1898.] On Stationary Motion in an Infinite System of Molecules. 225

On the general Theory of Stationary Motion in an Infinite System
of Molecules. By S. H. Bursury, M.A., F.R.S. Received
and read January 13th, 1898,

I begin this paper with a confession of error made in a former
paper of mine “On Boltzmann's Law of the Equality of Mean
Kinetic Energy.” I obtained a correct result, and then drew a
wrong inference. I considered, namely, the case of two sets of elastic
spheres having masses M and m. The velocities in z of the M
spheres are U, U, &c., and of the m spheres u,, u,, &e. Then I
assumed the law of distribution of the velocities to be

e2gU, ... du, ... dw,,
and . Q=4 (U} + Ui+ &c.)+a (v} +us+ &c.)
+B3SUU +b3Suw + B33 Uy,

with a similar expression for the velocities. in directions y and 2.
And T proved that in stationary motion the relation between the
coefficients 4, a, 8 must be

2Am—2aM+pB (m—M) =0;

and therefore 4 * .
a’ m
That is correct. I inferred that
AU? = av?;
and therefore MT? % mul,

which was incorrect.

Plan of this Paper.

Boltzmann, Watson, and other writers take for the foundation of
their theory of gases a certain assumption, which may be expressed
as follows. The chance of any molecule having velocities
%, ... 4, +du,, &c., is independent of the velocities which any other
molecule may have, unless the two molecules are, or recently have
been, within one another's sphere of action. I call this assumed
state of things “ Condition A.”
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If the chance of & group of » molecules having velocities respec-
tively w,, ... u,+du,, ... w, ... w, +dw, be denoted by

ey, ... dw,,
then on this assumption @ must contain squares only, in the form
Q = 3m (WP +o* + ).
Condition A implies that, and that implies Condition A.

It is proved by what is known as the H theorem that this is the
only distribution which can exist consistently with the continued
existence of Condition A.

It is not proved, but it is always assumed, that the state of things.
described by Condition A can and does continue to exist.

I proved in my last paper that, if the molecules be equal elastic
spheres having finite diameter, the motion cannot be stationary unless
() contains products as well ‘as squares of the velocities; in other
words, Condition A cannot continue to exist. I admit, of course,
that, if it exists in fact—if, for instance, it could be maintained
artificially—the H theorem and all its consequences follow.

I propose to show in the present paper (see Arts. 1~10) that the
assumption of Condition A is unnecessary, because all the theoretical
results obtained by assuming it can be obtained by the more general
assumption of Art. 2, namely,

Q = Za (WP +*+ %) + 22b (wu' + v’ +ww').

It is unnecessary (see Art. 11), because all the practical results ob-
tained by assuming it, e.g., for diffusion, viscosity, &c., depend on the
caleulation of mean free path, which for gases under ordinary con-
dition would have very approximately the same value whether
the coefficients b exist or not.

Arts, 12-25.—1I propose to justify the above general assumption by
extending the method of my former paper, which deals only with
the case where the molecules are equal elastic spheres, to other
forms of molecule.

The Assumed Form of Molecule.

1. Let the molecules be material particles, between any two
of which acts a finite force. This force is assumed to be a con-
tinuous function of the distance » between the two molecules, acting
in the line 7, becoming repulsive and infinite, either at some finite
distance, or ultimately as » is indefinitely diminished, and becoming
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insensible when » exceeds a certain very small distance, which may
be called the radius of action of a molecule. This includes the case
of elastic spheres as & limiting case. If it be true that a molecule
has finite size, or that there is a distance within which two molecules
cannot approach one another, that appears to be inconsistent tvith
the ultimate force when the distance is indefinitely diminished being
attractive. ‘
The Law of Distribution assumed.
2. I assume the law of distribution of the coordinates and the

velocities to be as follows, viz., the chance that the n molecules in
any infinite space shall at a given instant have coordinates

Ty ooe B+ ATy ool 2y ool 2o+ d2,,
and component velocities u,, ... %, + du,, &c., is
ACe "z, ... dz,dy, ... dw,,
in which
Q= auj+ a2u§+ &c. +a,v) + &e.
+ byg () g + 0,05+ wy0,) + by (4, us+ v, v5+ Wy w;) + &c.

Here the a coefficients are supposed to be independent of the position
of the molecules and of the time, but every b, as b,, is a function of
7Ty, the distance at the given instant between the molecules whose
velocities are u, &c., and u, &c., and, moreover, is a continuous
function of r,, which diminishes as 7, increases, and becomes
evanescent when 7,, exceeds a certain very small finite value.
Further, O is that function of %, and of the coefficients a, b which

makes e
”:{ . Ce~?duy, ... dw, = 1.

