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Abstract—This paper introduces a novel Reference Signal
and a channel estimation and equalization technique for Zero-
Padded waveforms, like ZP-OFDM and the recently proposed
FM-OFDM, under doubly-dispersive channels with Doppler and
phase noise. We describe a two-stage pilot structure aimed to sep-
arately capture the long-term and short-term channel variations
and a piecewise estimation and equalization technique, based on
approximation of the time-varying channel impulse response by a
set of time-invariant channel responses, which are independently
equalized and further combined to compensate the channel’s
dispersion. Design criteria for the proposed Reference Signal are
also given. Numerical results under high phase noise show that
piecewise-equalized ZP-OFDM can outperform MMSE-equalized
CP-OFDM with CPE compensation, thus avoiding the need
of an additional Reference Signal for phase noise mitigation.
Results under high mobility demonstrate the superiority of
piecewise-equalized FM-OFDM and ZP-OFDM waveforms over
MMSE-equalized OTFS and CP-OFDM, outperforming also the
highly complex DFE-equalized OTFS for certain modulation
orders, without the need to estimate any Doppler components.
The degradation incurred by the proposed realistic piecewise
estimation technique with respect to ideal estimation depends on
the richness of the channel’s multipath profile rather than its
Doppler spread.

Index Terms—Equalization, Channel estimation, Time-varying
channels, Doppler effect, Phase noise.

I. INTRODUCTION

THE Sixth Generation (6G) of wireless cellular commu-
nications is already being discussed at the main stan-

dardization fora and driven by the studies performed by
the International Mobile Telecommunication (IMT) Systems
for 2030. One of the key drivers foreseen for 6G is the
efficient transmission of wireless signals under strong Doppler
conditions, as encountered in, e.g., non-terrestrial networks
(NTN) [1]. Another key pillar is the support of extremely high
data rates at very high frequencies where phase noise (PN)
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is an important factor. The use of Cyclic Prefix-Orthogonal
Frequency Division Multiplexing (CP-OFDM) is challenged
by its well-known drawbacks, like the high Peak to Average
Power Ratio (PAPR) and strong sensitivity to Doppler and
PN. Among the new waveform proposals, Orthogonal Time-
Frequency-Space (OTFS) modulation is one of the most stud-
ied for doubly-dispersive channels based on the delay-doppler
representation [2]. Orthogonal chirp division multiplexing
(OCDM) [3] and Affine Frequency Division Multiplexing
(AFDM) [4] also emerged as new candidates that modulate
data onto orthogonal complex chirps to exploit multipath
diversity and better cope with doubly dispersive channels,
respectively. More recently, Frequency-Modulated Orthogonal
Frequency Division Multiplexing (FM-OFDM) was shown to
exhibit remarkable resilience to Doppler and PN thanks to
differentially encoding the information in the phase and the
concept of the cutoff subcarrier [5]–[7]. However, most studies
rely on perfect channel knowledge by the receiver, and realistic
channel estimation in doubly-dispersive conditions demands
further research.

Channel estimation based on so-called Basis Expansion
Model (BEM) decomposes the time-varying impulse response
into a set of pre-defined deterministic functions whose coeffi-
cients are to be estimated [8]. BEM models are restrictive in
the sets of channels that can be modeled, since they must
exhibit properties close to those of the deterministic func-
tions, which hinders adequate modeling of a-priori unknown
channels. One popular approach to equalization involves inter-
carrier interference (ICI) compensation via Minimum Mean
Squared Error (MMSE) equalizers, that exploit the banded
structure of the channel matrix either in CP-OFDM or in Zero
Padding Orthogonal Frequency Division Multiplexing (ZP-
OFDM) [9], [10]. The latter is an appealing alternative to CP-
OFDM that ensures symbol recovery regardless of the zero lo-
cations of the channel frequency response, and is especially at-
tractive when strong frequency selectivity is present [11], [12].
However, none of these directions provide a fully satisfactory
solution, either because of ICI compensation complexity or
from a strong dependence on the selected BEM functions,
especially when coupled with PN. A more straightforward
approach makes use of multi-segmental OFDM equalization
with partial Discrete Fourier Transforms (DFTs), where the
channel impulse response is approximated by a set of time-
varying terms in the so-called piecewise linear model (PLM)
[13], [14]. However, equalization of such time-varying impulse
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responses cannot be achieved with the traditional techniques
devised for time-invariant systems.

In this work, a new channel estimation and equalization
technique is introduced for linear time-varying (LTV) channels
based on approximation by a set of piecewise linear time-
invariant (LTI) channel responses, which are readily equal-
ized using full-interval DFTs. A suitable two-stage Reference
Signal (RS) structure is proposed comprising a Wideband
RS (WB-RS) and a Narrowband RS (NB-RS) that are time-
interleaved with different periodicities. WB-RS and NB-RS
can be separately optimized for estimation of the long-term
multipath delays and short-term complex amplitude variations,
respectively. While WB-RS resembles the pilots traditionally
used for channel estimation (but much sparser in time), NB-
RS exhibits two symmetric block structures tailored to track
the channel tap variations under known delays.

Estimation relies on the ZP field to approximate the non-
circulant Channel Impulse Response (CIR) matrix by a set of
circulant CIR matrices. We show that the LTV channel can be
locally approximated by a set of piecewise LTI channels, each
valid at a different symbol interval, thanks to the trailing zeroes
of the ZP field that ensure circularity of the received symbol
regardless of the Doppler and PN variations. Obtaining the
LTI channels reduces to multiplication of the received signal
with a pre-computed pseudo-inverse matrix by relying on the
a-priori known tap delays previously estimated with WB-RS.
The pseudo-inverse problem can be more conveniently solved
using a Tikhonov regularization method when the matrix is ill-
conditioned, as happens when the number of pilot subcarriers
is small compared to the DFT size. Once the LTI channels
are obtained, a piecewise equalization strategy comprises a
bank of parallel equalizers for each piecewise interval whose
outputs are further combined with window functions.

The main contributions of this paper are summarized as
follows:

• A two-stage RS structure is introduced aimed for inde-
pendent estimation of the channel’s multipath delays and
complex amplitude variations, respectively, in doubly-
dispersive channels with Doppler and PN. Criteria for
dimensioning of the proposed RS are given.

• A realistic piecewise channel estimation technique is dis-
cussed based on decomposition of the LTV channel into
multiple piecewise LTI channels, whose responses are
obtained by a Tikhonov regularization method. Contrary
to other delay-Doppler estimation methods, the Doppler
components in our approach do not need to be estimated.

• A piecewise equalization strategy initially described in
[15] is further elaborated comprising a bank of one-
tap equalizers based on full DFTs, each tuned to one
of the piecewise LTI channel responses, whose outputs
are combined via window functions. The use of partial
DFTs is avoided thanks to a remarkable property of
Zero-Padded waveforms by which symbol circularity is
preserved regardless of the channel variations.

• Numerical results illustrate the effectiveness of the pro-
posed approaches with FM-OFDM and ZP-OFDM under
high Doppler or high PN conditions. Piecewise equaliza-
tion at high speeds is remarkably good in FM-OFDM per

its inherent resistance to Doppler, outperforming DFE-
equalized OTFS at the higher modulation orders, followed
by ZP-OFDM. At high PN conditions, ZP-OFDM outper-
foms CP-OFDM even when PN compensation is applied
to the latter. The effectiveness of real piecewise channel
estimation is shown to depend on the multipath profile
rather than the amount of Doppler spread, which makes
it ideal for high-speed applications.

The rest of the paper is organized as follows. Section II
introduces the system model. Section III discusses the ap-
proximation of a time-varying channel by a set of time-
invariant channel responses in Zero-Padded waveforms. Sec-
tion IV presents the piecewise channel estimation approach
and proposes a suitable RS to accomplish it. Section V details
the time-frequency piecewise equalization method based on
the piecewise channel approximation. Section VI is devoted
to numerical results, and finally Section VII concludes the
work.

