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Observation of current
whirlpools in graphene
at room temperature

Marius L. Palm, Chaoxin Ding,
William S. Huxter, Takashi Taniguchi,
Kenji Watanabe, Christian L. Degen

Science 384, 465 (2024)
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Linear-in temperatureresistivity froman
isotropic Planckian scattering rate
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Reconciling scaling of the optical conductivity of cuprate superconductors

with Planckian resistivity and specific heat

B. Michon, C. Berthod, C. W. Rischau, A. Ataei, L. Chen, S. Komiya, S. Ono, L. Taillefer, D. van der Marel, A. Georges
Nature Communications 14, Article number: 3033 (2023)
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Reconciling scaling of the optical conductivity of cuprate superconductors
with Planckian resistivity and specific heat

B. Michon, C. Berthod, C. W. Rischau, A. Ataei, L. Chen, S. Komiya, S. Ono, L. Taillefer, D. van der Marel, A. Georges
Nature Communications 14, Article number: 3033 (2023)
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. Hubbard model on the honeycomb lattice:

hydrodynamics in graphene and related materials

2. SYK as a solvable model of quantum matter
without quasiparticles

3. Hubbard model on the square lattice:
spin density wave order, and a universal theory
of strange metals from spatially random interactions.

4. Spin liquids, Fractionalized Fermi liquids (FL*)
and the cuprate phase diagram:
observation of the Yamaji etfect.



Hubbard model on the honeycomb lattice:
hydrodynamics in graphene and related
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Honeycomb lattice

(describes graphene after adding long-range Coulomb interactions)




Semi-metal with

massless Dirac fermions
at small U/t

_Ql Brillouin zone



We define the Fourier transform of the fermions by
ca(k) = ) ca(r)e™’ " (4)
r

and similarly for cg. A and B are sublattice indices.
The hopping Hamiltonian is

Ho = —tz (CZ\,-@CBja + C;jaCAia> (5)
(ij)

where « 1s a spin index. |f we introduce Pauli matrices 77 In
sublattice space (a = x, y, z), this Hamiltonian can be written as

d? k '
Hy = / ﬁCT(k) —t(cos(k -e1) + cos(k - e>) + cos(k - 63))7'X
T _

+ t(sin(k -e1) + sin(k - @) + sin(k - e3)>7'y: c(k) (6)

The low energy excitations of this Hamiltonian are near k =~ +Q;.



In terms of the fields near Q7 and —Q, we define

Vata(k) = caa(Q1 +k)

Vara(k) = caa(—Q1 + k)

Via(k) = cBal(Q1 + k)

Upora(k) = cga(—Q1 + k) (7)

We consider V to be a 8 component vector, and introduce Paull
matrices p? which act in the 1,2 valley space. Then the
Hamiltonian is

Ho — / ﬁ;\w‘(k)(w% + VTXkay)w(k), (8)

4

where v = 3t/2; below we set v = 1. Now define ¥ = WTp?7Z,
Then we can write the imaginary time Lagrangian as

Lo=—iV (W0 + kx 71 + kyy2) W (9)

where
Yo = —p°T" Y1 =p"T" o= -1 (10)



Exercise: Observe that Lg is invariant under the scaling
transformation x’ = xe™¢ and 7/ = 7e~*. Write the Hubbard
interaction U in terms of the Dirac fermions, and show that it has
the tree-level scaling transformation U’ = Ue™*. So argue that all
short-range interactions are irrelevant in the Dirac semi-metal
phase.



-Q,

Brillouin zone

The theory of free Dirac fermions
is invariant under conformal

transformations of spacetime. This
is a realization of a simple

conformal field theory in 2+
dimensions:a CFT3




The Hubbard Model at large U
th s+ U (W , %) (nw , _> DI

In the limit of large U, and at a density of one particle per site,
this maps onto the Heisenberg antiferromagnet

Hap =Y JijS¢SS

1<J

where a = x,v, 2

1
S; = 5%240360257

with % the Pauli matrices and




Insulating
antiferromagnet
with Neel order
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Antiferromagnetism

We use the operator equation (valid on each site /):

1 1 U ., U

Then we decouple the interaction via

, ] R
exp (52/&5,?2) — /DJ?(T) exp (Z/dT %JI?Q — J2§?

(12)
We now integrate out the fermions, and look for the saddle point
of the resulting effective action for J?.

Long wavelength fluctuations about this saddle point are described by a
field theory of the Néel order parameter, ¢“, coupled to the Dirac fermions
in the Gross-Neveu model.

|.F. Herbut, V. Juricic, and B. Roy, Phys. Rev. B 79,0851 16 (2009).
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At the quantum critical point, the non-linear couplings A and « in the Gross-
Neveu model reach non-zero fixed-point values under the renormalization
oroup flow. The critical theory is an interacting CFT3
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Electron Green’s function for the interacting CFT3

Iw + VKTV + vk, T p*
(w? + vek2 + vzk)%)l_”/2

G(k,w) = <\I!(k,w); \uT(k,w)> ~

where 1 > 0 is the anomalous dimension ot the fermion. Note that
this leads to a fermion spectral density which has no quasiparticle
pole: thus the quantum critical point has no well-defined
quasiparticle excitations.