That is, o=vp(L)",

3n being the number of the variables «, ¢, w, and D the determinant
of the coefficients a, b set out in Art. 3. It is a function of the
coordinates only as contained in the bs.

Further, 4 is a constant or an explicit function of the coordinates.
With these meanings of 4, C, @, let

f= A4Ce*e,
In stationary motion
de, 4 dzy, d  dw d dw, d 0
(dt dey 7 dt dz,  dt du,+m dt dw,,) ’

Q2
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Bat also in stationary motion @ must be constant, or

dQ du
2 T =0
dQ db
and zdb i =0

3. We now prove that on average, given byg, &c.,

aQ _ , 99 _ 1
“ = g, =

For ZQ = u, (2,0, + by tg + by tiy + &C.).

Let us now find the mean value, given u,, of
u, (20,4, + bypug + b;;u,+ &e.).
To that end we perform the integraﬂion

4 Hj ven Gty oy daty €%ty (208 4 Digtiy + byt + &0.), (@)
“and divide the result by

A j[[ oo QU oo dw €79, )

As the result of the integration, the index becomes in both (a) and
), k u where D is the determinant

2a; by by
D= by 2a; by ... |

and D,, its first coaxial minor.
It follows that the mean value required is what
%y (20,0 + byg g + by s+ &ic.)
becomes when all the integrations are effected.
4. The integration can be effected thus :—Let
2a,%, + bjgus+ &e. = P.

Then, before the intégration Abegins,we gee that the coefficient of %, in
P is twice the coefficient of u? in @, but the coefficient of any other
u, a8 u, in P, is equal to the coefficient of ,u, in Q. ‘It will be found



1898.] Stationary Motion in an Infinite System of Molecules. 229

that this relation holds after the integration according to u,, and
therefore after all the integrations. And so, finally, when @ is

D . . D
d = =,
reduced to 5D, %,, P must be Duu, and
dQ _ D =

'ul d—u; = ﬁl; ul N
which is the mean valiie sought.

For, to integrate according to ., we proceed as follows. The terms
in @ which contain u, are

a‘u u?n + (bln ul + an u! + &c') “ﬂ 1]
which may be put in the form

blnul + b2uu’! + &0. * -— (bln Uy + b?ﬂ“‘i+ &C_)ﬂ
(u“ \/an + 2 '\/a,. ) 4au !

or, as we may write for brevity,

(u..~/a..+' B )i——ﬁ’—

2/a,/ 4a,’
and P = 2a,4+bu,+ &c.+by,u,
- b B __ 8B
= 20, + by uy + &e.+ o, (n,. Ja,+ 3 2‘/%).
Then we take (u,, Va.+ 3 5 ) for variable, and integrate for it be-
@n

tween +o and —ow. The result is, omitting the numerical factors,
that, in Q, all the terms involving u, disappear, and are replaced by

— (blnul + bsm“s + &C.)’
4a, !
and, in P, b,,u, is replaced by

b by, vy + by ey + &
—bya _Ll‘l—_2a” .

Expanding the new term in @, we find that the new coefficient of
Uyt 18

ﬂb il
blq— —'20: ]
which is the coefficient of u, in P. Also the new coefficient of u? in
2 2
Q is a,— Z"‘ , and the new coefficient of , in P is 2a,— Qb::" . The
Ay n

same relation then subsists after integration as before between the
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respective coefficients in @ and in P; and this holds for every sub-
sequent integration. And ultimately, when all the integrations are
effected to u, inclusive,

_D
Q= 3 Du ~ul, wP= Duu"
: D
or y (20,0 + byt + &e.) = Do
0

We have then on average

ul‘&— —ul,_ u,‘ﬁ—ﬂ g, &e.

du, D, dus Dy
5. This 1s true on average of all possible values of u, ... u,, treating

all the b’s as constants. That i is, it is true for every separate set of

values of bl, oo by . But it is also true that for each set of values
of by...b &c.,

’._DH “_Dn
ul_hI)’ ..ug—'h" ] &c,
d 1 d d
and therefore u‘d_z =5 = “231%= u, df, = &e.

This is the general proposition of which

m,;f myu; = &e.,
with Q = Sm (W +0*+uP),
is a particular case.
6. But, again, in the system of an infinite number of molecules, not

only is @ constant, but the kinetic energy, T = §3mu’, is also
separately constant; and therefore we may write

Q= pT,
where p is constant, and
g=3" = 3n
C=a T= uhb’
We have then aQ du =0,
du dt
du
and Smu — =0,

di
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. . aQ _ . d
and, if we write ‘% = pm, i, (ng = umgu,, &c.,
and ml';f = m,Zﬁ = &e.,

we obtain consistent results.

