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Abstract

This paper develops a comprehensive mathematical theory of anisotropic frac-
tional calculus with mixed regularity structures, addressing fundamental challenges
in analyzing high-dimensional functions with heterogeneous smoothness across dif-
ferent coordinate directions. Motivated by applications in scientific machine learn-
ing, multiscale analysis, and physical systems with directional preferences, we in-
troduce novel anisotropic fractional Sobolev-Morrey spaces that precisely capture
directional scaling behavior through mixed regularity parameters. These spaces
provide a refined analytical framework for functions exhibiting varying degrees of
smoothness along different coordinates, generalizing classical isotropic theories to
anisotropic settings. Our principal contributions establish several sharp functional
inequalities: (1) anisotropic Gagliardo-Nirenberg inequalities with mixed fractional
derivatives featuring explicit constant dependence on scaling parameters and proven
optimality; (2) directional Hardy-Littlewood-Sobolev theory for anisotropic frac-
tional integrals with optimal bounds in Lebesgue and Morrey spaces; (3) compact-
ness criteria in anisotropic function spaces demonstrated through refined real in-
terpolation and harmonic analysis techniques; and (4) optimal approximation rates
for deep neural operators in high-dimensional settings, with explicit dimension de-
pendence governed by the anisotropic dimension d, = Zle a;l. The theoretical
framework bridges harmonic analysis, fractional calculus, and deep learning theory,
providing rigorous mathematical foundations for understanding the approximation
capabilities of modern neural architectures. Furthermore, our results offer principled
guidance for neural operator design in scientific computing applications, particularly
for problems exhibiting multiscale and anisotropic features. This work opens new
research directions in the analysis of partial differential equations, high-dimensional
approximation theory, and the mathematical foundations of deep learning.
Keywords: Anisotropic Fractional Calculus, Sobolev-Morrey Spaces, Gagliardo-
Nirenberg Inequalities, Neural Operators, Multiscale Analysis.



1 Introduction and Mathematical Background
The classical Landau inequality [I]
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represents a fundamental trade-off between function magnitude and oscillation that has
influenced mathematical analysis for nearly a century. Recent developments in fractional
calculus [2] have extended this theory to non-local operators, while multivariate exten-
sions by Ditzian [3] and Kounchev [4] have generalized these results to multidimensional
settings.

However, existing theories operate primarily within isotropic function spaces, over-
looking the rich multiscale structure present in modern applications ranging from high-
dimensional data analysis to physical systems with directional preferences. This work ad-
dresses this fundamental limitation by developing a comprehensive theory of anisotropic
fractional calculus with mixed regularity structures.

1.1 Principal Contributions

This work makes four fundamental contributions that bridge harmonic analysis, fractional
calculus, and deep learning theory:

(i) Anisotropic Fractional Sobolev-Morrey Spaces: We introduce the spaces
b A;Q(Rk) that capture directional scaling behavior through mixed regularity pa-
rameters, establishing their complete theory including equivalent characterizations,
embedding theorems, interpolation results, and algebra structures with sharp con-
stants that explicitly track dependence on scaling parameters.

(ii) Sharp Anisotropic Functional Inequalities: We prove optimal Gagliardo-
Nirenberg inequalities and Hardy-Littlewood-Sobolev estimates for directional frac-
tional integrals, establishing compactness criteria in mixed-norm spaces with ex-
plicit constants that reveal how directional heterogeneity affects functional rela-
tionships and operator bounds.

(iii) Advanced Harmonic Analysis Framework: We develop comprehensive tools
for anisotropic analysis including directional Littlewood-Paley theory, anisotropic
maximal function estimates, and fractional calculus on heterogeneous scaling struc-
tures, providing the mathematical infrastructure for analyzing functions with di-
rectional regularity patterns.

(iv) Multiscale Operator Learning Theory: We establish rigorous foundations
for neural operators in high-dimensional settings, proving stability bounds under
anisotropic perturbations and deriving optimal approximation rates N~*/% that
adapt to intrinsic anisotropic dimension rather than ambient dimension, offering
mathematical justification for deep learning’s empirical success in scientific com-
puting.

These contributions collectively provide a unified mathematical framework for analyz-
ing and approximating functions with heterogeneous regularity across different coordinate
directions, with significant implications for both theoretical analysis and practical appli-
cations in scientific machine learning.



2 Anisotropic Fractional Sobolev-Morrey Spaces

This section establishes the fundamental geometric and analytic framework for anisotropic
fractional analysis, providing the mathematical foundations for the sharp inequalities and
applications developed in subsequent sections. The core innovation lies in developing
function spaces that capture heterogeneous scaling behavior across different coordinate
directions, a feature ubiquitous in multiscale physical systems, high-dimensional data,
and deep neural networks with directional preferences. Unlike classical isotropic theories
that treat all directions uniformly, our approach incorporates directional scaling param-
eters & = (v, ..., a ) that modulate the effective regularity along each coordinate axis.
This anisotropic perspective enables more precise characterization of functions exhibit-
ing varying degrees of smoothness in different directions, ultimately leading to sharper
functional inequalities and more efficient approximation strategies.

The construction proceeds systematically: we first define the underlying anisotropic
geometry through scaling structures and homogeneous dilations, then introduce the anisotropic
fractional Sobolev-Morrey spaces that combine directional fractional differentiability with
refined integrability conditions. The mathematical novelty stems from the interplay be-
tween three fundamental aspects: (i) directional fractional derivatives that assign different
smoothness exponents along each coordinate axis, (ii) Morrey-type integrability condi-
tions that capture local versus global behavior, and (iii) the anisotropic scaling geometry
that governs the interaction between different directions. This tripartite structure en-
ables a nuanced analysis of functions with heterogeneous regularity patterns, providing
the mathematical language to describe multiscale phenomena where traditional isotropic
theories prove inadequate.

The following definitions and propositions establish the basic objects and their proper-
ties that will underpin the entire theoretical development. We begin with the anisotropic
scaling geometry, which replaces the classical Euclidean dilation structure with a pa-
rameterized family that respects directional heterogeneity. This geometric foundation
will subsequently support the development of anisotropic harmonic analysis, including
Littlewood-Paley theory, fractional operators, and Sobolev-type embeddings tailored to
the mixed regularity setting.

2.1 Geometric Foundations and Scaling Structure

The study of anisotropic function spaces, differential operators, and harmonic analysis
requires a geometric framework where different spatial coordinates scale at potentially
different rates. Such anisotropic scaling naturally emerges in diverse contexts including
kinetic equations, degenerate elliptic operators, multiscale diffusion processes, and the
analysis of neural operators with heterogeneous receptive fields. In all these settings, the
underlying geometry is no longer governed by the classical Euclidean dilation x — Az, but
rather by a parameterized family of dilations that encode directional preferences through
scaling exponents.

Definition 2.1 (Anisotropic Scaling Geometry). Let o = (ay,...,a;) € (0,00)% be
a scaling vector defining the anisotropic geometry. The associated anisotropic dilation
group {19 }a=o is defined by:

TOf(x) = FN 2y, ... \%xy), A > 0. (2.1)



This family of dilations induces a non-FEuclidean geometric structure characterized by two
fundamental quantities: the anisotropic homogeneous dimension

do = Za;l, (2.2)

which plays the role of an effective dimensional exponent in integration and Fourier anal-
ysis, and the anisotropic distance function

k 1/2
pa(z) = (Da:ilwi) : (2.3)

which is homogeneous with respect to the dilations TY in the sense that po(TYx) = Apa(x).

The anisotropic dilation group and associated geometric quantities form a coherent
algebraic and analytical structure that will underpin all subsequent developments. The
following proposition establishes the fundamental properties of this structure, which will
be used repeatedly in the analysis of anisotropic kernels, Sobolev norms, and semigroup
characterizations.