Notation: 𝑗 ≜
√
−1 is the imaginary unit. For scalars, ⌈·⌉

denotes the rounding to the next higher integer. For a complex
vector, |· | denotes its norm, (· )∗ is the complex conjugate,
(· )𝐻 is the Hermitian conjugate, and 𝑣𝑒𝑐(𝑎, 𝑏) denotes a col-
umn vector obtained after vertical stacking of the column vec-
tors 𝑎 and 𝑏. For a complex matrix A = {𝐴𝑛𝑚}, its Frobenius

norm is denoted by ∥A∥𝐹 ≜
√︃∑

𝑛,𝑚 |𝐴𝑛𝑚 |2. A diagonal matrix
with entries 𝐴𝑛𝑛 at its diagonal is denoted by 𝑑𝑖𝑎𝑔(𝐴𝑛𝑛). 𝑁-
point vectors are denoted by either {𝑏𝑖 , 0 ≤ 𝑖 ≤ 𝑁 − 1} or
[𝑏[𝑛], 0 ≤ 𝑛 ≤ 𝑁 − 1]. 𝑎̂[𝑛] represents an estimation of 𝑎[𝑛].
When applied to complex vectors, 𝑎 ⊗𝑁 𝑏 is the 𝑁-point
linear convolution of 𝑎 and 𝑏, and 𝑎 ⊛𝑁 𝑏 is the 𝑁-point
circular convolution. The 𝑁 × 𝑁 DFT matrix F𝑁 is defined
by its complex (𝑘, 𝑛)-th elements 1√

𝑁
exp (− 𝑗2𝜋𝑘𝑛/𝑁). E {· }

represents the expectation operator. 𝛿[𝑛] is the discrete Dirac
delta function. CN (𝜂, 𝜎2) is a circularly symmetric complex
Gaussian random process with mean 𝜂 and variance 𝜎2.

II. SYSTEM MODEL

The system model considers the transmission of a block of
complex modulated symbols using a Zero-Padded waveform
over the duration of a symbol. Transmission suffers the impact
of a doubly-dispersive channel with delay spread and Doppler
spread. A receiver comprising non-ideal oscillators introduces
PN impairments over the received signal and is aimed to
estimate the original modulated symbols with the best possible
error performance.

In every 𝑇𝑠-seconds block interval, a block of 𝑁𝑠 com-
plex modulated 𝑀-ary Quadrature Amplitude Modulation (𝑀-
QAM) symbols

{
𝑋 𝑗

}
is generated. We assume that 𝑇𝑠 can

be comparable to, or higher than, the channel’s coherence
time. For simplicity, we will consider that E

{��𝑋 𝑗 ��2} = 1. The
complex modulated symbols are carried by a single-carrier
or multi-carrier waveform 𝑝[𝑛] characterized by a subcarrier
spacing SCS = 1/𝑇𝑠 and a sampling frequency 𝑓𝑠 = 𝑁/𝑇𝑠 .
A mathematical transformation F then converts the waveform
into a different complex baseband signal 𝑠[𝑛] with possibly
better PAPR characteristics than the original waveform, to
which a ZP field is appended to the symbol with a length
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𝑁ZP equal or higher than the maximum delay of the channel
expressed in samples,

𝑠[𝑛] = F {𝑝[𝑛]} ,

𝑠[𝑛] =

{
𝑠[𝑛], 𝑛 = 0, . . . , 𝑁 − 1
0, 𝑛 = 𝑁, . . . , 𝑁 + 𝑁ZP − 1.

(1)

By way of examples, an identity transformation F = I
would yield a ZP-OFDM waveform, whereas a FM-OFDM
waveform with modulation index 𝑚 and 𝑁𝑎 active data subcar-
riers [7] could be obtained by a transformation (with suitable
parameters 𝐴𝑐, 𝜃 and 𝜑0)

F {𝑝[𝑛]} = 𝐴𝑐 exp 𝑗 {𝜑𝑡 [𝑛] + 𝜃} , (2)

where 𝜑𝑡 [𝑛] = 𝜑0 + 2𝜋∑𝑛
𝑛′=0 𝑓 [𝑛

′] and 𝑓 [𝑛] = 𝑚
√︃

𝑁
𝑁𝑎
𝑝[𝑛].

The signal 𝑠[𝑛] is transmitted over a doubly-dispersive
wireless channel that exhibits both delay spread and Doppler
spread. A receiver with non-ideal hardware introduces some
random PN in addition to Additive White Gaussian Noise
(AWGN). Thanks to the appended ZP, linear convolutions
become circular convolutions over the padded symbol with
length 𝑁𝑇 = 𝑁 + 𝑁ZP irrespective of the time-varying nature
of the channel, so the received signal is

𝑟[𝑛] =

(
𝑁𝑇−1∑︁
𝑧=0

ℎ[𝑛, 𝑧]𝑠[𝑧]

)
𝑒 𝑗 𝜑𝑃[𝑛] + 𝑤[𝑛], (3)

for 𝑛 = 0, . . . , 𝑁𝑇 − 1. 𝑒 𝑗 𝜑𝑃[𝑛] represents the PN impairment
and 𝑤[𝑛] is CN (0, 𝑁0) where 𝑁0 is the one-sided noise
spectral density.

Thanks to the signal’s circularity, one-tap frequency-domain
equalization can undo multipath with the aid of the channel’s
impulse response obtained via channel estimation. Note that
channel estimation in time-varying channels should consider
the intra-symbol channel variations caused by Doppler and
PN. Finally, the inverse of the transformation performed by
the transmitter is applied to the equalized signal 𝑟[𝑛] to obtain
an estimate of the original waveform 𝑝[𝑛] = F −1 {𝑟[𝑛]}, from
which the estimated complex modulated symbols

{
𝑋̂ 𝑗

}
can be

obtained.

A. Transmitter

A block diagram is shown in Fig. 1 illustrating the pro-
cessing steps for block-based transmission and reception of
a Zero-Padded waveform. Over the duration of a symbol, a
QAM modulator delivers a block of 𝑁𝑠 complex modulated
𝑀-QAM symbols

{
𝑋 𝑗

}
. The modulated symbols are then

mapped to subcarriers via the vector 𝑋[𝑘]. The waveform-
specific transformation F in (1) can be suitably decomposed
into a pre-DFT step (that yields 𝑋pre[𝑘]) and a post-DFT step
(that yields 𝑓post[𝑛]), between which a normalized 𝑁-point
IDFT converts the frequency-domain information 𝑋pre[𝑘] into
the time-domain signal vector 𝑓 [𝑛]. A ZP field of length 𝑁ZP
is finally appended to deliver the transmitted signal vector 𝑠[𝑛]
with length 𝑁𝑇 ≜ 𝑁 + 𝑁ZP.

Different pre-DFT and post-DFT steps can yield different
waveforms. For example, ZP-DFT-s-OFDM can be obtained
with a transform precoding pre-DFT stage and no post-DFT

step; FM-OFDM results from a frequency modulation post-
DFT step and no pre-DFT step [7]; and ZP-OFDM involves
no pre-DFT or post-DFT steps [11].

B. Channel Model

A doubly-dispersive LTV channel exhibiting delay spread
and Doppler spread is assumed [16], [17] that further belongs
to the broad set of parsimonious channel models [18], a
subclass of so-called underspread channels characterized by a
limited Doppler spread. Embedding the PN contribution of (3)
as part of the LTV channel response ℎ[𝑛, 𝑧], the discrete-time
input-output representation can be written as a convolution-
like operation,

𝑟[𝑛] =
𝑁𝑇−1∑︁
𝑧=0

ℎ[𝑛, 𝑧]𝑠[𝑛 − 𝑧] + 𝑤[𝑛], (4)

where 𝑠[𝑛] and 𝑟[𝑛] are the transmitted and received signal
vectors respectively, ℎ[𝑛, 𝑧] is the time-varying impulse re-
sponse of the channel, and 𝑤[𝑛] is the complex Gaussian
noise term. ℎ[𝑛, 𝑧] is a function of the discrete delay 𝑧 and
discrete time 𝑛 and exhibits smooth temporal variations per
as the limited Doppler and PN impairment. Virtually all
realistic radio channels are underspread [18], and the combined
frequency impairment from Doppler and PN is smaller than
one subcarrier spacing in most terrestrial applications [7].
For a given delay 𝑧0, the time-varying functions ℎ[𝑛, 𝑧0] are
commonly known as channel taps and can each be attributed
to a macroscopic scatterer. Although it is customary to con-
sider uncorrelated scatterers, this work does not rely on that
assumption.

In its simplest form, parsimonious channels can be described
by a tapped delay line with 𝐿 time-varying channel taps
{𝑏𝑙[𝑛]}𝑙=0,...,𝐿−1, where the path delay of the channel taps
can be resolved into a set of discrete delays 𝑧𝑙 = ⌊𝜏𝑙 𝑓𝑠⌋
corresponding to the continuous-time delays 𝜏𝑙 ,

ℎ[𝑛, 𝑧] =
𝐿−1∑︁
𝑙=0

𝑏𝑙[𝑛]𝛿[𝑧 − 𝑧𝑙]. (5)

Notice that 𝑏𝑙[𝑛] may contain additional time-varying effects
from, e.g., PN caused by oscillators, thus rendering ℎ[𝑛, 𝑧]
an effective time-varying channel impulse response (CIR) as
seen by the receiver. This channel model can correspond to
either pure non-line of sight (NLOS) dominated by Rayleigh
scattering, or line-of-sight (LOS) with a direct ray and some
Rayleigh fading caused by scatterers. Large-scale fading is not
considered as it runs over time scales of seconds to minutes
(much larger than the symbol duration 𝑁𝑇 ) depending on the
environment, and only small-scale fading is assumed to have
an impact on performance [17].

