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It is well known that the general method of solving a partial
differential equation of the first order consists in forming n equations,
including the given one, such as to render

da—pide,—...—p,dzy, = 0....oovvnriiiiinnnnnnnn, (a)

an integrable equation. These eqnatlons are found by solving certain
partml differential equations nsually written, for short,

[Foo F;] =0 viveninininiieiininnn, .. (D).

The object of the following paper is to deduce a systzm equivalent
to (b) directly from the conditions of integrability of (a). Such a
system is, in fact, obtained, and precisely the same form of equation
serves to integrate equations of the higher orders.

It is shown that only one system of the kind just mentioned has to
be integrated in order to get a final integral of an equation or system
of equations, although some of them may be of an order higher than
the first.

When we have to deal with equationsof the second or higher orders,
we find it necessary to solve a second set of auxiliary equations which
have no analogue in the theory of equations of the first order. One
system of this kind must be solved before passing to the first integral,
another before we can get a second integral, and so on. No such

system-has to be solved before passmg from the penult.lma.te 1nbeg'm1
to the solution.
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I have thought it desirable to prove that, in the case of equations of
the first order, the system of auxiliary equations of which use is made
in this paper, is completely equivalent to the system (%) commonly
employed. But I have not succeeded in effecting a similar transforma-
tion in the case of equations of the second and higher orders, though
such transformations are no doubt possible, and would be of the ntmost
practical value.

It may be added that the results are applicable to systems of simul-
taneous equations of the snme or different orders.

Equations of the First Order.
1. Let z be a function of «, ... @, ; viz., suppose there is a relation

(2, 2...2)=0 .oriiiiiirnninna, 1);.

then, writing j)‘ for ;—;, we have
; == — .(_12 R .ﬁig ) = .
o s f=1..n)
These equations give, without difficulty,

dp* _d d ..
;{’;—‘ﬂ, 2 = L p =1 ) @),

which, being independent of the form of ¢, must be satisfied whatever
¢ may be.” Moreover they give

—-‘E(dz —pdey—...—padan) = dp,

an exact differential.

Conversely, if (2) be satisfied, p,...p, are the derivatives with
respect to z, ... , of a function z defined by some equation of the form
(1). For (2) are just sufficient to ensure that ‘

dz—p,dz,—...—p,dz, = 0.. RTURURN ()

should be integrable ; viz., that the expression on the left when mult1~
plied by a certain integrating factor, should become an exact differential.
‘Any integral of (3) will be an equation of the form (1) consistent with
the given forms of p.

2. Suppose now that p, ... p,, instead of being given as functions of z,
% ... @, are given by n equations of the form

Fi(propmtsty...,) =a, C=1...0) ...c....... 4),

where a, is & constant separated from F; for convenience. We seek
the relations between F; which are necessary and sufficient to ensure
the existence of an equation (1) consistent with them.

* Let £ represent any one of the n+1 quantities 2, 2,...2,. Then we
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have n equations of the form
I ONE .
o Tttt E=S"
The differential coefficients which form the second factors of the terms

in these equations are obtained on the supposition that p, ... p, are by
means of (4) expressed as fanctions of z, @, ... z,. From these equa-

tions eliminate every ZE except —P’. Thus, using Donkin’s notation,

we get d(F..F) dp_ _d&F .. F. .. F)
d(p-pa)  dE d(p --&...p.)
We assume that d(F ... F,)
d (pl sen pn)

does not vanish ; for, if it did, (4) would not define p, ... p,. Sub-
stituting in (2), we obtain

d(F ... F...F) +P'd (F,...F;, FJ)

APy @:lopa) T A(Py... B D)

_d(F, ... F F,,)_l_p‘d(F, .. F,...F)
a (P @i pa) d(py.ea.Pn)
If, for convenience, we indicate E +p,- du by g—; , these equations
4
‘may be written
GO B B _ AR L B~ (5).
d (pl pu) d (P| pu)
‘Or again, if we represent the Jacobian _foxmed from
d(F,...F,
a(p ... pa)’
by substituting ; for p;, by the symbol
H
)
then (5) may be written
B R TS T (6).

