𝛾𝑐𝑏

𝑑𝑆𝑎,𝑐𝑏
(𝑘)

𝑑𝑋𝑐𝑏
. 

 

𝑑𝐼𝑎𝑏𝑐

𝑑𝑋𝑎
= exp (−

𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) ∑ 𝐶𝑛𝑥𝑐

𝑘 (𝑋𝑐𝑏 − 𝑋𝑐)𝑘  
𝑑𝑆𝑎,𝑐𝑏

(𝑘)

𝑑𝑋𝑎
 

𝑛𝑥𝑐

𝑘=0

 

𝑑𝐼𝑎𝑏𝑐

𝑑𝑋𝑐
= −

2𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)𝐼𝑎𝑏𝑐

+ exp (−
𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) ∑ 𝐶𝑛𝑥𝑐

𝑘 [𝑘(𝑋𝑐𝑏 − 𝑋𝑐)𝑘−1  (
𝛼𝑐

𝛾𝑐𝑏
− 1) 𝑆𝑎,𝑐𝑏

(𝑘)

𝑛𝑥𝑐

𝑘=0

+ (𝑋𝑐𝑏 − 𝑋𝑐)𝑘
𝑑𝑆𝑎,𝑐𝑏

(𝑘)

𝑑𝑋𝑐𝑏

𝛼𝑐

𝛾𝑐𝑏
 ] 

𝑑𝐼𝑎𝑏𝑐

𝑑𝑋𝑏
=

2𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)𝐼𝑎𝑏𝑐

+ exp (−
𝛼𝑐𝛼𝑏

(𝛼𝑐 + 𝛼𝑏)
(𝑋𝑐 − 𝑋𝑏)2) ∑ 𝐶𝑛𝑥𝑐

𝑘 [𝑘(𝑋𝑐𝑏 − 𝑋𝑐)𝑘−1
𝛼𝑏

𝛾𝑐𝑏
𝑆𝑎,𝑐𝑏

(𝑘)

𝑛𝑥𝑐

𝑘=0

+ (𝑋𝑐𝑏 − 𝑋𝑐)𝑘
𝑑𝑆𝑎,𝑐𝑏

(𝑘)

𝑑𝑋𝑐𝑏

𝛼𝑏

𝛾𝑐𝑏
 ] 



 

 

 

 

 

 

 


