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Abstract:

For given cubic set A, the set C(A) of all cubic sets C(A) = {A*|AA*=A"A } is the covariance of
cubic set of A. The relation between the covariance cubic sets of union, intersection and complement are
discussed.

Index Terms: Cubic Set, Internal Cubic Set & External Cubic Set.

Introduction:

In 1965, Zadeh [5] made an extension of the concept of a fuzzy set by an interval-valued fuzzy set. In
traditional fuzzy logic, the experts degree of certainity in different statements were given by numbers from the
interval [0,1]. It is often difficult for an expert to exactly quantify his or her certainity. Therefore, instead of a
real number, it is more adequate to represent this degree of certainity by an interval or even by a fuzzy set.
Interval-valued fuzzy sets have been actively used in real-life applications. Cubic sets were discussed by
Jun.et.al [3]. Some characterizations on operations on soft sets, Cubic ideals of y -semigroups were by
Chinnadurai.et.al [1, 2].

In this paper, using a fuzzy set, interval-valued fuzzy set and * cubic set, we introduce a new notion
called a (interval, external) covariance cubic set and investigate several related properties.
Definition: 1.1 Let X be a nonempty set. A fuzzy set A in X is characteristic by its membership function
(generalized characteristic function).

M, X —[0,1]

and W, (x) is interpreted as its degree of membership elements x in a fuzzy set A for each x€ X. i.e. [0,1] is the
subset of nonnegative real numbers whose supremum is finite.
Definition: 1.2 Let X be any set. A mapping A: X — D[0,1] is called an interval- valued fuzzy subset (briefly,

i-v fuzzy subset) of X, where D[0,1] denotes the family of all closed subintervals of [0, 1] and A (x) = [ A~(X),
A*(x)] for all xe X, where A~ and A" are fuzzy subsets of X such that A=(x) < A*(x) for all xe X.
Definition: 1.3 Let X be a nonempty set. A cubic set A4 and B is a structure of the form
A={<X, AX), M(X)>|x€ X}and B ={<x, B(X), u(})>|x € X }
Then by define * property
A*={<X, AX), UX)>|x € X } and B*={<X, B(X), M(X)>| X € X }
in which A and B is an interval valued fuzzy set (IVF) in X and A and [ is a fuzzy set in X.
A cubic set A = {< X, A(X), u(X)>| X € X } is simply denoted by A* = <A, p>and
B *={<x,B(X), M(X)>| x € X } issimply denoted by B*=<B, A>.
Definition: 1.4 Let X be a nonempty set. A cubic set A* = <A, u>and B* =<B, A>in X said to be internal
cubic set (briefly, ICS) if A~ (x) < p(x)<A*(x) and B~ (X) < Mx) < B*(x) forall xe€ X .
Definition: 1.5 Let X be a nonempty set. A cubic set A* = <A, p>and B* =<B, 1> in X said to be external
cubic set (briefly, ECS) if p(x) ¢ (A~ (x), A*(x)) and A(x) ¢ (B~ (X), B*(x)) forall xe X .
Definition: 1.6 For a family {4;|i € A } of IVF setsin X where A is an index set, the union G = (J 4, and
the intersection F= () A; are defined as follows:
len
G(x) =( U 4;) (x)=r Sup4;(x) and,

leA ien

F)= (N A)®=rinf 4,(x)forallxeX.