C. Receiver

The time-varying channel response ℎ[𝑛, 𝑧] must be esti-
mated and equalized prior to demodulation. Instead of carrying
out a BEM decomposition of the channel, we develop an
extension of the partitioned convolutions technique proposed
in [19] and adapt it for use in parsimonious channels, by
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Fig. 1. Block diagram for block-based transmission and reception of a Zero-Padded waveform over a doubly-dispersive channel subject to AWGN and PN.
Unshaded blocks are common to ZP-OFDM, while different shaded blocks lead to different waveforms.

which 𝑏𝑙[𝑛] are approximated by a set of step functions in the
variable 𝑛 (Section III). Contrary to the approach in [13], [14]
where the weighted outputs of several partial interval DFTs
are linearly combined, our equalization strategy performs full-
interval DFTs whose windowed outputs are combined to
yield the signal vector 𝑠[𝑛] (Section V). Full-interval DFTs
are beneficial for implementations because of their lower
complexity, O(𝑁 log 𝑁), compared to partial-interval DFTs,
O(𝑁 log2 𝑁) [20].

After undoing any pre/post-DFT processing steps in Fig. 1
and performing an 𝑁-point DFT, the signal vector 𝑋̂[𝑘] con-
tains the estimated subcarrier contents 𝑋[𝑘]. The Subcarrier
demapping block finally picks the 𝑁𝑠 subcarriers containing
the received 𝑀-QAM symbols

{
𝑋̂ 𝑗

}
.

III. APPROXIMATION OF LTV CHANNELS BY
TIME-INVARIANT CHANNEL RESPONSES

A. CIR Matrix Approximation

Let us examine the input-output relationship (4),

R = HS + W, (6)

where R = [𝑟[𝑛]]𝑇 is the 𝑁𝑇 -point received signal vector,
S = [𝑠[𝑛]]𝑇 is the 𝑁𝑇 -point Zero-Padded transmitted symbol,
H ∈ C𝑁𝑇×𝑁𝑇 is the CIR matrix, and W = [𝑤[𝑛]]𝑇 is the 𝑁𝑇 -
point noise. Let us assume a generic CIR with length 𝐿 = 𝑁ZP
and 𝑧𝑙 = 𝑙. The CIR matrix is then

H =

𝑏0[0] 0 0 · · · 𝑏1[0]

𝑏1[1]
...

...
...

... 0 · · · 𝑏𝐿−1[𝐿 − 2]
𝑏𝐿−1[𝐿 − 1] · · · 𝑏0[𝑁𝑇 − 𝐿] · · · 0

0
... 𝑏1[𝑁𝑇 − 𝐿 + 1]

...
...

...
... 0

0 · · · 𝑏𝐿−1[𝑁𝑇 − 1] · · · 𝑏0[𝑁𝑇 − 1]


.

(7)

Notice that the non-null upper terms of the 𝐿−1 last columns
have no impact on the result, because they multiply the 𝑁ZP
zeroes in the ZP field. They could be set to zero, which makes

H a lower triangular matrix whose effect on the input signal
reduces to a linear combination of up to 𝐿−1 previous samples
weighted by the channel coefficients, with no effect from the
signal or the channel at other time instants. We call this the
locality property enabled by ZP.

Leveraging the smoothness of the time-varying taps 𝑏𝑙[𝑛] in
(5), we assume that their variations can be approximated by a
set of 𝑁𝐿 step functions whose constant complex amplitudes
are obtained by sampling 𝑏𝑙[𝑛] at the time instants (2𝑖+1)Δ/2,
where Δ = 𝑁/𝑁𝐿 is the length of each step function. This,
combined with the locality property enabled by ZP, allows us
to approximate the effect of the LTV channel at each interval
𝑛 ∈ Δ𝑖 (including PN) by

ℎ[𝑛, 𝑧] ≃ ℎ𝑖[𝑧], ∀𝑛 ∈ [0, 𝑁 − 1] : 𝑖Δ ≤ 𝑛 < (𝑖 + 1)Δ, (8)

where {ℎ𝑖[𝑧], 𝑖 ∈ [0, 𝑁𝐿 − 1]} are obtained by sampling
ℎ[𝑛, 𝑧] at 𝑛 = (2𝑖 + 1)Δ/2,

ℎ𝑖[𝑧] ≜ ℎ[(2𝑖 + 1)Δ/2, 𝑧] =
𝐿−1∑︁
𝑙=0

𝑏𝑖,𝑙𝛿[𝑧 − 𝑧𝑙], (9)

with 𝑏𝑖,𝑙 ≜ 𝑏𝑙[(2𝑖 + 1)Δ/2]. The LTI impulse response ℎ𝑖[𝑧]
in (9) has a circulant CIR matrix H𝑖 ∈ C𝑁𝑇×𝑁𝑇 equal to
the matrix that describes the implicit circular convolution
operation,

H𝑖 =



𝑏𝑖,0 0 0 · · · 𝑏𝑖,1

𝑏𝑖,1
...

...
...

... 0 · · · 𝑏𝑖,𝐿−1
𝑏𝑖,𝐿−1 · · · 𝑏𝑖,0 · · · 0

0 ... 𝑏𝑖,1
...

...
...

... 0
0 · · · 𝑏𝑖,𝐿−1 · · · 𝑏𝑖,0


. (10)

Notice that H𝑖 has dimensions 𝑁𝑇×𝑁𝑇 and is thus defined over
the whole symbol. Therefore, the channel output can be locally
approximated by the output of its corresponding piecewise-
constant LTI channel at the intervals 𝑛 ∈ Δ𝑖 ,

R ≃ H𝑖S + W, 𝑛 ∈ Δ𝑖 : 𝑖 ∈ [0, 𝑁𝐿 − 1], (11)

or, in vector form,

𝑟[𝑛] ≃ ℎ𝑖[𝑛] ⊛𝑁𝑇
𝑠[𝑛] + 𝑤[𝑛], 𝑛 ∈ Δ𝑖 : 𝑖 ∈ [0, 𝑁𝐿 − 1]. (12)
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In conclusion, when the CIR matrix is obtained over the
𝑁𝑇 points including ZP, the LTV channel can be locally
approximated by a set of LTI channels because ZP preserves
circularity regardless of the Doppler and PN variations [11].
Intuitively, the trailing zeroes of the ZP field ensure that the
received symbols comprise circularly-shifted replicas of the
input signal regardless of the channel variations. This contrasts
with the case of a CP pre-pended to the symbols, like in CP-
OFDM, where time variations make the CIR matrix no longer
circulant [10].

B. Piecewise Approximation Error

The rms error incurred by replacing the LTV channel with
a set of piecewise LTI channels can be obtained from the ICI
power that remains after the piecewise approximation. For a
Doppler spread 𝑓𝐷 and symbol duration 𝑇𝑠 , the ICI power 𝑃ICI
is bounded by the universal upper bound 𝑃ICI ≤ 1

3 (𝜋 𝑓𝐷𝑇𝑠)2

valid for any Doppler spectra [21]. This upper bound can be
modified to account for a PN linewidth 𝑊PN [22] in addition
to the Doppler spread, since their multiplicative effects lead
to added spectral widths because of the implicit convolution.
After splitting the symbol into 𝑁𝐿 intervals, the rms piecewise
approximation error over a duration given by the piecewise
interval (𝑇𝑠/𝑁𝐿) plus the channel’s delay spread (∼ 1/𝐵𝑐,
where 𝐵𝑐 is the channel’s coherence bandwidth) becomes

𝜀LTI ≤
𝜋 ( 𝑓𝐷 +𝑊PN)√

3

(
𝑇𝑠

𝑁𝐿
+

1
𝐵𝑐

)
. (13)

The first term inside the brackets usually dominates over the
delay spread, which leads to the rms error in [15] when
no PN is present. This upper bound can be useful for a-
priori dimensioning of the value 𝑁𝐿 needed to meet a target
𝜀LTI, under worst-case values of the Doppler spread 𝑓𝐷 , PN
linewidth 𝑊PN, and channel’s delay spread 1/𝐵𝑐. However, it
disregards any impact from imperfect channel estimation.