On Stationary Motion as affected by the b-Coefficients.

7. Let us next consider the second condition of Art. 2 for stationary
motion, namely,
dQ @ _ .

db dt

That asserts that, if we regard the system at time ¢, and again at
time ¢+ d¢, there will in the infinite number of molecules be as many
pairs of molecules at the second instant as at the first whose dis-
tances from each other are between r and »+dr, and as many mole-
cules at the second instant as at the first whose neighbours are
distant from them respectively »,...7+dr, 7, ... 73+dr;, &c., and
that the distribution of the velocmes has generally the same rela,tlon
to the distances at the second as at the first instant.

In my last paper I found a solution for the case of equa,l elastic
spheres as follows. Let f be a function of r, the distance from any
point P, which satisfies the conditions

f=1, ifbr<r°,
f=Zi, if >,
T

. 7 . .
or, instead of f = -2, we may use any continuous function of r for
r

whichg-f is negative. Then, at any point P, let
” :

g_§L = 3fv g-_-M,
T 3f

the summation including all the molecules of the system. Whén
the molecules are material points between which no collisions occnr,

‘let ® be the mean value of . Then, when the molecules become
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spheres of finite diameter ¢, stationary motion requires that & shall

become
E+8, and P=,F

Here p is the number of molecules per unit volume, and
& = nchp.
Further, £?* necessarily introduces into @ the term
33b (uw’ + v’ +ww').

If the b’s are on the average of all molecules invariable with the
time, then £ is invariable with the time, and vice versa. The con-
stancy of £7 involves the condition
dQ db _
3 i T 0
Further, I found that, if -

b=—-2—,

i

then the condition 8 =«8,

or, so long as « is very small,

F=1—-F

18 satisfied.

Of the System under COonservative External Forces and of the
Coefficient A.

8. Let us now suppose our system to be placed in a field of con-
servative external forces, whose components at any point are X, ¥, Z,
and let us consider what modifications ‘are required in the above
results. We have

4 -AQy —
5 (A0 =0,

in which 4 is now to be regarded as an explicit function of the
coordinates, 0 as & function of the coordinates as they are involved
in the bs. ‘We have then

d d . d d -ha
+X 2+ YL 47 2) 40,

240 =3 (0l 0 & 40l
‘dt(Ace )_E(u-da:-*-vdy-*-wdz
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That gives (%u,—kAX %) Qe-M
1
dd 3 1y 39 -nq
+ (da:, u,—hAX du,) Oe-
+ &e.
+u, { d0 —h0 (u,ty+ 019, + wyw, )} “Ae‘”“
dbyg

+u {31? hO(u,u,+vlv,+wlw,)} <11 feha
13 ’

+&ec. = 0.
The terms derived from differentiation of the b coefficients vanish in.
pairs. For any b, as by, appears twice only, namely, in up%l;ﬂ, and.
P

in 2, % , and, since every b is a function of r only, we have generally
(4

db _db dr _zy—a, db

therefore the terms in % derived from differentiation of the bs.
according to the coordinates resolve themselves into 'pairs of the form
db
Oh (uy—ug) sy + '-’1’”: + w,w,) el o
‘ db 2 —z

a'nd (u’l u’) d/f' r 9

all which pairs vanish, because there will be on’ average just as:
many cases in which any given velovity u is at @, 1,2, a8 at 2y, ¥, 2.
- We have, then, dividing by AQ,

-AQ
AO dt (AG )

= {‘-i—l-ci-u.l hX(2a,,u,+b,,u,+&c)} —he
. dlog A
+ ——de u;—hX (2a,u,+buu,+&c)
3
+&e.
=0
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dlogd D _na
- ( da, hm‘XDnml) the
leEA_ D Y
+( o, h/m’XD,,m,) uge™ %+ &e.
_ dlog A dyx dlog 4 dx } -aQ
- {( da, +h"dx,)“‘+( da, +h"dm,)”’+&°‘ €

if x be the potential of the external forces, and
1 A ynae
1 % (4Ce?%) =0,

if A=ehn =P

Comparing the state of the system at two different levels of potential,
we may take the average of @, or @ = pT. Then the law becomes
Oe-h/»(vﬂ’

agreeing with Boltzmann's result, with au for his 2.

Applicatian to Iniemoleculqr Forces.