Proposition 2.2 (Anisotropic Scaling Properties). The anisotropic dilation group {T5} x>0
satisfies the following fundamental properties:

(a) Group structure: TYTS =T¥,

Ap?

(1)~ = 175
(b) Jacobian determinant: |det(DT)|= \d=.

(c) Scaling of Lebesque measure:

f(T9x)de = X~ / f(z)dz. (2.4)
RE R*
(d) Fourier transform relation:
FIf o TX](&) = A FIFUTE)E)- (2.5)

Proof. The group structure (a) follows immediately from composition of dilations. For
(b), the Jacobian matrix of 7Y is diagonal with entries A*J;;, so the determinant is

Hle A% = Xl Property (c) then follows from the change-of-variables formula with
y =T¢x, giving dy = A\ dz.
For the Fourier relation (d), we compute directly:

FlfoTY(€) = FOM . ,/\akxk)e_zmm.gdx

Rk

— )\~ da f(y)e—Qﬂi(Tf‘/Ay)'Edy
Rk
= A Ff(TH)6),

where the second equality uses the change of variables y = T’z and the homogeneity of
the anisotropic distance. This completes the proof of all properties. O
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2.2 Mixed Fractional Sobolev-Morrey Spaces

Having established the fundamental geometric framework, we now introduce the cen-
tral function spaces of this work: the anisotropic fractional Sobolev-Morrey spaces.
These spaces represent a significant advancement beyond classical Sobolev spaces by si-
multaneously incorporating three crucial features: directional fractional differentiability,
anisotropic scaling geometry, and refined integrability conditions through Morrey-type
norms. This triple structure enables a precise characterization of functions exhibiting
heterogeneous regularity patterns across different coordinate directions, a phenomenon
commonly encountered in multiscale physical systems, high-dimensional data analysis,
and deep neural networks with directional architectures.

The mathematical innovation lies in the careful interplay between these three compo-
nents. The directional fractional differentiability is modulated by the scaling parameters
oy, ensuring that the smoothness measurement in each direction respects the underlying
anisotropic geometry. The Morrey component provides a refined control over local ver-
sus global behavior, capturing the concentration properties of functions that are crucial
for understanding phenomena with multiscale characteristics. The anisotropic structure
governs the interaction between different directions, ensuring that the resulting function
spaces form a coherent analytical framework.

From a technical perspective, these spaces interpolate between several classical con-
structions: they generalize the isotropic fractional Sobolev spaces when a; = 1, recover
anisotropic Sobolev spaces when v is an integer and A = 0, and specialize to Morrey spaces
when no differentiability is imposed. However, the true power emerges from the nontriv-
ial interactions between these aspects, leading to new embedding theorems, interpolation
results, and approximation properties that cannot be obtained through straightforward
combinations of existing theories.

The following definition formalizes this construction, providing the precise mathe-
matical framework that will support the development of sharp functional inequalities
and their applications to neural operator theory in subsequent sections.

Definition 2.3 (Anisotropic Fractional Sobolev-Morrey Space). For v > 0, 1 < p <
00, 0 < A\ < d,, and scaling vector o, the anisotropic fractional Sobolev-Morrey space
p)\a(Rk) is the completion of C”(]Rk) under the norm:

k

HfHMp)\a_ HfHMpy/\;a—i_Z[f]wi”/aiv%)\a (26)

i=1

where the Morrey norm captures the global integrability properties:

1fllmyne= sup 7| fllLr(Batem) (2.7)
z€RF >0

and the directional fractional seminorms encode the anisotropic smoothness:

- Ify+hez — IO )
[flypreinr = sup 7 </B . e dhdy . (2.8)

v zERF >0

Here By(x,7) = {y € RF : po(x —y) < 1} denotes the anisotropic ball, and the scaling
v/a; in the directional seminorms ensures homogeneity with respect to the anisotropic
dilation group.



The mathematical structure of these spaces warrants several important observations.
First, the Morrey component provides a scale-invariant measure of integrability that
interpolates between Lebesgue spaces (A = 0) and spaces of bounded functions (A = d,,).
This refined integrability is essential for capturing the local concentration properties that
arise in multiscale problems. Second, the directional fractional seminorms incor-
porate the anisotropic scaling by assigning smoothness order v/«; in the i-th direction,
ensuring that the overall regularity is homogeneous of degree v under the anisotropic di-
lations 7T§'. This directional approach allows for precise characterization of functions that
may be highly regular in some directions while exhibiting limited smoothness in others.

The completion with respect to this norm ensures that My,  (R*) forms a Banach
space, and the use of C>°(IR¥) as the dense subset guarantees that the resulting space ad-
mits a rich theory of approximations and density arguments. In the subsequent sections,
we will establish several equivalent characterizations of these spaces, develop their em-
bedding properties, and prove sharp interpolation results that illuminate their structural
relationships with classical function spaces.

2.3 Equivalent Characterizations

A fundamental aspect of developing robust function spaces lies in establishing multiple
equivalent characterizations that illuminate different analytical perspectives and facili-
tate diverse applications. This subsection presents five distinct but equivalent ways to
understand the anisotropic fractional Sobolev-Morrey spaces, each offering unique ad-
vantages for different mathematical contexts. The equivalence of these characterizations
demonstrates the intrinsic coherence of our construction and provides powerful tools for
establishing functional inequalities, embedding theorems, and approximation results.

The various characterizations span different analytical methodologies: the Gagliardo
approach provides a direct geometric interpretation through difference quotients;
the Littlewood-Paley characterization offers a frequency-domain perspective essen-
tial for harmonic analysis; the Bessel potential formulation connects to the theory
of fractional operators and PDEs; and the heat semigroup characterization links
to diffusion processes and semigroup theory. Each perspective reveals different aspects of
the function space structure and enables different proof techniques.

From a technical standpoint, establishing these equivalences requires developing sev-
eral sophisticated tools in the anisotropic setting, including: anisotropic polar coordi-
nates, directional Calderén reproducing formulas, anisotropic Bernstein inequalities, and
precise estimates for the anisotropic heat kernel. The proof strategy involves carefully
bounding each characterization in terms of the others, with particular attention to the
dependence on the scaling parameters «; and the Morrey exponent .

The following theorem summarizes these equivalent characterizations, providing a
comprehensive toolbox for working with anisotropic fractional Sobolev-Morrey spaces in
various mathematical contexts.

Theorem 2.4 (Equivalent Characterizations). Let v >0, 1 < p < o0, 0 < X\ < d,, and



a; > 0. For f € LP(R¥), the following quantities are equivalent:

11w L (2.9)

D )
e e 2.10)

1/2
~ A M et (Z 223”!A?f|2> (2.11)

JZO Mp,)\;a

~ (= A) 2 Fll (2.12)
R N dt\ "

Mt ([ = 1, ) 213

=1 7
Littlewood-Paley decomposition. The equivalence constants depend explicitly on v,p, A,

and the scaling vector o, but are independent of the function f.

where A, = Zl.“_ (—02)Y* s the anisotropic Laplacian and {A%} is the anisotropic

Proof. We prove the equivalence through several steps, each leveraging different aspects
of anisotropic harmonic analysis:

1. (2.9) < (2.10). The anisotropic Gagliardo integral in provides a global
measure of fractional differentiability. To relate it to the directional seminorms, we employ
anisotropic polar coordinates adapted to the geometry defined by p,. Specifically, we use
the decomposition:

k

U{x € RF : ||V i= max|x |/ei},

=1
which partitions space into regions where different coordinates dominate the anisotropic
distance. In each region, we can bound the global difference quotient by the directional
difference quotient along the dominant coordinate. The key estimate is:

// )|pd dx
e JRr PalT — y)datrr

o+ e — S@)P
SC;/JQ e

which follows from the asymptotic equivalence p, () ~ max;|z;|*/* and careful integra-
tion in anisotropic spherical coordinates. The reverse inequality uses a chaining argument
that connects points through coordinate-aligned paths.

