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On a General Method of Solving Partial Differential Equations.
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[Read February 14, 1878.]

It is well known that the general method of solving a partial
differential equation of the first order consists in forming n equations,
including the given one, such as to render

dz— pldxl —...— pndxH = 0 (a)
an integrable equation. These equations are found by solving certain
partial differential equations usually written, for short,

[^,^]=0 (6).
The object of the following paper is to deduce a system equivalent

to (6) directly from the conditions of integrability of (a). Such a
system is, in fact, obtained, and precisely the same form of equation
serves to integrate equation's of the higher orders.

It is shown that only one system of the kind just mentioned has to
be integrated in order to get a final integral of an equation or system
of equations, although some of them may be of an order higher than
the first.

When we have to deal with equations of the second or higher orders,
we find it necessary to solve a second set of auxiliary equations which
have no analogue in the theory of equations of the first order. One
system of this kind must be solved before passing to the first integral,
another before we can get a second integral, and so on. No such
system has to be solved before passing from the penultimate integral
to the solution. -



1877.] Solving Partial Differential Equations. . .77

I have thought it desirable to prove tbat, in the case of equations of
the first order, the 6ystem of auxiliary equations of which use is made
in this paper, is completely equivalent to the Rystem (6) commonly
employed. But I have not succeeded in effecting a similar transforma-
tion in the case of equations of the second and higher orders, though
such transformations are no doubt possible, and would be of the utmost
practical value.

It may be added that the results are applicable to systems of simul-
taneous equations of the same or different orders.

Equations of the First Order.
1. Let z be a function of -Xx ... a;,,; viz., suppose there is a relation

t(x,xl...xn\=0 (1);

then,writing^ for •=-, we have

These equations give, without difficulty,

which, being independent of the form of 0, must be satisfied whatever
<p may be. Moreover they give

d<p
r£ (dz —ptdxx—...—pndxn) — dtp,

an exact differential.
Conversely, if (2) .be satisfied, Pi-..pn are the derivatives with

respect to xx... xn of a function z defined by some equation of the form
(1). For (2) are just sufficient to ensure that

dz-pldxl — ...-pndxn = O (3)

should be integrable ; viz., that the expression on the left, when multi-
plied by a certain integrating factor, should become an exact differential.
Any integral of (3) will be an equation of the form (1) consistent with
the given forms of p.

2. Suppose now that JJ, ... pn, instead of being given as functions of z,
as,... «„, are given by n equations of the form

Fi(Pi --Pn, 2, »! . . .«„) —ait (i = 1 . . . n) (4 ) ,

where a< is a. constant separated from Ft for convenience. We seek
the relations between Ft which are necessary and sufficient to ensure
the existence of an equation (1) consistent with them.

Let I represent any one of the «-f l quantities z, a,... xH. Then we
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have n equations of the form
dF\ dpx dF, dp dI\ = Q

dPl ' d^^'^dp* ' # x <2£
The differential coefficients which form the second factors of the terms
in these equations are obtained on the supposition that px ...pn are by
means of (4) expressed as functions of z, â  ... xH. From these equa-
tions eliminate every -ff except -&'. Thus, using Donkin's notation,

w e g e f c d ( ) " di d(Pl ..i...Pn) •

We assume that d(Fx...Fn)
d(px...pn)

does not vanish; for, if it did, (4) would not define j?, ...pH. Sub-
stituting in (2), we obtain

Fn)1...Fi...Fn) d(F,...F{ Fn)
h. . . a, ••:..?„) Fl d(px...z...p.)

.F,...Fn)
a ' p ) Pl

If, for convenience, we indicate -r- + P(-~ by -^, these equations
dz{ dz ax,

may be written
... Fj ... Fn) _ d (F,... F}... FH) ( 5 )

'Or again, if we represent the Jacobian formed from

by substituting Xi for pi% by the symbol

i I
then (5) may be written

The equations (5) or (6) are the conditions we seek ; for they simply
express that, when (4) are solved for pl .. pM the values of px ... pH

satisfy the equations (2) which are both necessary and sufficient to
ensure the existence of an integral (L).