9. The method of Art. 8 would apply equally to the case where x
is the potential of intermolecular forces instead of external forces
-only. The following difficulty has, however, been raised :—

Unless in the case of very small density, where the encounters are
binary, x can be completely expressed only as a single function in-
volving the coordinates of all the molecules. It cannot be treated as
the sum of the potentials of distinct pairs or groups. It seems to me
that the following method (which is substantially that used by
Dr. Watson in his Kinetic Theory of Gases, 2nd edition, p. 70) enables
us to remove the difficulty, if any. '

Consider any molecule m, whose coordinates are z;, ¥, z. Let
X1 be the potential at a,, ¥, z, of the forces due to the molecule m, at
gy Yy, %3 ; and so on. Then x,; = O unless the two molecules are very
near each other.

Let x12+x13+&c' = Xi1-
Then we may write X =%+x,

where x’ is the potential of mutual action of all the molecules except
my. Given y,, x' may have many different values according to the
relative positions inter se of the other molecules. But on average it
will be constant. '
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Then we obtain consistent results if we assume that the chance of
m, being in a position relative to the other molecules in which its
potential is x, is, caterss paribus, proportional to

e-hkn.

That assumption enables us to prove that our gas obeys the Second
Law of Thermodynamics, which, in case of intermolecular forces, has
never, I helieve, been proved on any other assumption.

10. The proof that I have given of the proposition of Art. 8 is,
with slight modifications, the same which Boltzmann gives in his
Vorlesungen for the case in which @ is a sum of squares only ; that is,
in which' Condition A is assumed. It is necessary to extend the
proof to my case, where I have begun by denying that assumption,
because Boltzmann has said (Vorlesungen, p. 20) that without making
that assumption it is impossible to prove any theorem in the kinetic
theory of gases. I submit that I have proved two, at least, of these
theorems without making Boltzmann’s assumption, and without
making any assumption except that @ is always positive.

11. Boltzmann has also calculated the rate of diffusion, &c., on his
own assumption, such calculations being based on the determi-
nation of the “ mean free path.” Now, for gases under the ordinary
conditions, to which Boltzmann’s calculation of mean free path apply,
my coefficients b would be very small, and the mean free path de-
termined from my formula would differ so little from the mean free
path determined from his formula that the results arrived at for
diffusion, &c., would agree with his, at least, within the limits of
experimental error.

Elastic Spheres of Unequal Masses,

12. T proved in my former paper the necessary existence of the
b coefficients in a system of equal elastic sphere molecules. Before
extending the theory to any more general form of molecule, I worked
out the corresponding problem for two sets of elastic spheres of
unequal masses and diameters. As the process is laborious, I
here give the results only. Let m,, m, be the masses, c,, ¢y the
diameters, of the spheres of the two classes respectively, Also let

et »
0 =0T
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Let p, be the number per unit of volume of the mys, p, of
the mgs. Let &, 7, {; be the functions ¢ %, { for the m,s,
& s, & the same functions for m,. If the spheres were all material
points, so that no collisions should occur, the motion of the m, system
would be independent of that of the m, system, so that

GE=nm=04L=0
I then found that, as the condition for stationary motion, & must
become £ +¢£;, &c., £ must become &+§, &c., and, as in my former
peper, &, &, &c., must satisfy the equations
. gll‘ = %"c?lf’lg]iv
&= %”":sf’ig
These result from collisions between m, and m,, or m; and m,; and,
for collisions between m, and m,, we have

—agd 2mmy _ mipy  FELF
&8 = 2nc . &E4+E).
th =4 "ml+mi 'm'lPl"‘msPs( ! 8;)

The two systems cease to be independent when collisions take place
between m, and m,, so that

§E+0.

The above expressions are accurate only on the assumption that

squares and products of wcyp, weypy, and mcip,+p, are to be
neglected.

If B denote the coefficient of w,u; in Q, b that of wgu;, and S
that of w,u, then the values of B, b, 3, which lead to the above re-
sults, are

]
—_ C
B=—3%,
\cﬂ
=-—4 3,
b=—1%
B=—dmumy oy
(my+my) ®

Oonstderation of the Qase in which the Molecules are Centres of Force.

13. Next let us assume the molecules to be centres of force under
the conditions described in Art. 1; and, first, let the forces be
repulsive only.
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Further, we will begin by ass ummg the density to be so small that
the encoanters are binary.

As in my former paper, the functions ¢, %, ¢, and M having the
same meanings as before, we find, for & system of material points
between which no mutual action takes place, the equation for
stationary motion

oom (0 8)-($8)

‘We shall find that, when the molecules exert mutual action on each
other, the effect is to introduce into %[ new terms, which are

necessarily positive, and so to disturb the stationary character of the
motion; and stationary motion can be restored only by increasing

&, &e., in a certain ratio, which increase involves the introduction
into @ of the terms b(uw’+vv'+ww’). But we shall find that in thls
cage the b’s are functions of density and temperature.

