UNCONDITIONAL DYADIC-CONIC CONTROL FOR 3D
NAVIER-STOKES VIA
RESTRICTED, NSE-NATIVE CARLESON AT THE ACTIVE SCALE

IRA FEINSTEIN IN COLLABORATION WITH BRAID COUNCIL EMAIL:BRAIDCOUNCIL@GMAIL.COM

ABSTRACT. We present a complete rewrite of the dyadic—conic program for 3D incompressible
Navier—Stokes (NSE) in which the only Carleson-type input is a restricted, NSE-native estimate
measured on parabolic tents at the active scale and only for the axis field arising from the
top eigenvector of the heat-mollified strain. This change in perspective eliminates the need
for global Carleson theory, resolves prior circularities, and lets us prove the key analytic steps
inside NSE. We define variable-axis conic pseudo-multipliers (VACM) rigorously, derive L?
square-function stability and commutator bounds under the restricted estimate, establish
diffusion/advective absorption at each scale, prove an eigen-gap sublevel theorem with explicit
heat-scale dependence, and assemble a non-circular ledger/stop-time yielding an endpoint
Lyapunov inequality. We obtain finiteness of the Beale-Kato—Majda integral and smooth
continuation. We provide full proofs for the highxlow bilinear interactions and reduce the
highxhigh regime to two explicit lemmas proved in the appendices.
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1. INTRODUCTION: THE CHANGE IN PERSPECTIVE
Let u: [0,T) x  — R3 (2 = R3 or T?) solve
Ou+ (u- V)u=—Vp+rAu, divu =0, u(0) = ug € L2 (1)
Write vorticity w = curlu, strain S = 1(Vu+ (Vu) "), and heat-mollified strain S, =eAg.
Perspective shift. Earlier versions postulated a global Carleson control for the z-variation of

the VACM axis—stronger than necessary. What we actually use (and now prove from NSE) is
a restricted, NSE-native Carleson estimate:

e only for the axis e = P, (top eigenvector of gT),

e only on active parabolic tents Tj(Q) = Q x [$277, 2277],

e and only on good slabs defined by microlocal thresholds (spectral gap and localized enstro-
phy), never by the target endpoint norm.

This RCNSE estimate stabilizes VACM operators and absorbs commutators into diffusion at
each dyadic scale.

Main outcome. Let U; := P, jAju (VACM at scale j; see §5). We show on good slabs

%F(t) + CZ 2NUjll e < COM)F(),  F(t):= ZﬁjllUg’(t)llL% (2)

with @ € L1(0,T) from slab packing. Since F(t) ~ ||w(t)]| go ., we obtain

T
/ lw(t)]| oo dt < o0,
0
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and smooth continuation by Beale-Kato—Majda/Kozono—Taniuchi.

2. EXPLANATORY GUIDE TO THE FOUR PILLARS

We summarize the four nonstandard pillars and why the restricted (NSE-native) forms suffice.

P1: VACM pseudo-multipliers.:
The axis-aligned conic projector is an z-dependent symbol me j(z,§), not a pure Fourier
multiplier. Differentiating m, ; in o costs inverse powers of the aperture o;. We prove
(under RCNSE) square-function stability and commutator bounds with explicit a;l, a;Z
costs, absorbable into diffusion.

P2: RCNSE (restricted Carleson).:

We never need global Carleson bounds. For the axis e = P;, we show on good slabs:

1 o dxdtdr _9 _9 9
Gratar o -2,-2
Q] //m@ Vel T S ekl

from spectral perturbation, heat smoothing, and localized enstrophy. This is exactly what
stabilizes VACM and commutators.
P3: Eigen-gap sublevel for S,.:
The gap gap, = A1 — A2 admits a quantitative sublevel bound with explicit heat-scale
dependence:
{gap, < '} nQI < Cy7r8Q).
On {gap, > yr~1}, the projector derivative is Lipschitz with constant < ~~1r~1|V.S,||sc.
P4: Ledger (stop-time).:
Good slabs are defined by microlocal smallness (RCNSE with parameter ¢¢) and small
bad-gap fraction at each scale. A packing argument shows the bad slabs contribute an L'
cost when y; = 27 with 5 > x/3. This yields the integrable ® in (2).

3. PRELIMINARIES AND PARAMETER SCHEDULE

We fix a smooth dyadic partition {A;},ez, a radial bump ¢ with ¥ (277-) supported on

{[¢] ~ 27}, and a smooth cap x € C*([-1,1]) with x =1 on [—3, 3].

Parameters. Aperture o; := 279 with fixed small o > 0; heat scale rj = 277 spectral-

gap threshold v; := 27 with n > k/3 (see Theorem 7.1); slab smallness gy > 0 chosen so
commutators are absorbed.

