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Some Properties of Go-normal Points on a Parabola.

By R. TUCKER.

[Read June 12M, 1890.]

1. If the coordinates of a point on a parabola,

y*—4:ax — 0,

be (am*, 2am), then the equations to the tangent and normal at the
point are

x—my + am* = 0 , (i.),

and tnx+y — a (m* + 2m) = 0 (ii.),

and to the chord through (m), (m'), ia

y (m + m)—2x—2amm = 0 0")-

If we write (ii.) in the form

am8 + (2a—x) m—y = 0 (iv.),

we sec that from a given point (a:, y), we can draw three normals to
the curve, with the condition

Let 0 be the point, and P (wit)> Q (wis), B (w8) the corresponding
points on the pai'abola; then I call these latter co-normal points, and
the circle through them a co-normal circle.

2. Since 5, = S... = 0,

8t = 2m* = - 2 (wi,m,+... + . . . ) = -

also m1—mam8 = . . . = . . .= w»

3. In the case when P, Q, B are any three points on the curve
the circle PQB is
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and the tangent-circle pqr is

Wj]— ay [#i— /iJ+a'Sw-jWj = 0 (ii.).

If the points are co-normal points, then these equations take the
form

tf + yt-ax (Sa+8)/2-ayfA/2 = 0 (iii.),

a*8J2 *= 0 (iv.).

4. The coordiuates of p (§ 3), for co-normal points, are

(amj7n8, — am, ) ;

the coordinates of P1, mid-point of QB, are

[a(m2
2 + w?3)/2, —aw,] ;

and the coordinates of p', mid-point of qr, are

( —aW|/2, am,/2).

5. The equation to P'Q'B' (N.P. circle of PQR) is

x*+y*-az (3iS,-8)/4 + at//x/4-}-as (S , -4S, ) /4 = 0 (i.),

and to^'gV (N.P. circle of pqr), is

x*+y' + ax (S, + 2)/4-ai//i/2 = 0 (ii.) ;

this circle evidently passes through the vertex.

6. The circle through the vertex, which touches the parabola
at («t,), is

a?-\-y9—a [3wiJ+4] x + am{y = 0 (i.),

if the parameter of the fourth point of section (P,) be .M, then,
because

= 0,

we see that the points P,, (Qu I?,) are co-normal points.

7. The centre of curvature at P is

[a (3m?+ 2), -2am'],

therefore the circle of curvature at P is

a-'+^—'iaa: (3m? + 2)+4am?iy-3a3m! = 0

and, because 3m, + M' = 0,

the fourth points of section P2, (Qv R%) are co-normal points..
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The equation to circle PiQiBi is

aj'+y'-oos (9Sa+8)/2 + 2 7 w / 2 = 0 (ii.);

the radical axis of this and PQB is

2S2x = Ipy (iii.).

The tangent-circle (ft£ara) *8

x9+y* +ax (9Si-2)/2-27ayfx-9ai8^2-0 (iv.).

The radical axis of this and pqr is

S.lx-7fiy-a8.t - 0 (v.).

8. The equation to P'p is

y82 + 3m, 03 + am-i (mi + ^vh m«) / 2 = 0,

whonce we see that

•Pp'> Q'3'> B ' r ' cointersect in ( — aS2/l2, -3a/u/2S,)-

9. From § 3 (iii.), § 5 (ii.), we see that the radical axis of PQB,
p'qY is the tangent at the vertex, and, from § 7, that the radical
centre of the three circles of curvature is (—a/S3/4, 3a/u/2/S2).

10. The equation to QU is

2x + mly + 2am2ms = 0,

and the equation to gr \H x—mly-\-aml = 0;

hence these cut in [a (m]-\-2inima)/3, a8a/3ml J, i.e., in ps say j hence
the centroid of all such triangles as Pt2»rt ^ e s o n ^De tangent at the
vertex.

11. The line Pp is

ySt—GmtX+ 0,(6(1 + 171! 8,) = 0 ;

hence Pp, Qg, Br cointersect in (a/S^/G, — 6a/u//Sa).

12. The perpendioular from g on BP is

m,aj—2y = a (2mt+fji) ;

hence the perpendiculars from p on Q22, q on £ P , r on PQ> meet in.
(2a, -a / i /2 ) .