3. The equations (5), (6) may be put in another form. The trans-
formation is easily effected by the use of the identity

dJI±^lr) d(Fx...Fu) *?d(Fx...Fr)
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where the fh term on the right is formed from the term on the left by
transposing i?r, £,: and r is not greater than n. To establish (7) we
notice that

dJF d(F,...Fn) J-J
dr, ' < * ( * , . . . * „ ) i - i d i } ' d U i . . . i f ...

.Fn) y ( ydf
«* ( * •

« * ( * . £ . . . « . ) '
and this vanishes when F is any one of the quantities Fl ... FH. Now,
bringing the right-hand member of (7) to the left side, and partially
expanding the first factor of each term, we may write it

Fr.,) (dF, d(Fx...FH) _ > J OF, d(Fl...Fi...'Fn)
. . Vr-i) ' ldt)r' d ( $ i . . . £„) j - i d£j ' d ( i , . . . i / r . . . i n )

L ^y

+ &c. = 0 (8).

But the second factor of each line has just been proved to vanish pro-
vided Fx... Fr are any r of Fx ... Fn; this being implied in the condi-
tion that r is not greater than w, the truth of (8) or (7) is manifest.

If If should be identical with any of the r— 1 quantities i;, ... i/r_i,

theJacobian
1 " F"U f ?

Vr-U

vanishes identically; and the corresponding term in (7) disappears.
Hence the summation in (7) need only be extended to those quantities
£i ... £,„ which do not appear amongst the r—1 quantities î  ... »?r_i.

4. Multiply (6) by d}?* Fl}. The result may be written
d(pp)

d(Fk,Ft) \i\ { d(Ft,F,) = 0.

Sum the results obtained by giving t, j all values from 1 to n inclusive.
It is clear that the sums derived fjrom the two terms will be identical;
so that we may confine our attention to one of the terms—say the
first. The summation with respect to i gives
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Then, summing with respect to/ ,

P*) >•' d(xJ>Z>j)

Now, if all the equations (6) are satisfied, this sum must vanish; but
the first factor cannot vanish, so that

These equations will be indicated as usual by the notation

[*•* *•,] = <> (10).

5. It has been proved that the system (9) is a consequence of (5).
To prove the complete equivalence of these systems, it is still necessary
to show that (5) is a consequence of (9). For this purpose, multiply
(9) by the Jacobian formed from

d(Pi.»-P»Y
by omitting Fki F, (k < I) and two p's—say pK, px. Give the product a
positive or negative sign according as k + l is odd or even. Then sum
the results for &, I = 1 ... «, ic,\ being the same throughout. Call the
result 2A. Consider the sum derived from a single tei-m of (9), say

j
d (ty

This is
J^J d(F>...Fn) d(FvF9)^d(Fm.FA...F.) ,
d &, PJ) ' d(p,...pH) d (»„ pj) ' d(px... pH)

where pKt px are supposed to be omitted in the range pl ... pn. Now
this determinant vanishes identically if two constituents of the denomi-
nator are the same; that is, unless/ is either «: or X. Hence

L , d
d {xd {<x.t,ptypl ...pn) d {xx% p M p l ... p H )

_ d_(F, ... Fn) d(F_r...FH)
d{xm,p«Pi..-pn) * d(pM xx,px ... pH)'

Now in each determinant place the second constituent of the denomi-
nator (pM or &*) under F, and the first under Fx: which changes will
clearly produce the same change of sign in each determinant. Thus

d(pl...asm...pH)
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But if (9) be true, 2^ vanishes for all values of K, X from 1 to n inclu-
sive, so that this last result is simply (5). Hence (9), (5)—and there-
fore (2)—are completely equivalent.

6. The application of these results to the integration of a system of
equations of the first order is easy. ' It may be possible from a given
system to eliminate Pi ...pn so as to get one or more relations between
2, a?j... a;,,. These cannot be regarded as integrals; and we shall sup-
pose the system freed from such irrelevant members by suitable trans-
formations. The reduced system consists of not more than n equations—
say the number is r. These r equations may be put in the place of
Fl ... Fr in (4), and we have to find Frrl ... Fn so as to satisfy (5) or
(9). This, in general, implies the solution of linear partial differential
equations, the theory of which is well known. But in some cases, as
Prof. Nanson has observed,* it is possible to find some of the unknown
functions F without integration. We have in fact, using the system
(9), certain relations

[*,*}] = 0 ( i , / = l . . . r )

between known functions. Now these relations may be satisfied identi-
cally, or in virtue of the given system ; or they may be new equations
which must be satisfied if there be any integral to the system. If in
this way, or otherwise, we determine J'V+i ... FM such that (10) are all
satisfied, the values of px ... pn derived from the complete system will
render the equation

dz —pldxl — — pndxlt = 0 (3)

integrable, and the integral will bo a solution of the given system. If
we can find all the solutions of (10), then we can find nil the solutions
of the given system ; and there is no solution to tho system when there
is no solution of (10).