ImG(k,w)



Ek
gk \/

| Insulating

I?lrac antiferromagnet
semi-metal with Neel order /\
() =0 ") # 0 )

k

Quantum phase transition described by a strongly-coupled
conformal field theory without well-defined quasiparticles



Electrical transport

The conserved electrical current is
Jy = —ivy, V. (1)

Let us compute its two-point correlator, K, (k) at a spacetime
momentum k,, at T = 0. At leading order, this is given by a one
fermion loop diagram which evaluates to

Ko (K) — / d>p Tr [yu(ivapa + mp? o)y (ivs(ks + ps) + mp*o?)]
" g (p? + m?)((p + k)2 + m?)
2 k, k., : k?x(1 — x)
= —= (5W — ) X — e , (2)
0 K 0 /m?+ kZx(1 — x)

where the mass m = 0 in the semi-metal and at the quantum
critical point, while m = |ANp| in the insulator. Note that the
current correlation is purely transverse, and this follows from the
requirement of current conservation

kK, = 0. (3)



Of particular interest to us is the Kpg component, after analytic
continuation to Minkowskl space where the spacetime momentum
k., is replaced by (w, k). The conductivity is obtained from this
correlator via the Kubo formula
. —lw
o(w) = Aino 2 Koo(w, k). (4)

In the insulator, where m > 0, analysis of the integrand in Eq. (2)
shows that that the spectral weight of the density correlator has a
gap of 2m at k = 0, and the conductivity in Eq. (4) vanishes.
These properties are as expected in any insulator.

In the metal, and at the critical point, where m = 0, the fermionic
spectrum is gapless, and so is that of the charge correlator. The
density correlator in Eq. (2) and the conductivity in Eq. (4)
evaluate to the simple universal results

1 k2
4 \/kz Y
oclw) = 1/4. (5)

Going beyond one-loop, we find no change in these results in the

K()()(w, k) —




semi-metal to all orders in perturbation theory. At the quantum
critical point, there are no anomalous dimensions for the conserved
current, but the amplitude does change yielding

Koo(w, k)

|
e

|
A

(6)

o(w)

where C is a universal number dependent only upon the
universality class of the quantum critical point. The value of the K
for the Gross-Neveu model is not known exactly, but can be
estimated by computations in the (3 — d) or 1/N expansions.
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Phase diagram at non-zero temperatures
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Optical conductivity of graphene

0 1000 2000 3000 4000 5000 6000 7000 8000
@ (cm~7)

Z. Q. Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Martin, P. Kim,
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).



Optical conductivity of graphene
Undoped graphene

o, (re’/2h)
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Z. Q. Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Martin, P. Kim,
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).



Non-zero temperatures

At the quantum-critical point at one-loop order, we can set m = 0,
and then repeat the computation in Eq. (2) at 7 > 0. This only
requires replacing the integral over the loop frequency by a
summation over the Matsubara frequencies, which are quantized
by odd multiples of #T. Such a computation, via Eq. (4) leads to
the conductivity

Re[o(w)] = (2T In2) §(w) + %tanh (l#) ; (7)

the imaginary part of o(w) is the Hilbert transform of

Re[o(w)] — 1/4. Note that this reduces to Eq. (5) in the limit

w > T. However, the most important new feature of Eq. (7)
arises for w < T, where we find a delta function at zero frequency
in the real part. Thus the d.c. conductivity is infinite at this order,
arising from the collisionless transport of thermally excited carriers.



Electrical transport in a free CFT3 for T > 0

w /T



— —

Momentum Momentum

—) —_—

Current Current

Particle hole symmetry: current carrying state has zero momentum,
and collisions can relax current to zero



Electrical transport for a (weakly) interacting CFT 3

e hw | . .
o(w,T) = FZ T ) >, — a universal function

Relo(w)]

| hw

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997). k B A




Electrical transport for a (weakly) interacting CFT 3

2
o(w,T) = ) ( 1 ) ;22 — a universal function

h k'l
Re|o(w)
O((u*)?),
where u™ 1s the
| fixed point -
Interaction

| hw

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997). k B A



Electrical transport for a (weakly) interacting CFT 3

e hw | . .
o(w,T) = FZ T ) >, — a universal function

«— O(1/(u")")

