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Abstract

We use Machine Learning (ML) methods to simplify the Nonlinear Pro-
gram (NLP) arising in Nonlinear Model Predictive Control (nonlinear MPC,
NMPC). Since every solution to an NMPC problem defines a set of active
and a set of inactive constraints, we propose to use predictions about these
sets to reduce the complexity of the NLP to be solved. Specifically, we use
ML methods to predict active sets for NMPC problems. The required clas-
sification networks are simple enough to be evaluated online, i.e., during the
runtime of the controller. They can be trained to a high accuracy, qualifying
as suitable candidates for an application to NMPC. The results are evalu-
ated using numerical simulations for a model of a continuous stirred-tank

reactor.
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1 Introduction

In automatic control, the concept of Nonlinear Model Predictive Control
(Nonlinear MPC, NMPC) was one of the main research topics addressed dur-
ing the last decades, due to the ability of NMPC to handle both constraints
and systems with multiple inputs and outputs (see, e.g., [1} 2, 3, [4, B]). In
NMPC, the control signal applied to the system is determined by solving
a constrained nonlinear program (NLP) in every time step. Solving the
NLP in every time step can be computationally demanding and might be
restrictive for certain applications. Thus, intense research focused on ap-
proaches reducing the computational effort for solving the underlying NLP.
In the classic NMPC literature, these approaches can be divided into con-
tributions addressing the algorithmic performance to speed-up the solution
process itself (see, e.g., [0, [7]) and approaches exploiting information about
the structure of the solution to either simplify the underlying NLP before
solving it (see, e.g., [8,9]) or to even avoid its solution (see, e.g., [10, 11} [12]).

The combination of linear and nonlinear MPC with Machine Learning
(ML) methods is another well-studied field. Many contributions use neural
networks to replace the controller completely (see, e.g., [13] 14} 15 16l [17]).
However, ML methods also have the potential to assist NMPC and vice-
versa. ML methods are, for example, often used to form the prediction
model (see, e.g., [I8]) or to tune the cost function of the optimization prob-
lem (see, e.g., [19]). Conversely, MPC methods can be used to provide
safety guarantees to learning-based controllers (see, e.g., [20]). More re-
cent approaches use MLL methods to cope with uncertainties, by predicting
plant-model mismatch, for example, but also other sources of uncertainty
(see, e.g., [21), 22 23]).

Another branch of approaches uses ML methods to accelerate the solu-
tion of the MPC problem (see, e.g., [24, 25]). In MPC, a solution to the
underlying optimization problem determines the active set, i.e., the set of
inequality constraints that actually hold with equality at the optimal solu-
tion. The authors in [26] propose to use classification algorithms to predict
the set of constraints that are expected to be active for the optimal solution
of a linear MPC problem and to use this prediction for warm-starting an
active-set algorithm used for solving the underlying optimization problem.

In this article, we extend the idea of predicting active sets using ML



methods as presented by [26] from linear to nonlinear MPC problems. How-
ever, instead of using the predicted active sets on an algorithmic level as
proposed by [26], we use a straightforward approach for simplifying the
NLP before solving it. In previous works (see [8, 27], see also [28] 29]) we
used a priori information about active and thus inactive constraints to sim-
plify the underlying NLP by rearranging and removing constraints. While
the prediction of the active set was based on the principle of optimality for
NMPC on a shrinking horizon in [27], we used predictions based on the
solution of the previous time step to simplify the NLP also for the classic,
receding horizon case in [§]. Following these works, we now propose to use
ML methods to predict active constraints and to apply the same simplifica-
tion approach to the underlying NLP. The non-convexity of the underlying
NLP poses challenges for the generation of training data since, for exam-
ple, several local minima with the same active set and several local minima
with different active sets may exist for the same initial state (see [30] for
properties of NMPC solutions resulting from non-convexity).