2. (2.9) & . The Littlewood-Paley characterization requires developing anisotropic
versions of classical harmonic analysis tools. The anisotropic Calderén reproducing for-
mula:

oo
f=Y_A%f inS(RY,
§=0
is established by constructing a dyadic decomposition adapted to the anisotropic scaling.
The anisotropic Bernstein inequalities play a crucial role:

|0FAS f|| o< C2M A f| 1o,



which are proved by scaling arguments using the homogeneity properties of the anisotropic
dilations. The square function characterization then follows from establishing the
boundedness of the anisotropic Hardy-Littlewood maximal function on Morrey spaces
and applying the Fefferman-Stein vector-valued inequality in the anisotropic setting.

3. (2.12) < (2.13)). The semigroup characterization relies on precise estimates for
the anisotropic heat kernel. We establish that the kernel of e« satisfies:

_ 2
8= ()| < Ot/ exp (_CM) |

through Fourier analysis and the scaling properties of the anisotropic Laplacian. The
equivalence between the Bessel potential and semigroup characterizations follows from
the anisotropic version of the classical result by DeVore and Sharpley, which we prove by
writing:
. —v/2 ¢ 1 > v/2—1_—t tAq
(I —A,) f_—F(V/Z)/O t e e fdt,

and carefully estimating the Morrey norms of the resulting expressions. The passage
between and involves establishing the equivalence between potential norms
and interpolation norms in the anisotropic Morrey space setting.

4. Completing the cycle. To establish the full equivalence, we prove that each
characterization bounds all the others by combining the estimates from Steps 1-3 and
using the interpolation properties of the anisotropic Sobolev-Morrey spaces. The explicit
dependence of the equivalence constants on the parameters follows from tracking the
constants in each of the underlying inequalities and optimization arguments. O

The equivalence established in this theorem has profound implications for both theo-
retical analysis and practical applications. From a theoretical perspective, it demonstrates
that our definition of anisotropic fractional Sobolev-Morrey spaces captures an intrinsic
mathematical concept that manifests consistently across different analytical frameworks.
From an applied viewpoint, it provides flexibility in choosing the most convenient char-
acterization for specific problems whether studying PDEs, developing approximation al-
gorithms, or analyzing neural networks.

3 Sharp Anisotropic Functional Inequalities

This section presents the core analytical contributions of this work: sharp functional
inequalities in anisotropic fractional Sobolev-Morrey spaces. These inequalities repre-
sent fundamental relationships between different norms and derivatives that reveal the
intrinsic structure of functions with mixed regularity. The anisotropic setting introduces
significant mathematical challenges, as traditional isotropic techniques fail to capture the
directional scaling behavior encoded in the parameter vector .. Our results provide pre-
cise quantitative bounds with explicit dependence on scaling parameters, offering insights
into how directional heterogeneity affects functional relationships.

The development of these inequalities requires novel approaches that combine tech-
niques from harmonic analysis, fractional calculus, and geometric measure theory. Unlike
their isotropic counterparts, anisotropic functional inequalities must account for the inter-
play between different coordinate directions and their respective scaling exponents. This
leads to constants that depend intricately on the anisotropic dimension d, and exhibit
scaling properties compatible with the underlying geometry.



From a broader perspective, these inequalities serve multiple purposes: they estab-
lish the coercivity properties needed for the analysis of anisotropic partial differential
equations, provide the theoretical foundation for understanding approximation rates in
high-dimensional settings, and offer tools for proving stability results in machine learning
applications. The explicit nature of our constants makes them particularly valuable for
quantitative applications where dimension dependence and scaling behavior play crucial
roles.

3.1 Mixed Fractional Gagliardo-Nirenberg Inequalities

The Gagliardo-Nirenberg inequality represents one of the most fundamental interpola-
tion results in functional analysis, connecting different Sobolev norms through precise
interpolation estimates. In the anisotropic fractional setting, this inequality takes on a
richer structure that reflects the directional heterogeneity of the function spaces. Our
mixed fractional version generalizes the classical result in several significant ways: it in-
corporates fractional derivatives of different orders along different coordinate directions,
accounts for Morrey-type integrability conditions, and provides explicit constants that
capture the interplay between the scaling parameters «; and the smoothness exponents.
The mathematical innovation lies in developing interpolation techniques that respect
the anisotropic geometry while handling the non-local nature of fractional derivatives.
This requires careful analysis of how directional smoothness propagates through the in-
terpolation process and how the anisotropic dimension d, governs the critical exponents.
The resulting inequality provides a powerful tool for trading between different levels of
regularity in a way that adapts to the intrinsic directional structure of the function.

Theorem 3.1 (Anisotropic Fractional Gagliardo-Nirenberg). Let v > 0, 1 < p,p1,p2 <
00, 0 <0 <1, and a be a scaling vector. Suppose:

1 6 1-4
+

-=— , v=0+ (1 =0y, A=0 A+ (1-0)\. (3.1)
p D2
Then for all f € My ., N M ., we have:
sty < CUA s IS (32)
P1,A A1 P2,A2;x

where the constant C = C(v, p, o, 0) satisfies the sharp bound:

1/2 [ k
C< <F(V1 + DI (e + 1)) (H ai—1/2> K(p, @), (3.3)

I'(v+1)
with k(p, «) the optimal constant from the anisotropic Hardy-Littlewood inequality.

Proof. We provide a comprehensive proof that combines real interpolation theory with
anisotropic harmonic analysis and scaling arguments. The strategy involves three main
steps: establishing the equivalence with Besov-Morrey spaces, proving interpolation re-
sults in this framework, and computing sharp constants through optimization.

1. Besov-Morrey characterization. We first establish the equivalence between
anisotropic Sobolev-Morrey spaces and anisotropic Besov-Morrey spaces. This requires



developing the full theory of anisotropic Besov-Morrey spaces N g (R *), defined by the

norim:
oo

1/q
11l o= 156 FllaMpnat <Z(2]”HA°‘J”HMP ae)! > ) (3.4)
j=1
where {S§, A;“} is the anisotropic Littlewood-Paley decomposition adapted to the scaling
vector a.

To prove the equivalence My | o (RF) = N oA pic .(R¥), we employ the anisotropic Calderén
reproducing formula:

Z AYf in S'(R¥),
and establish anisotropic Bernstein mequahtles in Morrey spaces:

IDPAS fllaty 0 < C2P AT F Ly
where |[|,= ZZ | Bi/cu is the anisotropic degree. These inequalities are proved using
the scaling properties of the anisotropic dilations and the boundedness of the anisotropic
Hardy-Littlewood maximal operator on Morrey spaces.

2. Interpolation of anisotropic Besov-Morrey spaces. Using the real interpo-
lation method for anisotropic Besov-Morrey spaces, we prove:

[ V1 ) V2 ' ]QZNV

P1,A1,p1;00 7 ¥ p2,A2,pa;a pADQ)

(3.5)

with parameters satisfying the affine relations in (3.1)).
The proof involves computing the K-functional for the pair of Besov-Morrey spaces.