len
Definition: 1.7 Let X be a nonempty set. Let A = <A, A > and B = <B, 4 > be two cubic sets of X. Then A* =
<A, i >and B* = <B, A> be also cubic sets. The class of all cubic sets commutes with A,
C(A) ={A* | AA* = A*A}
is called covariance cubic set.
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Example: 1.8 Let X be a nonempty set. A cubic set A and B is defined as
CaseL; A<p
A ={[0.3,0.5],0.4} and B ={[0.4, 0.6], 0.5} then A* = {[0.3, 0.5], 0.5} and B* = {[0.4, 0.6], 0.4}. Hence,
AA* ={[0.3,0.5], 0.5}
A*A ={[0.3,0.5], 0.5}
Hence, C(A) ={A* | AA* = A*A}.
Case 2, A >
A ={[0.6,0.8],0.7} and B = {[0.4, 0.5], 0.5} then A* = {[0.6, 0.8], 0.5} and B* = {[0.4, 0.5], 0.7}. Hence,
AA* ={[0.6, 0.8], 0.7}
A*A ={[0.6, 0.8], 0.7}
Hence, C(A) ={A" | AA* = A*A }.
Definition: 1.9 Let X be a nonempty set. Let A = <A, L > and B = <B, 4 > be two cubic sets of X. Then
A" =<A, 4 >and B* = <B, A> be also cubic sets. The class of all cubic sets commutes with A~,
C(A)= { A" | (AA" ) = (A" A }
is called complement of covariance cubic set.
Example: 1.10 Let X be a nonempty set. A cubic set A and B is defined as A = {[0.3, 0.5], 0.4} and
B = {[0.4, 0.6], 0.5} then * property as A" = {[0.3, 0.5], 0.5} and B* = {[0.4, 0.6], 0.4}. Then,
AA* ={[0.3,0.5], 0.5}, (AA")" ={[0.5,0.7], 0.5} and
A*A ={[0.3,0.5], 0.5}, (A*A) = {[0.5,0.7], 0.5}
Hence, C(A)° = { A" | (AA" ) = (A A) }.
Remark: 1.11 C(A) = C(A°) for any A. For example, Let X be a nonempty set. A cubic set A and B is
defined as A = {[0.3, 0.5], 0.4} and B = {[0.4, 0.6], 0.5} then * property as A" = {[0.3, 0.5], 0.5} and
B* ={[0.4, 0.6], 0.4}. Then,
C(A) = {[0.3,0.5], 0.5},
C(A)¢ ={[0.5,0.7], 0.5}.
Hence, C(A) = C(A)°.
Definition: 1.12 Let A =< A, A>and B = < B, u> be cubic sets. Then A* = <A, u>and B* =<B, A> is
defined to be a cubic sets A*={< x, A°(X), 1- U(X)>| X € X } and B*={< x, B*(X), 1- A(X)>| X € X } where
A¢(X) = [1- AT(x), 1- A~ (x)] and B¢(x) = [1- B*(X), 1- B~ (X)].
Result: 1.13 Forany A, (C(A))° = C(A)".
Theorem: 1.14 Let A and B be two cubic sets in X. Then A* and B* be also two cubic sets in X. If its
satisfying the following conditions:
(1) C(A) U C(B) = C(B) iff C(A) < C(B).
(2) C(A) N C(B) =C(A) iff C(A) < C(B).
(3) C(A) U €C(B) =C(A) iff C(A) D C(B).
(4) C(A) N C(B) =C(B) iff C(A) D C(B).
Proof:
(1) Letx € C(A). Thenx € C(A) U C(B) =C(B).
Hence C(A) < C(B).
Conversely, let (A) < C(B).
Letx € C(A) U C(B).
Since, (A) € C(B), X € C(A) = x € C(B).
Thusx € C(A) U C(B) = X € C(B).
Hence C(A) U C(B) < C(B).
C(B) < C(A) U C(B) is always true.
Therefore C(A) U C(B) = C(B).
(2) Letx € C(B). Thenx € C(A) M C(B) =C(A).
Hence C(A) < C(B).
Conversely, let (A) < C(B).
Letx € C(A) N C(B).
Since, (A) € C(B),x € C(A) = X € C(B).
