gaussian_int((nxa-i+nxb-j), gamma)
nxg+nxpy—(i+j)
fdx(x ~Xp) " exp(~ap (6 — Xap)?)

double gaussian_overlap_ref(int nxa, double alp_a, double Xa, int nxb, double alp_b,
double Xb ) computes ((x — X, )™ G, (x; 0y, X o) | (x — Xp) ™0 Gy (x; apy, X3))

Consider that Gaussians are given as:
G(x;a,X) = exp(—a(x — X)?)
Then:
Go (6 @, Xo) Gy (x5 ap, Xpp) = exp(—a,(x — Xo)?) exp(—ap (x — Xp)?)

= exp (- oo (K = Xo)2) exp(—Yap (5 = X))

The basic overlap is:
Sap = (Ga(x; g, X)) |G (x; @y, Xpp))

o (Xp —Xa)z)de exp(—Vap (x — Xgp)?)

- P (_ (aa + ab)

Because:

a,(x — X )%+ ap(x — Xp)? = ag(x? — 2xX5 + X2) + ap(x? — 2xX,, + X?)
= (ag + ap)x? — 2(ag X, + apXp)x + (g X2 + apX2)
2(a{aXol + abXb) (aaXc% + ale%)l

= (aa + ab) lxz -

X
(aa + ab) (aa + ab)
(aaxcg + abxlg)
= 2 —2Xapx +
Yab lx abX (aa + ab)

a, X2+ a, X?
= Yab lxz_ZXabx+Xczlb_Xczlb+( =2 b b)l

(aa + ab)
(aaxé + abxg)
Yab (x ab) Vab[ (aa + ab) ab
ad,ap
= Vab(x - Xab)2 + - (Xb - Xa)z

(aa + ab)



Where:
Yy =a,+ap

X., = (aaXa + abXb)
ab (“a + ab)

Because:

((Zan + (Zng) 2 (aaXczl + Cleg) (aaXa + abXb)z

(@at+a) P (ag+ap) (o + ap)?
— (aaXc% + ale%)(aa + ab) B (aaXa + abXb)z _ aaab(Xb B Xa)z
(aa + ab)z (aa + ab)z
Because:

(aoXZ + apXp)(ag + ap) — (a@aX, + apXp)?
= aZX2 + a,apXf + apa X2 + apXp — (a2X? + 2a.X ap X, + af X}
= +aaale§ + abaaX(g - (Zaaxaabxb) = aaab(Xb - Xa)z

Now consider:

nxg

(x — X )™e = (x — Xgp + Xgp — X)) = z Crilxa(x - Xab)nxa_i(Xab - Xa)i
i=0

Thus, without normalization:

((x - Xa)nxaGa(x; aa'Xa)l(x - Xb)nbeb (x; abeb))

nxg NXp
= Z z j dxcﬁxa(x - Xab)nxa_i(xab - Xa)iCr]l.xb (x - Xab)nxb_j(xab
i=0 j=0
. a,ap
— Xp)' exp <— (aa—-l—ab) Xy — Xa)2> exp(—Yap (x — Xap)?)
a
nXg NXp
= z Z CﬁxaCrJbe (Xab - Xa)i(Xab
i=0 j=0
— X)) ex —ﬂ(X —x)?) | dx(
b p ((Z + ab) b a xX\x
a

- Xab)nxa+nxb_(i+j) eXp(_yab (x - Xab)z)



This is done by the function:

double gaussian_moment_ref(int nx, double alp, double X, int nxa,double alp_a,
double Xa, int nxb,double alp_b, double Xb) computes

<(x - Xa)nxaGa(x; Ay, Xa)l(x - Xc)nxCGc(x; ac, Xc)l(x - Xb)nbeb(x; ab;Xb))

Using the Gaussian contraction formula:

acap

@ +ay) Xc— Xb)2> exp(—Yer (x = Xp)?)

G.(x; ., X.)Gp(x; ap, X)) = exp (—

Where:

_ (acXe + apXp)
b (ac + ab)

Yeb = Q¢ + ap

Then express the middle GTO in terms of the center of the contraction of GTOs c and b:

nxc

(x =X )™e = (x — Xep + Xep — X))o = z Cﬁxc(x - ch)nxc—k(ch - Xc)k
k=0

So:
(x - Xc)nxch(x; ac:Xc)(x - Xb)nbeb (X; ab'Xb)
nxc
a.ap
= Y Ck. (X, — X.)¥ex (—C—(X —X)2>(x
kzzo nxc\“cb c p (ac+ab) c b

- ch)nxc—k exp(_ycb (x - ch)Z)

Then:



Iacb = <(x - Xa)nxaGa(X; Ay Xa)l(x - Xc)nxCGc(x; aoXc)l(x - Xb)nbeb (x; ab:Xb))

nxc
a.a
= exp( lni: ( Xb) )Z Cnx (ch
( c b)
_Xc)k«x_xa)nxaGa(x' Ag, a)l(x ch)nxc chb(x;Vcb'ch»
nxc
a.a
= eXp( @ . bb)( — Xp)? )Zlex Xep — X )"Sé'?b
ac+

Now compute the derivatives:

(k) = ((x — X)™aGq(x; ag, Xg) | (x — Xop) ™™ chb(x Yebr Xeb))

acb

(F)

—22 _ directly
a
) ) x)
dsacb — das a,cb chb dSacb
dXc dXcp dXc ch chb
(€9) (9] k)
dsa cb — dsa ch chb dsa ch
dXp dXc, dXp  Vep dXch
nxcg (k)
dIabc acab s
— k k __—ach
~9 — exp (- = (X — X, )Z Cle, Koy = X0
a ( ac b) a
dIabc Zacab

= — X —Xp)l
dXC (ac+ab)( c b) abc

nxc

+exp< (C b)(X - Xp)? )ZC,’{xC

%)
as a
+ (X, — Xc)kﬂ_cl

Yeb

dXx cb Yeb

dIabc _ Zacab
de B (ac + ab)

(Xc - Xb)labc

nxc

acap
b (-2, - x2) Y
exp( ac+ab)( c b) L nxc

(1)
dSa cb ab ]

ax cb Yeb

+ (ch - Xc)k

k(Xep — X! <—C—

k(ch - Xc)k 1 Yeb

a,cb

1) s

S(k)

a,cb