J i

The equations (5) or (6) are the conditions we seek ; for they simply
express that, when (4) are solved for p, .. p,, the values of p, ... p,
satisfy the equations (2) which are both necessary and sufficient to

ensure the existence of an integral (1).

8. The equatwns (5), (6) may be put in another form. The trans-
formation is easily effected by the use of the identity

A(F..F) d(F,..F,) _'ya(F...F) a(F, .. F.. F)

Tonem) At o A5 A k)
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where the j*® term on the right is formed from the term on the left by
transposing #,, §: and 7 is not greater than n. To establish (7) we
notice that

dF d(F, F) 'y dF d(F, ... F;.. F,)
d(E, En) J-l dE d (51 E»)

— dF dgF, . F,) ( ), d(F, ... F,)
d(El . u) d£ d(" El Ej-l Ejol "‘Eﬂ)

_ (FF )
d(nt ... L)’

and this vanishes when F' is any one of the quantities F, ... F,. Now,
bringing the right-hand member of (7) to the left side, and partxally
expanding the first factor of each term, we may write it

d(F, ... F,.\) {il_f‘_’, d(F, ... F,) ’;J"dF, d(F, ... F;.. )}
d@m...ny) Udn, d@E . ) s df dG ..., ... ,,)

_d(F,..F, ., F) {dF.._, d(F...F,)_ 3 dF, ., d(F, FF)}
Ao oy e) U dn, " d(E . 8) i d5 7 dg..n .k
+ &o. =0...... (8).

But the second factor of each line has just been proved to vanish pro-
vided F, ... F, are any r of F, ... F,; this being implied in the condi-
tion that r is not greater than =, the truth of (8) or (7) is manifest.

If £ should be identical with any of the r—1 quantities #; ... ,.1,

d(F,... F,_,, F,)
d ('h cee Nty E,’)
vanishes identically; and the corresponding term in (7) disappears.

Hence the summation in (7) need only be extended to those quantities
§ ... &, which do not appear amongst the r—1 quantities #, ... n,_;.

the Jacobian

4. Multiply (6) by %((F};’—F')) The result may be written
d(Fy, F) | d (T, =0.
a(ps Ps) a (P p)

Sum the results obtained by giving ¢, j all values from 1 to n inclasive.
1t is clear that the sums derived fyom the two terms will be identical ;
so that we may confine our attention to one of the terms—say the
first. -The snmmation with respect to 7 gives

‘SAd(F.F) |= 5 d(B.F) d(F,..F,..F)
2 a(pi-p)’ i d(pi.p) AP o F. pn)
_4(Fn F) d(F,... F.)
d(py &) d(pr...pn)

by (7).
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Then, summing with respect to j,
d(F,...F,) 3 (F, F)
a(p, .. pn) !" d (3, )

Now, if all the equations (6) are satisfied, this sum must vanish; but
the first factor cannot vanish, so that

’3 ‘“F'" F) o 0(hyl=1 on) cooeroereenn, o).
. Zj» P J) )
These equations will be indicated as usual by the notation
[Fi F] =0 cvvveereeeeveicine e eeennn (10).

5. It has been proved that the system (9) is a consequence of (5).
To prove the complete equivalence of these systems, it is still necessary
to show that (5) is a consequence of (9). For this purpose, multiply
9 by the Jacobian formed from

d(F, ... F.)
d(p...pa)
by omitting F,, F, (k< ) and two p’s—say p,, p,. Give the product a
positive or negative sign according as k+!is odd or even. Then sum
the results for %, l=1...n, A being the same throughount. Call the
result 2,,. Consider the sum derived from a single term of (9), say
a(F,. F)
a@,p).

