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Some Properties of Co-normal Points on a Parabola.
By R. Tuckgr.

[Read June 12¢h, 1890.]

1. If the coordinates of a point on a parabola,
y*—dar = 0,

be (am’, 2am), then the equations to the tangent and normal at the
point are
g—my+am =0 ,..occiinnnnenneeannennn (i),

and me+y—a (m+2m) =0 ....ooviieeniinnnnn, (ii.),
and to the chord through (m), ('), is
y (m4m’) —2e—2amm’ =0.....................(i10.).
If we write (ii.) in the form
am®+(2a—z) m—y = 0....cccvvurerereennn(ive),

wo sce that from & given point (z, y), we can draw three normals to
the curve, with the condition

Sm=0.

Let O be the point, and P (m,), Q (m,), B (m,) the corresponding
points on the parabola; then I call these latter co-normal points, and
the circle through them a co-normal circle.

2. Since S, =3.=0,

S, =3m'=—2 (mymy+... +...) = — 23mym,,
8y = 3mymymy = 3p,
S,= 'S:/2 )

also M= Mgty == vus = 0o == Ty 1My 10y = 8,/ 2.

3. In the case when P, @, R are any threo points on the curve
the circle PQR is

@+’ —ax [S,+2mlm,+ 4] +ay [S, . Em,m,—p]/Z—-a’pSl:O (i),
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and the tangent-circle pqr is
w’+y’—am[l+2m.m,]—ay [S,—y]+a’2m,m,=0 ...... ().

If the points are co-normal points, then these equations take the
form

2ty —az (S;,+8)/2—ayu/2 =0 .viiriiinnne (iii.),
2 +y*+ax (S;,-2)/2+ayp—a’S,/2 = 0 ccoevnvvrnenn. (iV.).
4. The coordiuates of p (§ 3), for co-normal points, are
(emymy, —am,);
the coordinates of I, mid-point of QR, are
[w (ms+m}) /2, —am,] ;
and the coordinates of p’, mid-point of qr, are
(—am}/2, am,[2).
5. The equation to P'Q'R' (N.P. circle of PQR) is
& +y'—az (38,—8) /4 +aypjb+a? (8,—48,)/4 =0 ......(i.),
and to p'q'»’ (N.P. circle of pgr), is
D+ytaz (S, +2)/4—ayp/2 =0 ....o.covveen (1) 5
this circlo evidently passes through the vertex.
6. The circle through the vertex, which tfonches the parabola

at (m,), is
2+y'—a [3mi+4] e tamy = 0.erierercnnnn (i),

if the parameter of the fourth point of section (P,) be M, then,
because

0+2m+M =0,
we sce that the points P, (@, R,) are co-normal points.
7. The centre of curvature at P is
[o (@ni+2), —2am],
thercfore the circle of cnrvatare at P is
2 +y'—2az (B +2) +4damiy—8ami = 0 ... cvuenn. (i);
and, because 3m,+M =0,

the fourth pointa of scction Py, (@, I;) are co-normal points,
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The equation to circle P,Q,R, is
' +y' —ax (95,+8)/2+27ayp/2 = 0....ccoovennnn (il);
the radical axis of this and PQR is
2822 = 7pY ceeveirrriiirinnninennnn (BiL),
The tangent-circle (p,g7s) is
# 4y +az (98;,—2)/2—27ayp—94*S,;/2 = O.........(iv.).
The radical axis of this and pgr is
Sur—7py—aS; = 0 eoovirvreriieinieneen (V)
8. The equation to P’y is
ySa+ 3m,w+amy (m; +2mymy) [2= 0,
whonce we see that
Py, Q'q, R'Y cointersect in (—~a8,/12, —3ap[28,).

9. From §3 (iii.), § 5 (ii.), we see that the radical axis of PQR,
p'qr is the tangent at the vertex, and, from §7, that the radical
centre of the three circles of curvature is.(—aS;/4, 3au/28,).

10. The equation to QR is
2z +my+ 2am,my =0,
and the equation to gris  z—m,y +am: =0;

hence these cut in {a (m? +2m,m;) /3, aS,/3m,], i.e., in p, say ; hence
the centroid of all such triangles as pyg,r; lies on the tangent at the
vertex.