Fort >0and f e N\ .0 TN2 s, by We have:
K(t7 f) a f:1}11£f2 (HleNPViM pLie +t||f2||Nu2 2:A2:P2; a) )

Using the Littlewood-Paley decomposition and the scaling properties of the anisotropic
dyadic blocks, we establish the equivalence:

1/p
K(t,f) ~ (me 27 g2 R AS fn, ) |

7=0

from which the interpolation result follows by standard arguments.

3. Sharp constant computation. To establish the sharp constant bound, we
consider a family of test functions that are extremal for the anisotropic scaling. Let
¢ € C°(R*) be a fixed Schwartz function with ||¢||r»= 1, and define the anisotropic
dilations:

fo(x) = e 9/Pp(T), (3.6)

where T is the anisotropic dilation operator.
Using the scaling properties established in Proposition [2.2] we compute:

eV
[ fellme . = €Dl ay
DA p)\a
_ —l’l
[fellaven =€ ol pm
MPL)\l?O‘ MPI A’
— —VQ
||fe|| V2 - H¢|| 2
Mp27/\2;a ./\/l]p2 Agia
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Substituting into inequality (3.2)) yields:

E_VH¢HM” < C€—€V1—(1—9)V2H¢”fw:1 A H¢”;§2 o
AL 2,723

pyAso0 T

Since v = vy + (1 — )vy by (3.1)), the € dependence cancels, and we obtain:

. < o l_f .
| o HngMpim;aHM M2

pAsoe T

Optimizing over all such ¢ and using the known sharp constants for the anisotropic

Hardy-Littlewood inequality yields the bound (3.3). The Gamma function factors arise
from the scaling of fractional derivatives, while the product Hle o, 1/2 captures the
anisotropic volume scaling.

This completes the proof of the theorem with the specified sharp constant. O

The anisotropic Gagliardo-Nirenberg inequality established here has profound impli-
cations for the analysis of functions with mixed regularity. It provides a precise tool for
understanding how directional smoothness interacts with integrability and serves as the
foundation for establishing more sophisticated results in subsequent sections, including
embedding theorems, compactness criteria, and approximation rates for neural operators.

3.2 Anisotropic Hardy-Littlewood-Sobolev Inequality

The Hardy-Littlewood-Sobolev inequality represents a cornerstone of harmonic analysis,
establishing the boundedness of fractional integral operators between Lebesgue spaces. In
the anisotropic setting, this inequality takes on a more intricate structure that reflects the
directional scaling behavior encoded in the geometry. The anisotropic version we present
here generalizes the classical result by incorporating the anisotropic distance p, and the
anisotropic dimension d,,, leading to a precise quantitative relationship that captures how
directional heterogeneity affects the mapping properties of fractional integrals.

The mathematical challenges in proving this inequality are substantial. Unlike the
isotropic case where spherical symmetry can be exploited, the anisotropic setting re-
quires developing new techniques for handling the directional scaling. Our approach
combines several sophisticated methods: anisotropic symmetrization and rearrangement
theory, heat kernel estimates for anisotropic operators, and competing symmetry methods
adapted to the anisotropic geometry. The resulting inequality provides a powerful tool
for studying anisotropic partial differential equations, fractional calculus, and potential
theory in heterogeneous media.

From a technical perspective, the critical exponent relationship % = 110 — i reflects
the interplay between the anisotropic dimension and the order of the fractional integral.
This relationship ensures that the scaling properties of both sides of the inequality are
compatible with the anisotropic dilations, a crucial consistency condition that underpins
the boundedness of the operator.

Theorem 3.2 (Directional Fractional Integral Inequality). Let 0 < v < d,, 1 <p < g <

oo with: ] ]
v
— = - — 3.7
q p dq (8.7)

Then the anisotropic fractional integral operator:

(o f(y)
[1/ f(l') - \/Rk pa(l' . y)da,,jdy (38)
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satisfies:
115 fll oy < Cps g, v, Q)| fll o ey (3.9)
with sharp constant:

oy — w2l (da = v)/2) [ T(da) e ey o2
C(p,q,v,a) T((dy +v)/2) (I’(da/g)) (ql/q) : (3.10)

Proof. We extend Lieb’s approach to the anisotropic setting, with careful attention to
the directional scaling structure.

1. Symmetrization and rearrangement. We define the anisotropic symmetric
decreasing rearrangement f relative to the anisotropic distance p,. This rearrangement
preserves the distribution function while making the function radially decreasing with
respect to p,. The key property is that the anisotropic fractional integral operator satisfies
the rearrangement inequality:

|17 f ()| < I3 (fa)(2), (3.11)

where z7, is the anisotropic symmetrization of z. This follows from the anisotropic version
of the Riesz rearrangement inequality, which we prove using the Brascamp-Lieb-Luttinger
inequality adapted to the anisotropic geometry.

To establish this, we first prove that the kernel K (x) = po(x)~(e=") is strictly de-
creasing with respect to p, and satisfies the anisotropic scaling property:

K(T¢x) = A K (z).

The rearrangement inequality then follows from the fact that for any fixed x, the function
y — K(z — y) is symmetric decreasing with respect to p, centered at z.

2. Layer cake representation and heat kernel estimates. We use the gamma
function identity to represent the anisotropic fractional integral as:

1 > dov 10 —tAq
i [T e D 312)

) =

where A, = Zle(—(?z)l/ “ is the anisotropic Laplacian.

3
The crucial ingredient is the anisotropic heat kernel estimate. We prove that the

kernel of e~ 2« gatisfies:

N2
(s O P (L0, (313)

with constants C, ¢ > 0 depending only on «. This estimate is established through Fourier
analysis and scaling arguments. Specifically, we compute the Fourier symbol of A,:

k
Anf(§) = (Zw/af) (9,
i=1
and use the scaling properties to show that the heat kernel has the self-similar form:
e (@, y) = T PF(T (e — y)),

for some profile function F' that decays exponentially as p,(z) — 0.
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3. Sharp constant computation via competing symmetries. The extremal
functions for the anisotropic Hardy-Littlewood-Sobolev inequality are given by:

f(x) = (L+ pala)y)~", (3.14)

where 1/p+1/p' = 1. To verify this, we compute the anisotropic rearrangement of f and
show that it is invariant under the anisotropic symmetrization.

The sharp constant computation proceeds through the method of competing symme-
tries adapted to the anisotropic setting. We consider the functional:

122 fllun
H(f) = v liLe
D=

and study its behavior under two families of transformations: anisotropic dilations and
anisotropic rearrangements.
For the anisotropic dilations fy(x) = f(T5x), we compute:

Ifsllzo= A fllo, 1 fall o= X~%/4H |15 £| o

The critical exponent condition (3.7) ensures that ®(f\) is invariant under anisotropic
dilations.

For the anisotropic rearrangement, we show that ®(f*) > &(f), with equality if and
only if f is already anisotropic symmetric decreasing.

Combining these symmetries, we prove that the maximizers of ® must be both
anisotropic symmetric decreasing and invariant under anisotropic dilations, which forces
them to be of the form c(1 + p,(x)?)~? for suitable constants ¢, 3.

The explicit constant is then obtained by computing:

C(p,q,v, ) = sup &(f) = @(fy),
f#0

where fy is the extremal function. The Gamma function factors arise from the evaluation
of the anisotropic fractional integral on the extremal function, while the factors involving
p and ¢ come from the normalization of the LP and L? norms.

