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ABSTRACT. While a full proof of the Goldbach Conjecture remains
beyond my reach, this work presents the construction of an arith-
metic sieve that connects the already proven weak Goldbach Con-
jecture to any even natural number greater than 2. Through this
structure, we show how the strong Goldbach Conjecture may be
derived by expressing any even number as the difference between
a ternary prime sum and one of its components.

PRELIMINARIES
We recall the statement of the weak (ternary) Goldbach Conjecture:

Theorem 1 (Weak Goldbach Theorem [1]). Every odd integer greater
than 5 can be written as the sum of three prime numbers.

Our goal is to show that, assuming the weak Goldbach Conjecture
holds, then every even integer greater than 2 can be expressed as the
sum of two primes — i.e., the strong Goldbach Conjecture holds.

SIEVE CONSTRUCTION

Let P ={2,3,5,7,11,13,...} be the set of prime numbers. Define
Noaa = 2s + 1 for s € N, and consider the operation:

Neven = Nodd — P» for pE P.

By constructing the table Nygq — p, where Nyqq ranges over odd
numbers and p over primes, we show that every even number eventually
appears as an entry in this table for each column that correspond to
a subtraction with a prime greater than 3, see Table 1. Because the
values in the row 7 4+ 1 for ¢ € N in the sieve table are the values in the
row ¢ increased by adding 2.
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TABLE 1. Sieve connecting any even number N,,., with Nodd — P

Noga — P

5 | Noad | Noaa — 2| Noad — 3 | Noda —5 | Noda — 7 | Noga — 11 | Nogg — 13
1 3 1 0 -2 -4 -8 -10
2 5 3 2 0 -2 -6 -8
3 7 5 4 2 0 -4 -6
4 9 7 6 4 2 -2 -4
5 11 9 8 6 4 0 -2
6 13 11 10 8 6 2 0
7 15 13 12 10 8 4 2
8 17 15 14 12 10 6 4
9 19 17 16 14 12 8 6
10| 21 19 18 16 14 10 8
11| 23 21 20 18 16 12 10
121 25 23 22 20 18 14 12
13| 27 25 24 22 20 16 14
141 29 27 26 24 22 18 16
15| 31 29 28 26 24 20 18

We prove that the set of even natural numbers
2N:={2k | ke N}
is contained in each column of the sieve shown in Table 1 for all p > 2,

peP.
Base case: Let p be any fixed prime number. Let sg be the smallest

natural number such that 2s5 + 1 > p. Then:
250+ 1—p=2¢€2N.
Induction hypothesis: Assume that for some s; € N with s; > s
there exists k € N such that:
2s; +1—p=2k.
Induction step: Consider the next index s;,1 = s; + 1. Then:
2s;i+ 1) +1—-p=(25,+2)+1—p
=(2s;,+1—p)+2
=2k +2e2N.

Hence, if the property holds for s;, it also holds for s;.4.
Conclusion: By the principle of mathematical induction, all elements
of 2N appear in the column defined by the difference with p.
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MAIN ARGUMENT

The goal is to show that the strong Goldbach Conjecture:

Every even integer greater than 2 can be expressed as
the sum of two prime numbers

can be deduced from the weak Goldbach Theorem by means of the
sieve construction defined earlier.

Proof. Let Newen be an arbitrary even number such that Neye, > 2.

Since the set {Noqa —p | Noaqa 0dd, p € P} includes all even numbers,
there exists at least one odd number N,qq and one prime p3 € P such
that:

Neven = Noad — D3.
By the weak Goldbach Conjecture, since Noqq > 5, there exist primes
P1,D2,P3 such that:

Nodaa = p1 + p2 + ps.
Then,

Neven = Nodd —P3 =Dp1+ Do

Since pq, po are primes, this expresses Neyen as a sum of two primes.

O

EXAMPLE

Let Neven = 28. In the sieve, this value appears when Nygq = 31 and
p = 3, since:

31=3+11+17T=28=31-3=11+17.

CONCLUSION

This argument shows that, by applying the weak Goldbach Theo-
rem and utilizing the sieve structure N,qq — p the strong Goldbach
Conjecture follows in a natural way.

It is important to note that this sieve construction does not directly
identify the two primes that sum to a given even number. However,
it ensures that any even number can be expressed as the difference
between an odd number and a prime. Since, by Theorem 1, every
odd number greater than 5 can be written as the sum of three primes,
subtracting one of those primes yields a decomposition of the even
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number into the sum of the remaining two primes. This reinforces the
structural link between the weak and strong Goldbach conjectures.
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