Re|o(w)]
O((u*)?),
where u™ 1s the
| fixed point -
Interaction

| hw

K. Damle and S. Sachdev, Phys. Rev. B 56, 8714 (1997). k B A



Lars Fritz, Joerg Schmalian,

Graphene has long-range Coulomb interactions
Markus Mueller, S.S.,

H = H,+ H, PRB 78, 085416 (2008)
H() — /dX [UF\IJL (—7,0'282) \Ifa]
1 d2]€1 dzkg d2q 27’(’62
H = = Ul (ko — q) W, (k Ul (k U, (k
= 3 e ey Vil — 0 Vle) T Wl - ahila),
with a = 1,..., N labeling the "flavors” of fermions (N = 4 in graphene, accounting for 2

valleys and 2 spin projections). We define the “fine-structure constant”

do v

ar 4

So « flows logarithmically slowly to zero, as the temperature is lowered. At intermediate
temperatures, we can view « =~ constant, and then graphene behaves like a CFT'3.
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1. Hubbard model on the honeycomb lattice:
hydrodynamics in graphene and related materials

3. Hubbard model on the square lattice:
spin density wave order, and a universal theory
of strange metals from spatially random interactions.

4. Spin liquids, Fractionalized Fermi liquids (FL*)
and the cuprate phase diagram:
observation of the Yamaji etfect.
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A simple model of a metal with quasiparticles

— 1/2 Z twczq7 MZCTCZ

1,)=1

cic; +cjci =0 | c-cT. + C]L-CZ- = 04,
r -

t;; are independent random variables with #;; = 0 and |t;;|? = t°




A simple model of a metal with quasiparticles

Feynman graph expansion in ¢;; , and graph-by-graph average,
yields exact equations in the large IV limit:

G(r) = =7 (es(7)el (0) )
Gliw) = —— — o - S0 =6

G(r=0")=0.

(G(w) can be determined by solving a quadratic equation.



A simple model of a metal with quasiparticles

(Single particle energy e

level spacing ~ 1/N

\_

~

84

J




Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

For random

Energy, in units of ¢ @(E) ~ e°(F) A matrix model:
_ 6\/ZnyE bEog+ B =

o > 0 Nafa

S(T%O):N’YTJ ne = 0,1,

occupation

number

1 D(E) ~ N

Number Number

Random matrix model



The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The SYK model

Sachdey, Ye (1993); Kitaev (2015)

Place electrons randomly on some sitesy % X



The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The SYK model

Sachdey, Ye (1993); Kitaev (2015)
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Sachdey, Ye (1993); Kitaev (2015)
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The SYK model
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The SYK model

Sachdey, Ye (1993); Kitaev (2015)
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The SYK model

Sachdey, Ye (1993); Kitaev (2015)
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The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The SYK model

Sachdey, Ye (1993); Kitaev (2015)




The Sachdev-Ye-Kitaev (SYK) model

(See also: the “2-Body Random Ensemble” in nuclear physics; did not obtain the large N limit;
T.A. Brody, |. Flores, J.B. French, PA. Mello, A. Pandey, and S.5.M.Wong, Rev. Mod. Phys. 53, 385 (1981))

N
1
_ T
= o > Uapnschege,Cs =1 ) cota

a,5,7,0=1
CaCs +cgCo =0 cac2 - c%ca = 0ap
1
Q=) cheo; [H,Q=0; 0<Q<1
87
Uap.~s are independent random variables with U,g.~s = 0 and |Uyg.~s|? = U?
N — oo yields critical strange metal. S.Sachdev and |.Ye, PRL 70, 3339 (1993)

A. Kitaev, unpublished; S. Sachdev, PRX 5,041025 (2015)




The Sachdev-Ye-Kitaev (SYK) model

Feynman graph expansion in U,g.~s, and graph-by-graph average, yields
exact equations in the large /N limit:

G Byo o B
6 S.Sachdev and |. Ye,
PRL 70, 3339 (1993)
G Y < A. Georges and O. Parcollet
- A g Y TR 59,5341 (1599



G-
path
integral

After introducing replicas a = 1...n, and integrating out the dis-
order, the partition function can be written as

I &
7 = /Dcaa(T) exp | — Z/ drcl (887_ ,u) Caa
ia VY

4

U2 &
E Z / drdr’ ¢! (T)ean(T)
ab 70

1

For simplicity, we neglect the replica indices, and introduce the
identity

&
1:/DG(7‘1,TQ)DZ(71,TQ)exp —N/ dmdmoX (T, o) (G(TQ,Tl)
0

1 _
| Nzca(@)c;;(ﬁ)) .

