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The strong CP problem, a prominent fine-tuning issue in the Standard Model, necessitates new
physics. We propose a novel solution via a Z8 axion from Type IIB string theory compactified
on AdS5 × S5/Z8. The axion’s discrete shift symmetry a → a + 2πfa/8 is geometrically enforced
by the orbifold topology, offering robustness against quantum gravity effects that typically violate
global symmetries. Central to our model is a proof, using Z8-equivariant K-theory and Freed-
Witten anomaly cancellation, that E3-brane instanton charges contributing to the potential are
restricted to k ≡ 0 (mod 8). This topological constraint dictates the axion potential V (a) ∝ 1 −
cos(8a/fa + δ), leading to eight vacua. The strong CP problem is resolved if the bare QCD θbare
aligns with one of these vacua (e.g., θbare ≈ π/4), replacing continuous fine-tuning with a discrete
O(1) selection.Distinctive phenomenological consequences arise. The model naturally predicts a high
axion decay constant fa ∼ 1016 GeV, implying weak couplings and evading astrophysical bounds.
This axion is a cold dark matter candidate (e.g., via misalignment or defect decay). A key prediction
is a stochastic gravitational wave background from NDW = 8 domain wall annihilation. As detailed
in Appendix C 2 d, for fa ∈ [1015–1017] GeV, illustrative calculations suggest peak frequencies in
the 10−9–10−7 Hz band, potentially detectable by PTAs (like SKA); other parameter choices can
target LISA or BBO. This work presents a concrete string-theoretic framework where geometry
and topology unify axion protection, dark matter viability, and observable signatures, providing a
falsifiable alternative to conventional Peccei-Quinn or generic axiverse models.

I. INTRODUCTION

The strong CP problem stands as one of the most
puzzling fine-tuning issues in the Standard Model
(SM). Quantum Chromodynamics (QCD) admits a CP-

violating term proportional to θQCDGG̃, yet experi-
mental bounds on the neutron electric dipole moment
(nEDM) stringently constrain |θQCD| ≲ 10−10 [1]. The
Peccei-Quinn (PQ) mechanism [2, 3] offers an elegant so-
lution by introducing a global U(1)PQ symmetry, whose
spontaneous breaking leads to an axion field that dy-
namically relaxes the effective CP angle, θeff, to zero.
However, a significant theoretical challenge for the PQ
framework is that quantum gravity effects are generally
expected to explicitly violate global symmetries [4, 5],
potentially undermining the axion quality required.

String theory provides a natural setting for axion-like
particles (ALPs) and can address the axion quality prob-
lem. ALPs generically arise from the Kaluza-Klein reduc-
tion of higher-dimensional p-form gauge fields on com-
pact topological cycles [6]. Crucially, discrete shift sym-
metries, which can be robust against quantum gravity
violations, may be directly inherited from the geometry
or topology of the internal manifold [7]. Nevertheless,
constructing explicit string models where the axion po-
tential is both calculable from first principles and leads
to observationally viable phenomenology remains a sig-
nificant endeavor.

In this work, we present a novel Z8 axion model de-
rived from Type IIB string theory compactified on an
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AdS5 × S5/Z8 orbifold. The axion’s defining discrete
shift symmetry arises directly from the Z8 orbifold ac-
tion on the S5 geometry, thereby circumventing the need
for ad hoc global symmetries and their associated qual-
ity problems. My framework yields three key results that
form the core of this paper:

1. A geometrically enforced Z8 discrete shift symme-
try for the axion, which dictates the fundamental
periodicity of its non-perturbative potential.

2. A rigorous selection rule for E3-brane instanton
numbers, k ≡ 0 (mod 8), derived from equivari-
ant K-theory and Freed-Witten anomaly cancel-
lation conditions. This uniquely determines the
leading form of the axion potential to be V (a) ∝
1− cos(8a/fa + δ).

3. An eightfold degenerate vacuum structure arising
from this potential, which resolves the strong CP
problem by allowing θeff ≈ 0 if the bare angle θbare
aligns with one of a discrete set of values (e.g.,
θbare ≈ nπ/4− δ/8).

We will now briefly outline these aspects, which are then
developed in detail in the subsequent sections of the pa-
per.

A. Geometric Origin of the Z8 Axion

The internal manifold of my compactification, M5 =
S5/Z8, is constructed from the five-sphere S5. The S5

can be described as a Hopf fibration, S1 ↪→ S5 π−→ CP2,

mailto:liuyanmeng@gmail.com


2

where the Z8 orbifold group acts on the S1 fiber coor-
dinate ϕ as ϕ 7→ ϕ + 2π/8 (see Section IIA for details).
The axion field a(x) considered in this work originates
from the Kaluza-Klein reduction of the Ramond-Ramond
(RR) 2-form field C2 when integrated over a specific 2-
cycle Σ2 within S5/Z8 that is sensitive to this Z8 action.
This geometric construction directly endows a(x) with
a discrete shift symmetry a(x) 7→ a(x) + 2πfa/8, which
is protected by the topology of the compactification (as
detailed in Section II B, with the precise mechanism rig-
orously derived in Appendix A)).