IV. PIECEWISE ESTIMATION OF LTV CHANNELS

With the insight gained in Section III, we now introduce a
strategy to estimate the 𝑁𝐿 CIR responses ℎ𝑖[𝑛] based on a
suitable RS structure for Zero-Padded waveforms.

A. Proposed RS Structure

A two-stage RS structure is proposed as shown in Fig. 2
comprising a combination of Wideband RS (WB-RS) and
Narrowband RS (NB-RS) signals that are time-interleaved
as in the figure. The receiver can leverage both to estimate
the complex amplitudes 𝑏𝑖,𝑙 and delays 𝑧𝑙 in (9) prior to
equalization.

WB-RS is aimed to estimate the multipath delays 𝑧𝑙 with
a time resolution determined by the allocated bandwidth
𝐵𝑢 = 𝑁𝑢/𝑇𝑠 . Its structure is similar to a traditional RS for
channel estimation, but it comprises 𝑁𝑊 consecutive symbols
for improved SNR in the delay estimation and exhibits a
longer repetition period 𝑇𝑑 as per the much slower variations
expected for the channel delays. 𝑇𝑑 can be upper bounded
by the time needed for a multipath delay to change by one
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Fig. 2. Proposed two-stage RS for LTV channel estimation comprising WB-
RS and NB-RS signals that are mapped in frequency and time-interleaved
with a certain periodicity. In ZP-OFDM, four guard bands of 𝑁𝑔 subcarriers
each are reserved to separate NB-RS from other allocated subcarriers. In FM-
OFDM, 𝑁𝑔 can be set to zero.

sample as a result of the user’s movement. For a velocity 𝑣

and sampling frequency 𝑓𝑠 , the time needed for the receiver to
traverse the same distance as the light covers in the duration of
a sample is 𝑐/( 𝑓𝑠𝑣). Relating it with the channel’s coherence
time 𝑇𝑐 ∼ 1/ 𝑓𝐷 = 𝑐/( 𝑓𝑐𝑣),

𝑇𝑑 ≲
𝑐

𝑓𝑠𝑣
=
𝑓𝑐

𝑓𝑠
𝑇𝑐, (14)

and the WB-RS period can be orders of magnitude longer than
the channel’s coherence time.

NB-RS is aimed to track the time-varying complex tap
amplitudes 𝑏𝑖,𝑙 . It is constructed from a complex sequence C
with length 𝑀𝑁𝐿 (𝑀 ∈ N) that is mapped to the contiguous
subcarriers of two symmetric blocks at both sides of the carrier
center, each of size 𝑀𝑁𝐿/2, with indices

K = {𝑘1, . . . , 𝑘1 + 𝑀𝑁𝐿/2 − 1, 𝑘2 − 𝑀𝑁𝐿/2 + 1, . . . , 𝑘2} ,

where 𝑘1, 𝑘2 ∈ [0, 𝑁𝑢 − 1]. The block structure of NB-RS
allows capturing the intra-symbol channel variations required
by the piecewise approximation. Mapping NB-RS away from
the carrier center ensures that the time-domain pilot signal
undergoes wider variations from the higher-order subcarriers
involved, which leads to a lower Cramer-Rao Bound (CRB) of
the estimation error from the lower value of the second-order
derivative in the Fisher information matrix [23], [24]. In high-
Doppler or high PN scenarios, NB-RS should be present in
every symbol, otherwise its repetition period can be set equal
or lower than 𝑇𝑐.

In ZP-OFDM, four guard bands of 𝑁𝑔 subcarriers each are
reserved to isolate NB-RS from any adjacent data/control sub-
carriers allocated in the same symbol. Its role is to minimize
the degradation in channel estimation caused by ICI from the
adjacent data/control part. For a Doppler spread 𝑓𝐷 and PN
linewidth 𝑊PN, an obvious criterion leads to

𝑁𝑔 ≳

⌈
𝑓𝐷 +𝑊PN

SCS

⌉
. (15)

In contrast, the FM-OFDM spectral response exhibits signif-
icant tails at the edges of the system bandwidth because of
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the angular modulation, and the 𝑁𝑇 subcarriers have non-zero
power [7]. Hence, pilots must be superimposed with some of
the original subcarriers, 𝑁𝑔 can be set to zero, and interference
must be accounted for in the demodulation process. Allocating
the pilots in an intermediate region between the carrier center
and the edges can reduce their impact while keeping control
of the spectral leakage towards adjacent channels.

In what follows, 𝑁𝑎 denotes the number of subcarriers
carrying payload data. In ZP-OFDM, both payload and pilots
are mapped to non-overlapping sets of subcarriers in the
frequency domain. In FM-OFDM, payload is mapped to the
instantaneous frequency spectrum [7].

Taking into account that 𝑇𝑑 ≫ 𝑇𝑠 by several orders of
magnitude, the contribution from WB-RS to the RS overhead
𝜂RS can be neglected and we can write

𝜂RS =
𝑁𝑢

𝑁

𝑁𝑊𝑇𝑠

𝑇𝑑
+
𝑀𝑁𝐿 + 4𝑁𝑔

𝑁

(
1 − 𝑁𝑊𝑇𝑠

𝑇𝑑

)
≃
𝑀𝑁𝐿 + 4𝑁𝑔

𝑁
,

(16)
or, when 𝑁𝑔 = 0 like in FM-OFDM,

𝜂RS ≃ 𝑀𝑁𝐿

𝑁
. (17)

Incorporating this into the spectral efficiencies of ZP-OFDM
and FM-OFDM [7] (respectively 𝜖ZP and 𝜖FM), we can write

𝜖ZP ≃ 𝐾QAM
𝑀𝑁𝐿 + 4𝑁𝑔

𝑁
,

𝜖FM ≃
𝑁𝑎𝐾QAM

4𝑇𝑠
(
𝑚 𝑓𝑠 + 𝑁𝑎

2𝑇𝑠

) 𝑀𝑁𝐿
𝑁

.
(18)

As will be seen in Section VI, reasonable results are
obtained with an RS overhead between 25% and 50% for
ETSI Highway NLOS and 3GPP TDL-C channel models,
respectively. In NR, a 50% overhead is characteristic of the
so-called DM-RS Configuration Type 1, typical of single-
antenna scenarios [25]. The need to allocate NB-RS in every
symbol appears only when the channel’s coherence time 𝑇𝑐 is
comparable to the symbol duration 𝑇𝑠 , as assumed throughout
this work; otherwise, NB-RS can have the same periodicity as
DM-RS and 𝑁𝐿 can be equal to 1.

B. Piecewise Channel Estimation

Let us assume a received signal vector R ∈ C𝑁𝑇×1 contain-
ing both NB-RS and data that passes through an LTV channel,
as shown in Fig. 1. The goal of the receiver is to estimate the
channel over the subcarriers allocated to the user. An overlap-
and-add (OLA) operation is first applied on R to make the
symbol circular by adding the ZP field to the first 𝑁ZP samples,
as in ZP-OFDM-OLA transceivers [11], yielding a vector

ROLA = R𝑢 +
[
R𝑙 01×(𝑁−𝑁ZP)

]𝑇 ∈ C𝑁×1, (19)

where R𝑢 and R𝑙 are column vectors containing the upper 𝑁
rows (indexes 0 to 𝑁 − 1) and the lower 𝑁ZP rows (indexes
𝑁𝑇−𝑁ZP to 𝑁ZP−1) of R, respectively. OLA yields an 𝑁-point
circular vector whose control/data subcarriers can be nulled
prior to channel estimation to yield

R̄OLA = F𝐻𝑁𝚷F𝑁ROLA ∈ C𝑁×1. (20)

The diagonal matrix 𝚷 =
{
𝜋 𝑗𝑘

}
∈ C𝑁×𝑁 filters out the

subcarriers other than NB-RS as follows,

𝜋 𝑗𝑘 =

{
1, ( 𝑗 , 𝑘) : 𝑗 = 𝑘 ∈ K
0, elsewhere.

(21)

Leveraging the piecewise channel approximation, we can
now build a matrix equation describing the effect of the
channel on the transmitted time-domain NB-RS signal vector.
Assuming that the receiver knows the length 𝐿 of the channel
(in number of samples)1, a matrix equation

R̄OLA = SOLAB (22)

can be constructed, where B ∈ C𝑁𝐿𝐿×1 and SOLA ∈ C𝑁×𝑁𝐿𝐿

are defined by

B =
[
𝑏0,0𝑏0,1 . . . 𝑏0,𝐿−1 . . . 𝑏𝑁𝐿−1,0𝑏𝑁𝐿−1,1 . . . 𝑏𝑁𝐿−1,𝐿−1

]𝑇
,

SOLA =


V0 0 · · · U0

U1 V1
...

