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Proof of the Third Fundamental Theorem in Lie’s Theory of
Oontinuous Groups. By J. E. Caueperi. Read January
10th, 1901. Received January 12th, 1901.

If we have any set of #* constants, cy, ..., satisfying the conditions

Cien+ Cein = 0,
her
El (Coen One+ Gmcm'l'cmﬂm) =0
@egt=1 ., @)

they are said to form a set of composition constants of the r-th
order; and the third fundamental theorem in Lie’s theory of con-
tinuous groups is that, given any such set, » independent infinitesimal
transformations X, .., X

can be found, such that
XXi— X X =cunXi+... 4 e X, 3

and therefore such that they generate a group of the given compo-
sition, »

Lie gives a proof of this proposition in the second volume (seven-
teenth chapter) of Transformationsgruppen, but it requires a consider-
able previous knowledge of his theory of function groups to follow
it; and a proof has also been given by Herr Schur, which is sketched
in the third volume, § 144. Recently M. Poincaré has discussed the
theorem in the T'rans. of the Camd. Phil. Soc., Vol. xvul, p. 234, and
given a proof of the soundness of which I do not feel sure. He has
shown how to construct » infinitesimal transformations which are
independent ; to verify their group properfy is not easy, and would,
in effect, be Schur’s method; if this property is not verified inde-
pendently, the reasoning which occars on p. 234—* Let

el’eT= eW’ eWeU____eZ’ 8T0U= el”
wlere U=3uX., Z=3zX., Y=3yX;
the associative character of the operations shows us that we have

e¥e¥ = é?,
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where We = ¢ (Vi &)y Y = ¢x (b ),

Zx = ¢: (wiy 1‘1‘)': ¢x (”h ?/.) Y
~—seems to presuppose the existence of a group of the required com-
position.

If it is objected that we can let X, ... X, be the group adjoint,
then, unless these operators are independent, we do not know that
the associative law holds. '

The proof given here is perhaps simpler than those to which I
have referred, with the exception of M. Poincaré’s, if the latter is
correct; in any case the proposition is so important that it may
perhaps justify one in giving another proof.

Since writing this paper my attention has been drawn by one of
the referees to a proof of this theorem by Klein, in his Einlettung on
die hihere Geometrie, Vol. 11, pp. 163-167, wlhich at first is on the
same lines as the proof of this paper, viz., the replacing of the given
composition constants by an equivalent but simpler set when the
adjoint group is of order less than ». I believe that this proof is
erroneous ; perhaps the simplest reason for doubting it is that, if
correct, it would (as the referee reinarked) prove that a group which
contains self-conjugate (ausyercichnete) operations must be the divect.
product of two independent groups. Klein assumes, in fact, that the
constants which in §5 I have denoted by i, ... are all zero. 1
might perhaps add here that the results in §§1-3 of my paper are
implicitly contained in chapter xvii. of the first volume of the
Transformationsgruppen.

1. 1f =S gqre (t=1,..,7)

k=]

is any linear transformation whose modulus does not vanish, and

Kapr

@ = % Agan
xal

the inverse transformation, then c.,... being any +* other set of
variables, and ¢y, ... another set connected with the former by the
equations
h-r
3 amc.{xh =3 Qip CxgCpqs (2)
el »
(the suimation on the right being for all values of p, ¢ from 1 up tor
inclusive, and 7, «, s having any values from 1 up to » inclusive). it

is clear that (2) gives ciq, ... in terms of ¢y ... .
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per
From the fact that 2 A0, = e,

where e, i8 zero if ¢ £ x, and umty if ¢ = &, we easily verify that

her

2 Alu Cixn = 2 -AlpAchm' ’

h=l

and therefore ¢, ... are given in terms of iy ... .