84

Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional



G-Y Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
path

integral

Z = /DG(ﬁ,Tg)DZ(ﬁ,TQ)exp(—NS)

S =lIndet [0(m1 — 72)(0r, + 1) — X(71,7T2)]

—+ /dTldTQ [Z(Tl,TQ)G(7_277_1) -+ (UZ/Z)GZ(T%Tl)G2(7-177_2>}




G-Y Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
path

integral

Z = /DG(ﬁ,Tg)DZ(ﬁ,TQ)exp(—NS)

S =lIndet [0(m1 — 72)(0r, + 1) — X(71,7T2)]

—+ /dTldTQ [Z(Tl,TQ)G(7_277_1) -+ (UZ/Z)GZ(T%Tl)G2(7-177_2>}

Saddle-point equations:




G-Y Then the partition function can be written as a path integral with
an action S analogous to a Luttinger-Ward functional
path

integral

Z = /DG(ﬁ,Tg)DZ(ﬁ,TQ)exp(—NS)

S =lIndet [0(m1 — 72)(0r, + 1) — X(71,7T2)]

—+ /dTldTQ [Z(Tl,TQ)G(T%Tl) -+ (UQ/Z)GZ(T%Tl)Gz(TbTQ)}

Saddle-point equations:




The SYK model

At frequencies < U, the 1w + p can be dropped,
and without it equations are invariant under the
reparametrization and gauge transformations.
The singular part of the self-energy and the Green’s
function obey

&
/ dTo Zsing(TlaTZ)G(T%TS) — —5(71 — 73)
O
Zsing(TlaTQ) — _UQGZ(TlvTQ)G(TQ7Tl)

A. Kitaey, 2015
S.Sachdey, PRX 5, 041025 (2015)



The SYK model

B
/ dro X(T1,T2)G(T2,T3) = —0(T1 — T3)
0
2(7'1,7'2) - —UQGQ(Tl,TQ)G(TQ,Tl)

These equations are invariant under

r= (o)

.70) = [f (o) f (o _1/49(01)N0 %
G(t1,12) = [f (01)f (02)] 2(0s) G(o1,02)
.7) = [ (o) f (o _3/49(01)N0 o
Y(11,7m2) = [f'(01)f (02)] 2(00) Y:(o1,02)

where f(o) and g(o) are arbitrary functions.

A. Kitaey, 2015
S.Sachdey, PRX 5, 041025 (2015)



The SYK model

B
/ dro X(T1,T2)G(T2,T3) = —0(T1 — T3)
0
2(7'1,7'2) - —UQGQ(Tl,TQ)G(TQ,Tl)

These equations are invariant under

r= (o)

.70) = [f (o) f (o _1/49(01)N0 %
G(t1,12) = [f (01)f (02)] 2(0s) G(o1,02)
.7) = [ (o) f (o _3/49(01)N0 o
Y(11,7m2) = [f'(01)f (02)] 2(00) Y:(o1,02)

where f(o) and g(o) are arbitrary functions.

We can map the 1" =0
solution to the 17" > 0
solution by

1

T=—41 1

= an(7w1'o)
g(O') _ 6—27‘(‘8T0‘

A. Kitaev, 2015

S. Sachdev, PRX 5, 041025 (2015)



The complex SYK model

T -
—iCe~® (4 o T 25)

6—2775T7‘ T 1/2
V1 4+ e—4mE (Siﬂ(ﬂ'TT)) |

1/2 ' '
(27T r (3 W iE)

4 271

2mE Sin(ﬂ-/4 T 9)

—ImG"(w)|€ =0

& p—

sin(7/4 — 0)
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1/4
C = .
(U2 cos(26) )

£ is a known function of O

(Luttinger relation)

S.Sachdev and J.Ye, PRL 70, 3339 (1993)
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S.Sachdev, PRX 5,041025 (2015)

& =0.26




The complex SYK model

6—2775T7‘ T 1/2 R
Gl7) = —O\/l + e—4me (Siﬂ(ﬂ'TT)) | —ImG (UJ) c=0
G (w) =
1 (o,
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—iCe~® (4 o T 25)
1/2 ' |
(27T r (3 w if) £ =0.26
4 27l

2mE Sin(ﬂ-/4 T 9)

T sin(n/d—0) [€=-026F—
i 1/4
¢ = (U2 cos(26’)> 0.5/
E is a known function of O Conformal ‘Planckian’ dynamics

with peak width ~ kpT/h

(Luttinger relation) and independent of U

S.Sachdev and |.Ye, PRL 70, 3339 (1993) -6 -4 -2 0 2

4 6
A. Georges and O. Parcollet PRB 59, 5341 (1999)
S. Sachdev, PRX 5, 041025 (2015) hw / (kB T)



Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

Energy, in units of U
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO —+- ’VT)\
Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO —+- ”YT)\
Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdey,
PRB 63, 134406 (2001)
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—1.40

4 )
Energy level

: —NS() |
SPACIINEZ ~ € .
\_ P 5 _/

—1.0 | —1.46 k/////,
N

o quasiparticle decomposition:
wavefunctions change chaotically
Number Number from one state to the next.

(Numerics: G. Tarnopolsky) COm IeX SYK mOdel

—0.5

Ey



D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO - ’VT)\
1.5 Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .

A. Georges, O. Parcollet, and S. Sachdey,

0.9 PRB 63, 134406 (2001)
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
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D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

At Q =1/2
Energy, in units of U (S(T — ()) — N(SO —+- ”YT)\
Catal In 2
1.0 = eNsotv2Nyl — 0.46484769917 . . . .
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Many-body density of states
D(FE) = Z o(F — F;); Eo+ E; = Many body eigenvalue

For random

Energy, in units of ¢ @(E) ~ e°(F) A matrix model:
_ 6\/ZnyE bEog+ B =

o > 0 Nafa

S(T%O):N’YTJ ne = 0,1,

occupation

number

1 D(E) ~ N

Number Number

Random matrix model



Yukawa-SYK model
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232

with ¢;;, Independent random numbers with zero mean.
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Yukawa-SYK model

These results can also be obtained from the saddle-point of a G->-D-11
action, obtained using replica methods as for the SYK model.

— / DG DX DD DIl exp(—NSan)

1
San = —Indet(0r + —p + X) A 2lndet

—02 + wg — 1)

(
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Yukawa-SYK model

These results can also be obtained from the saddle-point of a G->-D-11
action, obtained using replica methods as for the SYK model.

o /DGDZ DD DIl exp(—NSan)

Saddle-point equations: > (1) = gzD(T)G(T),




Yukawa-SYK model
H = —Mzwg% T Z We +Wo€be | ngéw VP
1 14

232

with g;;¢ Independent random numbers with zero mean. The large N equations for the Green’s
functions and self energies of the fermions (G, >) and bosons (D, II) are

Make the low frequency ansatz

)

1 1
G(iw) ~ —isgn(w)|lw|~172%) | D(iw) ~ |w|t74A 1 < A < 5

A consistent solution exists for

. Esterlis and J. Schmalian,

PRB 100, I 15132 (2019)
A =0.42037... See also Yuxuan Wang,

PRL 124, 017002 (2020)
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Yukawa-SYK model

(Quantum critical:
Impurity-like NFL

Free termions
1/10
SC

Quantum critical: ~ g
SYK-NFL

1 q

—a

. Esterlis and J. Schmalian,
PRB 100, 15132 (2019)

See also Yuxuan Wang,
PRL 124,017002 (2020)



Yukawa-SYK model
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Superlinear Hall angle and carrier mobility from non-Boltzmann magnetotransport
in the spatially disordered Yukawa-SYK model on a square lattice

Davide Valentinis, Jorg Schmalian, Subir Sachdev, Aavishkar A. Patel

Exact numerical results for the DC magnetoconductivity tensor of the two-dimensional spatially disordered Yukawa-Sachdev-Ye-Kitaev (2D-
YSYK) model on a square lattice, at first order in applied perpendicular magnetic field, are obtained from the self-consistent disorder-averaged
solution of the 2D-YSYK saddle-point equations. This system describes fermions endowed with a Fermi surface and coupled to a bosonic scalar
field through spatially random Yukawa interactions. The resulting local and energy-dependent fermionic self-energies are employed in the
Kubo formalism to calculate the longitudinal and Hall conductivities, the Hall coefficient, the carrier mobility, and the cotangent of the Hall
angle, at fixed fermion density. From the interplay between YSYK interactions and square-lattice embedding, and the non-Boltzmann
frequency-dependent self energies, we find nontrivial evolution of the magnetotransport coefficients as a function of temperature and YSYK
interaction strength, notably a superlinear evolution of the Hall-angle cotangent and the inverse carrier mobility with temperature, concomitant
with linear-in-temperature resistivity, in an extended crossover regime above the low-temperature Marginal Fermi Liquid (MFL) ground state.
Our model and results provide a controlled theoretical framework to interpret linear magnetotransport experiments in strange-metal phases
found in strongly correlated solid-state electron systems.
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The Hubbard Model

Z t’LJ zozCJOé +U Z (n’iT ;) (nu > 1 Z CiaCice

1<

t;; — “hopping”. U — local repulsion, y — chemical potential

Spin index o =71, |

_
Niaw — C;,,Cix

} P
CinCip T CiBCiq = 0ij0ap

CiaCjp + CiBCia — 0

Will study on the square lattice



Fermi surfaces in electron- and hole-doped cuprates

| Hole
states
occupied T
@ Electron
| states
occupied [ T—
D)

Effective Hamiltonian for quasiparticles:

_ t _ f
Hy = — E tiiCiCia = E EkCp, Ckar
k

1<J

with ¢;; non-zero for first, second and third neighbor, leads to satistactory agree-
ment with experiments. The area of the occupied electron states, A., from
Luttinger’s theory is

2A. | (1 —x) for hole-doping x
472 | (1+p)  for electron-doping p

The area of the occupied hole states, A;, which form a closed Fermi surface and
so appear in quantum oscillation experiments is A;, = 47° — A..