The number of arbitrary constants in tho solution is generally
n—r+1. For each of the n — r functions I(1

r+1 ... Fnt being determined
from its differential coefficieiits, involves one constant, and there is a
constant of integration from (y). If, however, any of Fr +i . . . Fn are
determined without integration, as above, the number of arbitrary
constants is reduced.

These results agree substantially with thoso given by Prof. Nanson
in his paper cited above, though the form, and the manuer of obtaining
them, are somewhat different.

• On tho Theory of tho Solution of a System of Simultaneous Non-linear Partial
Differential Equations of tho First Order, i'roc. K. S., Vol. xsiv. j \ 337. [This theory
docs not upprnr to bo essontially different from that previously givon by Dour. Soo
Mansion, " Theorio dos equations aux dcriveos partiolles du premier ordro," {} 21, 2±]

VOL. IX.—NO. 129. G
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Equations of the Second Order,
7. In discussing equations of the second order, we shall start from

the results obtained in the former part of this paper. It has been
proved, it will be remembered, that the existence of an integral

0 (z, xx... zn) = 0 (1)

requires that the first differential coefficients of ss should satisfy n equa-

tions Fi(pl...pwz,xx...xn)=ai (4)

such that *«~*« •••*•) = ffi - f t .-*.)
d (px ... x} ... pn) d (JJX ... Xi ... pn)

Differentiating (4) with respect to xif and writing stf for
Cl

. ( 5 ) .

, we

px dpn dz dx{

From the n equations formed by putting j = 1, 2, ... n in turn,
eliminate every 8 but *„-. The result is

d(Fl...Fu)s =

... z ... pH) '

If we put
r_d(Fi...Fi...Fn).d(F,...Fn)'

0 d (Pl ... Xi ... pn) ' d (p1 ... pn)

we may write this result
Si^-Xij-piZj

In the same notation (5) may be written

(12).

(13),
so that 8ji = «y, as it should.

8. The equations

d(F,Fl...F,,) = Q d(F,Fl...FH) = Q

d(xit pt ... pn) * d (z, px ... pn) '
are identically satisfied when F is any one of the quantities 2^ ... FH.
Expanding them, and substituting from (11), we get them in the form

-dF Y dF Y dF__n
x X 0

S5?-* ?-...-*? = 0.— dz dpx dpn

Giving i all values from 1 to », we have a system of n + \ indcpen-
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dent equations, having 2n+ l independent variables, and n common
solutions, JF\ ... Fn. This implies the conditions

A X - A K I <">
A Xik = A, At J

for all values of i,j, k from 1 to n. Also, these conditions being satis-
fied, the n solutions are the integrals of the integrable system,

dfi+Xudx^...+Xnidxn+Zidz = 0 (» = l . . . n ) (15).

If in this equation we write p^dx^... +pndxa for dz [which is per-
missible, because we have assumed (5) or (13) to hold good], and
reduce by means of (12), the system (15) takes the form

dpi—sudxl —...— snidxn = 0 (16).

9. We may also express (14) in terms of s^ &c. Observe that, in
virtue of the definition of A,-, A, taking account of (12), we have

/ +2hr +•„ j - +... +*,,./-;xt dz dpl dpn

and, whatever u may be,

A pj u = p) A M — Zj, u.

With the help of these relations it is oasy to verify that

jk+pjZk) = (Aj+pA) (Xa+pi(
that is,

\dxi dz dpl dp,J

This may be written $ ? = >!- (17),

if we take these differential coefficients to imply differentiation with
respect to x, not only as it occurs explicitly in s, but also as involved
in z and the first differential coefficients of z.

10. It has been shown that (17) are necessaiy consequences of the

existence of an integral ^ (z, a:, ... xr) = 0.