...
. . . . . . 0

0 · · · U𝑁𝐿−1 V𝑁𝐿−1


,

and V𝑖 ∈ CΔ×𝐿 , U𝑖 ∈ CΔ×𝐿 , 𝑖 = 0, . . . , 𝑁𝐿 − 1 are matrices
defined by

V𝑖 =



𝑠(𝑖Δ) 0 · · · 0 0

𝑠(𝑖Δ+1) 𝑠(𝑖Δ) · · ·
...

...
...

...
. . . 0 0

𝑠(𝑖Δ+𝐿−1) 𝑠(𝑖Δ+𝐿−2) · · · 𝑠(𝑖Δ) 0
𝑠(𝑖Δ+𝐿) 𝑠(𝑖Δ+𝐿−1) · · · 𝑠(𝑖Δ+1) 𝑠(𝑖Δ)

...
...

...
...

𝑠((𝑖+1)Δ−1) 𝑠((𝑖+1)Δ−2) · · · 𝑠((𝑖+1)Δ−𝐿+1) 𝑠((𝑖+1)Δ−𝐿)


,

U𝑖 =



0 𝑠(𝑖Δ−1) mod 𝑁 · · · 𝑠(𝑖Δ−𝐿+1) mod 𝑁

0 0
. . . ...

...
... 𝑠(𝑖Δ−1) mod 𝑁

0 0 · · · 0
...

...
...

0 0 · · · 0


.

The terms 𝑠(𝑛) in V𝑖 and U𝑖 are the elements of the 𝑁-point
time-domain NB-RS signal vector C𝑁 =

[
𝑠(0) . . . 𝑠(𝑁−1)

]𝑇
constructed from the complex sequence C by means of

C𝑁 = F𝐻𝑁 𝑣𝑒𝑐
(
C, 0(𝑁−𝑀𝑁𝐿 )×1

)
, (23)

where 0𝑝×1 is a column vector with 𝑝 zeroes. Notice that,
when 𝑁𝐿 = 1, SOLA collapses into a circulant matrix equal to
the sum of V0 and U0.

The Least Squares (LS) Estimator that solves (22) is the
vector B̃ =

{
𝑏̃𝑖,𝑙

}
that satisfies

𝑏̃𝑖,𝑙 = arg min


R̄OLA − SOLAB̃



2
𝐹
, (24)

1𝐿 can be derived as the sample above which the relative magnitude of
the channel response obtained from WB-RS with respect to the maximum is
lower than a threshold, e.g., -20 dB. Alternatively, if the delay spread of the
channel 𝜏rms ∼ 1/𝐵𝑐 is known, 𝐿 can be given by 𝐿 = 𝜏rms 𝑓𝑠 ≃ 𝑓𝑠

𝐵𝑐
.
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TABLE I
COMPLEXITY AND MEMORY USAGE COMPARISON OF LS AND REAL

PIECEWISE ESTIMATION.

Estimation Relative complexity Memory usage
LS 𝑁 log 𝑁 + 𝑁𝑎 2𝑁𝑏𝑁

Real piecewise 2𝑁 log 𝑁 + 𝑁𝑁𝐿𝐿 2𝑁𝑏 [𝑁 + 𝑁𝐿𝐿𝑁

+ (𝑁 + 𝑁ZP ) log (𝑁 + 𝑁ZP ) +𝑁𝐿 (𝑁 + 𝑁ZP ) ]

subject to the condition 1/𝑁𝐿
∑𝑁𝐿−1
𝑖=0

∑𝐿−1
𝑙=0 |𝑏̃𝑖,𝑙 |2 = 𝑃, where

𝑃 is the channel’s instantaneous power. The solution involves
computing the Moore-Penrose pseudo-inverse (SOLA)+,

B̃ = (SOLA)+ R̄OLA, (25)

further discarding the elements of B̃ that are a-priori known
to be null with the aid of WB-RS. Calculation of the
pseudo-inverse may be challenging if the matrix SOLA is ill-
conditioned. In this case, a Tikhonov regularization method is
used to solve the problem as given by [26]

𝑏̃𝑖,𝑙 = arg min
{

R̄OLA − SOLAB̃



2
𝐹

+ 𝜆2 

B̃

2
𝐹

}
, (26)

where the so-called ridge parameter 𝜆 is a-priori known
(Section VI-C), with solution

B̃ =
(
S𝐻OLASOLA + 𝜆2I

)−1
S𝐻OLAR̄OLA. (27)

As will be seen in Section V, equalization requires knowl-
edge of the frequency responses of the 𝑁𝐿 LTI channels over
the whole symbol length including ZP. This can be computed
via 𝑁𝑇 -point DFTs of the sub-vectors B̃𝑖 , 𝑖 = 0, . . . , 𝑁𝐿 − 1,
formed by extraction of the rows 𝑖𝐿 to 𝑖𝐿 + 𝐿 − 1 from B̃,
leading to

H̃𝑖 = F𝑁𝑇
𝑣𝑒𝑐

(
B̃𝑖 , 0(𝑁𝑇−𝐿)×1

)
∈ C𝑁𝑇×1. (28)

C. Estimation Complexity and Memory Usage

Complexity can be calculated as the number of floating-
point multiplications per symbol neglecting any other pro-
cessing steps. Taking into account that (19) does not involve
any such multiplication, and that both the pseudo-inverse
matrix (SOLA)+ in (25) and the terms that multiply R̄OLA in
(27) can be pre-computed for known values of 𝐿, 𝑁𝐿 and
𝜆, the piecewise estimation complexity is shown in Table I
and compared with a traditional LS estimation. It is to note
that 𝑁 dominates over 𝑁ZP in most practical systems, which
leads to a piecewise estimation complexity roughly equal to
3𝑁 log 𝑁 + 𝑁𝑁𝐿𝐿.

The overhead from storing the pre-computed terms in (27)
can be quantified by comparing the memory usage in both
algorithms, also shown in Table I. For a binary representation
with 𝑁𝑏 bits per floating-point sample, LS estimation requires
storage of a single 𝑁-point complex vector for the frequency
response, whereas piecewise estimation requires an additional
complex matrix of size (𝑁𝐿𝐿 × 𝑁) plus 𝑁𝐿 complex vectors
of length 𝑁𝑇 points for the LTI frequency responses.

D. Piecewise Estimation Error

The Normalized Mean Squared Error NMSE incurred in the
estimation can be obtained from

NMSE =



R̄OLA − SOLAB̃


2
𝐹

R̄OLA



2
𝐹

. (29)

Note that NMSE already accounts for the thermal noise power
and the error incurred by the piecewise channel approximation
𝜀LTI in (13) over the 𝑁𝐿 intervals. In the case of ideal
piecewise channel estimation, B̃ equals B.

E. Extension to Multi-Antenna Systems

The two-stage RS structure can be extended to support sys-
tems comprising multiple antennas. Without loss of generality,
the different antenna ports can be associated with distinct WB-
RS/NB-RS pairs to enable unambiguous estimation of their
corresponding time-varying channel responses. WB-RS can
thus follow a staggered frequency allocation of resources for
antenna port multiplexing, whereas NB-RS can be mapped
to non-overlapping subcarrier positions. If 𝑀𝑁𝐿/2 is smaller
than the channel’s coherence bandwidth (expressed in number
of subcarriers), multiple NB-RS can be code-division mul-
tiplexed in the same subcarriers to incur minimal resources
consumption, e.g., via multiplication with orthogonal Walsh-
Hadamard codes [25].

V. PIECEWISE EQUALIZATION IN ZERO-PADDED
WAVEFORMS

Assuming knowledge of the LTI channel responses, the next
task of the receiver is to undo their effect in order to recover
the information conveyed by the transmitted signal.