Thusx € C(A) U C(B) = x € C(A).
Hence C(A) NC(B) < C(A).
C(A) < C(A) MC(B) is always true.
Therefore C(A) M C(B) = C(A).
(3) Letx € C(B). Thenx € C(A) U C(B) =C(A).
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Hence C(A) DC(B).
Conversely, let (A) DC(B).
Letx € C(A) U C(B).
Since, (A) DC(B),x € C(A) = x € C(B).
Thusx € C(A) U C(B) =X € C(A).
Hence C(A) U C(B) < C(A).
C(A) < C(A) U C(B) is always true.
Therefore C(A) U C(B) = C(A).
(4) Letx € C(A). Thenx € C(A) N C(B) =C(B).
Hence C(A) DC(B).
Conversely, let (A) DC(B).
Letx € C(A) N C(B).
Since, (A) DC(B),x € C(A) = x € C(B).
Thusx € C(A) U C(B) = X € C(A).
Hence C(A) NC(B) < C(B).
C(B) DC(A) NMC(B) is always true.
Therefore C(A) M C(B) = C(B).
Hence proved.
Theorem: 1.15 Let A and B be two cubic sets in X. Then A* and B* be also two cubic sets in X. If its
satisfying the following conditions:
(1) ¢(A) U C(B) =C(A)° iff C(A) < C(B)-.
(2) (A N CB) =C(B) iff c(A) < C(B)".
(3) C(A) U C(B) =C(B) iff c(A) D C(B)-.
4) C(A) M C(B) =C(A)° Iff C(A) D C(B)".
Proof: (1) Letx € C(B)°. Then x € C(A)° U C(B)° =C(A)".
Hence C(A)¢ < C(B)°.
Conversely, let C(A)¢ < C(B)°.
Let x € C(A)° U C(B)“.
Since, C(A)° < C(B)',x € C(A)° = x € C(B)-.
Thus X € C(A)° U C(B)° = X € C(A)".
Hence C(A) U C(B) < C(A)°.
C(A) € C(A) U C(B)* isalways true.
Therefore C(A)¢ U C(B)° = (A)° .
(2) Letx € C(A)°. Then x € C(A)* N C(B) =C(B)“.
Hence C(A)¢ < C(B)°.
Conversely, let C(A)¢ < C(B).
Let x € C(A)° N C(B)-.
Since, C(A)° < C(B), x € C(A) = x € C(B)-.
Thus x € C(A)° N C(B)° = x € C(B)“.
Hence C(A)° M C(B) < C(B)“.
C(B)° C C(A) M C(B) is always true.
Therefore C(A)¢ M C(B)° = (B)°.
(3) Letx € C(A)°. Then x € C(A)° U C(B)° =C(B)°.
Hence C(A)¢ D C(B)-.
Conversely, let C(A)¢ D C(B)C.
Let x € C(A)° U C(B)“.
Since, C(A)° D C(B)', x € C(A) = x € C(B)-.
Thus X € C(A)° U C(B)° = x € C(B)".
Hence C(A) U C(B)¢ < C(B)“.
Therefore C(A)¢ U C(B) = (B) .
(4) Letx € C(B)°. Then x € C(A)* N C(B) =C(A)°.
Hence C(A)¢ D C(B)C.
Conversely, let C(A)¢ D C(B)°.
Let x € C(A)° N C(B)“.
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Since, C(A)° D C(B)°,x € C(A)° = x € C(B)-.
Thus x € C(A)° N C(B)° = X € C(A)".
Hence C(A)¢ M C(B)¢ < C(A)°.
C(A) < C(A) M C(B)° is always true.
Therefore C(A)¢ M C(B)° = (A)° .
Hence proved.
Remark: 1.16 Union of covariance cubic set is a cubic set. Intersection of covariance cubic set is a cubic set.
Example: 1.17 Let X be a nonempty set. A cubic set A and B is defined as A = {[0.3, 0.5], 0.4} and
B = {[0.5, 0.7], 0.9} then A* = {[0.3, 0.5], 0.9} and B* = {[0.5, 0.7], 0.4}. Hence C(A) = {[0.3, 0.5], 0.9}
and C(A)° = {[0.5, 0.7],0.1}. Therefore, C(A) U C(A)¢ = {[0.5, 0.7],0.9} and C(A) N C(A)° = {[0.3,
0.5],0.1}.
Theorem: 1.18 Demorgan’s Law