Centres of Force with Binary Encounters.

14. First, suppose a molecule P fixed in space.

Q'

Q

X . P

Let PX be any line through P. Let @ be a point whose :distance
from PX js B, and is less than the radius of action, but whose
distance from P is greater than the radius of action. A molecule is
projected from @ with velocity g in direction parallel to XP towards
P. An encounter then occurs, and, P being fized, the molecule @
describes a symmetrical curved path, QRQ’, as in the figure, B being
the apse, and the asymptotes are parallel to PX and PX’. Let the

angle RPX =y = }XPX,
and ¢ musﬁ be less than —12r-

The integral effect of the repulsive central force at P, or, as we



238 Mr. 8. H. Burbury on the general Theory of [Jan. 13,

may call it, the effect of the encounter, is equivalent, so far as the
change of direction of the moving particle is concerned, to an impulse
on the moving particle in direction PR, whose value is

mq/2 «/m = 2mgq cos y,
m being the mass of the particle. Therefore, also, the resultant force-
on Pis 2mgq cos ¢ in direction REP; and the resultant force on P in
direction perpendicular to XP is 2mq cos Y sin y.

Let, now, pf (¢) dg be the number per unit of volume of molecules
whose velocities parallel to XP are between g and g+dgq. Then the
number of such molecules which in unit of time éross an element of
unit area at right angles to XP at @ is pgf (q) dg.

And so the mean force on P in direction perpendicular to XP is,
for .all the molecules which pass thromgh the element of area with
velocity ¢ ... ¢+dg, in XP, equal to

F = p2mq’f (q) dg cos y siny,
which is necessarily positive.

15. As ¢' increases, S remaining unchanged, ¢ increases, and
therefore cosy diminishes. Also, as  increases, if < —}, cos y siny

increases; if ¢ > % < % , cos ¥ sin Pdiminishes. Now,in order thaty ma,j

be less than %, B must be less than a certain value 3, known if the

law of force is known, and 3, diminishes as ¢® increases. It follows
that, for sufficiently great values of g’, cosy siny diminishes onaverage
as ¢ increases; and therefore F increases less rapidly than g% If
we write F= “1?,

«, is a quantity which diminishes as éf, 1.e., the temperature, increases.

-16. If the molecules are in stationary motion with 23—15 for mean

square velocity, we must write o for 5 in the above expressions

(I here use % instead of ph above).

. If the molecule P, instead of being fixed, is itself moving relatively
to the system of molecules with velocity  in direction PX, we must
1

write —

-
T gmu® for 7329- in the above expressions.
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"~ 17. Now let us suppose that at P taken for origin £ =§, and at
any point whose z coordinate is 0z

E=¢+ Z—faz
That means that the molecules at positive 0z, say at P, have a mean
velocity gg 0z in 2 relative to the molecules for which 0z is negative,
say at P” (not shown in figure).

Therefore the mean force on P, moving in duectlon PX with
velocity u, due to the molecules at P’ is

dén\?
+x1 2— (u+ aaz) s |
and the mean force on P due to the molecules at P” is
dé ~n \?
TR G &)

in the opposite direction. The resultant force on P in direction = in
plane of the motion is proportional to

2n1mu == az

If the plane of the motion make angle ¢ with that of 2z, we multiply
the last expression by cos¢. Also, if X@ = 3, we have

0z = 3 cos ¢,

and the resultant force due to all encounters, given B, is
26, muf3 —écosi =« muﬁ E
-Since &, is an unknown function of 8, we will now write « for 0 6.

18. We have, then, if ¢, w be the velocities of P in y and 2 re-

spectively,
dw _ Kmw d¢ y
dt d
whence m ‘letg = cmu® Z—S
Similarly, w ‘;—t = smw? % :

and therefore (% d{) (uw) m (%g + 3{)



240 Mr. S. H. Burbury on the general Theory of [Jan. 18,

This expression is of the same form as I obtained in the case of
elagtic spheres, except that « is now an unknown function depeunding
-on the law of force, and is a function of temperature as well as
density, and generally diminishes as temperature increases.

Case of Attractive Forces considered.

19. If, for some values of 7, the distance between two molecules,
the force be attractive instead of repulsive, these conclusions require
modification as follows: Let us use the notation of Art. 14 The
force being attractive, it may be that, for some values of ¢, the mole-
cules P and @, if alone in space, would form a permanent union,
revolving round one another in a circular or other orbit. But, if ¢ be
great enough, the @ molecule, P being fixed, will describe a path as
shown in the figure.