A. Time-Frequency Equalization of LTV Channels

We now focus on the CIR matrices H𝑖 in (10). H𝑖 is a
circulant matrix that allows diagonalization via post(pre) mul-
tiplication by 𝑁𝑇 × 𝑁𝑇 -point (I)DFT matrices [11]. Moreover,
the locality property enabled by ZP allows to locally equalize
the signal at the intervals 𝑛 ∈ Δ𝑖 and suitably combine the
results [15]. Equation (12) suggests an equalization strategy
that comprises a bank of 𝑁𝐿 parallel equalizers applied to
the received signal 𝑟[𝑛] whose outputs are combined to yield
𝑠[𝑛], as shown in Fig. 3. Exploiting the circulant property of
the CIR matrices H𝑖 , estimates of the transmitted signal Ŝ𝑖
can be obtained from

Ŝ𝑖 = F𝐻𝑁𝑇
M𝑖F𝑁𝑇

R, 0 ≤ 𝑖 ≤ 𝑁𝐿 − 1, (30)

where M𝑖 ≜ 𝑑𝑖𝑎𝑔(𝑀𝑖,𝑘), 𝑘 ∈ [0, 𝑁𝑇 − 1] is an equalizer’s
diagonal matrix aimed to undo the effect of the 𝑖-th LTI
channel. As an example, the transfer function

𝑀𝑖,𝑘 =
𝐻̃∗
𝑖,𝑘��𝐻̃𝑖,𝑘 ��2 + 𝑁eff

, 𝑘 ∈ [0, 𝑁𝑇 − 1], (31)

characterizes a linear MMSE equalizer where the 𝑖-th esti-
mated channel’s frequency response H̃𝑖 ≜

{
𝐻̃𝑖,𝑘

}
is given by

(28). The term 𝑁eff in (31) must account for both thermal noise
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Fig. 3. Block diagram of a piecewise equalizer comprising a bank of 𝑁𝐿

one-tap equalizers aimed to compensate the LTI channels, whose outputs are
further combined via window functions.
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Fig. 4. Trapezoidal window function 𝑡𝑖,𝑛 defined at the 𝑖-th interval with an
overlap with the adjacent intervals controlled by 𝛼.

and the incurred piecewise approximation error 𝜀2
LTI. 𝑁eff can

be upper bounded by (see (13))

𝑁eff = 𝑁0 +𝜀2
LTI ≤ 𝑁0 +

1
3

[
𝜋 ( 𝑓𝐷 +𝑊PN)

(
𝑇𝑠

𝑁𝐿
+

1
𝐵𝑐

)]2
. (32)

Thanks to the locality property enabled by ZP, the equalized
signals Ŝ𝑖 from (30) are valid estimations of S at the intervals
𝑛 ∈ Δ𝑖 . Therefore, by defining 𝑁𝐿 window matrices

T𝑖 ≜ 𝑑𝑖𝑎𝑔(𝑡𝑖,𝑛), 𝑛 ∈ [0, 𝑁𝑇 − 1], (33)

whose diagonal entries 𝑡𝑖,𝑛 are non-null mainly at the intervals
𝑛 ∈ Δ𝑖 under the condition that

∑
𝑖 𝑡𝑖,𝑛 = 1 ∀𝑛 ∈ [0, 𝑁 − 1], we

can construct the 𝑁𝑇 -point equalized signal vector as

Ŝ =
𝑁𝐿−1∑︁
𝑖=0

{
T𝑖F𝐻𝑁𝑇

M𝑖

}
F𝑁𝑇

R. (34)

Finally, the estimated subcarrier contents 𝑋̂[𝑘] in Fig. 1,
neglecting any pre-DFT or post-DFT steps, can be obtained
by application of an 𝑁-point DFT to the estimated symbol Ŝ.

The window matrices T𝑖 can be arbitrarily defined as
long as their non-null values are mainly concentrated at the
intervals 𝑛 ∈ Δ𝑖 and their accumulated sum renders unity.
Discontinuities at the boundaries can be alleviated by partially
allowing window functions to spill over the adjacent intervals,
under the control of a roll-off parameter 𝛼 ∈ N. The simplest
case involves a set of trapezoidal functions as in Fig. 4,

𝑡𝑖,𝑛 =


𝑛−𝑖Δ
𝛼

+ 1, 𝑖Δ − 𝛼 ≤ 𝑛 < 𝑖Δ
1, 𝑖Δ ≤ 𝑛 < (𝑖 + 1)Δ
(𝑖+1)Δ−𝑛

𝛼
+ 1, (𝑖 + 1)Δ ≤ 𝑛 < (𝑖 + 1)Δ + 𝛼

0, elsewhere

(35)

Another suitable option is the finite-length normalized
Raised Cosine window with roll-off parameter 0 ≤ 𝛽 ≤ 1,
as shown in Fig. 5 for a duration of 2𝑁𝐿 symbols with an
oversampling factor equal to Δ.
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Fig. 5. Finite-length normalized Raised Cosine window function 𝑡𝑖,𝑛 spanning
2𝑁𝐿 = 8 symbols with oversampling factor Δ = 256, plotted as a function of
the roll-off parameter 𝛽.

TABLE II
COMPLEXITY AND MEMORY USAGE COMPARISON OF MMSE AND

PIECEWISE MMSE EQUALIZATION.

Equalization Relative complexity Memory usage
MMSE 3𝑁𝑎 2𝑁𝑏𝑁

Piecewise (𝑁𝐿 + 1) (𝑁 + 𝑁ZP ) log (𝑁 + 𝑁ZP ) 2𝑁𝑏 (𝑁
MMSE +𝑁𝐿 (4𝑁 + 3𝑁ZP ) + 𝑁 log 𝑁 +𝑁𝐿𝑁 )

B. Equalization Complexity, Memory Usage and Latency

Considering a bank of MMSE equalizers as in Fig. 3, Table
II compares the piecewise MMSE equalization complexity
with that of traditional MMSE equalization, assuming prior
knowledge of the 𝑁𝐿 LTI channels. Piecewise equalization
exhibits an increased complexity that is, however, largely
outweighed by its benefits under high mobility or high PN,
as shown in what follows. The memory usages in MMSE and
piecewise MMSE are also compared, the main difference lying
in the need to store 𝑁𝐿 window functions of length 𝑁 with
the latter (which can however be significantly reduced due to
the sparsity of the windows).

It is worth also quantifying the latency differences in both
schemes. Given its parallel structure, piecewise equalization
has a relative added latency of two DFT steps (with matrices
F𝐻
𝑁𝑇

and F𝑁 respectively) plus a complex multiplication with
the window T𝑖 . The latter can be very fast given the sparsity
of most practical window functions, while FFTs can benefit
from efficient implementations of the Cooley-Tukey algorithm.
However, the presence of two DFT sizes (𝑁 and 𝑁𝑇 ) calls for
an extra optimization when sizes cannot be factored by powers
of 2, 3 and 5 [27], since FFT implementations are usually
optimized for those sizes.

VI. NUMERICAL RESULTS

In this section, theoretical expressions are numerically ver-
ified and the bit error rate (BER) performance is assessed
for ZP-OFDM and FM-OFDM, further comparing them with
CP-OFDM and OTFS. Numerical results in AWGN (with
PN) and high-Doppler Rayleigh fading channels (without PN)
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TABLE III
SIMULATION ASSUMPTIONS.

Parameter Value
Carrier frequency, 𝑓𝑐 4 GHz and 30 GHz
DFT length, 𝑁 1024
No. data subcarriers, 𝑁𝑎 128, 256, 384, 512, and 600
Subcarrier spacing, SCS 15 kHz and 120 kHz
Channel types AWGN, 3GPP TDL-C (300) [28],

3GPP NTN-TDL-A (100) [29], and
ETSI Highway NLOS [30]

Doppler spectrum Classical Jakes in all taps
User speed, 𝑣 30-2000 km/h (no PN), 0 km/h (PN)
PN model 3GPP mmWave SSB model [31]
PT-RS density 𝐿PT−RS = 1, 𝐾PT−RS = 2 (CP-OFDM)
FM-OFDM parameters 𝑚FM = 0.6/2𝜋 to 0.8/2𝜋; 𝑘0 = 0
Frame structure NR-like with 14 symbols per slot
Modulation QPSK, 16QAM, 64QAM, 256QAM
Channel Estimation Ideal (𝑀 = 0) and

Real piecewise (𝑀 > 0)
No. guard subcarriers, 𝑁𝑔 1 for Real piecewise estimation

in ZP-OFDM, 0 otherwise
NB-RS sequence C Based on 𝑁𝐿 = 4 concatenated Zadoff-

Chu sequences with root indexes 2, 4, 5,
and 8, cyclically-extended up to length
𝑀 = 32 or 64

NB-RS allocation (𝑘1, 𝑘2) 𝑘1 = 101, 𝑘2 = 924
(with DC subcarrier at 512)

WB-RS allocation 𝑁𝑊 = 4 symbols every 99 slots
spanning full bandwidth (11.1 MHz)

DM-RS configuration Mapping Type A, Configuration Type 1,
with 3 additional positions [25]

Equalization MMSE (CP-OFDM and OTFS),
piecewise MMSE (ZP/FM-OFDM), and
DFE (OTFS)

Number of intervals, 𝑁𝐿 2, 4, 8, and 16
Window functions, 𝑡𝑖[𝑛] Trapezoidal with 𝛼 = 0

Raised Cosine with 𝛽 between 0.1 and 0.9

are presented under both ideal piecewise and real piecewise
channel estimation conditions, and the estimation NMSE is
compared with the theoretical piecewise estimation error in
the latter case. The simulation assumptions are summarized in
Table III. In all plots, SNR reflects the signal-to-noise ratio
averaged over the whole symbol considering the CP/ZP field,
the value of 𝑁𝑎, and any NB-RS signal inserted for piecewise
channel estimation (if applicable).