For any three covariance of cubic sets C(A), C(B) and C(C) we have
(1) C(A) U (CB)N €(6)=(C(A) U C(B)) N(C(A) VU €(C)).
(2) €(A) N (C(B) U C(C))=(C(A) N C(B)) Y (C(A) N C(C)).
Proof: (1) Letx € C(A) U (C(B) A €(C)).
Thenx € C(A) orx € (C(B) ~ C(C)).
=>Xx e C(A)or(x € C(B)and x € C(C)).
=> X e C(A)orx € C(B))and (x € C(A) orx € C(C)).
=X e (C(A) UC@B))andx € (C(A) U C(O)).
=X € (C(A) U C(B)) N(C(A) U c(C)).
Hence C(A) U (C(B) n C(0)) < (C(A) U C(B)) NM(C(A) U c(©O)).
Now letx € (C(A) U C(B)) M(C(A) U €c(C)).
Thenx € (C(A) U €C(B))andx € (C(A) U C(C)).
= (x e C(A)orx € C(B))and (x € C(A) orx € C(C)).
=X e C(A)or(x € C(B)and x € C(C)).
=>Xx e C(A)orx € (C(B) U C(©)
=X € C(A) U (C(B) n C(©)).
Hence x € (C(A) U C(B)) N(C(A) U C(C)) < C(A) U (C(B) N~ c(C)).
Therefore C(A) U (C(B) ~ C(O))=(C(A) U C(B)) N(C(A U ().
(2) Letx € (A N (C(B) U c(O)).
Thenx € (A or x € (C(B) U C(C)).
=>x e C(Aand (x € C(B)or x € C(O)).
=>Xe (Aand x € C(B))or (x € C(A and x € C(C)).
=>X € (C(A N CB)or x e (C(A n C(0)).
=>X € (C(A N CB) Y (C(A n ).
Hence C(cA) N (€(B) U C(0)) € (C(A n C(B) Y (C(A n C(0)).
Nowletx € (C(A ~ C(B)) U (C(A n €(&)).
Thenx € (C(A ~ C(B))andx € (C(A ~ C(O)).
= xe C(Aand x € C(B))or (x e (A and x € C(O)).
=>x e C(Aand (x € C(B)or x € C(O)).
=>x e C(Aand x € (C(B) U c(C)
=>Xx e C(A N (C(B) U (o).
Hencex € (C(A N C(B) VU (C(A n () € C(A n (C(B) v c(O)).
Therefore (A ~ (C(B) U () =(C(A N C(B) U (C(A n C(0)).
Hence proved.
Definition: 1.19 Given cubic set 4 this exists cubic set Z such that (BAB°)¢ = BA B, then & is called
met covariance under C(A). i.e,
C(A={B| (BAB) + BA B}
Example: 1.20 Let .#={[0.3,0.5],0.4} and Z = {[0.4,0.6],0.5} be a cubic sets. Let .# = {[0.3,0.5],0.5} and
B = {[0.4,0.6],0.4} be also a cubic sets. Then # = {[0.5,0.7],0.6}, B = {[0.4,0.6],0.5}, A4° =
{[0.5,0.7],0.5} and #*“ = {[0.4,0.6],0.6} be a cubic sets. Therefore,
(BAB ) + BA B
Example: 1.21 Let .#={[0.2,0.5],0.9} and B = {[0.3,0.7],0.8} be a cubic sets. Let .# = {[0.2,0.5],0.8} and
B ={[0.3,0.7],0.9} be also a cubic sets. Then «# = {[0.5,0.8],0.1}, & = {[0.3,0.7],0.2}, «#¢ = {][0.5,0.7],0.2}
and Z*“ ={]0.3,0.7],0.1} be a cubic sets. Therefore,
(BAB ) = BA B°
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Definition: 1.22 Let .#and 2 be a cubic sets. Also «# and Z" be a cubic sets. Then we define a form of
structure ,
G (A4 = {Z | Z commutes with Z4 and A4 A4}
Therefore, ZAA = AA B and BA A= A AB.
Example: 1.23 Let .#= {[0.2,0.5],0.9} and Z = {[0.3,0.7], 0.8} be a cubic sets. Let .# = {][0.2,0.5], 0.8} and
B ={[0.3,0.7],0.9} be also a cubic sets. Then .# = {[0.5,0.8],0.1}, Z#° = {[0.3,0.7],0.2}, .#¢ = {][0.5,0.7],0.2}
and #*“ ={]0.3,0.7],0.1} be a cubic sets. Therefore,
BAA = AA B = {[0.2,0.5],0.8} = {[0.2,0.5],0.8},