All that has been said concerning the path described in Art. 14
applies equally to this, except that the force on P will now be in
direction PR, and its resolved part, at right angles to PX, will be
—2mg cos ¥ 8in ¢, instead of 2mqg cos ¢ sin . Consequently we shall
have in this case, so far as regards the result of these encounters,
—&" instead of £7, and the b coefficients would, were encounters of this
kind alone concerned, be positive instead of negative.

We may assume, however, that, for sufficiently small values of »,
the mutual force is repulsive, and, ultimately, as » diminishes in-
definitely, infinite. It follows that, as the density increases and the
temperature increases, the repulsive forces must become predominant.
And the general effect will be of the same form as if only repulsive
forces existed ; the attractive forces, if they exist, only serving to make
the increase in absolnte value of the b coefficients with increasing
density less than it otherwise would be.
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Another Method of Proving the Terms which appear in %%-[ as the
. Effect of Mutual Action, to be Positive.

20. I will now treat the case in the same way as in my former
paper I treated the case of elastic spheres in collision, in order to
show that the new terms in %7 are positive.

Let V be the half relative velocity of two molecules immediately
before their encounter, A, p, » its direction cosines” before the en-
connter commences, A, u’, ¥ after it has ceased. Let

ANV=V, wV="V, vW=1V,.

v

Let ¢ be the distance of their centres apart when the encounter com-
mences. Then the number of encounters per unit of volume and time
is 27xc®V. Hence, for the change with the time of V.V, due to en-
counters with given V, we have

2rc’pV* (N —Mv),
the bar denoting mean values. We have now to find the mean values
of X' and Av, given V. At the beginning of the encounter, let the
centres of the two encountering molecules be 4, B. Let BD be the
relative velocity. Or, if DE = BE, one molecule has velocity DE,
and the other BE, in addition to the velocity of their common centre
of inertia, whatever that velocity may be. Let the angle
DBA =05
let O be the ‘middle point of AB. Let BX, BZ be the directions of

r4
D

8 X

the axes of z and 2, and let the angle between the planes DBA and
DBZ be ¢. When the plane DBA, turning round DB, contains the
axis of z, ¢ =0 for that position of BA which makes the least angle
with the axis of positive z.
Similarly, let the angle between the plancs DB and DBX he ¢'.
"Then, if a,, 2, be the z and z coordinates of .1 referred to O as origin,
VOL. XX1X.—No. 627. B
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and if the direction DE be that of A, p, »,

2, = —v—;- cos 6+ 21 v1-13sin 0 cos ¢,

2o =\ 5cosﬂ+ ;—s/l—h’sinﬂ cos ¢,

Now let £, ¢, be the values of ¢, { at 0. Thenat 4

£—¢= 75— (—vcos8++v1—»*sin 8 cos«p)_%,

(=¢= _;. (—Acosf+ v/1—X\!ginf cos ¢) Z_m{

Then we find, as in my former paper, that the mean value of V,V,,
for all encounters with given ¥, is

TV e ey 1 (dE, &
VeVo=nV¥ 3 V3.5(dz+.da:)'

21. We havenext to calculate A%u”. When the plane DB4, turning
round DB, contains the axis of z, let 4,, 4, be the two positions in
which that plane is cut by the circle which 4 describes. Let 4, be
nearer to the positive axis of z than 4;. Then, for 4,,¢=0; for
Al,¢ == Similarly, when the plane DBA, turning round DB, con- .
tains the axis of , 4, and A; are the two positions in which that
plane is cut by the circle which A describes. And, if 4, is nearer to
the positive axis of # than A;, for 4, ¢’ =0; for 4] ¢' = =

Let ¢ be the angle between the plane of DB aad z and the plane of

DB and z. Then

cose = ™ gine = ——f
V1IN V/IT VI—NVI=p

In order to find A" and »* we must now use 2¢ of Art. 14 instead of
26, which we used in the case of elastic spheres. We have the two

‘symmetrical systems

v’ = —vcos 2¢+ V' 1—+*sin 2§ cos:p‘}
b

v .
!

sin 2y cos ¢

A= —Acos 2y~ /;

V = —vcos 2y — :/i)l‘—;g sin 2y cos ¢’

X = —Acos 2+ v 1 Asin 2¢ cos «p'J
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The term involving sine will disappear because sine contains the
factor p. We find theun that, for given V,

V“X’?:_V“r'dard¢2sinﬁcos0(l+2h)\V§—§o+2hvV§_§— YNV 5
A .