In Sections[2.T]and 2.2} we state the class of NMPC problems investigated
here and introduce a model of a continuous stirred-tank reactor (CSTR) that
serves as an example throughout the paper, respectively. Section [3|states the
methods applied in this article, specifically the process of generating training
data (Sec. , the type of classification networks and their training for
active constraint prediction (Sec. , and the simplification approach for a
known set of active constraints (Sec. [3.3). In Section [4] we provide closed-
loop simulation results for the CSTR introduced in Section [2.2] Conclusions

and an outlook to future work are given in Section [5

2 Problem Statement

2.1 NMPC Problem Class

We consider the class of nonlinear dynamical systems in discrete time given

by difference equations
2k +1) = f(a(k),u(k), k=0,1,..., (1)

with system states x(k) € R™ and input signals u(k) € R™. We assume the

nonlinear mapping f : R® x R™ — R" to be twice continuously differentiable



and we assume f(0,0) = 0.
To regulate system to the origin we solve, in every time step, the

constrained nonlinear optimization problem

win [|lo(V)[3 + Z (k)13 + llulk) %) (2a)
st.ax(k+1) = (x(k:), (k)), ke Ny (2b)
z(k) € X, ke Ny 1, (2¢)
u(k) €U, ke NY 1, (2d)
2(N) € (2¢)
2(0) = < > (2f)

for horizon length N, with optimization variables X = (z(1)T,...,z(N)T)T
and U = (u(0)7,...,u(N — 1)T)T describing the predicted states and inputs,
respectively. The matrices P, (Q and R have obvious dimensions and are
assumed to be positive definite. The sets X and U are assumed to contain
the origin in their interiors and to be defined by finite numbers of linear
inequalities, which implies they are convex polyhedra. The terminal set T
in is an ellipsoid here (see, e.g., [31] for this problem class)

T ={z|z"Pz <}, (3)

which implies it is represented by one additional inequality. We assume
there exists a stabilizing control law x(z) in T such that the terminal cost
function ||x(NN)||%, the terminal set T, and (=) fulfill the stability conditions
summarized as in [I], A1-A4.

To simplify the notation, we introduce z = (XT,UT)T and rewrite the

optimization problem in the compact form

min |}2//% (4a)
s.t. F(x(0),2) =0, (4b)
G(z(0),2) <0, (4c)

with H € RN(+m)xN@mtm) fr o o In (), the equality constraints are



abbreviated as

z(1) = f(x(0),u(0))
F(x(0), 2) := : ;
2(N) = f(z(N = 1),u(N —1))

and the inequality constraints described by f are summarized in
G(z(0), 2).

Let the optimal solution to for an initial state x(0) be denoted by
z*(x(0)), which we often abbreviate by z*. If not stated otherwise, the opti-
mal solution to is assumed to be a local minimum. Let Q = {1, ..., ¢} de-
note the set of indices of all ¢ constraints. A constraint ¢ € Q is called active
for the optimizer z* if row ¢ of G is zero, i.e. G;(x(0), z*) = 0. We recall that
inactive constraints are fulfilled with strict inequality, i.e., G;(x(0), z*) < 0.
We introduce the active and inactive set A and Z collecting the indices of
active and inactive constraints, respectively. We write A(z) for an active

set that results for the initial state x.

2.2 Benchmark Process: Continuous Stirred-Tank Reactor

We use the following CSTR model [32] as an illustrating example throughout

the paper:
—ddcf :%(CA’f —cp) — kge_RiTcA (5a)
dT ¢ AHky _E A
— ==—(Ta¢—-T) — T.—T). 5b
a —yae=T) ey € RTCA+VpCp( ) (5b)

State variables cy and T describe the concentration of substance A and
the reactor temperature, respectively, and the manipulated variable T, is
the temperature of the coolant stream. Parameter values are collected in
Table 1
The control task is to regulate the system to an unstable steady state.
Following [32], we define the state and input vectors
ca — 0.5 T —350 T. — 300

=705 "7 7 YT T

by shifting the variables to the unstable equilibrium. The system is dis-

cretized with a sampling time of Ty = 0.03 min, and the weighting matrices



Table 1: Parameter values of the CSTR.