13. The oxthocentre of PQB is
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the orthocentre of pqr is (—a, a/*) ;

and the orthocentre of PQr (irr) is

[-a(2+ra,w7j), —a(2ms+/i)];

hence Avr is parallel to the tangent at Rt

• " " * > >> J > » > • * »

and Airg „ ,, . „ Q.

The centroid of irpirqvr is

14. The centroid of PQR is (aS2/3, 0),

the centroid of pqr is (-*-aS2/6t 0),

the centroid of PQr (g^) is (aS2/6, — am8) ;

hence g\, g-n g3 are collinear, and their centroid is

(aS,/6f 0).

15. From § 1, the coordinates of 0 are

The isoclinal (through P) to PN with the normal is

y—vilx + a{m\—ilm^ = 0 (i.) ;

hence the similar lines through Q, It meet it in

a, [a(S2-4)/2, -a / i ] .

The equation to 00' is

4>y—2fix + ap S2— 0 (ii.).

16. Since PO cuts the axis at

[a(mJ+2), 0],
the perpendicular to PO; through this point, is

m,y-a;+a(m*+2)=0 (i.);

this meets the similar line for Q in rfi, say

[a (2—m,m,), onij].

The circle p65Br5 is

» / [ S f ] / O (ii.).
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of whioh the diameter is SO. By its construction the triangle Ptq6rt

has its sides parallel to the sides of pqr, and, as the radii of the circles
are equal, therefore the triangles are equal. The circles touch at 8.
(§ 16 furnishes an easy way of finding 0 when P, Q, B are given.)
8 is the centre of perspective of the triangles. Since, with the
usual notation, ST = 80, therofore PO cuts the circle in the mid-
point of PO, and so for the other normals.

17. Perpendiculars drawn to the tangents at P, Q, B, at the points
whore they meet the axis, since their equations are

y +m1x-\-aml = 0, ...,

meet in II, [— aSa/2, — a/x].

This point is the extremity of the diameter of pqr through S. The
polar of IT, with respect to the parabola, is

2x + fiy = aSt (i.) ;

hence it is perpendicular to 00', and meets that line in

[afl,/2, 0],
i.e., on the axis.

18. The circle round P (m,), P, ( — 2m.!), P, (—3w?,) cuts the curve
again (because ml—2ml — 3ml + 4!ml=Q) in P8 (4m,); hence P,f
(Qj, Bt) are co-normal points.

The equation to P P J P J is

£C* + t/s-a» (15mJ + 4)-5am\y + 24a1wJ = 0 (i.),

and the radical centre of it and the circles for Q, B is

[4oflf,/5, 4

19. Through P, Q, B draw parallels to

(i.) the tangents at Q, 11, P;

(") „ „ B,P,Q\

and let Pfl, Q,, Bfi; Pr, Qp, Bq be the points where the sets (i.), (ii.)
respectively meet the parabola; their parameters are

(2ma—mlt 2mi—vii, 2ml—ms), (2»J8—m,, 2m,—ma, 2m,—m8);

hence the two sets are co-normal points.

The mid-point of P,jP,, &c. is on tho diameter through P3, &c.
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20. The oircle PQPV because

j — T O , ) - 3 m , = 0,

passes through Qi; therefore QBQr, BPBP pass through i?,, P,, re-
spectively.

Similarly, PBPr, QPQP1 BQBg pass through Biy P2, Qa, respectively.

21. Again,

therefore

and

because

TO, -f- (2TOj — TO,

PPqA passes

QQrA „

BBPA „

PPrA passes

QQPA „

BBqA „

)-2ws + 0 = 0,

through Qj ^

,. p..j
through .Rj, ~\

22. The circles P9QrRp, PrQPRq are given by

x*+y*-ax (7S8 + 8)/2-avi/ /2 = 0 (i.),

x' + y'-ax (7/Sfs+8)/2-a/y/2 = 0 (ii.),

where v = (2wi,—m8. 2m3— TO, . 2wia—w3),

v '= (2TO,—Wj. 2»ns — TO8 . 2TO,—-wi,),

and v + v = 20/i.

Hence (i.), (ii.), intersect on the axis, and abscissae of their centres
are the same.

23. APa QrBp + APr QpBq = 162/ia8.

24. PPqy QQP meet in Br,

[a (Si—4wl?j?a)/2, - o m , ] ,

i.e., on the diameter through r ; and the centroid of Pp, Qv Br is

[a(5S,/6), 0].