This is

d(FyFy) d(Fy...Fy) _d(FuF) d(FFo.F) | o

dGop) A(m 2 A p) A B

_d(F,F, F ... F)
d (‘En Pir Py --- pn) ’
where p,, p, are supposed to be omitted in the range p, ... p.. Now
this determinant vanishes identically if two constituents of the denomi-
nator are the same; that is, unless j is either x or A. Hence
_4(F.F .. F) + d(F,... F,)
d (ﬂ'—‘nPnPl Pn) . d (En PubDr - PN)
aF..F) _  d(F..F)

d(in_pnpl Pu) » d_(}’n Zup .- P»)
Now in each determinant place the second constituent of the denomi.-
nator (p, or =,) under F, and the first under F,: which changes will
clearly produce the same change of sign in each determinant. Thus
d(F,..F, ... F) d(F_.F, . .F)
d(pl E,o..py)  d(py..-%...pa)

L?Y

:’:znl -
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But if (9) be true, 2,, vanishes for all values of «, A from 1 to « inclu-
sive, so that this last result is simply (5). Hence (9), (5)—and there-
fore (2)—are completely equivalent.

6. The application of these results to the integration of a system of
equations of the first order is easy. "It may be possible from a given
system to eliminate p, ... p, 80 as to get one or more relations between
2, x, ... ®,, These cannot be regarded as integrals; and we shall sup-
pose the system freed from such irrelevant members by suitable trans-
formations. The reduced system consists of not more than » equations— -
say the number is ». These 7 equations may be put in the place of
F,... F, in (4), and we have to find F,,,... F, so as to satisfy (5) or
(9). This, in general, implies the solution of linear partial ditferential
equations, the theory of which is well known. But in some cases, as
Prof. Nanson has observed,* it is possible to find some of the unknown
functions F' without iutegration. We have in fact, using the system
(9), certain relations

[FiF]=0 (ij=1..7)

between known functions. Now these relations may be satistied identi-
cally, or in virtue of the given system ; or they may be new equations
which must be satisfied if there be any integral to the system. If in
this way, or otherwise, we determine I'.,, ... 17, such that (10) are all
satisfied, the values of p, ... p, derived from the complete system will
render the equation

dz—p,die,—...... —pude, =0 .. (3)

integrable, and the integral will be a solution of the given system. If
we can find all the solutions of (10), then we can find all the solutions
of the given system ; and there is no solution to tho system when thero
is no solution of (10). :

The number of arbitrary constants in the solution is gencrally
n—r+1. Tor each of the n —# functious F,,, ... I',, being determined
from its differential coefficients, involves one constant, and theve is a
constant of integration from (3). If, however, any of F.,,... I, are
determined without integration, as above, the nmumber of arbitrary
constants is reduced.

These results agree substantially with those given by Prof. Nanson
in his paper cited above, though the form, and the manuer of obtaining
them, are somewhat difforent.

* On tho Theory of tho Sulution of a System of Simultancons Non-lincar Partial
Differentinl Equations of the First Ovder. Proe. R. 8., Vol. xxiv. . 337. [This theory
does not appear to bo essentinlly ditferent from that previously given by Bour.  See
Mansion, ““'I'héoric des éynations anx dérivées purticlles du premier ordee,” §§ 31, 23]

VOL. 1X.—No. 129, G
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Equations of the Second Order.

7. In discussing equations of the second order, we shall start from
the results obtained in the former part of this paper. It has been
proved, it will be remembered, that the existence of an integral

P22 .. ) =0 i ¢))
requires that the first differential coeﬂiments of # should satisfy n equa-
tions Fi(Dy e Py By 21 o0e B0) =G vevnnennnncnnnnnennns (4)
such that d(F,...F...F)_d(F ..F;. F) .(5).