parameter value parameter value
p 1000g L1 p 0.239Jg ' K~!
AH —5x 10" Jmol £ 8750 K
ko 7.2 x 1019 min—! UA 5x 10* Jmin ' K1
q 100 Lmin~! T 350K
\% 100 L CAf 1.0mol L1

in the NMPC cost function and the prediction horizon are chosen to be

265.88  49.39 10 0
P= . Q= , R=1, N=10. (6)
49.39  125.99 0 10

Furthermore, we introduce input and terminal constraints

—1 <u(k) <3.5, (7)
c(N)eT, T={zeX |2TPx<~}, ~=9.3353, (8)

and the terminal controller as k(z) = K7, with K7 = (—1.6154, —3.6644),
such that the terminal weighting matrix, the terminal set, and the terminal
controller fulfill the stability conditions referred to in Section

3 Active Set Prediction using Classification

We first introduce the generation of suitable training data, followed by a
description of the training process of a classification network ®(x) for pre-
dicting A(z). In the last subsection, we state a simplification approach for

the NLP (4] as one possibility to benefit from the prediction of active sets.

3.1 Generation of Training Data

For a reliable prediction of an optimal active set, the training data should
be representative for the expected initial states that occur during closed-
loop control and consider features of the system at hand. As shown in [30],
the non-convexity of the NLP can lead to the existence of several local
minima with different active sets for the same initial state. This may lead

to inconclusive training data for parts of the state space such as, e.g., areas



of states with mixed active sets, which will in general impede the training
process in terms of convergence and resulting accuracy.

We showed in [30] that the resulting minimum strongly depends on the
initial guess forwarded to the optimizer. During control, we often apply a
warm-start that results from extending the solution of the previous time
step using the terminal controller x(x) together with the prediction model.
To generate the training data, we follow the strategy described in [26] for
the linear case and regulate a well-distributed set of initial states closed-
loop into the terminal set. The use of the same warm-start here is essential
to minimize the influence of varying local minima corrupting the training
data. Further, by generating the training data in a closed-loop fashion, the
highest concentration of data will result for the area around the terminal
set, which is also expected to be the area containing most of the states for
which problem needs to be solved when controlling the corresponding
system. Formally, we summarize pairs of a specific 2! and A’ as a data
tuple D’ for the training. Initial conditions resulting in the same active set
will be summarized, and we call the resulting set a class for brevity. All
optimization problems solved for generating training and testing data and
during the computational study in Section [d] were implemented in Matlab
using the nonlinear optimizer fmincon and the interior-point algorithm.

For the CSTR, we generated a grid of feasible initial states with a step
size of Ax1 = Axy = 0.01. Regulating all states of the grid into the terminal
set, in total 134 736 data tuples of states and corresponding optimal active
set were determined. Tuples D* with equal active sets A* were summarized
into one class, resulting in 185 different classes. Figure shows the re-
sulting state space, where initial states that yield the same optimal active
set and thus belong to the same class are shown with the same color. Since
the training data was generated by controlling all states of the initial grid
into the terminal set 7, the highest concentration of training data results
for the area around 7.

The training process can be expected to benefit from a balanced training
set. Classes with only few members can be a sign for outliers or numeri-
cally unstable results. We opt for a heuristic reduction of the number of
classes while simultaneously maintaining a high resolution of the training
data. Since the data tuples of each class will be split into a training and a

verification set for the internal training process in the ratio 3 : 1 (see Sec.
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Figure 1: Training data for the classification network. The color of the
states indicates the corresponding class, omitted states are shown in red.

below), we propose to remove classes with 3 or less pairs.