25. The circlo through mid-points of PqP,, QpQn BPB is

as (106',-f 32A) = 0.
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26. The centroids of PqQrBp, PrQpEq coincide in

[7a8t/3t 0 ] .

Their orthoccntres are [a(7#2—8)/2, —ay/2]

and [a(7&'2-8)/2, -ay/2].

27. The tangents at Qr, Bp meet in vq,

[a (2m3—mi)(2ml—m3), —a (2m,—m,)],

and at Qy), Rg in rr,,

fa (2m,—m2)(2mi—ws), —a (2w8— m j ] ;

hence the centroids of irvirtltrn v'pir'qn'r coincide in

[-7o&V6, 0].

28. Let P/S, QS, US meet the curve again in tv tit t3; then, since tx

is given by [«/"»'„ —2^7^,2,

the circle ^^/ s is

a53+^-a [21/TO8 + 4 ] z + ay/2p-a*21lm/ii = 0 (i.).

The tangents at tv t2t tai meet in t[, t'i, t'3, where t[ is tho point

[avijfi, am]/ft] ;

hence the circle t[t'%t'3 is

x* + if-ax-ay(Si+2)l2(i=:0... (ii.),

which passes through the vertex as well as the focus.

29. In fact, if the tangents at the co-normal pointa P, Q, R cut the
line given by x = ka, and from the points of section the second set of
tangents be drawn, touching the curve at Tlt T2i '1\; then, since T,
ia given by (t/m,), Smjm,, = 0 ; hence, by § 3 (ii.), the tangent-circle
for T ^ T j i s

x*+y%-ax+ay (k . S2 + 2k*)l2n =0 (i.).

30. Tho "N.P." circle of t'M is

x*+y* + az/2 + ay (2-36(
2)/4/i-f a2 (S.-S,)^ = 0 (i.).

The centroid of the triangle is

[0, uS
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31. Tbe following method of obtaining sets of co-normal points is of
some interest:—

Draw PS and produce it to meet the curve in L; join LA and draw
Aax perpendicular to Ah. Tlie parameter of a, is 4wi, (and it is there-
fore the point P% of § 17) ; similarly, from a1 we can get a,, and so on.
Let 6,, c, be the corresponding points for Qn -R,; then (a,, 6,, c,),
(a2, \ , c2), :.. are co-normal sets. Again, reversing the above process,
i.e., join PA, draw AH perpendicular to AP, then join 1/ to S and
produce to meet the curve in a{, . . . , and we have sets

(a,, 61, c,), (al b'2, c'i), ... ,

•with parameters »i,/4, m,/16, <tc. axa\, ata\, &c. meet the axis where
it is cut by the tangent at P, &c, and the tangents at a,, a\, meet on
the ordinate of P, and so on.

32. The circle Pa}a[ is

357 \ 4^5 21( 357
10 l

a

and it cuts the curve in a fourth point (—21»n,/4) ; hence this point
and the analogous ones form a co-normal system.

33. The equations to afi^, a{b[c[ are

x* + y*-ax (88i + 4>)-S2atjy = 0 (i.),

and xi+yi-ax(8i + l28)l'S2-ayti/l28 = 0 (ii.).

34. Tho sum of the squares of the tangents, taken once, from
a,, &„ Cj to pqr, PQR, are respectively

^ + 93^/2) and 240S,aa.

35. Since the parameters of Pq, Pr, a, are 2m,—m,, 2ma—mu and
4w,, tlieir sum = 0; hence the three points form a co-normal system,
as do Qr, Qp, 6,; Bp, Bv cv (Of. § 17.)

36. The equation to any parabola passing through the co-normal
system P, Q, R is

(y + \xy — ax [8-r-\2/Sf,]/2-r-\a2/ [2S.ti / i \] /2 + 4X/zas (i.),

where X is arbitrary.

If we make the curve pass through 0, we find X1 = 2, i.e., the two
parabolas are

(y/± 7 2 af = ax (S3 + 4,) + ay (/*± . /2 S,)±4y/2/IO1 (ii.).
VOL. xxi.—NO. '398. 2 a
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This latter may be written in the form

±</2 [ay8i+4,fia
i-2xy] (iii.)