T ) —a Gy
Differentiating (4) with respect to ;, and writing s; for dzd’d , We

d"sl"*' +d ni+d |+gj
dp, dpa

From the % equations formed by putting j=1,2,...n in turn,
eliminate every s but s;, The result is

d(F.. Py, _ _d(F..F..F)_, d(F .. F..F)
A(pp)’ B(ptp) A p)

If we put

get

X, __d(F .. F,...F) :d(F,... F,)
d(p‘..m‘...p,.) a(p, ... Pa) veereeens (12)
7 _d(F, ... ) :d(F',... F)|[ " !
T AP B oeee D) d(p, ver Pn)

we may write this result

8y =— U_P"ZJ' €eoratest ittt isiesasantns (12)-
In the same notation (5) may be written
in+P; Z; = X.)+P.Z, ........................ (13),

so that &; =s;, as it should.

8. The equations
(R, I .. F)_, oFF. F)_,
d@opro-pn) | (o)
are identically satisfied when F is any one of the quantities F, ... F.,.
Expanding them, and substituting from (11), we get them in the form

dF
ar=%%_x e =X 52 =0,
) dz, “dp, dp,
ar=93F_ 4z 9F __ _ 7z _,

= ds % 31-3—1 - " dp,
Giving 1 all values from 1 to n, we have a system of n+1 indepen-
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dent equations, having 2n+1 indépendent variables, and n commori
solutions, F, ... F,. This implies the conditions

Aqu = Aink }
A X"‘ = A,‘ Zk

for all values of i, J» k from 1 to n. Also, these conditions being satis-
fied, the n solutions are the integrals of the integrable system,

dpit Koo, b oo+ Xpdout Zidz =0 (i=1...1) .......(15).

If in this equation we write p,da,+ ...+ p.dx, for dz [which is per-
missible, because we have assumed (5) or (13) to hold good], and
reduce by means of (12), the system (15) takes the form

dpi—sdey—...~sudz, =0 .o (16).
9. We may also express (14) in terms of s;, &c. Observe that, in
virtue of the definition of 4;, A, taking account of (12), we have

B+pA = "%"f‘}’.’% +sa "g)—l"i' +s.'ua%;;
. and, whatever « may be, '
Apiu = p;&u—X;u,
Apiu=p;Au—17;u
With the help of these relations it is easy to verify that

(Ai+p8) (Xt piZ) = (8+ p8) (Xat+piZ,),

that is,
d d d d
(ZZ:‘;‘-I-}‘).-&;"*-S“‘};“F...+$5,._@;) S
=(84,9,, ¢ LAY
— (d‘cj+pldz+‘5lldl)l+---+54n‘,}'n) S
This may be written B B i, Q7
: : ds;, 4 ) ?

if we take these differential coefficients to imply differentiation with
respect to @, not only as it occurs explicitly in s, but also as involved
in # and the first differential coefficients of z.

10. It has been shown that (17) are necessary consequences of the
existence of an integral ¢ (=, 2, ... #,) = 0.

We shall now investigate how far these conditions are sufficient to
ensure the existence of an integral and to enable us to find it. The
first step in the discussion will be to show that, when (17) are satisfied,

the equations dpi—siidae,—...—&ide, =0 (i=1...0) ... ..(18)
G2
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are an integrable system. But it is obvious that in the form (18) this
cannot be true, save under certain conditions ; for the coefficients of the
equations involve z, while the differential dz does not occur anywhere.
That (18) in their present form should be an integrable system, it is
necessary that each s should be free from 2. But the results of Arts. 7—9
suggest the procedure to be adopted when the s’s do involve 2.

11, Assume sy=—Xy—p:Z=—X;i—0;Z; = 8i .c.cevveennn 19),
; =4_x 4 _ _x 9
and write A= o, X ap, oo — X .’
A=d d Z”i_

=?l;_ Zl (-ZE—...—
o that (17) may be written
(Dt 2A) (Xn+ pi %) = (B;+ pA) (XA pie) .o (20).

Here X;;, Z;, &c. are only defined by (19). If we determine Z, then
every X is given, and vice versq. Weo adopt the former course, and
suppose that Z, ... Z, are dotermined by the equations

dZ.' _(_'ls,"_ éﬁ; - ds," _ —
7z, + d; Z, dp, Z, d-;;: ZZ; =0 .covvun.en (a1),
or, as it may be written,
(A,"l'P)A) Z.' =A (l’,."l']’,Zi) +Z,Z, ................ (22).