The histogram in Figure[2] visualizes the distribution of the 134 736 states
into the 185 different classes. Obviously, the majority of states belongs to the
class on the very left. At the same time, classes on the very right form only a
fraction of the overall simulation data. Removing classes with 3 or less data
tuples, the number of classes could be reduced by around 15.68%, from 185
to 156, while only 0.04% of all data tuples were removed. The states of the
training set that have been removed are marked in red in Figure The

no. of tuples

1 50 100 150 185
classes

Figure 2: Number of data tuple per class. With 37478 tuples, the class
labeled as ’1’ is the highest represented class. Note that classes are sorted
for cardinality and do not represent the enumeration depicted in Fig. [T}



position near the boundary of the feasible set indicates that (i) numerical
issues might be a reason for outlier results and (ii) removing these states will
not severely influence the results since in general most initial states will be

located in the interior of the feasible set rather than close to its boundary.

3.2 Active Set Classification Network

A feed-forward neural network (NN) consisting of ny, fully connected layers
is used as classification network ®(z), mapping states = to a corresponding
active set A by classifying them into a class representing one unique com-
bination of active constraints. The transformation for each hidden layer [
with 1 <[ < ny, follows

o0 — 4 0al=1 4 O (9)

with v the vectorized input to each node, weights w, biases £, and activation
function a targeting the previous layer. For the activation function of the
hidden layers, the Rectified Linear Unit (ReLU) function

a® = ReLU(w®), with ReLU(v) = max(0,v),

is chosen to capture nonlinear behavior in the relation x — A. For the multi-
class classification between n, different classes, the activation function for

each input ¢ of the output layer ny, is chosen as the softmax function

aEnL) =o(v

(n1)
n exp(v;
oy - xRl ) (10)
S exp(ul™)

to generate a probability for each of the n, different classes. An illustration
of the overall prediction process is shown in Figure [3]

Weights Q = (w®, ..., w™)) and biases = = (¢, ... £()) for all ny,
layers are the training parameters of the classification network ®(z). They

are optimized by solving the cross-entropy loss function

min— 3" yelog (o(o(™)). (1)

2, c=1

which is a standard choice for multi-class classification problems. In ,

y. indicates the presence of class c as for the input z* € D?, and the softmax
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Figure 3: Illustration of the prediction of a class related to the active set
A(x) with the classification network ®(x).

function o (see (10])) denotes the predicted probability that an input a°
belongs to a class ¢. The class labels are encoded using one-hot encoding
(see [33]).

The resulting NN configuration for the CSTR consists of an input layer
with two neurons for state x, four hidden layers containing 30 neurons each,
and an output layer with 156 neurons, each corresponding to one of the
n, = 156 different classes. This results in a total of 7716 trainable pa-
rameters. The input features = of the NN are normalized to a range [0, 1].
The final configuration was determined by experiments evaluating the loss
function for different numbers of hidden layers.

The training set was split into a training and testing set with ratio 3 : 1.
The training process was conducted in Python using the TensorFlow ML
framework (see [34]). The Adam optimizer (see [35]) was used for model
compilation. The initial learning rate was set to 0.001 and adjusted using
the ReduceLRonPlateau scheduler (see [36]), which decreases the learning
rate by a factor of 0.1 once learning stagnates, to a minimum of 1076, The
training process was designed for 1000 epochs, with the actual number of
epochs being adjusted using early stopping criteria to prevent overfitting.

We further generated another test set by regulating 1 000 randomly cho-
sen, feasible initial states into the terminal set, resulting in 7604 pairs of
states and active set. For the pair-wise comparison, in total 7156 out of

the 7604 active sets were predicted correctly by the classification network

10



Figure 4: Test data for the CSTR indicating correct (green circles) and
incorrect (red crosses) active set predictions. Note that the density of initial
states is highest close to the ellipsoidal terminal set that can be anticipated
by the white space.

®(x), resulting in an accuracy of around 94.11 %. Figure @ shows all 7604
states, with correct and incorrect predictions shown as green circles and red
crosses, respectively. The same 1000 initial states will also be used within
the computational study to evaluate the reduction of the computational
effort.