We shall now investigate how far these conditions are sufficient to
ensure the existence of an integral and to enable us to find it. The
first step in the discussion will be to show that, when (17) are satisfied,

the equations dpi—sudjrl — ...—fuid.va = Q (t = 1 . . . n) (18)
a 2
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are an integrable system. But it is obvious that in the form (18) this
cannot be true, save under certain conditions; for the coefficients of the
equations involve z, while the differential dz does not occur anywhere.
That (18) in their present form should be an integrable system, it is
necessary that each s should be free from z. But the results of Arts. 7—9
suggest the procedure to be adopted when the s's do involve z.

11. Assume 8(i=:—Xii—piZj = —Xji—pjZi = 8ji (19),

and write A,- = -= X(l ... - XiH — ,
dXi dpl dpn

£,= « -Zl f-...-Za-^;
dz dpl dpn

BO that (17) may be written

= (*j+pA) (Xa + PiZ*) (20).
Here Xijt Zh &o. are only defined by (19). If wo determine Z, then

every X is given, and vice versa. Wo adopt the former course, and
suppose that Zx ... Zn are determined by the equations

p p 0 (21),
dxj dz dpl djpH

or, as it may be written,

( A ^ A ) Z{ = A(XJi+pjZi) + ZiZj (22).
Of these equations we shall have to say a few words hereafter

(Art. 15). For the present we suppose that Zl ... Zn are determined
by their help ; (21) involving, besides Zx ... Zn, only quantities given.

Now (22) gives on reduction

AjZ{ = *XJ{ (23) ;

and in virtuo of this (20) reduces to

A,X>t = A,.X« , (24),
as may easily be seen by expanding it so that the A's act only on the
X's and Z\; and then reducing it by the help of (23) and (19).

The relations (23), (24) show that, whatever u may be,

u = j k '

For, taking the first of these, consider the coefficients of —. They

are — AfXjt and — A,-X« respectively, and by (24) are equal. Again,

the coefficient of -—— on each side is XikXu + XjkXu. Honco the two
dpk dpi

sides are equal term to term. Similarly for the second of (25).
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12. Form the n-f-1 equations,
AF = 0, A , F = 0 (t = l . . . n ) (26),

having 2w + l independent variables. Since (25) are true, these equa-
tions have the maximum number (n) of common solutions. If we write
for A, A, their forms, given at the beginning of Art. 11, it is clear that
the n solutions of (26) are to be found by integrating the system of
ordinary differential equations)

dpi+Xlidxl+...+Xnidxn + 2idz = 0 (27).

These n equations Form an integrable system. We do not say that
any equation of the system is an exact differential, or is even integrable ;
but that from the system we can form, by suitable combinations, n in-
dependent exact differential equations. For, if not, (26) would have
less than n common solutions ; that is, (25) would not be true.

This system. (27) it is which must take the place of (18); and it will
bo noticed that the difficulty which was found in employing (18) is now
entirely removed.

13. Let the n common solutions of (26), or the n integrals of (27),
be indicated by

Fi(Pi ••• JP«, z» *i •• • *») = ai (» = 1 . . . » ) ( 2 8 ) .

The general solution of (26) is

<p(Fu ... JFn)=O,

where <p is arbitrary. If from this by differentiation we eliminate ^,
we reproduce the equations (26) ; and comparison of coefficients gives

, _ d(Fl...Ft...FH) .d(F1...Fn)~)at once Xji = -7V-1 ^ : 7 ^ ^
d (Pl . . . xj . . . Pll) d (Px ...pn) 1

~d(pi ••• 2 ••• Pn) ' d ^ ...p,)\z

Hence (19) becomes

^F^FJ d(Fl...FJ...Fn)
x ... x{ ...pn) 'cZ(2>, ... z ... pu)

d(2h - . «/ ... Pn) J<i(lh ••• » ••• Pn)'

But these are precisely the conditions which are neccssaiy and suffi-
cient to ensure that the values of px ... pn derived from (28) are such

as to render dz—pi(fxt—... —pndxn = 0

integrable.
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14. The results obtained may be summed up thus :—Let sM ... «y ... 8nn

be given as functions of a:,... «„, z,pl... pn} such that

dxt • dxj

Determine Zl... Zn from the n* equations

dZf,dsij_~ ^f»_ _v !lHii
dxj dz 1 dpt '" ndp,

and Xji from the equations

Then the system

dpt+Xudxl + ...+Xnidain+Ztdg=:O (27)

is infegrable; and the values of px ...pn determined from the n integrals
of this system are such as to make

dz—p1diel —... —pndaH = 0 (3)

integrable. Any integral of this equation is a solution of the given
system.

