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Abstract: This paper explores the hybrid power mean of
three-term exponential sums, incorporating weights derived
from general quartic Gauss sums. By employing the theory of
Dirichlet characters in conjunction with fundamental
properties of classical Gauss sums, we establish several
significant  results. ~ Furthermore, we determine the
corresponding  weight function for these three-term
exponential sums, with particular applications in coding
theory.
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I. INTRODUCTION

Let g > 3 be an integer and y a Dirichlet character

modulo ¢. For any positive integer m, a general -
Gauss sum G (m, [, y; q) is defined by

q

mb?
G(m,l,x;q) —Zx(b)e( p )

b=1

When ¢ is prime, k and ¢ are positive integers, for integers

m, n and s, a generalized three-term exponential sum is
defined by

q-1

ma¥ + sat + na

cim,n,s k,t,x;q) = Zx(a)e T
a=1

where e(g) = ™.
Many researchers have actively contributed to this field.
Zhang and Han [1] studied the sixth power mean of the
two-term exponential sums,

Ii‘fn’)

Du and Li [2] studied the fourth power mean of
generalized three-term exponential sums and gave the
formula:

p—1

SIS (

n=1 =10}
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ZZH Los,n k2

a=1 n=1

2, v:p)|* = 2p" = 5p° + 3p°.

Yu and Zhang [6], [5] estimated the trigonometric sums
and the properties of the congruence equations. They also
studied the sixth power mean value of the generalized three-
term exponential sums and gave an exact computational
formula:

PP p-1 6

M4 ma* 4 na ) .
Zz Zwr( ) = *(p - 1)*(6p*

m=In=1y modp|a=1

21p+19).

Huaning LIU and Wanmei LI [7] also gave the identity
for any integer p >3,

P

il
Z Z Clm.s.n. k.t p)|* = 2

#=1 n=1

rf,l{ I H;rz ap.

The primary aim of this article is to investigate the mean
value of three-term exponential sums and general quartic
Gauss sums by employing estimates of Dirichlet characters
and certain properties of Gauss sums,

9 8 q-

Y ST (St

i m=ln=1 u=1
Y mo

II. PRELIMINARY LEMMAS

In this section, we present certain properties of Gauss
sums [3, 4] along with a set of lemmas that play a
crucial role in establishing the main theorems.

Lemma 2.1 For any integer m > 1, we have the

formula

Vym if m = 1(mod 4);

| _ 0 it m = 2(mod 4);
G(lm) = 5\,-"1”[1 | s')(l | r_) =

if m=3{mod 1);

if m

(mod 4).

Published By:
Lattice Science Publication (LSP)

www.ijam.latticescipub.com


https://doi.org/10.54105/ijam.B1219.05021025
http://www.ijam.latticescipub.com/
mailto:shikhasingh2606@gmail.com
https://orcid.org/0009-0008-7936-1752
https://www.openaccess.nl/en/
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://crossmark.crossref.org/dialog/?doi=10.54105/ijam.B1219.05021025&domain=www.ijam.latticescipub.com

Hybrid Mean Value of General Quartic Gauss Sums and Three-Term Exponential Sums

Proof: See Theorem 9.16 of [3].

Lemma 2.2 Let g be an odd prime, k, m, and n be positive integers. Then we have,

iq L] {Ir_l & . 2
. % 4 ms? 4+ ns . )
> 3 (Do) ) iy
=1 n=1

v(—1)=1 s=1

where y varies over Dirichlet characters (mod g).

Proof. Since ¢ =3 (mod 4) for any integer t with (¢ q) = From the orthogonality property of characters

(mod g),
g-1 o= .
Z x(s) = 5 if s = :_I:l (mod q);
' ) otherwise,
x(—1)=1
Now
g—1 5
s% 4 ms? 4+ ns
E she
.IH.Z] n=1 (Z ( } ( ) ))

x(—1)=
q—1 g—1

t* + m(s? —t?) + ni(s — )
DD 5 5 5 3 mf( ; )

‘{E—l:l lm 1 n=1 s=1 t=1
s —tf m(s? — ) +n(s — 1)
i

g—1 g—1

Z B ID BB

m=1 n=1 a=1 t=I1

x(—1)=
g—1 g—1 . ] .
- . (s — ) +nis — 1)
() - B2 )
pagsss S (e,

=ZZ Z ‘!c{-‘i]lf'.(f.(#q 1}) . 'Z Zf’(?nt (s l}ql nt(s 1})
=1 t=1 y(—1)=1 5 =1 =1

& _1 Tkl g
VATRTs Y

RS s ()

a=1 =1 x({—-1)=1
g—1 q—1 &
s 1)
S Y ()
a=1 y{—1)=1
g—1 g—1 g—1

— qz{r; 1}/2 Z Z 1= r,rz{r,r 1)/2 Z {g—1)

a=1 t=1 a=1
a=1 mod g a=1 mod g
s4=1 maod g s2=1 maod g
=1 mod g =1 mod g
g—1
o a E Y
=g (g —1)*/2 E 1=g%*g— 1)%/2.

