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Abstract

This paper presents a novel method for approximating the factorial function
n! based on powers and asymptotic expansions. By manipulating powers of n! and
extracting suitable roots, we derive both Gosper’s and Ramanujan’s approximations
as special cases. A new approximation is proposed, offering significantly reduced
relative error across the interval n > 0, including near zero. Comparative analysis
and graphical results are included.
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1 Introduction

The approximation of the factorial function n! is typically based on its asymptotic ex-
pansion. Although accuracy improves by including higher-order terms, the approximation
error increases noticeably within the interval n ∈ [0, 1]. This is expected, as the expansion
is derived under the assumption that n → ∞.

However, several formulas eliminate divergence at n → 0, allowing accurate evaluation
across the domain n > 0. Well-known approximations include:

Gosper’s approximation:

n! ≈
√

2πn+ π
3

(n
e

)n

(1)

Ramanujan’s approximation:

n! ≈
√
π
(
8n3 + 4n2 + n+ 1

30

)1/6 (n
e

)n

(2)

This paper demonstrates a unified approach from which both approximations follow
and proposes a new formula with even greater accuracy.

2 Asymptotic Expansion and Stirling’s Formula

The asymptotic series for n! is

n! ∼
√
2π · nn+1/2e−n

(
1 +

1

12n
+

1

288n2
+ . . .

)
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Neglecting correction terms yields Stirling’s approximation:

n! ≈
√
2πn

(n
e

)n

3 Approximations from Factorial Powers

3.1 Square

Squaring n! gives:

n!2 ∼ 1

3
(6πn+ π)n2ne−2n

⇒ n! ≈
√

2πn+ π
3

(n
e

)n

This result corresponds to Gosper’s approximation (1).

3.2 Fourth Power

Expanding n!4:

n!4 ∼ 1

9
(36π2n2 + 12π2n+ 2π2)n4ne−4n

⇒ n! ≈
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This expression is structurally analogous to Ramanujan’s approximation (2).

3.3 Discussion

Approximation (3) performs better than (1) for large n, but worse for n < 0.3.

4 Ramanujan via Sixth Power

The sixth power yields:

n!6 ∼ 1

30
(240π3n3 + 120π3n2 + 30π3n+ π3)n6ne−6n

⇒ n! ≈
√
π
(
8n3 + 4n2 + n+ 1

30

)1/6 (n
e

)n

This coincides exactly with approximation (2).
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5 New Approximation via (n + 1)!4

Let us consider

(n+ 1)!4 ∼ P (n)
(n
e

)4n

π2

where

P (n) = 4n6 +
52

3
n5 +

266

9
n4 +

10072

405
n3 +

25697

2430
n2 +

105277

51030
n+

515969

4592700

Final approximation:

n! ≈
√
π

n+ 1
· nne−n · P (n)1/4 (3)

6 Accuracy Comparison

n Relative Error (3) Relative Error (2)

1 8.13× 10−6 2.48× 10−4

5 2.59× 10−8 1.84× 10−7

10 1.53× 10−9 2.16× 10−8

20 9.44× 10−11 2.67× 10−9

50 5.93× 10−12 4.23× 10−10

100 7.39× 10−13 1.05× 10−10

Table 1: Relative errors of Ramanujan’s (2) and the new approximation (3).
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7 Graphical Comparison

Figure 1: The red curve represents the proposed approximation (3), the blue curve corre-
sponds to Ramanujan’s formula (2), and the green curve shows the exact factorial function
n! used as the reference over the interval n ∈ [0, 1].

8 Conclusion

We have introduced a unified method for constructing factorial approximations using pow-
ers and roots. This approach not only recovers known approximations such as Gosper’s
(1) and Ramanujan’s (2), but also yields a new approximation (3) with demonstrably
superior accuracy across the entire interval n > 0.

The method can be generalized further by selecting alternative generating expressions,
striking a balance between polynomial complexity and numerical precision.
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