0

but, with the above values of A%/,

i L4 ir "
j do I d 2sin 6 cos ex.x:mf do .( dp sind cos 6 (cos™ 29— Lsin'2y),
0 [} [}

0

Y being a function of 6 and ¥V known if the law of force is known.
This is zero on average, because

v =0.

Also J " a9 [ " 46 2 sin 0 cos O \EZENY
. [} 0

= g—frndardqﬂsino cosﬂ—;—/\ (—vcos 8+ v 1—+?sin 6 cos ¢)
%Jo

o
x (—v cos 2 + +/1—»sin 2y cos ¢)

x(—)\cos2xp—\/;v :

’siu 2y cos ¢)
—v

o
= Z_fj' d6 2 sin 6 cos OA*® (—cos 0 cos® 2y + 1 sin 0 sin 2y cos 2y
#Jo +3 cos @ sin’ 2¢)

_gg)\’ 1= r' d02 sin 6 cos 0 sin 0 (F sin 2y cos 2¢)
z

0

= g—s A%? r'dB 2 sin‘0 cos 0 (4 cosd—2 cosf cos? 2+ sind sin 2 cos2¢)
%

1]

_j_fm r'd02sinocos0sin0 1 sin 2 cos 2y,
z Jo

and, since on average A? = 5050

this becomes
. .

g—é A2 !' df2sin @ cos 0 (4 cos §—32 cos cos® 2¢ —$sinf sin 2y cos 2¢).
o 0

Hence, by symmetry between z and z,

V! (N7 —75) = 2he VoA (Z_f " % )
[

i
X {%+[ d02sin000s0(%cos€—%}cosecos’2\p—-§sin03in2¢cos2_¢)} .
o
R2
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The last factor is equal to

v in
1-3 r 2 inf cos'd cos 2y do_%f 2 sin? 8 cos 8 sin 2y cos 2y d6.
0 N 0o

22. Now ¢ cannot be less than 6, and cannot be greater than
%. Therefore the greatest possible negative value which the two

last tenﬁé can have is when

and that greatest possible negative value is —1. And this is a
limiting case that can never occur, because

T

‘P="2‘" -24’:7"

expresses the fact that neither molecule suffers from the encounter any
deflexion. It followsthaton the average of all encounters which do pro-

duce deflexion V? (Nv'—Xv) is positive, and proportional to g—g Z—,
o (dE e\ O g . (dE s .
and therefore ( + cla,) 3 V.V. i ( -+ ) multiplied by a

necessarily positive coefficient.

23. Next we must consider in the same way the term

wi (E+3)

We have now to take into account not only the variation of A, p,v due

to the encounter, but also the variation of position of the molecules,
that is, of f. It is sufficient to deal with -‘%— ~—E Suppose, then, an
a2 .
encounter to take place between two molecules, their centre of
inertia being at the origin. About the origin describe a sphere of
radius a, and let PP be an ordinate parallel to z, P and P’ being on
the surface of the sphere. Let £ & be the values of £ at P and P'.

If Q@ be the volume of that sphqre,

= '” PP dxdy,

and, if 3—5 be the mean value of that function throughout the space
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enclosed by the sphere,
L= ([ oy e-0r+

d dt i dé @{'
and therefore i J] dady (d—t dt) =0

24. Let A, u, v be the direction cosines of the relative velocity
before the encounter ; N, p/, ' the same after the encounter has ceased.
Letf be the value at the, origin of that function referred to P as centre ;
fi» fa its-values at the centres of the two molecules respectively.
At the end of the encounter let f,, f, become fi, f;. Then, in the nota-
tion above employed, we have for the change in the value of ¢ due

2f
= (A=NV=(L=f) AV,

if f be referred to P. Also

to the encounter, om1tt1ng the factor —

7 — b Av s
)\V_)\V+(—2)tcos y— ~/1_”s!s11‘12n[z cos ¢) V.
Therefore 0¢ = + (fi—f) \V—(f,—Ff) \V

+ (i) (— 21 costy— ~/1M

sin 2y cos¢).
A]. l_ o — _ ‘/ 2 .° t.if
80 fi=fi=—c¢(—vcos 2¢+ v 1—»*sin 2y cos ¢) s
fi—fi=—c(—vcos® ++1—=1*sinb cos ¢) gf;
Z
therefore, since, on integrating with reference to ¢, cos ¢ disappears,

¢ = — e\ (cos 6—cos 29) ng
Z

——crdcp (~v cos 2¢+ v'1—+*sin 2y cos ¢)

( —2A cos? ¢—~/1: sm‘.ln[:cosgb) —-f;

dz
that is, O = — cAv (cos 8—cos 2;//) z df

=~ cAv (2 cos®  cos 2y —1 sin® 2¢) z df V.
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The number of encounters per unit of volume and time is wc’pV.
So, given ¥,