11. The line Pp is
yS;—6mz+a (Gp+m8;) =0;
hence Pp, Qg, Br cointersect in (ad,/6, —6ap/S,).
12. The perpendicular from q on RP is
myz—2y = a (2my+p) ;
hence the perpendiculars from p on QR, g on RP, r on PQ; meet in
(20, —ap/2).
13. The orthocentre of PQR is
[a (5,—-8)/2, —,-—a[1/2];
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the orthocentre of pgr is (—a, ap);
and the orthocentre of PQr (w,) is
[-a(@+mmy), —a(2my+p)];
hence Aw, is parallel to the tangent at 12,
Aw, s . ” P,
and Am, » " » Q.
The centroid of =, 7,7, is
[2(S:—12)/6, —ap].
14. The centroid of PQR is (aS,/3, 0),
the centroid. of pgr is (—aS,/6, 0),
the centroid of PQr (g;) is (2S./6, —amy) ;
hence g,, ¢s, g; are collinear, and their centroid is
(a8,/6, 0).

15. From § 1, the coordinates of O are

[2(8:+4)/2, ap].
The isoclinal (through P) to PN with the normal is

445

y—mz+a (mi—2m) =0 .eoerereirrererneen (i)

hence the similar lines through @, R meet it in

o, [a. (S;—4)/2, —a,p].
The equation to 00’ is

4y—2us+auS,=0
16. Since PO cuts the axis at
[a (mi+2), 0],

the perpendicular to PO, through this point, is

my—z+a (m+2) =0.....
this meets the similar line for @ in 7, SAY

[a (2—m,my), am,].
The circle pyq,r, is '

SOOI (1 )

oyt —ax [S’,-}- U]/Z—upy +a* (S;+4)/2=0......... (i),
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of which the diameter is SO. By its construction the triangle p,g,r,
has its sides parallel to the sides of pgr, and, as the radii of the circles
are equal, therefore the triangles are equal. The circles touch at S.
(§ 16 furnishes an easy way of finding O when P, @, B are given.)
S is the centre of perspective of the triangles. Since, with the
usual notation, 8T = S@, therofore PO cuts the circle in the mid-
poiut of P@, and so for the other normals.

17. Perpendiculars drawn to the tangents at P, @, R, at the points
whore they meet the axis, since their equations are

y+maz+am =0, ...,
meet in II, [-aS,/2, —ap].
This point is the oxtremity of the diameter of pgr through S. The
polar of II, with respect to the parabola, is

Qrtpy =aSs.cccciiiiivirnninnnnenn (1) 3

bence it is perpendicular to O0', and meets that line in

[aS,/2, 0],

1.e., on the axis.

18. The circle round P (m,), P, (—2m,), P, (—3m,) cuts the curve
again (because my,—2m,—3m,+4m, =0) in P,;(4m,); hence P,,
(Qy I,) are co-normal points.

The equation to PP, P, is
@ +y*—av (15m; +4) — Samiy +24am; =0 ........0un (i),
and the radical centre of it and the circles for @, R is

[4aS,/5, 48ap /58, ].

19. Through P, @, R draw parallels to
(i.) the tangentsat Q, It, P;
(ii') ” ” R' P’ Q;

and let P, Q,, B,; P,, Q,, B, be the points where the sets (i.), (ii.)
respectively meet the purabola ; their parameters are

(Cmy—my, 2my—my, 2my—m,), (2my—my, 2m,—mg, 2my—m,); -
hence the two sets are co-normal points.

The mid-point of P, P,, &ec. is on the diameter through P, &e.
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20. The circle PQP,, because
my+my+ (2mg—m,) — 3m, = 0,

passes through @;; therefore QRQ,, RPR, pass through R,, P, re-
spectively.
Similarly, PEP,, QPQ,, RQR, pass through R,, P;, Q,, respectively.

21. Again, because
my+ (8mg—m,) —2m;+0 = 0,

therefore PP, A passes through Q,
QQ"A' » ”» Rl’
RR,A ,, ” P,
and PP, A passes through R,,

Q4 » P,
RRG'A ” ” QI'

22. The circles P,Q, R, P,Q,R, are given by
Py —as (15,+8)/2—avy/2 =0 ...ccovuneenn (i),
@ +y'—as (75;48)/2—ary /2 =0 ..ol (i),
where v = (2my—my . 2my—m, . 2ing—m,),
V= (2m,—my, . 2mg—my . 2my—m,),
and v+ = 20p.

Hence (i.), (ii.), intersect on the axis, and abscisse of their centres
are the same.