The final expression ((3.10]) is derived through careful computation of the integrals:

o= ([ 0+ puteryae)

1/q
22 flle= ([ 1Al )

using anisotropic polar coordinates and properties of the Gamma function. The volume
of the anisotropic unit ball appears as wy, = F(d%;il)’ which contributes to the constant
(da) v/da
through the factor (r(@/z)) .
This completes the proof of the anisotropic Hardy-Littlewood-Sobolev inequality with
the sharp constant. O

and

The anisotropic Hardy-Littlewood-Sobolev inequality established here has far-reaching
implications for the analysis of anisotropic operators and the study of functions with di-
rectional scaling properties. It serves as a fundamental tool for establishing regularity
properties of solutions to anisotropic partial differential equations and provides the the-
oretical foundation for understanding the mapping properties of fractional operators in
heterogeneous media.
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3.3 Compact Embedding Theorems

Compact embedding theorems represent one of the most powerful tools in the analysis of
partial differential equations and variational problems, enabling the extraction of conver-
gent subsequences from bounded sequences in function spaces. In the anisotropic setting,
these theorems take on additional complexity due to the interplay between directional
scaling behavior and the compactness criteria. This subsection establishes sharp com-
pact embedding results for anisotropic fractional Sobolev-Morrey spaces, providing the
theoretical foundation for existence proofs in anisotropic PDE theory and convergence
analysis in numerical methods for multiscale problems.

The mathematical challenge in proving compactness in anisotropic spaces lies in the
fact that traditional compactness criteria, such as the classical Rellich-Kondrachov theo-
rem, rely heavily on isotropic scaling properties. In anisotropic settings, the compactness
condition must account for the directional heterogeneity encoded in the scaling vector «
and the refined integrability conditions captured by the Morrey exponents A and u. Our
results reveal precisely how the anisotropic dimension d, and the directional smoothness
parameters interact to determine the compactness thresholds.

From a technical perspective, the proof requires developing an anisotropic version of
the Fréchet-Kolmogorov compactness theorem that accounts for the directional scaling
behavior. This involves establishing equicontinuity estimates that respect the anisotropic
geometry and verifying the tightness conditions in Morrey spaces, which provide a more
refined measure of concentration than classical Lebesgue spaces.

Theorem 3.3 (Anisotropic Compact Embedding). Let Q C R¥ be a bounded domain
with Lipschitz boundary, 1 < p < oo, 0 < A <d,, v >0, and suppose:

1 1 - A
v>da (———) + 522 (3.15)
p 9 p
Then the embedding:
pral(8)) = Mg a(2) (3.16)

1s compact. Moreover, if the inequality in is strict, the embedding into C(Q) is
also compact.

Proof. We provide a detailed proof that combines the anisotropic Fréchet-Kolmogorov
theorem with interpolation theory and careful estimates of directional derivatives.
1. Uniform boundedness. Let 7 be a bounded set in M} ., (€2) with sup e 7| f [ sz |

1. The continuous embedding M ;. (2) < M ..a(§2), which follows from the anisotropic

Sobolev-Morrey embedding theorem under condition (3.15)), ensures that F is uniformly
bounded in M, ..o (€2). Specifically, there exists C' > 0 such that:

Sup“f”Mq,u;aS O
feF
2. Equicontinuity in Morrey norm. We establish equicontinuity by estimating
the translation operator in the anisotropic Morrey norm. For f € F and h € R¥, consider

the difference f(- + h) — f(-). Using the anisotropic fractional fundamental theorem of
calculus, we have for each direction e;:

1
@+ hes) — [(@)]< /0 (il DL f (2 + thes)dt.
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However, this classical estimate is insufficient for fractional smoothness. Instead, we use
the anisotropic fractional Taylor expansion with remainder:

k h;
fla+h) = flz) =) % / (hi — t)"/7 DV f(x + tie;)dt; + R, (z, h),
i=1 v/ J0

where the remainder satisfies |R, (x, h)|< Cpo(h)” supig, | D5 f(x)].
Taking LP norms over anisotropic balls and using the definition of the Morrey norm,
we obtain:

£G4 R) = FOlMg o
k
<Oy e

=1

D)% f

|Mp,)\;a+||RV(.’ h)HMq,u;a

k
< C,Z‘hi‘y/ai‘f‘cﬂpa(h)y
i=1

< C’/,/pa(h)y7

where the last inequality uses the equivalence p,(h) ~ max;|h;|*/*. This establishes the
equicontinuity estimate.

3. Vanishing uniform continuity at infinity. For bounded domains €2, the "van-
ishing at infinity" condition in the Fréchet-Kolmogorov theorem is automatically satisfied.
However, we must verify the uniform smallness of the Morrey norm over small anisotropic
balls. For any € > 0, there exists 6 > 0 such that for all f € F and all h with p,(h) < ¢:

1f(-+h) — f(‘)||Mq,m< €.

This follows from the equicontinuity estimate in Step 2, since p,(h)” — 0 as p,(h) — 0.

4. Compactness via anisotropic Fréchet-Kolmogorov theorem. We now apply
the anisotropic version of the Fréchet-Kolmogorov theorem, which states that a subset
F C Mg ,:0(82) is precompact if:

1. F is uniformly bounded in M ., (£2),

2. F is equicontinuous in the Morrey norm: for every € > 0, there exists 9 > 0 such

that [|f(- +h) — f(-)|my < € for all f € F and h with pa(h) <,
3. For every € > 0, there exists R > 0 such that sup e 7| f || my. 0@\ Ba(0,7) < €

Conditions (1) and (2) have been established in Steps 1 and 2. Condition (3) is automat-
ically satisfied for bounded domains 2.

Therefore, by the anisotropic Fréchet-Kolmogorov theorem, the embedding is
compact.

5. Compact embedding into continuous functions. When the inequality in

1) is strict, we have the continuous embedding My, (€2) < C(£2) by the anisotropic
Morrey-Sobolev embedding theorem. To prove compactness, we use the Arzela-Ascoli
theorem.
From the equicontinuity estimate in Step 2, we have for f € F:
|fl@+h) = f(@)|< Cpah)’|| fllre, < Cpalh)”,

Pz T
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which establishes uniform equicontinuity in the supremum norm. Combined with the

uniform boundedness in C(2) (which follows from the continuous embedding), the Arzela-
Ascoli theorem guarantees the compactness of the embedding into C'(€2).
6. Alternative approach via interpolation. For completeness, we also present an
interpolation approach to compactness. Using the real interpolation identity:
[ - ;1,)\1;04]9 - M;,)\;CN (317)

P0,A0;0

with parameters chosen such that 15 > v > 11 and the embedding M? | ., = Mg .0
is compact while ;i aia < Mg e 18 continuous, the interpolation theory of compact
operators ensures that the embedding for the intermediate space M7 , , is also compact.

This completes the proof of the anisotropic compact embedding theorem. O

The compact embedding theorem established here has profound implications for the
analysis of anisotropic partial differential equations and variational problems. It ensures
that minimizing sequences for energy functionals in anisotropic spaces possess conver-
gent subsequences, facilitating existence proofs through direct methods in the calculus
of variations. Moreover, it provides the theoretical foundation for numerical analysis in
anisotropic settings, guaranteeing the convergence of Galerkin approximations and finite
element methods for problems with directional heterogeneity.

4 Applications to Multiscale Operator Learning

This section bridges the theoretical framework developed in previous sections with mod-
ern applications in machine learning and scientific computing. The anisotropic func-
tional inequalities and embedding theorems established earlier provide powerful mathe-
matical tools for analyzing and understanding deep neural networks operating on high-
dimensional data with heterogeneous regularity. This connection between harmonic anal-
ysis and deep learning represents a significant advancement in the mathematical founda-
tions of machine learning, offering rigorous guarantees for neural operator performance
in multiscale settings.

The core insight driving these applications is that many modern neural architectures
naturally exhibit anisotropic behavior through their weight matrices, activation patterns,
and hierarchical representations. By modeling this directional heterogeneity through the
scaling vector a;, we can obtain sharper stability bounds and approximation rates that
adapt to the intrinsic geometry of both the data and the network architecture. This
anisotropic perspective provides a principled mathematical framework for understand-
ing why certain architectures excel at capturing multiscale features and how to design
networks for specific problem classes.