9 d_ _ 21rcspV’)W% g{(cos 8 —cos 2y + 4 cos®yy—4 cos’ y + 2 cos* )

ot dz
= — 27rc’pV’Av-% ;-i); (cos 0—6 cos® y+ 146 cos*y),

0 d& .

and 5% da is the same expression with —z for 2; therefore
. 0z

a% % —dncpV e Z —-t(cosﬂ 6 cos® ¢+ 6 cos* ¢ + 1),

and the expression cos 6—6 cos’y+6 cos* ¢ +1,
where > 0 and < —, is necessarily positive. For it is equal to

(cos @ —cos®¢) + (6 cos* y—5 cos’ ¢+ 1).

The first term is always positive. The second is mnegative between
certain limits. But it will be found that the greatest negative
value of the second term between those limits is less in absolute
magnitude than the least value of the positive term between the same

limits. ' Therefore also (¢ being a known function ‘of 6 always

™
>0< ?)
ir
j 28in @ cos 6 df (1+ cosf+6 cos' y—6 cos® )
0
. - 0% ;. fin daf
is positive. Therefore, also % % is of the opposite sign to )wd
te., to uwg'?—f: Therefore also ww E% g—ﬁ is of the opposite sign
to %f, and is therefore positive because g{— is negative. The same is
0 4
true of 'uwa o

25. We see, then, that, whereas for a system of material points
without mutual action

‘%:0:@;(@4-39 ’ ‘1 (dz+gi)’
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when they exert finite forces on each other %{ is increased by

necessarily positive terms. In order to make %t— again zero, and so

restore the stationary character "of the motion, we must, as in the
case of elastic spheres, use £ 4§ instead of &, and this requires that
Q shall contain the terms

330 (w0’ +ww).

26. In my former paper I drew the conclusion, from the form

assumed in stationary.motion by the function ¢, that molecules
which at any instant happen to be near to one another ‘are, for that

reason, more likely to be moving in the same direction; hence that
any mass of contiguous molecules have on the average greater
energy of the motion of their common centre of inertia, and corre-
spondingly less energy of relative motion, than they would have as
material particles without mutual action in Maxwell’s system. But
the following conclusion may also be drawn, namely, that local
inequalities of density are more probable, or greater and more fre-
quent, in the system of finite molecules than they are in Maxwell’s
system. For, in Maxwell’'s system, whatever at any instant be the
velocities, the molecules are as likely to have any assigned positions in
space as any other assigned positions. Suppose two spheres, each of
rading @, not intersecting each other, and the average number of
molecules which each contains is #. The chance that, at a given
instant, one shall contain n+g¢, and the other n—g, molecules can be
calculated ; and, if ¢ be considerable, is much smaller than that each
shall contain #». But, whatever it be, the effect of introducing the
terms ZZb(uu’+vv'+ww’) into @ is to increase it in a finite ratio.
For, if b vary as Z:—: and is negative, the mean value of b, for all pairs
of points within one of the a spheres, varies as % .

We may assume the two spheres to be so far apart that, for any
pair of points, one in one a sphere and one in the other, b is negligible.
Then, of all the pairs which can be formed out of the 2n molecules in
the two spheres, m%t-q_—l pairs in one sphere, and n—_q%:t-l

’ 3
in the other sphere, have on average — % for b, and all the other
pairs have zero b. Now “ .
n+gun+4g—1 4+ =9 n—q—1

— 2 2_
;) 2 =n+qg—n,
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and increases as ¢ increases, and has its greatest value when ¢ = .
The effect, therefore, of the inequality of density is to increase the
absolute value of S3b(uw’+vv'+ww’), and, therefore, to diminish Q.
And, to that extent, the inequalities become more probable. So that,
as the general density increases, the system tends more and more to
assume the form of a number of denser masses moving through a
comparatively rare medium.
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Transformations which leave the Lengths of Arcs on Surfaces

unaltered. By J. B. Caupperr. Received and read February
10th, 1898. -

In this paper it is shown, by an application of Lie’s method of
contact transformations, that the infinitesimal transformations which
have the property of leaving unaltered the lengths of arcs on any
.given surface, z=f (a, ... ,), in space of n+1 (n>2) dimensions
are in general mere motions in n+1 dimensional space (§3). For a
special class of surfaces there is a more general transformation than
a mere motion ; such special surfaces must be the envelopes of planes

= awl+bws+sf (a! b) wﬂ+"' +"f(a: b) wu+"+|f(a’: b)’