Hence we see that the ellipse through the four points and through
the vertex is given by

y% + 2£ -ax ( S s + 4 ) - ayn = 0 .. — (»••)»

and the rectangular hyperbola through the four points is

2xy — aySz + ifia* (v.)

37. From (ii.) of § 36, we see that the mid-point of each of the
intercepts made by the parabolas on the axis of the given parabola is
the projection of 0 on that axis.

38. From § 15 and § 36 (iv.), we see that the centre of the ellipse
is at the mid-point of AO.

39. The centre of the hyperbola is (aSJ2, 0 ) ; cf. § 17. The
tangent at 0 is

which shows that it coincides with the perpendicular throngh 0 on
the polar of 0 with regard to the parabola.*

40. The second parabola, which passes through A and the co-normal
points, is given by

2a;8 =

8P.8Q. SB=ai [l + S,+ ^ +/*'] = a. 80*.

42. Many results may be got by taking p. = constant; thus (§ 9) in
this case the locus of the radical centres of the three circles of
curvature at P, Q, R is the rectangular hyperbola

8xy = — 3as/i.

[43. We refer to Milne and Davis, the Parabola, pp. 37 and 56,
for geometrical proofs of §§ 1 and 3 (iii.). From this last it is
obvious that, given any two points on the curve, the co-normal
system can be determined by finding the 4th point of section of a
circle through them and the vertex with the curve.

* Cf. also j 15 (ii.).
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44. A referee states that § 5, (ii.), w a s 8e^ a s a problem in the
June 1889 Examination at Caius College, Cambridge; and I find a
long proof of § 6, (i.), in tho Nouvelles Annales des Mathematiques,
March, 1890, by M. Lemaire.

45. Milne, p. 34, illustrates § 16.

46. On §§ 19-21, a referee remarks that the result may be generalized
thus : Let PQli be one set of co-normal points, and IyQ'W another
set; through P, Q, 11, draw parallels to the tangents at P*, Qf, R'
meeting the curve again in L, lM, N, respectively, then L, M, N arc
also co-normal points; Again, the circle PP'L meets the curve in P't,
and the circle PLA meets tho curve in P'2, P'2 being ( — 2/J), P'a ( — 3/*),
where fi is the parameter of P'.

47. If/>«, qt, r, are tho points of contact of tangents parallel to QR,
UP, PQ, then these are given by

(Pt) [a™?/4' - f l m i ]» - » - •

The tangent circle for pt, qt, rt is

x* + y* + ax[Si-8]/8-atiyl8-diSs/8 = 0.

The perpendicular from rt on PQ is

m3x+2y = 2ams+ am^/4 ;

hence the three like perpendiculars meet in

The orthocentre of pt

48. Since the co-normal points (P, Q, R) are on a circle through the
vertex, the inverse points, with respect to A, which lie upon a cissoid,
are on a straight line. Its equation is

where k is tho modulus of inversion.

49. If ftl =p,wi1H-

q-i Wj + rjvii,

then /<„ -/iv fit will be a co-normal system, provided

2 a 2
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APPENDIX.

The following notes, received from Mr. J. Griffiths* (December,
1889), aro of interest in connexion with the papers on " Tsoscelians "
(Proc. Lond. Math. Soc, Vol. xix.), and on " Isoscelian Hexagrams"
In this Volume (p. 4).

T. Using the Fig. A (Proc, Vol. xix., p. 1G6), and calling the
angles

0, f, +, [6 + t + f = 180°] (i.),

in place of A, B, O, he gives the trilinear coordinates of P by the
equations.

a sin 0 sin (6 +A) = (i sin (j> sin (<f> + B) = y sin i// sin (^ + 0) ... (ii.).

These relations are unaltered when

7r-d—A, ir-<p-B, w-yP—O

are written for 0,0,4/ respectively ; hence we arrive at the same point
with the negative 0-, 0-, ^-lines.

(1) When 0 — A or T-2A, <j> = B or T T - 2 B , ^ = 0 or TT-2(7,

we arrive at the Isoscelian results (loc. cit., p. 166).

(2) When 6=Y--,<t>=---, ^ = - - _ . ,

the positive and negative circles coincide: the coordinates of P, in

* Mr. Griffiths was a referee for the paper on " I. Hexagrams," and has kindly
put the following notes, amongst others, at our service.