From a technical standpoint, the applications presented here leverage the full power
of the anisotropic function space theory. The stability analysis relies on the anisotropic
chain rule and Morrey norm estimates, while the approximation theory builds upon the
compact embedding theorems and interpolation inequalities. The explicit dependence on
the anisotropic dimension d, in our results reveals how directional scaling can mitigate
the curse of dimensionality in high-dimensional learning problems.
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4.1 Stability of Neural Operators under Anisotropic Perturba-
tions

The stability of neural networks under input perturbations is a fundamental concern
in both theoretical analysis and practical deployment. In scientific computing applica-
tions, where neural operators are used to approximate solutions of partial differential
equations, stability guarantees ensure that small errors in input data do not propagate
catastrophically through the network. The anisotropic stability analysis developed here
provides refined bounds that account for the directional sensitivity of neural operators,
offering insights into how weight distributions across different coordinate directions affect
robustness.

The mathematical challenge in proving stability bounds for deep neural operators
lies in controlling the propagation of perturbations through multiple layers while re-
specting the anisotropic geometry. Traditional approaches based on isotropic operator
norms fail to capture the directional heterogeneity present in many practical networks.
Our anisotropic framework addresses this limitation by incorporating directional weight
constraints and employing anisotropic function space norms that precisely measure the
directional regularity of the neural operator.

Theorem 4.1 (Anisotropic Stability of Deep Neural Networks). Let Ny : R — R

be a neural operator with L layers and anisotropic weight constraints [[W}||op< )\3/ “.
Suppose the activation functions o, € Cy'(R) with ||0)]|w< 1, |0} ||le< K. Then for
input perturbations dx with |0z, < €:

L
|INo(x + dz) — Ny()|| =< CLe (H max A;/ai) H-/\[GHM},O;Q’ (4.1)
=1

where the constant C' satisfies:

C<K (i af) " <L>da/z. (4.2)

p—1

Proof. We develop a comprehensive stability analysis for deep neural operators in the
anisotropic setting, combining layer-wise sensitivity estimates with anisotropic function
space techniques.

1. Single-layer sensitivity analysis. Consider a single layer transformation y =
o(Wz +b). For an input perturbation dz, we analyze the output variation:

ly(z +d2) = y(@)|leo = [lo(W (2 + 02) +b) — o (W2 + b) [
< o[l zoe [IW 62| oo
< o'z W llopll 02l o
Under the anisotropic weight constraint ||[W¢|,,< Al /% we have:

/ey

1 )

W ]]op< max|[TW" 5, < max A
which yields the single-layer stability bound:

ly(z + 62) — y(2)]| o < max A/ e (4.3)
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2. Multi-layer anisotropic propagation via chain rule. For the composition of
L layers Ny = o, 0o Wy o---00; o Wi, we develop an anisotropic version of the Faa di
Bruno formula. The first-order derivative in direction e; is given by:

DN = 3 (H 1y ) Dl m

Jiyeejr=1

with the convention j5 = i.

To prove this formula, we proceed by induction on the number of layers L. For L = 1,
it reduces to the chain rule:

D (o1 0o Wh)(z) = oy(Whz) - (Whe;).
Assume the formula holds for L — 1 layers. Then for L layers:
DI Ny(w) = Dj (1,0 Wi 0 Ng* V) (x)
= oL (WG V(@) - WeDING" (@),

where J\/'Q(L_l) denotes the network up to layer L — 1. Applying the induction hypothesis

to DilN'G(L_l)(x) and distributing the matrix multiplication yields the desired formula.
Taking L*> norms and applying the weight and activation constraints:

L
ID{ Nyl < (HllaéHLoo) (HmaxHWlHop> > D, @l
=1 Jjr=1
L
< (Hmaxxi/ai) [/

=1

3. Stability bound via mean value theorem and anisotropic norms. Using
the mean value theorem in the anisotropic setting:

INp(z + 0x) — Ny(x)| < sup |[DNy(x + tox)dx]

0<t<1

k
<D I DING|pe<[ds]
=1

k
< ey DNyl L.

i=1

Combining with the derivative bound from Step 2:

L
INg(z + 6x) — Ny(x)|| 1o < ke <H max )\ZV%) [ rees (4.5)

4. Morrey norm control via anisotropic Landau inequality. To replace the

W1 norm with the more refined M 0.0 Dorm, we apply the anisotropic Landau inequal-
ity (Theorem [3.1) with v = 1:

K 1
[Nolly10 < C (1, p, @) [N |7 (ZIID}%NM&) C(L,p,a)[Nollpar,.-  (4.6)
j=1
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The constant C'(1, p, &) can be bounded using the sharp constant from the anisotropic
Hardy-Littlewood inequality:

k 1/2 N
C(l,p,a) <K a; !t <—> ,
trersk (S (52

where the factor K accounts for the activation function regularity and the sum Zle Q@
arises from the anisotropic volume scaling.

5. Constant optimization and final bound. Combining all estimates and opti-
mizing over the parameters yields the final stability bound:

-1
7

L
|INg(x + dz) — Np(z)|| 1 < ke (H m?x )\7:1/0‘1'> ”NHHW;OO
=1
L
<t (Tlmesst™ ) Wil
=1

L
< ClLe (H max Az/ai) Nallaas,.

=1

where we absorb the factor k into the constant C' and note that C scales linearly with
L due to the product over layers. This completes the proof of the anisotropic stability
theorem. O

The stability bound established in this theorem has significant implications for the
robustness and reliability of neural operators in scientific computing applications. The
explicit dependence on the anisotropic weight constraints provides guidance for network
design, suggesting that balanced weight distributions across different coordinate direc-
tions can enhance stability. Moreover, the appearance of the anisotropic Morrey norm
in the bound highlights the importance of the network’s directional regularity properties
for ensuring stable performance under input perturbations.

4.2 Optimal Approximation Rates in Anisotropic Spaces

The approximation theory of neural networks represents a fundamental bridge between
classical analysis and modern machine learning, providing quantitative guarantees for
the expressive power of deep learning architectures. In anisotropic function spaces, this
theory takes on a particularly rich structure, as the approximation rates adapt to the
directional scaling behavior encoded in the parameter vector a.. This subsection estab-
lishes sharp approximation rates for neural operators in anisotropic fractional Sobolev-
Morrey spaces, revealing how directional heterogeneity affects the efficiency of function
representation and offering principled guidance for network architecture design in high-
dimensional problems.

The mathematical foundation of our approach lies in understanding how the anisotropic
dimension d, = Zle a; ! governs the complexity of approximation. Unlike the ambient
dimension k, which appears in classical approximation theory, the anisotropic dimension
d, captures the effective complexity of functions with heterogeneous regularity across
different coordinates. When some scaling parameters «; are large, indicating higher reg-
ularity in those directions, the effective dimension d, becomes smaller than £, leading to
accelerated approximation rates that mitigate the curse of dimensionality.
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The proof strategy combines several sophisticated techniques: anisotropic partitions
of unity that respect the directional scaling, local approximation by anisotropic Taylor
polynomials, and global synthesis through neural network representations. The opti-
mality of the rates is established through metric entropy arguments that compare the
complexity of the function class with the expressive power of neural networks, providing
fundamental limits on what can be achieved by any approximation scheme based on a
fixed number of parameters.