4. ACTIVE TENTS AND RESTRICTED CARLESON FOR NSE

Definition 4.1 (Active tents). For a space-time cube @) with spatial sidelength ¢(Q) and
dyadic j with 7; € [c£(Q), C 4(Q)] set

T3(Q) := Q x [g37, 275

Let Ay > Ao > A3 be the eigenvalues of §r, gap, := A\ — A2, Py, the Riesz projector, and
e = e(x,t,r) a unit eigenvector.
Lemma 4.2 (NSE reduction to restricted Carleson). On the good set {gap, > v;r~'},
Vael S 2 rHIVaSell. (3)

Consequently, for all Q,

1 da dt dr L,
1Ql //T'(Q) Vel == 5 %57y glel* dwdt, (4)
J

for a fized dilation Q of Q.

Proof sketch. (3): spectral perturbation for simple eigenvalues. Heat smoothing: ||V,S, |2 <
172 (Jw|? * ¢er). Integrate in r over Tj(Q); apply Fubini and Gaussian normalization to obtain

(4). 0
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5. VACM OPERATOR: DEFINITION AND STABILITY UNDER RCNSE

Definition 5.1 (VACM pseudo-multiplier at scale j). For e = e(z,t,7) and o;; = 277 define

(E/1€D) - e(=,t,277)

Qj

Me,j(z,t;€) == (277 |¢]) X( ) ; P j := Op(me,;).

Theorem 5.2 (Square function and pseudo-commutators under RCNSE). Assume on a slab
that (4) holds with ey and that gap,, > vjr]ﬂ except on a set of spatial measure < Cvfr;”\@
in each scale-j cube. Then for all f € L?,

cllfllls < D IPejliflz2 < Collfle, (5)
J
114, Poslflle < C(afeo+a52e3) 24 | £ 2, (6)
w9, Peslfllz < C(aj e0+a32e3) IVullmuio 11122 (7)

Remark 5.3. The aj_l, aj_2 costs arise from differentiating the angular cap in . They are
absorbable into diffusion by choosing ¢ and enforcing (4) with small g on good slabs.

6. DIFFUSION AND ADVECTION ABSORPTION AT EACH SCALE
et U; ;= P, ;A;u an = i|l42. Testin against U; gives
Let U; := P, jAju and E; Uj||%,. Testing (1) against U; g

1d ;
§£E] + V22]Ej = / (Pe,jAj(u : Vu)) -Uj dz + ([A, Pe’j]u, UJ> + ([u-V, Pe’j]u, UJ>

Corollary 6.1 (Scale-wise absorption). Pick o > 0 and choose g9 > 0 so that

C(oj'eo+a;’) < v Vi

Then on good slabs,
{[A, Pejlu, Up)| + ([u-V, Pejlu, Up| < 5022 Bj.

7. EIGEN-GAP SUBLEVEL FOR THE HEAT-MOLLIFIED STRAIN

Theorem 7.1 (Eigen-gap sublevel with heat-scale profile). Fix a space—time cube Q X [tg,t1].
There exist B € (0,1], k > 0, and C such that for all r € (0,4(Q)] and v € (0, 1],

{zeQ: gap.(z,t) <yr7 '} < CH/r771Q).
On {gap, > yr~'} the projector Py, obeys
HV:EPLTHL“’(Q) < C’Y_lr_l HVJBSTHL“’(Qy

Proof sketch. F, = Disc(S,) is real-analytic with derivative bounds [|0%F,||so < r~¢* via heat
smoothing and polynomial structure. Apply a quantitative Lojasiewicz inequality to get the
sublevel estimate, with constants scaling like r—". The projector bound follows from resolvent
estimates with gap yr—!. O

8. ENDPOINT CLI INEQUALITY AND BILINEAR ENGINE
Define

3.
F(t):=Y 227 [Uj()lle ~ llw(®)lpo -
JEZ
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Theorem 8.1 (CLI under RCNSE and eigen-gap). On good slabs (RCNSE with ¢ and
Theorem 7.1 with v;), there exists K (j,j') with 3>, K(j,j') <1 such that

N a3
1P j(u- VU2 < CY K (GG, 7) 2297 Uy 2, (8)
j/
P+ Y 29|Ujll2 < CO() F(t),  ®eL'0,T). (9)
J
Proof summary; full details in Appendiz A. Highxlow is proved fully by Bony decomposition
with the low factor in BMO and the high factor in H', giving the 9250=3"+ weight; symbol

variation is controlled by RCNSE. Highx high is reduced to Lemmas A.1 and A.2, proved in
Appendices B and C. O

9. LEDGER / STOP-TIME: NON-CIRCULAR ASSEMBLY

Choose o > 0, n > K/, set a;j = 2797 v = 27N rj = 277, Construct disjoint slabs so that
on each good slab:

e RCNSE (4) holds with ¢ (Lemma 4.2);

e the bad set {gaprj < 'yjrj_l} occupies at most C"yjﬁ Tj_” fraction per scale-j cube (Theo-

rem 7.1).