A. Equalization Performance under High Mobility - Ideal
Piecewise Estimation

The bit error rate performance of piecewise equalization is
numerically assessed assuming ideal piecewise approximation,
in which the estimated channel responses H̃𝑖 in (28) are equal
to the elements of the CIR matrix H𝑖 in (10).

Firstly, an analysis of the impact of the window function
on the equalization performance is shown in Fig. 6 for both
trapezoidal and Raised Cosine function types, with different
values of 𝛽 in the latter case. It is apparent that differences
between both are negligible, as explained by their similar
energy concentration at the interval centers and relative decay
at both edges. In what follows, only trapezoidal windows are
considered for simplicity when obtaining numerical results.

Fig. 7 and Fig. 8 show the impact of 𝑁𝐿 on the ZP-
OFDM performance with 3GPP TDL-C (300) channel model
at 120 km/h and 500 km/h with no PN. Increasing 𝑁𝐿
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Fig. 6. Impact of the window function on the bit error rate performance of
piecewise-equalized FM-OFDM in TDL-C (300) channel at 120 km/h, with
SCS = 15 kHz, 𝑁𝐿 = 4, 𝑁𝑎 = 600, 𝑓𝑐 = 4 GHz, 𝑚FM = 0.8/2𝜋 (QPSK)
and 𝑚FM = 0.7/2𝜋 (16/64/256QAM).

pushes the error floor down to a minimum achieved with
𝑁𝐿 = 4 (120 km/h) or 𝑁𝐿 = 8 (500 km/h), above which it
becomes detrimental because of the higher impact of border
effects. In QPSK, nearly optimum performance is obtained
with 𝑁𝐿 = 2/4 (120/500 km/h). The unexpected degradation
observed in Fig. 8 above the optimum SNR for high 𝑁𝐿
is caused by the higher prevalence of residual ICI errors at
high SNR, under which MMSE equalization becomes less
effective despite the lower overall noise level. In addition to
that, an error floor appears at higher SNR because of (30),
which is aimed to separately undo the effects of multipath at
each of the 𝑁𝐿 intervals. Doing so amounts to re-aligning
and coherently combining the received time-domain signal
replicas. This operation can involve samples from adjacent
intervals, possibly affected by channel tap values that are
different to those in the current interval, leading to residual
tap variations. The resulting performance depends on the
waveform resilience to such variations, which is higher in FM-
OFDM thanks to differentially encoding the information in the
instantaneous frequency [7].

Fig. 9 illustrates the behavior of FM-OFDM, OTFS and
CP-OFDM with TDL-C (300) channel at 120 km/h. OTFS
curves are obtained with both MMSE equalizer and Decision
Feedback Equalizer (DFE) [2], [32], while FM-OFDM consid-
ers piecewise MMSE equalization and 𝑁𝐿 = 4. Whereas CP-
OFDM is barely usable at this speed, FM-OFDM performance
is close to OTFS-MMSE in QPSK, stays between OTFS-
MMSE and OTFS-DFE in 16QAM, and is remarkably better
than the highly complex OTFS-DFE in 64/256QAM. Notice
that FM-OFDM has slightly worse performance than OTFS
or CP-OFDM below the threshold SNR (10 dB) because of
the use of linear equalization, but quickly improves above it.
This is caused by the higher likelihood of phase unwrap errors
when close to the threshold, and can be mitigated by so-called
threshold extension techniques [33] or the use of detectors
avoiding phase demodulators [34], [35]. OTFS-MMSE and
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FM-OFDM exhibit similar degradation as ZP-OFDM above
their optimal SNR points because of the lower effectiveness
of MMSE equalization under mobility [32].

It is insightful to illustrate the impact of the 𝑁/𝑁𝑎 ratio
on the piecewise-equalized FM-OFDM performance by ex-
amining the case with 𝑁𝑎 = 128 in Fig. 10. FM-OFDM here
exhibits steeper BER curves and better diversity than in Fig.
9. A higher value of 𝑁/𝑁𝑎 achieves less phase unwrap errors
and better spreading of the data in the time domain when
modulating the instantaneous frequency, because differentially
encoding the information in the phase differences yields better
protection at the lower instantaneous frequency subcarriers
thanks to the 1 − cos() noise shape [7]. Moreover, the error
floor is significantly reduced, showing asymptotic values that
are below 10−5 in 64QAM and below 10−4 in 256QAM.
This excellent performance comes at the cost of a lower
spectral efficiency (from the lower value of 𝑁𝑎) because the
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bandwidth reduction is not commensurate with the reduction
in 𝑁𝑎 for a given modulation index [7]. Increasing 𝑚 similarly
improves performance, but degrades spectral efficiency up to
an optimum 𝑚 beyond which phase errors start to dominate.
This trade-off between performance and spectral efficiency is a
remarkable characteristic of FM-OFDM inherited from angu-
lar modulations, further strengthened by its unique robustness
to Doppler and PN.

The relative insensitivity of piecewise-equalized FM-OFDM
to Doppler is illustrated in the curves of Fig. 11. FM-OFDM
effectively spreads the information in both frequency (from
the FM modulation) and time (from the IDFT in Fig. 1).
Moreover, residual equalizer errors are additive, and mostly
confined within the subcarrier interval 𝑘 ∈ [−𝑘0, 𝑘0] at the
instantaneous frequency spectrum, thus posing a lesser threat
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to the signal [7]. These relatively stable channel conditions in
FM-OFDM caused by spreading is what the authors in [36]
denote by “equal gain criterion”, and is proven to maximize
performance under very general receiver conditions. Contrary
to OTFS, stability of the channel is achieved without spreading
the information over multiple time-domain symbols, with an
important benefit on latency.

The more stringent Doppler conditions in Fig. 12 correspond
to a NTN-TDL-A (100) channel up to 2000 km/h. This is a
worst-case NLOS scenario that does not consider the relatively
smaller Doppler shifts encountered in practice in most NTN
scenarios, e.g., when receiving a beam from a LEO satellite
[37]. CP-OFDM is essentially unusable at these speeds, and
thus only piecewise-equalized FM-OFDM and ZP-OFDM are
shown with 𝑁𝐿 = 8. FM-OFDM performs remarkably well
and is quite insensitive to speed up to 1000 km/h, with no-
ticeable degradation only at 2000 km/h. The cutoff subcarrier
𝑘0 is deliberately set to zero and can always be optimized
in this case to better absorb impairments, especially at the
higher modulation orders [7]. ZP-OFDM underperforms FM-
OFDM and suffers from a much more significant error floor.
Despite this, piecewise-equalized ZP-OFDM still shows better
behavior than any of the banded approaches in the serial and
block MMSE equalizers described in [9], as also happens with
the TDL-C (100) channel of Fig. 8, and is only behind the non-
banded block MMSE approach (deemed impractical since it
relies on good estimation of the Doppler components outside
the channel matrix band [9]).

B. Equalization Performance under High PN - Ideal Piece-
wise Estimation

Fig. 13 shows the impact of 𝑁𝐿 on a piecewise-equalized
ZP-OFDM waveform under AWGN, subject to PN as de-
scribed in the model of [31], for 16QAM and 64QAM, 𝑓𝑐 = 30
GHz, and SCS = 120 kHz. CP-OFDM curves are presented
with and without common phase error (CPE) compensation
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as achieved with the aid of an NR PT-RS signal with a
periodicity of 1 symbol (𝐿PT−RS = 1) and 2 resource blocks
(𝐾PT−RS = 2) [25]. It is apparent that piecewise-equalized ZP-
OFDM outperforms CP-OFDM with CPE compensation for
𝑁𝐿 ≥ 2 (16QAM) and 𝑁𝐿 ≥ 4 (64QAM), thus avoiding
the need of an additional RS for phase noise tracking and
compensation.