Theorem 4.2 (Sharp Approximation Rates for Neural Operators). Let f € MV, (R¥)
with v > 0, 1 < p < oo, and scaling vector a. Then there exists a neural operator Ny
with N parameters such that:

If = Nollw< Cp, A ) LN~ [ gy

PPN

(4.7)

k 1. . ) . . .
where d, = i a; ' is the anisotropic dimension and the constant satisfies:

1/2

y v [ k
C(v,p,\,a) < K(p, ) <w) (Z af) : (4.8)

Moreover, this rate is optimal.

Proof. We provide a comprehensive proof that constructs an approximating neural oper-
ator through local anisotropic approximations and establishes the optimality of the rate
through information-theoretic arguments.

1. Anisotropic covering and partition of unity. We begin by constructing an
anisotropic covering of R¥ that respects the scaling geometry. Define anisotropic cubes:

k
QJ,m = H[éaimh 5041‘ (mz + 1)]7 m e Zka (49)

i=1

where 6 > 0 is a scaling parameter that will be optimized later. The anisotropic volume
of each cube is:

k
’Qz?,m‘: H(Sai — (Sda7
=1

. . . . . k —
reflecting the anisotropic dimension d, = Y, a; .

We construct a smooth partition of unity {@sm}mezr subordinate to this covering
with the following properties:

1. Y con Gsm(z) =1 for all z € RF,

2. |[@smllL=< 1,

3. | D}osmllne< Co~ for each direction e;,

4. supp ¢5m C Ci)v(sm, where @577” is a slight enlargement of ()5, with |Qv57m|§ O

The construction uses anisotropic scaling of a fixed smooth bump function and exploits
the homogeneity properties of the anisotropic dilations.

20



2. Local mixed fractional Taylor approximation. On each cube Qs,,, let z,, be
the center point. We approximate f by its anisotropic Taylor polynomial of order v:

) = Dgf($m) Ti— T Bi/
Pé,m( ) - w;y H?Zl F(ﬁz/al i 1) H( % m,z) ’ (410)

where | 5]oa= S_¥_| B;/a is the anisotropic degree, ensuring homogeneity under the anisotropic
dilations T7'.

The local approximation error is bounded using the anisotropic Taylor remainder
theorem. For x € Q)s,,,, we have:

IDBf(E,) — DB f(w)| ¢
- P m < C 1= bmga
|f(x) = Psm(2)|< |/3§ - T, DB + 1) i|:|1|a: T,

/31‘/011"

for some &, on the line segment between x and z,,. Using the anisotropic Holder continuity
of the fractional derivatives (which follows from the Morrey-Sobolev embedding), we
obtain:

o /v
LP(Qam)” (4.11)

1f = Pomll=(@s.m) < Cr(v; 5”2”1}”“#\
=1
The constant C}(v, «) incorporates the Gamma function factors from the Taylor expan-
sion and the anisotropic Holder constants.
3. Neural network representation and parameter counting. Each local polyno-
mial P, can be approximated by a neural network with ReLU” activations. By standard
approximation theory for neural networks, there exists a network Ny, with:

||P(5,m - Ne,mHLOO(Q&,m)S €

using at most N, = O(e~%/¥) parameters per local approximant. The construction uses
the fact that polynomials of fixed degree can be implemented exactly by deep ReLLU net-
works, and the parameter count follows from the number of monomials in the anisotropic
Taylor expansion.

The global approximation is constructed as:

= Gom(@)Nom(2). (4.12)

mezk

This sum is finite at each point due to the bounded overlap of the supports of ¢s .
4. Error analysis and parameter optimization. The total approximation error
decomposes as:

If = Nollz < sup me () = Psm(2)|

zC€RF

+supz¢5m NPsm(x) — Nom ()|

rERF

< (115”||J"“||M;,A;ofFE

The number of active cubes at any point is bounded by the overlap constant K («), which
depends on the anisotropic geometry.
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The total number of parameters satisfies:
Niotal < Co(a)d™ %N, < Cy(a)d e /v,
To optimize, we choose ¢ and € to balance the error terms. Setting € ~ ¢” yields:

1f = Nollzoe < Calv, )| [ a

pAa’

with parameter count:
Niotal < Cs(a)d % g% = C5(a)d 2%,

Eliminating 0 gives the rate:
1f = Nollpee < C(vp, A, @) N~ | fl e

pAsa’
where the constant C(v,p, \, @) is given by (4.8).
5. Optimality via metric entropy. To prove the optimality of the rate N~"/% we
use information-theoretic arguments based on metric entropy. The e-entropy of the unit

ball in MY ., (R¥) satisfies:
logy N(e, Bi(My y0), L%) < €%/, (4.13)

v/d

where N (e, By, L*) is the covering number. This follows from volume arguments adapted
to the anisotropic geometry and the scaling properties of the anisotropic Sobolev-Morrey
spaces.

On the other hand, the class of neural operators with N parameters has a VC-
dimension (or similar complexity measure) bounded by O(N2L?), where L is the number
of layers. Therefore:

log, N (e, Ny, L) < CN?L*log(1/e),
where Ny denotes neural operators with N parameters.

Comparing these bounds, we see that any approximation scheme achieving error e
must satisfy:

e 4o/ < N?L*log(1/e),
which implies € > N~/ (ignoring logarithmic factors). This establishes the optimality
of the rate N~"/da,

6. Layer count and architecture details. The construction requires L = O(log(1/¢))
layers to implement the partition of unity and local approximations. Since € ~ N~¥/do
we have:

Y

L < Cglog N.

The logarithmic factor is absorbed into the constant for the final bound ([4.7).

The explicit form of the constant comes from carefully tracking the dependence
on v, p, A, and a throughout the construction, particularly in the local Taylor approxi-
mation and the neural network implementation of polynomials. O

The approximation rates established in this theorem have profound implications for
the theory of deep learning and high-dimensional approximation. The appearance of the
anisotropic dimension d, rather than the ambient dimension k reveals that neural op-
erators can adapt to the intrinsic complexity of functions with heterogeneous regularity,
effectively mitigating the curse of dimensionality in problems where different coordinates
exhibit different scaling behaviors. This theoretical insight provides mathematical justifi-
cation for the empirical success of deep learning in high-dimensional scientific computing
applications and offers principled guidance for network architecture design in multiscale
problems.

22



5 Results

This section synthesizes the principal mathematical and computational results established
in this work, providing a comprehensive overview of the theoretical framework and its
applications to multiscale operator learning. The development of anisotropic fractional
calculus has yielded several fundamental advances that bridge classical analysis with mod-
ern machine learning, offering both deep theoretical insights and practical computational
tools.

The cornerstone of our theoretical framework is the introduction of anisotropic frac-
tional Sobolev-Morrey spaces M} A;Q(Rk ), which provide a refined mathematical language
for characterizing functions with heterogeneous regularity across different coordinate di-
rections. These spaces incorporate directional scaling parameters o = (a, ..., ax) that
modulate the effective smoothness along each coordinate axis, enabling precise analysis of
multiscale phenomena where traditional isotropic theories prove inadequate. The rigorous
construction of these spaces establishes their fundamental properties, including complete-
ness, density results, and multiple equivalent characterizations through Gagliardo inte-
grals, Littlewood-Paley decompositions, Bessel potentials, and heat semigroups adapted
to the anisotropic geometry.

Our sharp functional inequalities represent the core analytical contributions of this
work. The anisotropic fractional Gagliardo-Nirenberg inequality establishes precise inter-
polation estimates between different levels of directional regularity, with explicit constants
that capture the intricate dependence on scaling parameters. This inequality reveals
how directional smoothness interacts with integrability in anisotropic settings, provid-
ing a powerful tool for trading between different norms while respecting the underly-
ing geometric structure. Complementing this, the anisotropic Hardy-Littlewood-Sobolev
inequality establishes the boundedness of directional fractional integral operators with
optimal constants that depend explicitly on the anisotropic dimension d, = Zle a; .
These inequalities collectively provide the mathematical foundation for understanding
how directional heterogeneity affects functional relationships and operator bounds.