3.3 Exploiting information about active and inactive con-
straints

If the active set A(z) for the current state z is known in advance, we can
simplify NLP @ by changing constraints corresponding to A to equal-
ity constraints, and removing constraints corresponding to Z = Q \ A.
This simplification describes the core of active-set methods (see, e.g., [37,
Chpt. 15.2]) and was already applied in previous works (see [§], [27], Prop. 3],

see also [28], 29]).

For an active set A predicted by the classification network ®(z) for the

11



current system state x, we solve the simplified NLP

min |}2[%
s.t. F(z,2) =0 (12)
Gi(z,2) =0, i € A

If a solution z* to ((12)) exists that does not violate the original constraints,
ie., G(x,z*) <0 holds, we apply the resulting control input to the system.
If no solution exists or some of the constraints are violated by z*, we solve
the regular NLP as a fallback solution.

We note that, since the prediction of the active set A(x) may be inaccu-
rate, a solution to the simplified NLP that does not violate the original
constraints can in general only be guaranteed to be feasible (see |28, 29]).
We will see in Section [l however, that the results for the regular and the
simplified NLP are in general quite similar, if not identical. For readability,
we thus keep the notation uw* for a resulting input also if the solution is
suboptimal (i.e., not optimal, but feasible) for , but optimal for ([12)).

The proposed simplification approach is implemented in Algorithm
After evaluating ®(x), we rearrange and remove the constraints of prob-
lem and solve the simplified NLP (12]) (lines 2-3). If a solution to ([12))
exists and none of the original constraints are violated by z*, the resulting
input signal u* is applied to the system (lines 4-5). Solving the original
NLP as fallback strategy is only necessary if one of the aforementioned
conditions are violated (lines 6-7). The procedure repeats for the next time

step and updated initial state 2(0). A visual representation of the algorithm

Algorithm 1 NMPC using ML based active set prediction

1: Input: Current state x(k), classification network ®(x)
2: Determine active set A(x) = ®(x)
3: Solve for A(x) and x(0) = z(k)
4: if Solution z* exists and G(z(0), z*) < 0 then
5: Apply v* from z*
6: else
7 Solve (4) for z(0) = x(k)
8: Apply u* from z*
9: end if
10: Output: Measured state z(k 4 1) for next sampling instant

12



Feasibility check
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min ||z]|%
F(z(0),2) =0
G(x(0),2) <0
Original NMPC

Figure 5: Block diagram of the proposed NMPC algorithm using ML based
active set prediction.

is given in Figure

Note that the approach summarized by Algorithm [1] does not decrease
the worst-case computational effort. The results in Section [ will prove,
however, that we can reduce the average computational effort required for
determining control inputs. The reduction of average computation times
can be useful for, e.g., reducing the overall energy consumption when im-
plemented on embedded devices (see, e.g., [38], Sec. 5.2 for an evaluation of

energy saving potentials for embedded hardware).

4 Application to the CSTR

The accuracy of the classification network for a point-wise comparison was
already examined along the training procedure (see column 1 in Tab. .
To quantify the closed-loop benefits of the proposed approach, we used the
same test set to evaluate the number of time steps in which the predicted
active set resulted in a feasible input and compared the number of iterations
necessary to find a solution using the regular (4f) and the simplified NLP.
We distinguish between the accuracy of ®(z) in a point-wise comparison and
the number of simplified NLPs resulting in a feasible u*(0) since we expect,
for a small number of initial states, to find feasible control signals also for
active sets that are predicted differently than determined for the test set.
Furthermore, due to the non-convexity of problems and , different

local minima with equal, but also varying active sets may exist for the same

13



initial state (see [30]).

For two states of the test set, Figure |§| shows the state (top) and input
(middle) sequences and the number of iterations performed by fmincon to
find the input signal for both the regular NMPC scheme (color) and the
proposed approach exploiting active set predictions (black). In Figure
the closed-loop results for initial state z(0) = (0.3515, —0.4340)T show no
difference in states and inputs, while the number of iterations to solve the
NLP using Algorithm [1}is smaller for all time steps. For initial state x(0) =
(0.2335,—-0.9187)T, Figure depicts the case that the regular NMPC
problem had to be solved as a backup in one time step. Thus, the number
of iterations for the simplified NLP and the regular NLP are added
up in time step k = 5.