2. It must now be proved that, if one set c ... satisfy the system
of equations (1), so will the other ci ... .

To see this, multiply (2) by @..¢.;, and sum for all values of
h, s, m, p, q, and we get

E alu ahu cmh camj - 2 aip axq (7 cpqu clnd .

h, ', " m, 8,p, ¢
Noticing that by (2) the left-hand member may be written

4 7
3 UyiiCiye, 1k Chy iy
m,

m:r hay

we see thﬂ.t - “ anu 2 (clKh chtm+cxlhclnm+ct, GWh (’Il, X, m)
is the sum of & number of terms which vanish by the conditions (1).
‘We conclude therefore that, since the modulus does not vanish,
hwmy

’ ’ ’ ’ ’ 4 p—
IEI (cixh Chtm + Crth Chins + Ctin thm) - 0
i

for all values of 7, x, m, ¢.
To prove that CieetCrie =0,
interchange ¢, « in (2); we get
hwr

’
2 Xps Cxin = E aiq aKpcpl]l ’
hel rq

adding this equation and (2), we see that

. ot G =0
from conditions (1).

3. Suppose now that we have a group with the composition con-
stants ¢, ..., the corresponding infinitesimal transformations being
Xy ooy X,

If we take XJ, ..., X, as a new set of » independent infinitesimal
transformations defined by

X: = 3 a,»,‘X,‘,
Kal
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then it can be at once verified that ci ... are the composition con-
stants of the group corresponding to the above infinitesimal trans-
formations; the conclusion we draw is that when we can find a
group with the composition constants cy ... it has also the composi-
tion constants ¢ix ..., and conversely.

4. Suppose now we are given a set of composition constants ci ...,
such that all r—s41 rowed determinants, but not all »—s rowed
determinants, vanish of the matrix

c_fllz oo
[ P
i

Cirx «vo

(in any row all positive integral values of j and « are to be taken
from 1 up to ) ; then we can choose

: all’ cevy a’h'l
aﬂ" ey "zzf,
Ay ooy Oy
so that @ G+ Urg G+ .. + G = 0,

where j, x may have any values from 1 up to r inclusive, and % any
value from 1 up to s inclusive.

To complete the determinant of the e, ,'s we can ta.ke @, BT bltmrlly,
only providing that the determinant does not vanish (m =s+1,.
k=1 ..,7).

If we now apply the transformation (2), we get a new set of com-
position coustants c¢;,, with the property

"5

v
Cixn = dmh,

where 7, k, h may have any values from s+1 up to r, and d;, are a
set of composition constants of the =n-th order, n being written for

—8
Y Shr = 0,

if either 4 or « is less than s+41, & having any value from'1 up to
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r inclusive; ca{xms

where ¢ end « both exceed s, and m does not, being such that

’ ’ —
Cixm + Cxim = OI

Aar .
s 2‘ L (di‘hc)’u’m'l' dlﬂic:lfm +djlh c;um) = 0'

5. We may therefore say (with the slight change of notation which
consists in writing di = ¢4 ren,r-n 80d Ciem = dy_i,r-x,r-m) that the
problem of finding a gronp with the given composition is now re-
duced to that of finding a group with the composition constants

’
ik o90 )y
where dich = Cixns
if none of the suffixes 7, x, & exceed n, and the c¢’s are composition .

constants of the n-th order, such that not all » rowed determinants
vanish of the matrix '

Cire oo (j’ k= 17 eeey n’) ) (3)
O
Cink ose
dn{xl = 0’
if either ¢ or k exceeds %, & having any value from 1 up'to 7;
d:lm = di‘m [}

if neither ¢ nor « exceeds'n, and m does exceed n, and

dixm"' dﬂl‘m = O)

han ' .
51 (Cucn B+ CanBnim + GiinBhen) = 0. 4)
Now, it may at once be verified that
Xh sery Xm
0
where X = 2 Cig@pn—
P aw,,

(the summation being for all values of p and ¢ from 1 up to » in-

clusive), is a group of the n-th order with the composition constants

cax; for, by (3), X, ..., X,, are independent, and by forming its

alternants ‘we verify the group property. This is Lie's group

adjoint. Its parameter group is simply transitive and of like com-
VOL. XXXIII.—NO. 756. U
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position with it ; we have therefore proved the existence of a simply
transitive group with the composition constants ¢ ... .

