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Abstract: This paper explores the hybrid power mean of 

three-term exponential sums, incorporating weights derived 

from general quartic Gauss sums. By employing the theory of 

Dirichlet characters in conjunction with fundamental 

properties of classical Gauss sums, we establish several 

significant results. Furthermore, we determine the 

corresponding weight function for these three-term 

exponential sums, with particular applications in coding 

theory. 
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I. INTRODUCTION

Let q 3 be an integer and χ a Dirichlet character

modulo q. For any positive integer m, a general lth-

Gauss sum G (m, l, χ; q) is defined by 

𝐺(𝑚, 𝑙, 𝑥; 𝑞) = ∑ 𝑥(𝑏)𝑒

𝑞

𝑏=1

(
𝑚𝑏1

𝑞
) 

When q is prime, k and t are positive integers, for integers 

m, n and s, a generalized three-term exponential sum is 

defined by 

𝐶(𝑚, 𝑛, 𝑠, 𝑘, 𝑡, 𝑥; 𝑞) = ∑ 𝑥(𝑎)𝑒

𝑞−1

𝑎=1

(
𝑚𝑎𝑘 + 𝑠𝑎𝑡 + 𝑛𝑎

𝑞
) 

where e(g) = e2iπg. 

Many researchers have actively contributed to this field. 

Zhang and Han [1] studied the sixth power mean of the 

two-term exponential sums, 

Du and Li [2] studied the fourth power mean of 

generalized three-term exponential sums and gave the 

formula: 
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Yu and Zhang [6], [5] estimated the trigonometric sums 

and the properties of the congruence equations. They also 

studied the sixth power mean value of the generalized three-

term exponential sums and gave an exact computational 

formula: 

Huaning LIU and Wanmei LI [7] also gave the identity 

for any integer p ≥ 3, 

The primary aim of this article is to investigate the mean 

value of three-term exponential sums and general quartic 

Gauss sums by employing estimates of Dirichlet characters 

and certain properties of Gauss sums, 

II. PRELIMINARY LEMMAS

In this section, we present certain properties of Gauss 

sums [3, 4] along with a set of lemmas that play a 

crucial role in establishing the main theorems. 

Lemma 2.1 For any integer m ≥ 1, we have the 

formula 
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Proof: See Theorem 9.16 of [3]. 

 

Lemma 2.2 Let q be an odd prime, k, m, and n be positive integers. Then we have, 

 

 

where χ varies over Dirichlet characters (mod q). 

Proof. Since q ≡ 3 (mod 4) for any integer t with (t, q) = 1. From the orthogonality property of characters 

(mod q), 

 
Now 

 

 
Lemma 2.3 Let q be an odd prime with q ≡ 3 (mod 4), k, m, n positive integers. Then we have 

 

 
where χ varies over non-principal Dirichlet character (mod q). 

Proof. As for a non-principal even character χ and an integer k > 0, χ = χ 
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Σ 

implies 

 
Note that, 

 

 
and 

 
Form the equations (2.1), (2.2) and (2.3) we get, 

 

 
Lemma 2.4 Let q be an odd prime and k, m, n positive integers. Then we have 

 
Proof. Now, 
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q 

 
Lemma 2.5 Let q be an odd prime with q ≡ 3 (mod 4), η be a positive integer  

with 

(η, q) = 1. Then, for any non-principal even character χ mod q, we get 

 

 
Proof. Here χ is a non-principal even character mod q, then we can write. 

 

Therefore, 

 
Similarly, we find the identity for χ 

 

 

If q ≡ 3 (mod 4), then we have

  

−1

  

= —1. Using this, we get, 

 

 
 

Combining (2.4) and (2.5), we have 
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III. MAIN RESULTS 

In this section,  we  give t he  c om pl e t e  p roof  o f  t he  main results by using the  

previous lemmas. 

Theorem 3.1 Let q be an odd prime with q ≡ 3 (mod 4), k, m, n positive integers. Then we have 

 

where χ varies over Dirichlet characters (mod q). 

Proof. As for χ, an even character mod q, then χ is also an even character mod q, 

 

 
So, 
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[Fig.1: q = 7, 11] 

 

[Fig.2: q = 7, 11, 19, 23] 

 

[Fig.3: q = 7, 11, 19, 23, 31, 43, 47] 

These plots represent the dynamics of the hybrid power 

involving the three-term exponential sum and the general 

quartic Gauss sum. The results indicate that the function 

is consistently positive, never zero, and exhibits an 

increasing trend for varying values of q. Additionally, 

across different segments of q, the functions' graph 

displays a clear and striking behaviour along the q—axis. 

Theorem 3.2 Let q be an odd prime and χ be a 

Dirichlet character over mod q, then. 

for any integer η with (η, q) = 1, we have 

 
Proof. Since χ is an even character over mod q, then χ is 

also an even character over mod q. 

 

 
 

 

 
 

 
 

 
 

 
 

IV. WEIGHT DISTRIBUTION OF 

CODEWORD C(Q) 

Let p be prime and q = pr for r ≥ 2. We denote the finite 

field with q elements by Fq. Any m, s, n ∈ Fq, the three-

term of the exponential sum 

 

 
Theorem 4.1 For 

codeword ϕ (m, s) ∈ 

c(q), the ϕ (m, s) is 

given, 

https://doi.org/10.54105/ijam.B1219.05021025
http://www.ijam.latticescipub.com/


Indian Journal of Advanced Mathematics (IJAM) 

ISSN: 2582-8932 (Online), Volume-5 Issue-2, October 2025 

80 

Retrieval Number:100.1/ijam.B121905021025 

DOI: 10.54105/ijam.B1219.05021025 

Journal Website: www.ijam.latticescipub.com  

Published By: 

Lattice Science Publication (LSP) 

© Copyright: All rights reserved. 

 
Proof. For all m, s ∈ Fq and all a ∈ F ∗, e (Tr (m, s, a)) 

is a p-th root of unity and equal to 1 or not according 

to Tr (m, s, a) = 0 

 
 

Therefore, 

 
Since w (ϕ (m, s)) is the number of non-zero entries of the 

vector ϕ (m, s) we have, 

 

V. CONCLUSION 

In this paper, we evaluated the hybrid power mean of a 

three-term exponential sum with weights given by general 

quartic Gauss sums. Through the use of Dirichlet 

characters and classical Gauss sum properties, we 

obtained new identities and explicit evaluations. We also 

computed the associated weight function, demonstrating its 

relevance in coding theory, particularly in analyzing code 

structures. 
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