23. AP,Q.R,+AP,Q,R, = 162pud’.
24. PP, QQ, meet in E,,
[a (8,—4m,m,) [2, —-am,],
i.e., on the diameter through 7 ; and the centroid of P,, Q,, R, is
[« (58./6), 0].
25. The circle through mid-points of P, P,, (},Q,, B,E is

W yt—an (U8, +32) /2 +apy/4+® (108, +328,) = 0.
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26. The centroids of P,Q,R,, P,Q,R, coincide in
[7a8,/3, 0].
Their orthocentres are [a (78,~8)/2, —ar/2]
and [a(78,~8)/2, —av'/2]-
27. The tangents at Q,, B, meet in =,
[a (2my—m,)(2m,—m;), —a (2m,—ml)],
and at Q, R, in =,
[a (2m,—my) @my—m;), —a (2my— 'm,)] ;
hence the centroids of =,w,m,, = =, coincide in

[ —7a8./6, 0].

[June 12,

28. Let PS, @S, ItS mcet the curve again in ¢, ¢, ¢5; then, since ¢,

is given by [afmy, —2a/m,],

the circle ¢,¢,¢, is

2 +y'—a [ S1/md+4 ] z+ay/2u —a'S1/mp = 0.

TR ¢ 8

The tangents at ¢, &, t;, meet in ¢, &, £;, where ¢ is the point

[omip, amiju];

hence the cirele ¢{#;¢; is

@'+’ —az—ay (S;+2)/2u = 0............

which passes through the vertex as well as the focus.

ceveerens (i),

29, In fact, if the tangents at the co-normal points P, @, R cut the
line given by z = ka, and from the points of section the second set of
tangents be drawn, touching the curve at 1), T}, 1%; then, since T,
is given by (k/m,), Sm;m, = 0; hence, by § 3 (ii.), the tangent-circle

for I'T,T, is

P+yi—aztay (k. S;+28%)/2u =0 ...........

30. The “N.P.” circle of ¢[¢;t; is

e+’ +az/2+ay (2—38)/4p+a’ (8,—8,)/2p* =0 .eeure.es (1)

The centroid of the triangle is

[0, aS,/3;4].



1890.] Co-normal Points on a Parabola. 449

31. The following method of obtaining sets of co-normal points is of
some interest :—

Draw PS and produce it to meet thecurve in L; join L4 and draw
Aa, perpendicular to AL. The parameter of g, is 4m, (and it is there-
fore the point P, of § 17) ; similarly, from a, we can get a,, and so on.
Let b, ¢, be the corresponding points for @,, R,; then (a,, b, ¢),
(ag, by, ¢;), ... are co-normal sets. Again, reversing the above process,
i.e., join PA, draw AL perpendicular to AP, then join L to S and
produce to meet the curve in aj, ..., and we have sets

’ ’ 4 ’ ’, ’,
(a, by, 01)1 (“z’ by ¢1)y ey
with parameters m,/4, m,/16, &c. a,a|, a;a], &c. meet the axis where

it is cut by the tangent at P, &c., and the tangents at a,, af, meet on
the ordinate of P, and so on.

32. The circle Pa,a; is

g (04 5 ot 2 sy Doamemo....
2 +y (4+ 6™ ar+ 55 MY 4’a'm]_-O ...... (i),

and it cuts the curve in a fourth point (—2lm,/4); hence this point
and the analogous ones form a co-normal system.
33. The equatiouns to a,b,c,, e;bjc; are
2 +y'—az (88;+4)—82apy = 0.....................(i),
and a'+y'—ax (S;+128)/32—ayp/128 =0............... (ii.).

34. The sum of the squares of the tangents, taken once, from
a,, by, ¢, to pgr, PQR, are respectively
a* (2728,+938,/2) and 24080
35. Since the parameters of P,, P, a, are 2m,—m,, 2m,—m,, and

4m,, their sum = 0; hence the three points form a co-normal system,
asdo @, @, b,; B, B,¢c,. (Cf §17.)
36. The equation to any parabola passing through the co-normal
system P, @, R is
(y+Az)! = az [8+)\25',]/2+)\ay [25’,-} ;4)\]/2+4;)'\pa’......(i.),
where A is arbitrary.
If we make the curve pass through O, we find A* = 2, 7.e., the two
parabolas are
(r4 V2 a) = an (Sy+4) +ay (u£ v28) 44/ 2pa ... (i),
VOL. XXI.—No. 398. 2 a
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This latter may be written in the form
¥+ 2 —az (S,+4) —ayp = £ /2 [ayS;+4pa’~ 22y ]......(jii.)

Hence we see that the ellipse through the four points and through
the vertex is given by

Y+ 22 —azx (S;+4) —ayp = Oueereenvrivnnennnnn (iv2),
and the rectangular hyperbola through the four points is
2oy = ayS,+4ua’ ...cccovviiviiiiiinnenninnn (V1)

37. From (ii.) of § 36, we see that the mid-point of each of the
intercepts made by the parabolas on the axis of the given parabola is
the projection of O on that axis.