BA A= A AL = {[0.2,05],0.8} = {[0.2,0.5],0.8}
Example: 1.24 Let .= {[0.3,0.5],0.4} and Z = {[0.4,0.6], 0.5} be a cubic sets. Let .# = {[0.3,0.5], 0.5} and
B ={[0.4,0.6],0.4} be also a cubic sets. Then «# = {[0.5,0.7],0.6}, Z° = {[0.4,0.6],0.5}, «#¢ = {][0.5,0.7],0.5}
and Z* = {[0.4,0.6],0.6} be a cubic sets. Therefore,
BAA = AA B = {[0.3,0.5],0.4} = {[0.3,0.5],0.4},
BA A= A AB = {[0.3,0.5],0.5} = {]0.3,0.5],0.4}
Definition: 1.25 Let .#and 2 be a cubic sets. Also «# and Z* be a cubic sets. Then we define a form of
structure,
G (A ) ={ B| Zcommutes with (44 )¢ and (A A° }.
Therefore, B (A4 )¢ = (AA ) Band B (A A = (A A° B.
Example: 1.26 Let .= {[0.2,0.5],0.9} and Z = {[0.3,0.7], 0.8} be a cubic sets. Let .# = {][0.2,0.5], 0.8} and
B ={][0.3,0.7],0.9} be also a cubic sets. Then .# = {[0.5,0.8],0.1}, Z° = {[0.3,0.7],0.2}, .#¢ = {][0.5,0.7],0.2}
and Z*“ ={[0.3,0.7],0.1} be a cubic sets. Therefore,
B (AA ) = (AA" ) B = {[0.7,0.8],0.8} = {[0.7,0.8],0.8},
B(AA = (AA° B={[0.7,0.8],0.8} = {[0.7,0.8],0.8}
Example: 1.27 Let .= {[0.3,0.5],0.4} and #Z = {[0.4,0.6], 0.5} be a cubic sets. Let .# = {[0.3,0.5], 0.5} and
B ={[0.4,0.6],0.4} be also a cubic sets. Then «# = {[0.5,0.7],0.6}, Z° = {[0.4,0.6],0.5}, .#¢ = {][0.5,0.7],0.5}
and Z*“ = {[0.4,0.6],0.6} be a cubic sets. Therefore,
B(AA ) =(AA* ) B = {[0.5,0.7],0.5} = {]0.5,0.7],0.5},
B(AA = (AA° = {[050.7],05} = {[0.5,0.7],0.5}
Definition: 1.28 Let X be a nonempty set. Let .#and Z be a cubic sets of X. Also «# and Z* be a cubic sets of
X. Then we define a form of structure,
Q) 7(AD=AX| AAA(X)=A (x),x € X}Iif A<p.
2) R(A={X| AAA(X)=A(X),x € X}if AL>L
Remark: 1.29 7(c4) = R(A) when A = L.
Example: 1.30 Let .Zand 2 be a cubic sets in X. Also <4 and Z* be a cubic sets in X. If A (x) =[0.3,0.5],
A(X)=0.4,B(x)=[0.4,0.6]and p (x) =0.5. Then 7(A) ={ X| AA A(X)=A (X), X € X}if L<p.
Example: 1.31 Let .Zand 2 be a cubic sets in X. Also <4 and Z* be a cubic sets in X. If A (x) =[0.2,0.5],
A(X)=0.9, B (x)=[0.3,0.7]7and p (x) = 0.8. Then R(A) = {X| AA A(X)=A(X),x € X}if AL>.
Definition: 1.32 Let X be a nonempty set. Let .#and Z be a cubic sets of X. Also «# and Z* be a cubic sets of
X. Then we define a form of structure,
Q) 7(A° ={X| (AA A (X)=A° (x),x € X}if A<L.
(2) R(A = {X| (AAA (X)=A (X),x € X}if A>p.
Example: 1.33 Let .Zand 2 be a cubic sets in X. Also <4 and Z* be a cubic sets in X. If A (x) =[0.3,0.5],
A (X)=0.4,B(x) =[0.4,0.6] and p (x) = 0.5. Then 7(A¢ ={X| (AA A (X)=A° (X),x € X}if A<
Example: 1.34 Let .#and 2 be a cubic sets in X. Also «# and B* be a cubic sets in X. If A (x) =[0.2,0.5],
A(X)=0.9, B (x)=[0.3,0.7]and p (x) =0.8. Then R(A° = {X| (AA A (X)=A (X),x € X}if A>.
Theorem: 1.35 Let #Z=< A, A>and B =< B, > be a cubsic set in X. Also let & =< A, u>, B*=< B, A>