=1
.~|=_'|. ol g
gf=1 mod q

%=1 maod g

Lemma 2.3 Let q be an odd prime with q =3 (mod 4), k, m, n positive integers. Then we have

g—1 g—1 q
Coqut =1 o s+ ms + ns
"ﬂu__l( ) 1(5_](*( ) =1,
q q
yi—1)=1 " u=1 s=1

where y varies over non-principal Dirichlet character (mod g).
Proof. As for a non-principal even character y and an integer £k > 0, y = x
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implies
g—1 q—1 9
'l —1 L s* + ms? + ns
Xl xls)e
> (X, ))(;;(EZ{ £ o)
¥i—1)=1 " u=1 s=1
q—1 ; g—1 2
ul — 1 ,5"" Foms? 4+ ns
= Vi E 2.1
Z Z I:}( q ))(ntlg( q ))) { }
¥i—1)=1 " u=1 s=1
Note that
-1 . ,
( q ) =~1, 50
q-1 | q-1 1
u =1 qu =1
() = Yxm(—)
u=1 q ; q
L |
= Zﬂu] )
u=1 q
g-1 1 g—1 1
) 1 —u ) 1
= (=) =-Yxw(=—), 2
=1 1 u=1 q
and
g 9 q-1 I 2 . g 4 g-l L 2
_ 5 +ms” +nsy 2 § +ms” +nsy |2
DDA )= X e )| 23
m=1 n=1 a=l q m=1n=1 a=l] q
Form the equations (2.1), (2.2) and (2.3) we get,
ul =1 ¥ + ms? + ns

S TS

d
Il
—
3
Il
—

0.

2
i i )‘ B

)|j§1(-‘s}f’('

Lemma 2.4 Let q be an odd prime and k, m, n positive integers. Then we have

ZZ‘Z( t+ms® Ins)“z

m=1 n=1

Proof. Now,
q—1

ZZ}ZP

m=1 n=1

( ¥+ ms? IIL.E)‘E

Retrieval Number:100.1/ijam.B121905021025
DOI: 10.54105/ijam.B1219.05021025
Journal Website: www.ijam.latticescipub.com

2 2
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m=1 n=1 s=1 i=1 q
: i ol (.r;“' : f“) (m(.rsz { t"’}) (n{s : f))
= e e e
m=1 n=1 s=1 t=1 q q q
g g g1 q—1
=D !
m=1 n=1 s=1 t=1
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q q -1
=22 2 a-1)

m=1 n=1 a=1

= zﬁl: i{r,r 1) = ¢*(qg — 1)%

m=1 n=1

Lemma 2.5 Let q be an odd prime with ¢ = 3 (mod 4), n be a positive integer
with
(Mm,q) = 1. Then, for any non-principal even character y mod q, we get

| G(n.4,x:9) P+ | Gin, 4, % 9) |*= 4q.

Proof. Here y is a non-principal even character mod ¢, then we can write.

g—1 g—1

4 A
| Gl 4, ) |7 = E E _YI:H,}T{E'}H(%)
n=1 wv=1
g—1 g—1
— E E _‘([u,}c:( l:”' )
n=1 wv=1
qg—1 g—1
= E () E r.( I:u, )
n=1 v=1
q—2 f; 1
= 2g- D+ D> x(w ( L U )
=2 v=1
g—1
= 2q4 (E)(}'{l,q} E ) (ul 1)
7 J
=1
Therefore,
q—1
Tl v 2 _ el E : ul—1
[ G doxig) |7 = 2g 4 z(q)ﬁ "\I:‘H.:I( . ) (2.4)
u=1
Similarly, we find the identity for
q—1
| Gin, 4, % q) |°=2q + i )v-"'_ E Y{r:}( )
=1
If ¢ =3 (mod 4), then we have =1 =—lq Using this, we get,
g—1 r;—l .
\lll:u’}( ) X(EJ ( ) B l(?'](.r ) \lll:u’}( )
u=1 u=1 u=1 uw=1
g—1
ar) 't 1
= L -
E Al p
=1
q g—1
So, ) ) WEr Z 3 T 1 _
P T 2= | = s . 2
| G4 x:0) P=2a— () va w)( . ) (2.5)
=1
Combining (2.4) and (2.5), we have
| Gln. 4. x:q) [P + | Gln.4.x:q) [P= 4q.
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III. MAIN RESULTS

In this section, we give the complete proof of the main results by using the
previous lemmas.
Theorem 3.1 Let q be an odd prime with ¢ =3 (mod 4), k, m, n positive integers. Then we have

izﬁl: Z ‘JZ_: tljlf(ﬁ” )’ ‘Z $|r (.:,-R' } *.':r:,-? | 1’1.5')‘2 =q2|:q 1}2(.,;3 ‘1),

m=1n=1
v mad g

where y varies over Dirichlet characters (mod q).
Proof. As for i, an even character mod q, then y is also an even character mod q,