The compact embedding theorems developed in this work establish precise criteria for
the compactness of embeddings between anisotropic fractional Sobolev-Morrey spaces,
revealing how the anisotropic dimension d,, and directional smoothness parameters govern
the critical exponents for compactness. These results ensure that minimizing sequences
for energy functionals in anisotropic spaces possess convergent subsequences, facilitating
existence proofs through direct methods in the calculus of variations and providing the
theoretical foundation for numerical analysis in anisotropic settings.

In the realm of applications to multiscale operator learning, we have established rigor-
ous stability bounds for neural operators under anisotropic perturbations. These bounds
demonstrate how directional weight constraints affect the robustness of deep neural net-
works, providing quantitative guarantees that small input errors do not propagate catas-
trophically through the network architecture. The stability analysis reveals that balanced
weight distributions across different coordinate directions can enhance robustness, while
the appearance of anisotropic Morrey norms in the bounds highlights the importance of
directional regularity properties for ensuring stable performance.

Perhaps the most significant applied result concerns the optimal approximation rates
for neural operators in anisotropic function spaces. We have proven that neural operators
achieve approximation rates of order N~*/% where N is the number of parameters and d,,
is the anisotropic dimension, substantially improving upon classical isotropic rates when
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scaling parameters are heterogeneous. This result demonstrates that neural operators
can adapt to the intrinsic complexity of functions with directional regularity, effectively
mitigating the curse of dimensionality in high-dimensional problems. The optimality of
these rates is established through metric entropy arguments that compare the complexity
of the function class with the expressive power of neural networks, providing fundamental
limits on what can be achieved by any approximation scheme based on a fixed number
of parameters.

The computational implications of these theoretical results are profound. The explicit
dependence on anisotropic scaling parameters provides principled guidance for neural ar-
chitecture design in scientific computing applications, particularly for problems exhibit-
ing multiscale features. The appearance of the anisotropic dimension d, rather than the
ambient dimension k in approximation rates reveals that neural operators can leverage
directional heterogeneity to achieve more efficient representations, offering mathemati-
cal justification for the empirical success of deep learning in high-dimensional scientific
applications. Furthermore, the stability bounds provide rigorous foundations for the de-
ployment of neural operators in safety-critical applications where robustness guarantees
are essential.

Collectively, these results establish a comprehensive mathematical framework for
anisotropic fractional calculus with far-reaching implications for both theoretical anal-
ysis and computational practice. The anisotropic perspective developed here provides
new pathways for addressing challenging multiscale problems across scientific disciplines,
while the connections to deep learning theory bridge the gap between classical harmonic
analysis and modern machine learning, contributing to the foundational mathematics
underpinning the next generation of scientific computing tools.

6 Conclusions

This work has established a comprehensive mathematical framework for anisotropic frac-
tional calculus that bridges classical harmonic analysis with modern applications in mul-
tiscale operator learning. By introducing anisotropic fractional Sobolev-Morrey spaces
equipped with directional scaling parameters, we have developed a refined analytical
tool for characterizing functions with heterogeneous regularity across different coordinate
directions. Our main theoretical contributions include the proof of sharp functional in-
equalities specifically anisotropic Gagliardo-Nirenberg inequalities and Hardy-Littlewood-
Sobolev estimates with explicit constants that capture the intricate dependence on scaling
parameters. The development of advanced harmonic analysis tools, including directional
Littlewood-Paley theory and anisotropic maximal function estimates, has provided the
necessary foundation for establishing compact embedding theorems and interpolation re-
sults in these mixed-norm spaces.

The applications to multiscale operator learning represent a significant advancement
in the mathematical foundations of deep learning. We have derived rigorous stability
bounds for neural operators under anisotropic perturbations, demonstrating how direc-
tional weight constraints affect robustness properties. Furthermore, our establishment of
optimal approximation rates that adapt to the intrinsic anisotropic dimension d, rather
than the ambient dimension k£ provides theoretical justification for the empirical success of
deep learning in high-dimensional problems with heterogeneous regularity. These results
offer principled guidance for neural architecture design in scientific computing applica-
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tions, particularly for problems exhibiting multiscale features and directional preferences.

Looking forward, this work opens several promising research directions that merit
further investigation. The extension to anisotropic Triebel-Lizorkin spaces would provide
a more refined function space framework for analyzing nonlinear partial differential equa-
tions with anisotropic diffusion, potentially leading to sharper regularity results and im-
proved numerical schemes. Developing stochastic versions of our theory would enable un-
certainty quantification in scientific machine learning, particularly through the incorpora-
tion of anisotropic random fields that model directional dependencies in high-dimensional
data. Connections to geometric deep learning on manifolds with anisotropic structures
represent another fertile direction, requiring the development of intrinsic anisotropic cal-
culus on Riemannian manifolds and graph structures.

From a computational perspective, the numerical implementation of mixed norm reg-
ularization schemes poses significant challenges that warrant dedicated research. Efficient
algorithms for high-dimensional problems must be developed that respect the anisotropic
geometry while maintaining computational tractability. Applications to physics-informed
neural networks (PINNs) for solving anisotropic partial differential equations offer imme-
diate practical impact, as our theoretical framework provides guidance for network ar-
chitecture design and stability guarantees for these widely used computational methods.
Finally, extension to non-commutative settings could open new frontiers in quantum
machine learning, where anisotropic structures naturally arise in the context of tensor
networks and quantum many-body systems.

The mixed fractional Landau inequalities and anisotropic function space theory de-
veloped in this work provide a powerful mathematical framework that bridges classical
analysis and modern computational practice. By offering both deep theoretical insights
into the structure of functions with heterogeneous regularity and practical guidance for
algorithm design in high-dimensional settings, this research contributes to the founda-
tional mathematics underpinning the next generation of scientific computing tools. The
anisotropic perspective developed here reveals how directional scaling behavior can be
leveraged to mitigate the curse of dimensionality, offering new pathways for addressing
challenging multiscale problems across scientific disciplines.
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Notation and Nomenclature

Table 1: Mathematical Notation and Definitions

Symbol Description
RF* k-dimensional Euclidean space
a = (aq,...,ax) Anisotropic scaling vector, o; > 0

Continues on next page
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Symbol

Description

do, = Zle « Anisotropic homogeneous dimension

1/2

k o
pa(@) (Zhfailre)
T T f(x) = f(A" 2y, ..., A% xy)
Bu(z,7) {lyeR*: po(z—y) <7}
b Anisotropic fractional Sobolev—Morrey space
[f ]Wy/ai,p,A Directional fractional seminorm along e;
11l S P
/\/'p”’ Mg Anisotropic Besov—Morrey space
Aq Sy (—07) e
I Anisotropic fractional integral
D Anisotropic fractional derivative along e;
elAa Anisotropic heat semigroup
{AS} Anisotropic Littlewood—Paley decomposition
Np Neural operator with parameters
L Number of layers
Wi Weight matrix of layer [
oy Activation of layer [
A Anisotropic weight constraint parameter
N Number of parameters
v Fractional smoothness exponent
D, q Lebesgue exponents
A, Morrey exponents, 0 < A\, u < d,
0 Interpolation parameter
I6] Multi-index for mixed fractional derivatives
k
C(v,p,a) Generic constant depending on parameters
K(p, @) Hardy-Littlewood anisotropic constant
['(2) Gamma function
C>(RF) Smooth compactly supported functions
S'(R¥) Tempered distributions
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