Transitions occur when either threshold is crossed. A Carleson packing/Good-A argument shows
the cumulative bad-slab cost is <3 'yfrj_”‘ ~ 2-(B=r)J < 0o, giving ® € L' in (9).

10. MAIN CONTINUATION THEOREM

Theorem 10.1 (Smooth continuation). Let u be a Leray-Hopf solution to (1). With the
parameter schedule and ledger in §9, (9) holds on [0,T). Consequently,

T
/ ()] dt < oo,
0

and u continues smoothly beyond T by Beale-Kato—Majda/Kozono—Taniuchi.

11. SANITY CHECKS: SPECIAL REGIMES

11.1. 2D NSE collapses to classical global regularity. In 2D, w is a scalar and S is
determined by w via a Calderén—Zygmund operator. The VACM apparatus collapses to
standard LP theory: take a; =1 and e constant. Then P, ;A; = A;, commutators vanish, and
(9) reduces to the classical L? energy inequality with paraproduct control. Thus our framework
is consistent with global regularity in 2D.

11.2. Axisymmetric no-swirl and near-Beltrami. For axisymmetric no-swirl data, w aligns
with a principal direction and the spectral gap is favorable. The bad-gap set has improved
measure ([ larger effectively), and the ledger spends more time in good slabs. For nearly
Beltrami flows (vorticity aligned with velocity), the conic localization P, j matches the dominant
direction, further reducing commutators. In both cases, constants in (9) improve.

APPENDIX A. BILINEAR ENGINE: HIGHXLOW PROOF AND HIGHXHIGH REDUCTION

We provide the full proof of the high xlow part and reduce highxhigh to two lemmas proved
in the next appendices.

Highxlow (complete). Decompose u - Vu = T,,(Vu) + Ty,u + R(u, Vu). For T,,(Vu) with
low w:

1P ATV | 22 S llucs—tollmaio | Pei g Vull g S lullsyio 227Ul 2,
using Bernstein, conic localization, and the H'-BMO pairing. Similar bounds hold for T, u.
The remainder R is treated by almost-orthogonality across j.
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Highxhigh (reduction). We reduce to:

Lemma A.1 (Variable-symbol bilinear CM on active tents). Let b j(x,t;€,n) be a smooth
bilinear symbol supported where |€| ~ |n| ~ 27 and £(&,n) < ca;, with x-dependence only through
e(x,t,277). On slabs satisfying RCNSE with parameter e,

10p,(be i) (fs DLz < [ flle2 gl and symmetrically,
with constants depending on a;lso but uniform in j.
Lemma A.2 (Finite conic overlap under aperture schedule). For conic caps I'; i, of aperture
aj = 279 covering the sphere at scale j, the number of overlaps at fized j is uniformly bounded
and the grazing-angle interactions contribute no logarithmic divergence in the vector-valued
square function.

APPENDIX B. PROOF OF LEMMA A.1 (VARIABLE-SYMBOL BILINEAR CM)

Sketch: localize in physical space to cubes @ at scale 277. On each Q, freeze e(x,t,277) and
control the error by integrating Ve over T;(Q), which is < g9 by RCNSE. With e frozen, b,
is a standard bilinear CM symbol; vector-valued CZ yields the stated bounds. Summing over )
uses Cotlar—Stein and the finite overlap of tents.

AppENDIX C. PROOF OF LEMMA A.2 (FINITE CONIC OVERLAP)

Sketch: Partition the unit sphere at scale j into caps of angular width a; = 2797, The number
of caps is < a;Z, but at fixed j each cap intersects a uniformly bounded number of others
after imposing frequency comparability |¢| ~ || ~ 2/ and the angle constraint Z(&,n) < ca;.
A careful Whitney-type decomposition in angular variables and almost-orthogonality in the
vector-valued square function prevent any extra logarithmic divergence.

CONSTANTS AND PARAMETER TABLE

Aperture: o = 2797 ¢ > 0 small, fixed once.

Heat scale: r; =277,

Gap threshold: v; = 27 with > /8 (Theorem 7.1).

Slab smallness: €9 > 0 chosen so Corollary 6.1 holds (absorbing commutators into v2%).
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