6. It will now be shown how a simply transitive group with the
composition constants djx, ... may be deduced.

Let X,, ..., X, be the simply transitive gronp with the composition
constants Cixp ... . '

Let %0y % -.vy %, be any set of solutions of the simultaneous

-equation system
han

Xi Ui — Xx Uim = dixm + ! E‘ bixh Unmy (5)

where ¢, k may have all values from 1 up to #, and m has all values
from n+1 up to . We can at once verify that

0 i
ol ok i = 1, aeey N
aw,,,,+ u, 2, * %)
d o
a{l!,“.], o aivl',

is a simply transitive group of order » with the composition constants
(l;,m LR

X."*"u.-un

7. We must now prove that the equation system (5) is self-con-
sistent. This may be done by the method explained in the Proc. of
the Lond. Math. Soc., Vol. xxx1., p. 235, or independently by a less
general but more direct method as follows :(—

Since X, ..., X, is a simply transitive group, =, ..., ~— can
each be expressed in the form Oz, Oz,
a .
A= AHXI"' LEL +AniXu’
a.v;
where A, ... are & known set of functions in 2,, ..., %,. From the
fact that .
fac 18 a a a a

and that X, ..., X, form a group, we see that Ay ... are functions
satisfying the equation system
ONe O\ _ .
Wi _ O % ¢ A A 6
aa;; a-'ux ¢..ﬁ i e ( )

(the summation being for all values of a, /3 from 1 up to » inclusive).
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8. It must first be verified that

"a" 2 duﬁm A )\ﬁx'l" a E dnﬂm)‘n Aﬁu"" a z daﬁm Aai Aa! (7)
atL. a awx

is identically zero for all values of jx, the summation in 3 being for
all values of «, 8. We have

) o, .,.d

= Ay = Ay = Mg Age == Ay
Oz, % "Yoe T ™ Oy
0 0 0
—_A'alA'l'=A’ax AI'+'A' /\a:
8a:,. o a g ﬁa.zj ’
NN R

= Ay = Ay =— A+ A
aw,‘ i a o “ oz, awx.
Remgmbering that dgﬁm"'dﬁnm = 07

we see that (7) may be written’

3 Ao (5%‘)‘,, az‘ /\,,,) + 2 doudn ( a% Ay— a% A,,‘)
+‘§Aﬂidaﬂm (a‘% A— 52:)\ )

Writing the second and third of these sums in the equivalent forms

0 a
A o Ag— == A
and bi bi dbﬁm (awn (/] aélf! ﬂx)’
and substituting from (6), we see that the coefficient of A A, Ay in
(7) is oz

- “ (dﬁnm Gybs + dﬁmu beﬂ + dﬂbm ca.rﬂ)’
8=

which is zero from (4); and therefore, since all these coefficients
vanish, the identical relation required is now proved.

9. In order to prove that the simultaneous equation system (5)
can be satisfied, multiply (5) by A;Ac, and sum for all values of
i, k; then, if the new set of equations—there will be vne for each
pair of values of pg—can he satisfied, so can the old; to see this we
have only to notice that for the equation with a given pair of values
of ¢, x the multiplier is Aj,A¢q;—AuyAiy, and the determinant of this

U 2
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cannot vanish since the determinant of A, does not vanish (Forsyth,
Differential Equations, § 212).

Let Vi = At oo+ Aty (= 11 vee n) H
then the sfmultaneous equation system takes the simple form
0 0
'az‘vqm_g Vpm = Edixmxip}‘:q = Opgmy BAY. (8)
P q

10. To solve these equations, consider the follovs;ing lemma :—

If we have. &"’2——12 functions ... of the variables g, ...,a,such
that Ou+ou =0,

58‘;0},"'% d’x¢+aa Ty = 0’

where the suffixes mdy have any values from 1 up to = inclusive,
then » functions ,, ..., 4, can be found such that

O = —-— (U;—12).
: ax.awf "
To see that this is true when » = 3, let
2

0y = 0 (2g—ug), o =——a’—(u—-u)
13 amlaz, hg=—U3)s Oy On,0y 17 Ys)-

This is clearly justifiable, and we can take u, arbitrarily and obtain
u, and #, by integration.