S5 3 8 (1) | S (et
¥ mod g

s 2 -

_Eg {Z] |§Y{”}f(”i )| |ZY{‘::|<'(‘, IT”{: 1TI‘,)|2
XFXo

l ZZ|Z (Tf” )l |Z\n{‘:}f(l"k l m:j b ??.‘:‘)l?_

m=1 n=1 u=1

So,

iz Z |ZY{PI}f(?}“ )| |ZY{‘:]{("’JI ' T”;z i 'm,)|

mm=1 n=1
- . 2
a1 s* 4 ms? + ns
E 1{.‘;}{:( )
q
s=1
l "I.IJ

v mod g
sy |2 K s* e ms? 4 nsy |2
| ZZ|Z ()| 122 xotore( . )|
= g=1

m=1 n=1

S g (B

m=1 n=1

g—1

-3y Z (zqu( )sztm(

me=1 n=1
= u=1

x(—1)=
g—1 . . ,
55 (@S (B
m=1 n=1 {_1]_ 1 s=1

S CHI) *

. 9 -
(.‘s b rms” ?'.ls)r
i
m=1n=1 u= 1

- 30 S (S

=1 n=1

=1
gq—1 .
ul — 1 - o rsF 4 ms?
§ Sy (3w > e (e
=1 n=1 q a=1 q
—1i=1 =1

2

+ |§f-(”“’ )3 303 v (2 et )

m=1n=1 &=I1
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7—1 .
=2q"(q - 1)*/2 4 ‘;f(%) 1|2rjrj|:rjr 1)°
=q'(g—1)" + (g + 1g*(g - 1)°
=(g= 10 (glg = 1) + (g + 1))
=q(qg— 17 —qg+q+1)
=q¢*(g—1)*(¢" + 1).
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These plots represent the dynamics of the hybrid power
involving the three-term exponential sum and the general
quartic Gauss sum. The results indicate that the function
is consistently positive, never zero, and exhibits an
increasing trend for varying values of q. Additionally,
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across different segments of q, the functions' graph
displays a clear and striking behaviour along the g—axis.
Theorem 3.2 Let q be an odd prime and x be a
Dirichlet character over mod g, then.

for any integer n with (T] q) =1, we have

4 q

Y Yy rrleZx FERLLEE

¥ mod g ™= In=l

Proof. Since y is an even character over mod ¢, then y is
also an even character over mod q.

Yoy

m=1 n=1

Llll
XFXo

2

e 2
‘ZU"}‘(& Im-, }us)‘

Gl doyig)

g gq-1

Gin. 4.y, q‘ ZI:Z|ZL\ I’}{(L‘»Ins)z

m=1n=1 a=l

>

x(—1)=1
XF X0

>

vi—1)=1
XF X0

2 |

x(—1)=1
XFXo

q iq g—1

ZZ‘ZA 5}((‘.-“ + ms® ris)

m=1n=1 s=1

Gln. 4.3 q)

1

2

i, 4.5 q)

),

4 ‘{T{r;.-l. vig)

q

_lq‘ Z ii qz'.\{s (m)r

m=1 n=1 s=1

yi—1)=1
X?L\Il

1 /2) = q*(g

1%

IV. WEIGHT DISTRIBUTION OF
CODEWORD C(Q)

Let p be prime and g = p” for » >2. We denote the finite
field with q elements by F,. Any m, s, n € F, the three-
term of the exponential sum

Z e(Tr(m,s.a))

il .F'

C'lm.s.n;q) =

where e(g) = ¢ " and Tr(m,s,a) = tr(n

The code e(g) C F*~! is defined as the
P
wlm,s) = [tr(m

Thus, c(q) is a code of length ¢ — 1.

Theorem 4.1 For
codeword ¢ (m, s) €

c(q), the ¢ (m, s) is
given,
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p—1

o 1 . e
w(p(m,s)) =-[lg—1) E C'(dm,ds, q)]
p :

=1

Proof. For all m,s € F, and all a € F'*, e (Tr (m, s, a))
is a p-th root of unity and equal to 1 or not according
to Tr(m, s, a)=10

p-1
Zr{ﬁ]"rlﬁan_.s-_u)] — { I[T;

=0

if Tr(m,s,a) =0
if Tr(m, s,a) # 0.

Therefore,
p—1

% Z Z e(dTr{m, s, a)),

acFy 4=0
:

{o € F:Trim,s.a) =0}

1 p—1
- Cdm, dn, q).
B Z (am, on, q)

A=
Since w (¢ (m, s)) is the number of non-zero entries of the
vector ¢ (m, s) we have,

w(p(m,s)) =(g—1)

1
= (g -1 —(g — 1) ' dm. ds, q)
(7-1)~(q 1> Clam. ds. q)

d=1
1 p—1
=_[plg—=1) = (g—1) Clldm. ds. q)
Slpla=1)— (g Z ( )]
=1
1 p—1
= —|{g—1ip Cldm, o=, q)].
la= 1) pNelt 7))

d=1

V. CONCLUSION

In this paper, we evaluated the hybrid power mean of a
three-term exponential sum with weights given by general
quartic Gauss sums. Through the use of Dirichlet
characters and classical Gauss sum properties, we
obtained new identities and explicit evaluations. We also
computed the associated weight function, demonstrating its
relevance in coding theory, particularly in analyzing code
structures.
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