15. We revert for a moment to the consideration of the system (21)
by means of which Zx ... Zn are determined. This system, consisting
of n1 equations, involves n dependent variables, and 2»4-l independent
variables. Now it may very well be that the system does not always
admit of being satisfied by any values of Zx... Zn ; in other words,
these equations may not be consistent unless certain conditions are
fulfilled which are not implied in (17). It will then be well to point
out that such conditions, should they exist, are necessary conditions
for the existence of a solution of the proposed system of equations, and
have not been introduced by any arbitrary procedure peculiar to the
method of this paper. The results of Ai't. 13 show that the X, Z of
Arts. 11—14 are actually identical with the X, Z of Arts. 7—9; and,
therefore, that the A, A, of these Articles are also the same. Now the
equation (21) written in the form

(22),

or
is simply one of the equations (14). But (14) have been proved to be
a consequence of the existence of an integral. Hence the equations
(21) must be satisfied if there be any integral; and if there be no
solutions of (21), neither can there any integral corresponding to the
given values of en ... 8tj... «„„.

It may be desirable to show how.to obtain an equation for each of
the quantities Zu ... Zn freed from all the others. This may be done
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by writing (21) in the form

dz * dp{
 l dpx \dpj I * dp»

In this give,; all values from 1 to n inclusive; and from the n equa-
tions thus formed eliminate every Z but Zt. The result will be a
partial differential equation of the first order for Zt which is liriear in
the differential coefficients of Zt.

It will be observed that in (21) all the terms save the first are
symmetrical with respect to i, j . Hence we get

dZt _ dZj
dxj dxf

equations which are equivalent to

Z - —
dxt

Hence it appears that the problem of finding Zx, ... Zn is reducible to
the problem of finding one quantity only. In fact, I have not found
any advantage resulting from this remark; but it may possibly be of
value in considering the theory of equations of higher orders.

16. In the preceding paragraphs it has been supposed that
8U ... By... 8nn have been given in terms of px ...pnt z, xx... xn. Let us
now take the more general case in which these functions are given by

^ ^ ' equations of the form
61

•Ei) \8l\ ••• 8*t •'• "»"» jP 1 •' • P ' » Z » Xl •" Xn) — U 0 \ o v / '

It is required to find the relations between Ftj which are equivalent to
the conditions (17). This necessitates a transformation exactly like
that of Art. 2, and the result is

d(Fxx...Fik...Fnn) _ d(Fu...Fik...Fnn)
d ( s u ...x{ ... snn) d (sxx ...Xj ... «„,,)

the differentiations with respect to xh xt being made on the supposition
that z,px ...pn are functions of xh Xj.

These equations may be indicated by an abbreviation similar to
that used in (6) ; viz.

jk = \ik\ (32),
* I 3 I

where the first member, for example, indicates the result of substi-
tuting Xj for 8jk in the Jacobian

d(Fn...Flk...Fnn)
d(sn...8jk...s,,lt)
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17. These results may be applied to the solution of a system of
equations of the second order in a manner similar to that employed in
Art. 6. The system may bo such that it is possible to form from it
equations between z,x1...xn] but as these caunot be regarded as
integrals, they will be neglected, and we shall suppose the system freed
from them. Again, it may be possible to get relations between
Pi ... pH, z, #! ...#„; or such equations may explicitly occnr.as members
of the system. The treatment of such cases will be noted in the next
Article ; and for the present we assume that the system comprises r

(not more than —~—^J equations from which the differential

coefficients of the second order cannot be eliminated.

We have then to find - — - — — r functions F, either by artifices
a

like those mentioned in Art. 6, or by actual integration of (31) in
some one of its forms. If this can be accomplished, nothing remains
but to solve for sn ... 8V ... />„„ from the completed system, and proceed
as in Art. 14 to the final integral. ; .