Fermi surfacetantiferromagnetism

| Hole
states
occupied | ™~

Electron
1 states
occupied —+——,

The electron spin polarization obeys

(S(r,7)) = @lr,r)e™

where K = (7, 7) is the ordering wavevector.



Fermi surfacetantiferromagnetism

We use the operator equation (valid on each site 7):

1 1\ 2Wa U

Then we decouple the interaction via

exp (2§]Z/d7§?) = /Dfé(f) exp (Z/dT %f? - f§)
| - 2

We now integrate out the fermions, and look for the saddle point of the
resulting effective action for J.. At the saddle-point we find that the lowest
energy is achieved when the vector has opposite orientations on the A and
B sublattices. Anticipating this, we look for a continuum limit in terms of
a field ¢; where

—



Fermi surfacetantiferromagnetism

In this manner, we obtain the “spin-fermion” model

— /Dcaﬂgﬁexp (—S)
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Fermi surfacetantiferromagnetism

In the Hamiltonian form (ignoring, for now, the time depen-
dence of ), the coupling between ¢ and the electrons takes the
form

sdw = A E gpq Ck q,ag@ﬁck—l-Kﬁ

where ¢ are the Pauli matrices, the boson momentum q is small,
while the fermion momenum k extends over the entire Brillouin
zone. In the antiferromagnetically ordered state, we may take
@ x (0,0,1) , and the electron dispersions obtained by diago-
nalizing Hy + Hggy are

2
Sk + CraK Sk — CKAK .

This leads to the Fermi surfaces shown in the following slides
as a function of increasing |g|.



Fermi surfacetantiferromagnetism

Metal with “large” Fermi surface



Fermi surfacetantiferromagnetism

Fermi surfaces translated by K = (7, 7).



Fermi surfacetantiferromagnetism

“Hot” spots



Fermi surfacetantiferromagnetism
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Flectron and hole pockets in
antiferromagnetic phase with () % 0



Fermi surfacetantiferromagnetism

Obeys Luttinger volume / \
in reduced Brillouin zone:

2 X )2/ X (

Flectron and hole pockets in
antiferromagnetic phase with () % 0



Square lattice Hubbard model with hole doping
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Square lattice Hubbard model with electron doping
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Square lattice Hubbard model with no doping
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Fermi surfacetantiferromagnetism

We use the operator equation (valid on each site 7):

1 1\ 2Wa U

Then we decouple the interaction via

exp (2§]Z/d7§?) = /Dfé(f) exp (Z/dT %f? - f§)
| - 2

We now integrate out the fermions, and look for the saddle point of the
resulting effective action for J.. At the saddle-point we find that the lowest
energy is achieved when the vector has opposite orientations on the A and
B sublattices. Anticipating this, we look for a continuum limit in terms of
a field ¢; where

—



Hertz effective action

Integrate out the fermions to obtain the Hertz effective
action
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Fermi surface reconstruction from
spin density wave (SDW) order
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Fermi surface + critical boson with no spatial disorder

5 [o(r)]° +g el ()78 cor (1) da(r)e ™

K [V (r)* + ulo(r))”




Fermi surface + critical boson with no spatial disorder

5 [o(r)]° +g el ()78 cor (1) da(r)e ™

+K [Vyo(r))? 4+ u[o(r)]

A.A.Pateland S. S.,
PRB 90, 165146 (2014)

~
Not a strange metal, despite strongly coupled quantum criticality.

Extreme drag: the fermions ¢ “drag” the bosons ¢ as they move, and so
electrical current does not relax, even though strong c-¢ scattering leads
to absence of ¢ quasiparticles.




Fermi surface + critical boson with potential disorder

) Cko
-

/ TN s )P Gl (1) (1) G0 ()T
ko
N K [V (r)]2 + ulo(r)* +o(r)ch (r)ey (r)

i

Spatially random potential v(r) with v(r) = 0, v(r)v(r’') = v46(r — ')

Q

Q




Fermi surface + critical boson with potential and coupling disorder

£ N\ s P ot g @) () du(r)e

K [Vrg(r)]* + ulo(r)]* +v(r)cl (r)eq(r)

_|_
K j Aavishkar A. Patel, Haoyu Guo, llya Esterlis, S. S., Science 381, 790 (2023)

Spatially random potential v(r) with v(r) = 0, v(r)v(r’') = v46(r — ')

Spatially random coupling ¢’(7) with ¢’(7) =0, ¢’(7)g’ (") = ¢"*6(r — ')




2d-YSYK model: Fermi surface + critical boson with interaction disorder

Note: we are considering the simpler case of ordering at K = 0 (e.g. ferromagnetism).
But K =# 0 results are very similar in the presence of disorder

All results are obtained from the large N saddle-point and response functions of
this G-X>-D-II theory:

Z = /DGDZDDDHGXP(—NSau)
1
San = —Indet(0; + (k) — pu+ X) A 5 Indet(—02 + q* +mj — 1)