The results for regulating all 1000 initial states of the test set into the
terminal set 7 are summarized in Table |2l In 96.3 % of all cases, the classifi-
cation network ®(z) was able to predict an active set such that the simplified
NLP resulted in a feasible solution (column 2). The difference of around 2 %
between the accuracy of ®(z) and the number of cases with feasible control
inputs indicates that in the worst case only a small fraction resulted in a

feasible, but no longer optimal control input. If one of these cases resulted in

b

(k)
a(k)

.
b

0 2 4 6 8 10 0 2 4 6 8 10
4¢ e I
= 2t | = 2¢
e — __ s o0p ] B ———
2 ‘ ‘ ‘ 2 ‘ ‘ ‘
2 0 2 4 6 8 10 2 0 2 4 6 8 10
g 2
§ 40 T T T T g 50 T 1 T T
S | I = = R ]
[ Gy
3 0 ‘ ‘ ‘ ‘ S 0 : ‘ ‘ ‘
3 0 2 4 6 8 10 s 0 2 4 6 8 10
= time steps k = time steps k
(a) z(0) = (0.3515, —0.4340)7 (b) z(0) = (0.2335,—0.9187)T

Figure 6: States (top), inputs (middle), and number of iterations (bottom)
along time steps k resulting for two different initial states by applying regular
NMPC (color) and the proposed simplification approach (black). In (a), all
predicted active sets coincided with the actual ones. In (b), the regular NLP
had to be solved for k = 5 as backup, such that the number of iterations for
both solution attempts are added up in this time step.

14



Table 2: Accuracy of the classification network in a point-wise comparison,
amount of feasible simplified NLPs, and number of iterations to determine an
input signal for both the regular NMPC scheme and the proposed method.

Accuracy Feasible Number of iterations
of ®(x) simplified NLPs Regular NMPC Algorithmll' Red. in %
94.11 96.3% 27.33 24.6 9.99

a different local minimum than for the original problem, the number of fea-
sible, but suboptimal solutions further decreases. The mean squared error
(MSE) between the cost function values (including z(0)) and the applied
input signals that result from solving the regular and the simplified NLP
read MSE,, = 5.72- 107° and MSE,» = 7.23 - 1075, respectively. The val-
ues indicate that the suboptimality induced into the closed-loop control is
negligible and can hardly be distinguished from numerical sources.

As stated in Section all NLPs were solved in Matlab using fmincon
and the interior-point algorithm, which in general only converges to a bound,
i.e., an active constraint. A constraint was declared active if the deviation
between the optimization parameter and the corresponding bound fell below
a tolerance value of € = 10™%. Thus, the solution to the simplified NLP (12))
with equality constraints based on predictions resulting from interior-point
solutions may deviate from the solution to the regular NLP (4 within nu-
merical magnitudes, while still describing the same optimal solution.

Columns 3 — 5 show the reduction of computational effort in terms of
the number of iterations performed to determine a control input. While
on average around 27.33 iterations were necessary for the regular NMPC
approach to find an optimal input value u*(0), Algorithm [I| was able to
reduce the number of iterations to determine a control signal by 9.99%, to
on average around 24.6 iterations. For time steps in which the regular NLP
had to be solved as a fallback (line 7 in Alg. , the number of iterations of

both solution attempts were added up.

5 Conclusion

We applied machine learning methods for the prediction of active sets in
nonlinear model predictive control. We generated training data coping with

challenges arising from the non-convexity of the underlying optimization

15



problem to train classification networks with a precision of more than 94%.
The predicted active sets were used to simplify the nonlinear programs solved
in every time step. With a CSTR model as example, we could present a
reduction of the average number of iterations necessary to find a control
input of almost 10%.

Future work will investigate different forms of classification networks,
and investigate techniques such as transfer learning to deal with, e.g., chang-

ing parameters of the optimization problem.
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