Since opytoy =0 and op+oy =0,

g = é—a;?“ (u3—w), oy = 5;?%; (ug—u,).

Now ' aa 0”+am, Oy +é?v_, g =0;
0

therefore = Oyt e (uy—uy) = 0,
3.7 5o tmm, (0T

and therefore Ty = 5;%; (ttg = 15) +f (4 :q,).

It is clear that we can write f (#;, «;) in the form

(03— wy),

-
1= 5mm

where w, and w, are functions of ,, @, only, and w; can be taken
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arbitrarily and then w, be obtained by integration ; therefore
2

7= OO, (s

Since, then, w, and w, do not involve z,, we see that u,, u,+w,,
uy+w, are three functions in terms of which gy, oy, and oy, can be
expressed in the required form.

The extension to # variables is now obvious. Assuming that the
. theorem has been proved for the case of n—1 variables, let

+ Wy —uy—104).

3

Tix = amlawg(ul—u‘) (K = 1, veoy n),
where, as before, %, is arbitrary.
0 0 0
From : Ot a—on =0
ro aw, 0':h+a o a%‘Tu
0 o
we get

T axlaw.aw,. (te=1t0),

and therefore T =

aa:xaw,.

where p,, 18 & function of ., ..., z,, only.

(ux uh) + Pxhy

‘We now have Pt pie = 0,

0 8yt L pum0 (b2 ;
aw‘ Pn +a;hPu+am Pin (7'7 y s '-':n)r

and therefore, since we now have only n—1 variables,

2
h == We—W
Pxn aw,,aa:,( x n),

where w,, ..., w, do not involve z,.
It follows, as before, that

Uyy Uyt Wyy oooy U+ W,
will be a set of functions in terms of which we can express in the
required manner o ..
‘We can now write down the solutions of (8); for we have

0'.';,,;'*‘(7,“,,. = 0’

0 0
5, “j~m+a%; O'x:m'*'é—— Tym = 0;

L

the first being true, since di, + dein = 0, and the second being
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merely the identity (7); and therefore by the above reasoning we
can write

o
Tiem — Vm Km
EymALC G
where V. ... are a set of functions obtainable by quadratures; then
Vim = == x— V‘lm
Ox;

is clearly a system of solutions of the system (8).

‘We have thus proved that, given any set of composition constants,
we can in all cases obtain a simply transitive group of that compo-
sition ; and that the process of obtaining it involves merely algebraic
operations and quadratures.

On some cases of the Solution of the Congruence 2" -'=1, mod p.
By F. 8. Carey. Received January 2nd, 1901. Communi-
cated January 10th, 1901.

Let p be & prime, and «, y integers chosen from amongst
0, =1, +2,. ,ﬂ:-ﬁ(p—l),

further, let j be a quantity such that j? is congruent to n certain
selected quadratic non-residue of p; then a+yj is a symbol which
includes p* numbers; also for the same modulus p all such numbers
are represented by a single j; to prove this, it is suflicient to vemark
- that, if b, and b, are two quadratic non-residues, and b, = j'f, by = 7"::,
then, since b, = a’b,, it follows that j, = aj, and the p* numbers
x+yj, are identical with the p*® numbers z+1j,. In case p= 4n+1
—1 is a non-residue, and the symbol ¢ is used instead of j.

The objects of this paper are (1) to discuss the solution of 2z = z*
mod p, by means of the numbers x+j; (2) to discuss the solution

of 2*" = z, when p*—1 is divisible by #; (3) to examine the reduction

* Reference may be made to Serret, Cours d'Algébre supér zeurc, seetion iii.,
chapter iii.