Of these equations we shall have to say a few words bereafter
(Art. 15). For the present we suppose that Z, ... Z, are determined
by their help ; (21) involving, besides Z, ... Z,, only quantities given.

Now (22) gives on reduction

AjZ,' = AXJ. ...................................... (23) H
and in virtue of this (20) reduces to
AXp=AXy .virerne. evreeerieseenenrenns 24),

as may easily be scen by expanding it so that the A’s act only on the
X’s and Z’s; and then reducing it by the help of (23) and (19).
The relations (23), (24) show that, whatever 4 may be,

POyl S—— (25).
For, taking the first of these, consider the coefficients of %{ They
are —A,X; and —A; X, respectively, and by (24) are equal, Again,
the coefficient of b f;'zpl on cuch sido iv XX+ X; X;. Honco the two
sides are equal term to term.  Similavly for' the sccond of (25).
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12. Form the n-+1 equations,
AF =0, AF=0 (t=1..%) e (26),

baving 2n+1 independent variables. Since (25) are true, these equa.
tions have the maximum number (n) of cornmon solutions. If we write
for A, A, their forms, given at the beginning of Art. 11, it is clear that
the n solutions of (26) are to be found by integrating the system of
ordinary differential equations,

dpit Xudo+ ... ¥ Xydwg+ Zidz =0 oo, 7).

These n equations form an integrable system. We do not say thab
any equation of the system is an exact differential, or is even integrable ;
but that from the system we can form, by suitable combinations, % in-
dependent exact differential equations. For, if not, (26) would have
less than m common solutions ; that is, (25) would not be true.

This system, (27) it is which must take the place of (18); and it will
be noticed that the difficulty which was found in employing (18) is now
entirely removed.

13. Let the » common solutions of (26), or the n integrals of (27),
be indicated by

E(.p1~-~Pm 2, wx----’”n) = oy (i=1n) .......... (28).
The general solution of (26) is
¢ (Fy, ... ) =0,

where ¢ is arbitrary. If from this by differentiation we eliminate ¢,
we reproduce the equations (206) ; and comparison of coefficients gives

d(F, .. r . F,) . d(F .. F))

t X"' =
abonee ! d (pl I)”) d(Pl - P'l) (29)
; A I’; T . dF . Ey | .
CETG 7 ) d(pr e p)
Hence (19) becomes
a(F, .. I .. P) d(Fl...F,...F,.)
a(py ... Pn A(p e u-po
=a(l .. T, 1",.)_}_11d(§_1 .1*';...17',,).
d(pl e Pn) d(py...2 ... p,)

But these are precisely the conditions which are necessary and suffi-
cient to ensure that the values of p, ... p, derived from (28) are such

as to render dz—p,dey—...—p,dz, = 0
integrable.
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14. The results obtained may be summed up thus :—Let sy ... & ... 8an
be given as functions of #, ... z,, 2, p, ... p,, such that

“dsy _ dsy -
S A @17).
Determine Z, ... Z, from the «! equations
a2, dy_gd_ g dy_gg o
e Y L R (21),
and X; from the equations
Xy = p; Zi—s;i-

Then the system
dpi+ Xydzy+ ... + Xde, + Zidz =0 ..o, (27)

iy integrable; and the values of p; ... p, determined from the n integrals
of this system are such as to make

dz—p,de,—...—p,de, =0 ..o, (3)

integrable. ‘Any integral of this equation is a solution of the given
system. '

15. We revert for & moment to the consideration of the system (21)
by means of which Z, ... Z, are determined. This system, consisting
of n! equations, involves n dependent variables, and 21+ 1 independent
variables. Now it may very well be that the system does not always
admit of being satisfied by any values of Z,.. Z,; in other words,
these equations may not be consistent unless certain conditions are
fulfilled which are not implied in (17). It will then be well to point
out that such conditions, should they exist, are necessary conditions
for the existence of & solution of the proposed system of equations, and
have not been introduced by any arbitrary procedure peculiar to the
method of this paper. The results of Art. 13 show that the X, Z of
Arts. 11—14 are actually identical with the X, Z of Arts. 7—9; and,
therefore, that the A, A, of these Articles are also the same. Now the
equation (21) written in the form