38. From § 15 and § 36 (iv.), we see that the centre of the ellipse
is at the mid-point of 40.

39. The centre of the hyperbola is (aS,/2, 0); ¢f. §17. The
tangent at O is
2y +ap = ap (5,+8)/2,
which shows that it coincides with the perpendicular throngh O on
the polar of 0 with regard to the parabola.*

40. The second parabola, which passes through 4 and the co-normal
points, is given by
22 = aaS;+apy.

41, SP=a (1+'m,':),

cee g eee

SP.SQ.SR=a [1+s,+ ‘_Z; +p’]=a,. S0

42. Many results may be got by taking p = constant; thus (§9)in
this case the locus of the radical centres of the three circles of
curvature at P, @, R is the rectangular hyperbola

8zy = —3a’p.

[43. We refer to Milne and Davis, the Parahola, pp. 37 and 56,
for geometrical proofs of §§1 and 3 (iii.). From this last it is
obvious that, given any two points on the curve, the co-normal
system can be determined by finding the 4th point of section of a
circle throngh them and the vertex with the curve.

* ¢f. also § 15 (i.).
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44. A referee states that § 5, (ii.), was set as a problem in the
June 1889 Examination at Caius College, Cambridge; and I find a
long proof of §6, (i.), in the Nouvelles Annales des Mathématiques,
March, 1890, by M. Lemaire.

45. Milne, p. 34, illustrates § 16.

46. Oun §§19-21, a referee remarks that the result may be generalized
thus: Let PQR be one set of co-normal points, and F' QI another
set ; through P, @, I, draw parallels to the tangents at I”, @', I’
meeting the curve again in L,"M, N, respectively, then L, M, N are
also co-normal points: Again, the circle PP'L mects the curve in 1%
and the circle PLA meets tho curve in 1%, P; being (—2p), Py (—3p),
where p is the parameter of P'.

47. 1f p,, q,, r, are the points of contact of tangents parallel to QR,
P, PQ, then these are given by

(p) [amf/4, —am,], ey sees
The tangent circle for p,, q,, 7, is
a:’+y’+ax[S,—S]/S—-apy/S-—a’S,/S =0.

The perpendicular from 7, on PQ) is

myz+2y = 2amg+ amif4;
hence tho three like perpendiculars meet in

a [2+S,/8], —ap/8B.
The orthocentre of p,q,7,is

a[—4+5,/8], ap/l6.

48. Since the co-normal points (I*, (, ) are on a circle through the
vertex, the inverse points, with respect to 4, which lie upon a cissoid,
are on a straight line. Its equation is

by + (S, +8) 2 = 2%
where k is the modulus of inversion.
49. If P = prmy+ gymy 4 vy my,
Py = pymy+qymy+7ymy,
M5 = D3y + qymy+7ymy,
thien u,, p;, puy will be a co-normal system, provided

3p=3¢g= Er‘.']
2a2



452 Proceedings.

The following presents have been received during the recess :—

Cubinet likeness of Mr. A. B. Busset, for the Society’s Album.

¢ Proceedings of the Royal Bociety,” No. 289-294.

¢t Educational Timos,” for July, August, Soptember, and October, 1890.

¢ Proceedings of the Royal Society of Edinburgh,”” Vols. xv. and xvr.

 Proceedings of the Royal Irish Academy,’’ 3rd Ser., Vol. 1., No. 3 ; June, 1890.

¢ Scientific Proceedings of the Royal Dublin Society,’” Vol. vi., Parts 7, 8, 9.

¢ The Scientific Papers of Jumes Clerk-Maxwell,”’ edited by W. D. Niven,
M.A., F.R.S., 2 Vols., 4to; Cumbridge, 1890.

% Proceedings of the Canadian Institute, Toronto,” Third Series, Vol. vi1., Fasc.
No. 2; 1890, April.

¢¢ Smithsonian Report, 1887,” 8vo; Washington, 1889.

“ Momoirs of the Nutional Acudemy of Sciencos,” Vol. 1v., Part 2, 4to;
‘Washington, 1890.

¢¢ Catalogue of Stars observed at the United States Naval Observatory during the
years 1845 to 1877,” Third Edition, 4to; Washington, 1889.

¢ Report of the SBuperintendent of the U.S. Naval Observatory for the yonr ending
June 30, 1889,"” 8vo; Washington, 1889,

¢¢ Bullotin des Sciences Mathématiques,”” Juin-Sept., 1890.