be a cubic setin X . If 7(4) isan ICS, then 7 (4 isan ICS.
Proof: Since «Z= < A, A>isan ICS in X, we have 4~ (x) < Mx) <41 (x) forall x e X. This implies that
1-4%(X) < 1-M(X) < 1- 47(X). Since & =< A, pu>isan ICS in X, we have 4~ ()< u(x) <47 (x) forallx e
X. This implies that 1- 4%(x) < 1-u(x) < 1- 47(x). By using the definition 7(c4A¢ = { X| (A4 A° (X) = A*
(x),x € X} Hence 7(A4¢ isan ICSin X.
Theorem: 1.36 Let # =< A, A>and «4#=<B, pu> be a cubic setin X. Also let & =< A, p>, B*=<B, A>
be a cubic setin X. If 7(c4) isan ECS, then 7(c4“ isan ECS.
Proof: Since «#= < A, A>isan ECS in X, we have A(x) g (4~ (r), A" (x)) forall x e X. This implies that
1-0(x) ¢ (1-41(X) , 1- 47(X)).Since 2 = < A, P> is an ECS in X, we have u(x) e (4~ (x), 4% (x)) forall
x e X. This implies that 1-pu(x) & (1-4™(x) , 1- 47(x)). By using the definition, 7 (c4)¢ = { X| (A4 A° (X) =
A (x),x € X}Hence 7(A* isanECS.
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Theorem: 1.37 Let #=< A, A>and B =< B, pu> be a cubsic set in X. Also let .2 =< A, p>, B*=< B, A>
be a cubicsetin X. If #(4) isan ICS, then 2(4° isan ICS.
Proof: Since «#= < A, A>isan ICS in X, we have 4~ (x) < Mx) < 4*(x) forall x e X. This implies that
1-A4%(X) < 1-M(X) < 1- 47(X). Since o =< A, u>isan ICSin X, we have 4~ (x)< p(x)< A1 (x) forall x e
X. This implies that 1- 4™ (x) < 1-u(x) < 1- 47(x). By using the definition R(c4)¢ = {X| (AA A (X)= A
(x),x € X}. Hence R(A¢ isanICSin X.
Theorem: 1.38 Let #Z =< A, A>and £=<B, yu> be a cubic set in X. Also let & =< A, u>, B*=<B, A>
be acubicsetin X. If (<4 isanECS, then 2(c4¢ isan ECS.
Proof: Since «#= < A, A>isan ECS in X, we have A(x) g (4~ (x), 4" (x)) forall x e X. This implies that
1-M(x) ¢ (1-41(X) , 1- A7 (X)). Since «2 = < A, u>isan ECS in X, we have u(x) g (4~ (r), 47 (x)) forall
X € X. This implies that 1-pu(x) ¢ (1-4*(x) , 1- 47(x)). By using the definition, R(c4¢ = {X| (44 A° (X) =
A (x),x € X} Hence R(A* isanECS.
Theorem: 1.39 Let #= <A, A>and B =< B, pu> be a cubsic setin X. Also let .2 =< A, p>, B*=<B, A> be
acubicsetin X. Then (7(c4A°)¢ = T(A.
Proof: Let 7(cA)¢ = {X| (AA A (X)=A° (x),x € X}
(7 (A ={x|(AA A" (X)) = (A (X)), xeX}
={x|((1- 47(x), 1- 47(x))° = ((1- A7(x), 1- 47 (x))°, x € X}
={X[ (A7), 47(x) = (47 (x), 47()), x € X}
=X AAA(X)=A (X),x € X}
(7 (A ) = T(A.
Theorem: 1.40 Let #Z=< A, A>and B =< B, u> be a cubsic set in X. Also let & =< A, u>, B*=<B, A> be
acubic setin X . Then (R(A° )¢ = R(A).
Proof: Let R(A)¢ = {X| (AA A (X)=A (X),Xx € X}
(R(A) ={x| (A2 A (X)) = (A (X)), xeX}
={x|((1- 4709, 1- 47(x))° = ((1- 47(x), 1- 47 (X)), x € X}
={x[(47(x), 47 (¥) = (47(x), 47(x)), x € X}
={X AAA(X)=A(X), X € X}
(R(A) = R(A.
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