(Aj +P,A) Z; =A (Xj‘ +27,' Z.) + Z.Z, ............... (22),
or Aj Z+P, AZ, = AX,"'*'ijZ.,
is simply one of the equations (14), But (14) have been proved to be
a consequence of the existence of an integral. Hence the eqnations
(21) must be satisfied if there be any integral; and if there be no
solutions of (21), neither can there any integral corresponding to the
given values of 8, ...85... 8an :

It may be desirable to show how to obtain an equation for each of
the quantities Z,, ... Z, freed from all the others., This may be done
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by writing (21) in the form

dZ, ds dsy o dsy ) g 8y
A zdp‘ 2,30~ z(P+z. = Bagh =0,

In this give j all values from 1ton inclusive; and from the n equa-
tions thus formed eliminate every Z but Z;, The result will be a
pertial differential equation of the first or der for Z; which is lidear in
the differential coefficients of Z,.

It will be observed that in (21) all the terms save the first are
symmetrical with respect to ¢, j. Hence we get

a7, _ dZ,

dz; ~ 43, &,
equations which are equivalent to

dz

Z‘ —_— a‘
Hence it appears that the problem of finding Z,, ... Z, is reducible to
the problem of finding one quantity only. In fact, I have not found
any advantage resulting from this remark; but it may possibly be of
value in considering the theory of equations of higher orders.

16. In the preceding paragraphs it has been supposed that
8y ... 8; ... 8.n have been given in terms of p, ... p,, 2, 2, ... 2,. Let us
now take the more general case in which these functions are given by

M’%Q equations of the form

Fy(sy .. By D1 Py B By Bp) =Deeinnn (30).
It is required to find the relations between F; which are equivalent to

the conditions (17). This necessitates a transformation exactly like
that of Art. 2, and the result is

d(Fy .. Fu) —d(Fy ... Fo... Fop) (1)
d (s,, su”) Aoy Ty o 8un) !
the differentiations with respect to z,, #; being made on the sapposition
that z, p, ... p, are functions of z;, ;.
These equations may be indicated by an abbreviation similar to
that used in (6) ; viz.
= l ik ‘ ................................. (32),
J

where the first member, for example, indicates the result of substi-
tuting ; for s, in the Jacobian

d(F, .. ... Fo)
d ("u o+ Bun) |
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17. These results may be applied to the solution of a system of
equations of the second order in a manner similar to that employed in
Art. 6. The system may be such that it is possible to form from it
equations between 2, z,... 2,; but as these caunot be regarded as
integrals, they will be neglected, and we shall suppose the system freed
from them. Again, it may be possible to get relations between
Dy .- Pm 2, @, ... @y or such equations may explicitly occar as members
of the system. The treatment of such cases will be noted in the next
Article ; and for the present we assume that the system comprises r

(not more than n_(n2+_l)_) equations from which the differential

coefficients of the second order cannot be eliminated.

Wo have then to find (1)
like those mentioned in Art. 6, or i)y actual integration of (31) in
some one of its forms. 1f this can be accomplished, nothing remains
but to solve for 8 ... sy ... 8, from the completed system, and proceed

as in Art. 14 to the ﬁual integral.

—r functions F, either by artifices

18. If any equations of the first order beincluded in the system; the
procedure is not essentially changed. - Each such equation should be
differentiated with respect to ,, ... #, in turn; thus farnishing n equa-
tions of the second order. Of course some or all of these may be in-
cluded in the given equations of the second order. The system thus
formed is to be treated as in Art. 17, but the arbitrary constants of the
first integrals must be determined so as to agree with the given equa-
tions of the first order.