18. If any equations of the first order be included in the system; the
procedure is not essentially changed. Each such equation should be
differentiated with respect to »„ ... xn in turn; thus furnishing n equa-
tions of the second order. Of course some or all of these may be in-
cluded in the given equations of the second order. The system thus
formed is to be treated as in Art. 17, but the arbitrary constants of the
first integrals must be determined BO as to agree with the given equa-
tions of the first order.

19. As to the number of arbitrary constants. Observe that Fn ... Fnn

each involve one ai'bitrary constant (&) because each is determined
from its differential coefficients. Now suppose there are r, equations
of the first order, and r, of the second order (taking account of those
derived from the r, equations of the first order). We shall then have

constants from the system (30). We shall have
n — r,

constants, of integration, from (27) ; and one from the integration of
(3). Thus altogether there will be

n (n + 1)

arbitrary constants in the solution.
I have used the phrase "arbitrary constants" in the above passage
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and elsewhere; but without qualification this would be wrong. The
quantities indicated are not constants at all, though they include con-
stants as a particular case. They really are functions of the variables
defined by certain differential equations, which are well known when
the equations in whose solution they occur are of the first order; but
have not been determined, so far as I know, for equations of higher
orders save in special cases.

Equations of the Third and Higher Orders.

20. It would be possible, and perhaps desirable, to discuss the equa-
tion of the third order in a manner similar to that in which equations
of the second order were dealt with. But I purpose changing the
method so as to make it applicable at once to equations of higher
orders, and the remarks will be brief.

Evidently the equation

dxi dx} dxk dxi dxj dx{ dxk dx,
is identically true. Let us see what it becomes in terms of the
differential coefficients of the third order, supposed to be given in
terms of s, p} z, x. Write these differential coefficients ao», &c, the
subscripts indicating the independent variables which are concerned.
Then (33) may be written

^ l = ^ (34),
aX( aXj

where x, px... pn1 sn... snn are all regarded as functions of a?,, ay. If o
, , , , . , n (n + 1) (n+2) ,. „,. „

Bhould be given by —*—-— -̂̂  *- equations of the form
Fiik(...a ...s . . . p . . . z ... x ...) = ctf» (35) ;

then Fyk must satisfy the relations
jlcl
i

ill
3

.(36),

where the first member indicates the result of substituting x{ for ajkl iu
d(Fm...Fjkl...Fnnn)f .
d (alu ... ajk, ... amm) '

and, as before, every s, p, z is regarded as a function of a\-.

21. Suppose that we know Fm ... Fnnn. They may be given; or
some of them may be given, and the rest discovered by the integration
of some system equivalent to (36). Without distinguishing between
these cases, suppose F known, so that we can express a,*,, &c. in terms
of », p, z, x. Form the equations

dsii—aijldx1-...-aijndxn = 0 (37).
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This system must be equivalent to an integrable system if there be any
polution consistent with the values of F^. To find this equivalent
system, write

-ao . t = Xvk+piZJk+pjZkt+phZv+8ifPk+ (38),

leaving X, Z, P indeterminate. Substitute these values in (37),
and reduce by means of

pldxl+...+pndxn = dz,

slidxl + . . . + sni dxn = dpit

&c,

and we obtain a system of equations of the form

d*ii+...+Xiikdvk +... + Ziidz+PidpJ+PJdp{=:0 (39).

Let us now write down the conditions that this should be an integrable
system, and regard the equations thus obtained, combined with (38)

and with a^ = aJik = &c (39),

as equations for the determination of X, Z, P. If values can be ob-
tained, then we can find a system of first integrals ; and these in virtue
of (39) are sufficient to determine *tf so as to yield a system of second
integrals. But the determination of this second system requires a
transformation analogous to that of the present article.

If, on the other hand, the equations by which X, Z, P are to be found
should be inconsistent, we may be sure that there is no integral of the
given equations; because all the equations for X, Z, P are necessary
consequences of the existence of an integral

22. As was indicated above, these remarks are applicable at once to
equations of the mth order.

It may be permissible here to notice that, in the solution of a system
of equations of the rhP order, the number of arbitrary constants is

\m+n-2
&c. + s - ; +n + L— 2,r(1. 2 <-i

where r< is the number of independent equations of the 1th order,
counting not only those actually given, but also such as are derived by
differentiation from given equations of lower orders.