1
/d7d2 /dT dr' | =37, v; 1, 0)G(r,r; 7, 1) - 2H(T’,I";T, r)D(r,r;7 1)

U2

| 2 G(r,v; 7, " \G(7',v';7,0)D(r,r; 7', 1) A 5 G(r,v; 7, )G(7',';7,r)0(r — 1)
/2 i

| 92 G(r,v; 7,0 \G(',v';7,v)D(7,v; 7, v )o(r — 1)




2d-YSYK model: Fermi surface + critical boson with interaction disorder

All results are obtained from the large N saddle-point and response functions of

this G-X-D-II theory:
: G 8

N(1,1) = ¢>D(1,v)G(7,1) + v2G(1,1)86%(r) + ¢ *G(7,7)D(7,1)5%(r),
[I(7,r) = —QZG(—T, —1)G(7,1) — g'QG(—T, r)G(T, r)52(r),

o /DGDZDDDHexp(—NSaM)

Saddle-point equations

| 1
Gliw, k) = w —e(k) + p— X(iw, k)
D(iQ2,q) = 1 =

0?2+ g%+ m; — 113, q)
Aavishkar A. Patel, Haoyu Guo, llya Esterlis, S.S., Science 381, 790 (2023)




Fermi surface + critical boson with no spatial disorder

Solution of Migdal-Eliashberg equations for electron (G)
and boson (D) Green’s functions at small w: P.A. Lee (1989)

> (k, iw) ~ —i 23 Gk, iw) = A D(q,42) =
e ST X % R R R 117



Fermi surface + critical boson with no spatial disorder

Solution of Migdal-Eliashberg equations for electron (G)
and boson (D) Green’s functions at small w: P.A. Lee (1989)

e ST X % R R R 117

Fermi surface + critical boson with potential and interaction disorder

Boson Green’s function: D(q,i2) ~ 1/(¢* + v|Q])

Fermion selt energy:
2

(i) ~ —iv?sgn(e) = i (5 +07 ) wiaflols — =~ (G497l

Tin (W) V2

Marginal Fermi liquid self energy and 7T In(1/7T") specific heat
Aavishkar A. Patel, Haoyu Guo, llya Esterlis, S.S., Science 381, 790 (2023)




2d-YSYK model: Fermi surface + critical boson with interaction disorder

Optical conductivity—Diagrams

O O O 4D ED




Fermi surface + critical boson with no spatial disorder

Re [O’ (w )] p— C |(U | o 2/ 3 Yong Baeck Kim, A. Furusaki, Xiao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).



Fermi surface + critical boson with no spatial disorder

Re [O’ (w )] p— C |w | o 2/ 3 Yong Baeck Kim, A. Furusaki, Xiao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).

: ‘ O
C=0; olw)~1/(w)+w +...
Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022) I
Z.. Darius Shi, D.V. Else, H. Goldman and T. Senthil, SciPost Phys. 14, 113 (2023)



Fermi surface + critical boson with no spatial disorder

Re [0‘ (W)] — C |CU|_2/ 3 Yong Baeck Kim, A. Furusaki, Xiao-Gang Wen,
and P. A. Lee, PRB 50, 17917 (1994).
C=0; ow)~i/(w)+w’+...

Haoyu Guo, Aavishkar Patel, Ilya Esterlis, S.S. PRB 106, 115151 (2022)
Z.. Darius Shi, D.V. Else, H. Goldman and T. Senthil, SciPost Phys. 14, 113 (2023)

Fermi surface + critical boson with potential and interaction disorder
1

Conductivity: o(w) ~

*
Aavishkar A. Patel, Haoyu 1 m MM rans (Cd)

Guo, llya Esterlis, S. S,
Science 381,790 (2023) Ttrans(W) m
1
2 2 ,
~v° 4+ g% w|

Ttrans (W) m T

* ) /2
mtrans(w) - g ln(A/w)

Residual resistivity is determined by v?:; Linear-in-T' resistivity determined by ¢’
Transport insensitive to g; Marginal Fermi liquid self energy and T'In(1/T') specific heat.



Strange metal and superconductor in the g=0
two-dimensional Yukawa-Sachdev-Ye-Kitaev model

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., llya Esterlis, PRL 133, 186502 (2024)
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Strange metal and superconductor in the g=0
two-dimensional Yukawa-Sachdev-Ye-Kitaev model

Chenyuan Li, Aavishkar A. Patel, Haoyu Guo, Davide Valentinis, Jorg Schmalian, S.S., llya Esterlis, PRL 133, 186502 (2024)
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J.\Wu,A.T. Bollinger, X. He, |. Bozovic, B. ]. Ramshaw, T/t
R. D. McDonald, G. S. Boebinger, A. Shekhter
Science 361,479 (2018)