‘¢ Annales de la Faculté des Sciences de Toulouse,’’ Tome 1v., Année 1890, 4to,
Paris, 1890 ; 1¢r fuscioule.

* Annalos de 1"Ecolo Polytochnique de Delft,’” Tome v., 1890, 3m° and 4me
Livr., 4to; Leide, 1890.

¢ Atti dellu Realo Accademia dei Lincei—Meniorie,'’ Vol. v.; Roma, 1888.

¢¢ Atti dolla Reale Accademia dei Lincei—Rendiconti,” Vol. vi., Fasc. 8-10, 12
(1° Semostre) ; Fusc. 1-3 (2° Soincstre).

‘¢ American Journal of Mathematics,’’ x11., 4.

¢ Annali di Matomatiea,” Scrie 11., Toino xviir., Fasc. 2.

¢ Journal fiir die reine und angowandte Mathematik,’’ Band cvi., Heft 3 u. 4;
Band cvni., Heft 1.

W. Pleffer.—(i.) “Uber Aufnahme und Ausgabe Ungoloster Korper,
(ii.) * Zur Kentniss der Plasmahaut und der Vacuolen,”’ &c., 8vo; Leipzig, 1890,

Paul Starke.—‘ Arboitsleistung und Wiirme-entwickelung bei der verziégerton
Muskelzuckung,” 8vo; Leipzig, 1890.

¢ Berichte iiber die Verhandlungon der Koniglich-Sachsischen Gesellschaft der
Wisscnschafton zu Leipzig,” 1., 8vo; Leipzg, 1890.

¢ Jornal de Sciencias Mathomaticas e Astronomicas.” Vol. 1x., No, 5.

¢¢ Sitzungsberichte der Koniglich-Proussischen Akademie der Wissenschaften zu
Berlin,”” 1.-x1%.

¢ Memorias do la Sociedad Cientifica—Antonio Alzate," Tomo 111., NGms. 9y 10;
Mexico, 1890. .

¢¢ Boibliitter zu den Annalon dor Physik und Chemie,’’ Band x1v., Stiicke 6-8.

¢ Rendiconti del Circolo Matomatico di Palermo,’” Tomo 1v., Fasc. v. (Sett-Ott.
1890.)

¢t Archives Néerlanduiscs des Scionces Exuctes et Naturclles,”” Tome xxiv.,
Livr. 2 aund 8.

¢« Jahrbuch iiber dio Fortschritte der Mathematik,”” Band xix., Heft 3;
Berlin, 1890. . ) )

*¢ Vierteljahrschrift dor Nuturforschenden Gesollschaft in Zirich,” Jabrgang,
xxxv., Heft 1.
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¢¢ Bollettino delle Pubblicazioni Italiane, ricevute per Diritto di Stampa,’ 1890,

Nos. 107-114 ; Index to ditto, pp. 1-80.
“ Nyt Tidsskrift for Mathematik,”” A. Forste Aargang, Nos. 2, 3; B. Forste

~ Aargang, No. 2.
¢“Calondar of the Imperial University of Japan for the years 1889-90, 8vo;

Tokys, 1889

APPENDIX,

‘The following notes, received from Mr. J. Griffiths* (December,
1889), are of interest in connexion with the papers on “ Isoscelians ”
(Proc. Lond. Math. Soc., Vol. x1x.), and on * Isoscelian Hexagrams”
in this Volume (p. 4).

1. Using the Fig. 4 (Proc., Vol. xix., p. 166), and calling the
angles ,
01 ¢r ‘P.} [0+¢+¢ = 1800]....a..,................(i.),

in place of 4, B, O, he gives the trilinear coordinates of P by the
equations .

asin@sin (0+4) = Bsin ¢ sin (¢ + B) = ysinysin (Y+0) ... (ii.).
Phese relations are unalterod when
#—8—A, m—p—B, r—y—0

are written for 0, ¢,  respectively ; hence we arrive at the same point
with the negative 6-, ¢-, J-lines.
(1) When 6 = A or r—24, ¢ = Bor »=2B, ¢y = 0 or n~20,

we arrive at the Isoscelian results (loc. cit., p. 166).

=r_ 4 4z B ,_x_0
@ When 6=T2-2,9=2-2 y=2_10,

the positive and negative circles coincide : the coordinates of P, in

& Mr. Griffiths was a referee for the paper on *¢ I. Hoxagrams,'' and has kindly
put the following notes, amongst others, at our service.