19. As to the number of arbitrary constants. Observe that F; ... F,,
each involve one arbitrary constant (b) because each is determined
from its differential coefficients. Now suppose there are 7, equations
of the first order, and r, of the second order (taking account of those
derived from the 7, equations of the first order). We shall then have

n(n+1) —
e
constants from the system (80). We shall have
n -7
constants, of integration, from (27) ; and one from the integration of
(3) Thus altogether there will be

ROHD 41

arbitrary constants in the solution.
I have used the phrase “arbitrary constants” in the above passage
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and elsewhere; but without qualification this would be wrong. The
quantities indicated are not constants at all, though they include con-
stants as a particalar case. They really are functions of the variables
defined by certain differential equations, which are well known when
the equations in whose solution they occur are of the first order; but
have not been determined, so far as I know, for equations of higher
orders save in special cases.

Fquations of the Third and Higher Orders.

20. It would be possible, and perhaps desirable, to discuss the equa-
tion of the third order in a manner similar to that in which equations
of the second order were dealt with. But I purpose changing the

method so as to make it applicable at once to equations of higher
orders, and the remarks will be brief.
Evidently the equation
d'z _ dtz
Tos day donday — dmydmdandy, (33)
is identically true. Let us see what it becomes in terms of the
differential coefficients of the third order, supposed to be given in
terms of s, p, 2z, . Write these differential coefficients ay, &c., the
subscripts indicating the independent variables which are concerned.
Then (33) may be written
oy _ dagy

Qo - dy e (34),

where @, p, ... pn, 8y, ... 8., are all regarded as functions of z;, z;, Ifa
should be given by n(ntl) (n+2 equations of the form

1.2.3
Fp(.a . 8..0...2..8..)=Cg veeerrnrernrnn, (35) ;
then Fi; must satisfy the relations _
JRLL = Rl i (36),
L I )

where the first member indicates the result of substituting #; for a,; in
d (FHI F;lL”' Emn)
d (fllll vee ﬂ,‘k} amm) ’

and, as before, every s, p, z is regarded as a function of 2;.

21. Suppose that we know F),... F,,,. They may be given; or
some of them may be given, and the rest discovered by the integration
of some system equivalent to (36). Without distingnishing between
these cases, suppose F known, so that we can express a;y, &c. in terms
of ¢, p, 2, z. TForm the equations

dsy—agde,— ... —apdo, =0 ... (37).
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This system must be equivalent to an integrable system if there be any
polution consistent with the values of Fiz. To find this equivalent
system, write
—ap = Xu+p: Zu+p; Zu+pi Zy+ oy Pt ... ......... (38),
leaving X, Z, P indeterminate. Substitute these values in (87),
and reduce by means of
P82+ ... Fpadz, = dz,
8uday+ ... + s dix, = dp,,
&e.,
and we obtain a system of equations of the form
d'SU+"'+‘XUh d:v,, +.+ngz+P‘dp,+P,dp;=0 ...... (39)-

Let us now write down the conditions that this should be an integrable
system, and regard the equations thus obtained, combined with (38)

and with = =&C oot (39),

as eqoations for the determination of X, Z, P. If values can be ob-
tained, then we can find a system of first integrals ; and these in virtue
of (39) are sufficient to determine #; so as to yield a system of second
integrals. But the determination of this second system requires a
transformation analogous to that of the present article.

If, on the other hand, the equations by which X, Z, P are to be found
should be inconsistent, we may be sure that there is no integral of the
given ‘equations ; because all the equations for X, Z, P are necessary
consequences of the existence of an integral

¢ (2,2 ... ).

22. As was indicated above, these remarks are applicable at once to
equations of the m™ order.

It may be permissible here to notice that, in the solution of a system
of equitions of the '™ order, the number of arbitrary constants is

-1 2 ( ‘T
Fﬂl-li-:—l + Ir'nm—-l,l.’ja =yt + n+1)n+”+1_ 27

where 7, is the number of independent eqrmtions of the ™ order,
counting not only those actually given, but also such as are derived by
differentiation from given equations of lower orders.