Reconciling scaling of the optical conductivity of cuprate superconductors

with Planckian resistivity and specific heat

B. Michon, C. Berthod, C. W. Rischau, A. Ataei, L. Chen, S. Komiya, S. Ono, L. Taillefer, D. van der Marel, A. Georges
Nature Communications 14, Article number: 3033 (2023)
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2d-YSYK theory

Chenyuan Li,Aavishkar A. Patel, Haoyu
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Hole dynamics in an antiferromagnet across a deconfined quantum critical point
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The dashed line 1n the Néel

phase indicates the boundary of the magnetic Brillouin zone. Only
the Fermi surfaces within this zone contribute to the Luttinger
counting, and so the area of each ellipse is Ap=(2m)?5/4. In the

VBS phase, all four pockets are inequivalent, and so the area of
each ellipse is Ap=(27)?5/8.
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“The small size of the pockets determined from the Yamaji effect is ...

approximately 1.3% of the Brillouin zone area”
FL* pocket fraction = p/8 = 1.25% !

Fluctuating AF metal fraction = p/4 = 2.5%. Yamaji effect requires
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0 (") correlated SDW order in the z direction, which is absent in HgBasCuOy4. s
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and Jenny Hoffman and Seamus Davis STMs; Stanescu-Kotliar) Jing-Yu Zhao, S. Chatterjee, S. S.,Ya-Hui Zhang, arXiv:2510.13943
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The cuprate phase diagram
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Critical quantum liquids and the cuprate high temperature superconductors
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1. Pick a spin liquid—a critical ‘Planckian’ spin liquid without quasiparticles:
fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U

M. Christos, Zhu-Xi Luo, L. Shackleton, Ya-Hui Zhang,
M. S.Scheurer,and S. S., PNAS 120, €2302701120 (2023)
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Low energy: SU(2) gauge theory with Ny = 2

massless Dirac spinons in 2+1 D.
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1. Pick a spin liquid—a critical ‘Planckian’ spin liquid without quasiparticles:
fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U

M. Christos, Zhu-Xi Luo, L. Shackleton, Ya-Hui Zhang,
M. S.Scheurer,and S. S., PNAS 120, €2302701120 (2023)
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1. Pick a spin liquid—a critical ‘Planckian’ spin liquid without quasiparticles:
fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U

2. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) puts the holes and spin liquid in different

layers, and this enables a theory of both FL™ and FL.
Ya-Hui Zhang and S. S., PRR 2,023172 (2020)
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fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U

2. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) puts the holes and spin liquid in different

layers, and this enables a theory of both FL™ and FL.

3. Hole pockets are obtained by hybridizing the large Fermi surface of 1 — p
electrons ¢ with the Fermi surface of 1 ancilla fermion fi. The hybridization

$ also determines the electronic gap near (m,0)
Ya-Hui Zhang and S. S., PRR 2,023172 (2020)
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1. Pick a spin liquid—a critical ‘Planckian’ spin liquid without quasiparticles:
fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U
(similar to neutrinos in Weinberg-Salam theory).

2. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) puts the holes and spin liquid in different

layers, and this enables a theory of both FL™ and FL.

3. Hole pockets are obtained by hybridizing the large Fermi surface of 1 — p
electrons ¢ with the Fermi surface of 1 ancilla fermion fi. The hybridization
$ also determines the electronic gap near (m,0)
(similar to electrons in Weinberg-Salam theory).

4. Couple hole pockets coupled to critical spin liquid by a charge e, SU(2)
fundamental Higgs field B

(similar to Yukawa coupling of Higgs field in Weinberg-Salam theory).
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1. Pick a spin liquid—a critical ‘Planckian’ spin liquid without quasiparticles:
fermionic spinons f in 7 flux coupled to an emergent SU(2) gauge field U

2. Dope spin liquid with holes, not holons.
The Ancilla Layer Model (ALM) enables a theory of FL* with hole pockets
and a general spin liquid.

3. Hole pockets are obtained by hybridizing the large Fermi surface of 1 — p
electrons ¢ with the Fermi surface of 1 ancilla fermion f;. The hybridization

$ also determines the electronic gap near (m,0)

Ya-Hui Zhang and S. S., PRR 2,023172 (2020)
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\ / Quantum-criticality
of a quantum phase transition
between two metals
(FL* and FL) at p = p.,
with no symmetry breaking.
® was the hybridization
between ¢ and f; in theory of
hole pockets— 1t is
now a Higgs field.

FL*
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is obtained by confining the
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exploits the pre-existing pair-
ing in the blue dimers. Such
a state is smoothly connected
to the BCS d-wave super-
conductor.
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The d-wave superconductor
is obtained by confining the
SU(2) gauge field, and this
exploits the pre-existing pair-
ing in the blue dimers. Such
a state is smoothly connected
to the BCS d-wave super-
conductor.

Applying BCS pairing to
the hole pockets (green dimers)
yields a distinct SC* state,
which is not smoothly con-
nected to the BCS d-wave

state.
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