In the presence of PN, the degree of performance con-
trol enabled by varying 𝑁/𝑁𝑎 in FM-OFDM is nicely il-
lustrated in the numerical results of Fig. 14 and Fig. 15.
Notice that, for FM-OFDM, no channel estimation or CPE
compensation is needed because PN is equivalent to a flat-
fading Rayleigh channel, to which FM-OFDM is remarkably
resilient [7]. Piecewise-equalized ZP-OFDM with 𝑁𝐿 = 4,
CPE-compensated CP-OFDM, and OTFS without equalization
or CPE compensation are also shown for comparison. Whereas
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reducing 𝑁𝑎 in ZP-OFDM, CP-OFDM and OTFS simply
brings an SNR gain equal to the relative reduction in the
number of active subcarriers (∼6.7 dB), the gain is much more
significant in FM-OFDM (∼14 dB for 16QAM and ∼17 dB for
64QAM) thanks to the higher protection against PN achieved
with increased values of 𝑁/𝑁𝑎, as in the high Doppler case.
With 𝑁𝑎 = 600, FM-OFDM is slightly behind OTFS in
16QAM, but outperforms it in 64QAM, as also observed in
Fig. 9. With 𝑁𝑎 = 128, FM-OFDM outperforms all the others.

C. Equalization Performance under High Mobility - Real
Piecewise Estimation

In this subsection, the multipath delays 𝑧𝑙 are assumed to be
estimated by leveraging the presence of WB-RS transmissions
comprising 𝑁𝑊 = 4 dedicated symbols with a repetition period
𝑇𝑑 . For a fair comparison, the WB-RS bandwidth in both
ZP-OFDM and FM-OFDM waveforms is set equal to the
rms bandwidth of the latter. Errors in delay estimation are
accounted for by adding a Gaussian error term to the ideal
channel delays at every WB-RS occasion, with a variance
equal to the square of the CRB given by 1/

(
𝐵rms

√
SNR

)
[38].

Delays are then rounded to their nearest integer values and
used by NB-RS for real piecewise channel estimation until
the next transmission of WB-RS.

NB-RS is inserted as shown in Fig. 2 to enable piecewise
estimation of 𝑏𝑖,𝑙 , with 𝑁𝐿 = 4 and a power equal to a fraction
𝑀𝑁𝐿/𝑁𝑎 relative to the power of the data part. The NB-
RS location 𝑘1, 𝑘2 are selected so that the power level of
the affected data subcarriers in FM-OFDM is at most 20 dB
below the peak, avoiding the carrier edges to prevent excessive
out-of-band power leakage. No attempt was made to optimize
𝑘1, 𝑘2 but simply show one feasible option. Interference from
superimposed NB-RS in FM-OFDM is assumed to be ideally
compensated at the receiver by means of a Successive Interfer-
ence Cancellation (SIC) technique [39]. Results are compared
with those obtained from ideal piecewise channel estimation
with 𝑁𝑎 = 512 to maintain the same signal bandwidth.

The pseudo-inverse matrix problem in (25) can be ill-
conditioned when the elements of the matrices V𝑖 and U𝑖
exhibit low time-domain variations, which happens when
𝑀𝑁𝐿/𝑁 ≪ 1 in (23). As a result, SOLA exhibits a high
condition number and the pseudo-inverse problem is prone
to noise amplification. To overcome this issue, a Tikhonov
regularization method is used in (26) with 𝜆2 = 𝑁0 [26]. The
condition number improves with higher values of 𝑀𝑁𝐿 .

A comparison between the bit error rate of FM-OFDM and
ZP-OFDM with both ideal piecewise and real piecewise chan-
nel estimation is shown in Fig. 16 for 16QAM and 64QAM,
TDL-C (300) channel, and 300 km/h. With this configuration,
the WB-RS bandwidth is 11.1 MHz and the repetition period
is 99 slots. Here, 𝑀 = 64 and 𝑁𝑎 = 256, thus yielding 50%
NB-RS overhead as commonly encountered in some NR DM-
RS configurations. The performance of MMSE-equalized CP-
OFDM is also shown for convenience with both ideal and
LS estimation based on DM-RS with 3 additional positions
[25]. Real piecewise estimation incurs an SNR degradation of
approximately 5-6 dB at a BER of 10−1, and an increase in
the error floor, due to the complex multipath profile of TDL-
C (24 taps). ZP-OFDM and FM-OFDM with real piecewise
estimation intersect at an SNR ≈ 15-16 dB given by the sum of
the threshold SNR for angular modulations [7] (10 dB) and the
degradation incurred by real piecewise estimation (≈ 5-6 dB).
The use of threshold extension techniques can be very useful
to reduce this crossing SNR [33]. Beyond it, FM-OFDM and
ZP-OFDM outperform CP-OFDM. By comparison, Fig. 17
shows the bit error rate performance in ETSI Highway NLOS
channel for QPSK and 16QAM, 𝑀 = 32 and 𝑁𝑎 = 384, and
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in a TDL-C (300) channel at 300 km/h for 16QAM and 64QAM. SCS = 15
kHz, 𝑓𝑐 = 4 GHz, 𝑚FM = 0.7/2𝜋, 𝑁𝐿 = 4, 𝑀 = 64, 𝑁𝑎 = 512 (ideal and
ideal piecewise) and 256 (LS and real piecewise).
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Fig. 17. Bit error rate of piecewise-equalized FM-OFDM and ZP-OFDM, and
MMSE-equalized CP-OFDM, under different channel estimation techniques in
ETSI Highway NLOS channel at 300 km/h for QPSK and 16QAM. SCS = 15
kHz, 𝑓𝑐 = 4 GHz, 𝑚FM = 0.7/2𝜋, 𝑁𝐿 = 4, 𝑀 = 32, 𝑁𝑎 = 512 (ideal and
ideal piecewise) and 384 (LS and real piecewise).

25% NB-RS overhead. The SNR degradation is in this case
3-4 dB at a BER of 10−1 despite the lower NB-RS size, as
explained by the milder multipath profile in this channel (4
taps) compared to TDL-C.

Fig. 18 depicts the NMSE in (29) obtained from real
piecewise estimation in TDL-C (300) and ETSI Highway
NLOS channels at 120 km/h and 300 km/h. The squared
error bound (13) is also shown for both channels. Since most
part of the NMSE is above (13), it is apparent that NMSE is
dominated by the imperfections in channel estimation rather
than the piecewise approximation error, which justifies the
applicability of the piecewise approach. Our NMSE at 300
km/h, or 1111 Hz Doppler spread (9.2×10−4 and 1.4×10−3 for
TDL-C and Highway NLOS channels, respectively), exhibits a
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Fig. 18. Normalized Mean Squared Error (29) and squared bound (13)
obtained with real piecewise estimation in TDL-C (300) and ETSI Highway
NLOS channels at 120 km/h and 300 km/h, for 𝑁𝐿 = 4 and 𝑀 = 64 (TDL-C)
or 𝑀 = 32 (Highway NLOS).

lower irreducible error floor than the five BEM models studied
in [40] at ∼963 Hz Doppler spread (above 2 × 10−3 in all the
cases), despite the lack of optimization in the NB-RS symbols
or their location.

VII. CONCLUSIONS

In this paper, a channel estimation and equalization tech-
nique for Zero-Padded waveforms under strong Doppler and
PN is proposed and analyzed. A two-stage RS is introduced
to separately derive the LTV channel’s delays and complex
amplitudes by approximation with a set of piecewise LTI
responses, leveraging the locality property enabled by ZP.
The RS can be mapped to some of the unused subcarriers,
or superimposed with them, in a frequency region com-
prising two symmetric blocks between the carrier’s center
and the edges whose location can be further optimized for
best spectral leakage-performance tradeoff. Estimation reduces
to a Tikhonov regularization problem aimed to reduce the
condition number of a pseudo-inverse matrix. A bank of one-
tap equalizers using full DFTs is proposed to remove delay
dispersion, while Doppler dispersion is effectively mitigated
by the piecewise channel approach without having to estimate
any Doppler components. Numerical results at high mobility
demonstrate the superiority of piecewise-equalized ZP wave-
forms with ideal piecewise channel estimation, especially FM-
OFDM, outperforming DFE-equalized OTFS at 120 km/h and
64QAM/256QAM. Piecewise-equalized ZP-OFDM under high
PN significantly outperforms CPE-compensated CP-OFDM
without the need of an additional PT-RS-like signal. Finally,
realistic piecewise estimation shows reasonable results even if
no attempt was made to optimize the RS symbols or their
location, with an overhead that depends on the multipath
profile and the amount of Doppler.
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