B. Non-Perturbative Potential from Stringy
Instantons

The potential for the Z8 axion a(x) is generated by
non-perturbative effects, specifically Euclidean D3-brane
(E3-brane) instantons wrapping 4-cycles Σ4 in the S5/Z8

internal space (Section IIIA). A crucial finding of this pa-
per, detailed in Section III B and Appendix B, is that the
Z8 orbifold topology and the fractionally quantized back-
ground NS-NS H3-flux impose a stringent selection rule
on the allowed instanton numbers k. Through a rigorous
analysis employing equivariant K-theory and the Freed-
Witten anomaly cancellation condition [8], we prove that
only E3-brane instantons with k ≡ 0 (mod 8) provide
significant contributions to the axion potential. This
leads to a dominant potential term of the form (derived
in Section III C):

V (a) = Λ4
Z8

(
1− cos

(
8a

fa
+ δ

))
, (1)

where the scale Λ4
Z8 is exponentially suppressed by the

action of the minimal k = 8 instanton (S
(k=8)
inst ), i.e.,

Λ4
Z8 ∝ e−S

(k=8)
inst , and δ is a possible CP phase from the in-

stanton sector. This potential inherently possesses eight
discrete minima, which, as discussed in Section IV, allows
for a dynamical selection mechanism that sets θeff ≈ 0 if
θbare appropriately aligns with one of these vacua.

C. Phenomenological and Cosmological
Implications at a Glance

This Z8 axion model leads to a range of distinctive phe-
nomenological and cosmological consequences, which are
explored in detail in Section V. Key predictions include:

• A naturally high axion decay constant fa, typi-
cally fa ∼ 1016 GeV or higher, arising from stringy
scales. This leads to very weak couplings but read-
ily evades standard astrophysical bounds from stel-
lar cooling.

• A potential stochastic gravitational wave (GW)
background generated from the annihilation of the
NDW = 8 domain wall network, which could be

within the detection capabilities of future observa-
tories such as LISA [9] or DECIGO.

• If the Z8 axion also plays the role of the inflaton,
its modulated potential can generate characteristic
oscillatory features in the CMB power spectrum
and resonant non-Gaussianities.

These signatures, particularly the NDW = 8 domain wall
phenomenology, offer avenues to distinguish my frame-
work from conventional QCD axion models and other
generic string axion scenarios.
a. Structure of this Paper The remainder of this pa-

per is organized as follows. Section II details the S5/Z8

compactification and the geometric origin of the Z8 ax-
ion. Section III presents the derivation of the instanton
number constraint and the resulting axion potential. The
mechanism for solving the strong CP problem is eluci-
dated in Section IV. Section V explores the phenomeno-
logical and cosmological implications of the model. Fi-
nally, Section VI provides my conclusions and discusses
future outlook. Detailed technical derivations are rele-
gated to the Appendices.

II. GEOMETRIC ORIGIN OF THE Z8 AXION
FROM S5/Z8 COMPACTIFICATION

The theoretical framework for my proposed Z8 axion
model is rooted in Type IIB string theory compactified
on a specific orbifold geometry. This section details the
geometric setup of the S5/Z8 internal manifold and lays
the groundwork for understanding the origin of the axion
field and its crucial discrete shift symmetry.

A. Geometric Setup of Type IIB String Theory on
AdS5 × S5/Z8

We consider Type IIB string theory compactified on
a ten-dimensional spacetime of the form AdS5 × M5,
where AdS5 is the five-dimensional Anti-de Sitter space
ensuring a four-dimensional Minkowski vacuum via holo-
graphic considerations or further compactification, and
M5 is a compact internal five-dimensional manifold. For
my model, we choose M5 to be a Z8 orbifold of the five-
sphere, i.e., M5 = S5/Z8.
We assume that this AdS5 × S5/Z8 compactification,

complete with the necessary background fluxes (includ-
ing the fractional H3-flux discussed in Section B 2 a), can
be embedded within a globally consistent Type IIB string
theory vacuum where all tadpole conditions are satisfied.
While a full construction demonstrating such global con-
sistency is beyond the scope of the present work, which
focuses on the axion phenomenology arising from this ge-
ometry, such considerations are standard in the broader
context of flux compactifications (see, e.g., [10]).
The geometry of the five-sphere, S5, can be elegantly

described via the Hopf fibration, where S1 is fibered over
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the complex projective space CP2:

S1 ↪→ S5 π−→ CP2. (2)

Here, S1 represents the fiber, and CP2 is the base space.
The Z8 orbifold action is defined by the discrete cyclic
group Z8 = {γj |j = 0, . . . , 7; γ8 = ⊮} acting on the coor-
dinate ϕ of the S1 Hopf fiber:

γ : ϕ 7−→ ϕ+
2π

8
. (3)

We assume that this Z8 action is trivial on the base space
CP2. Such an orbifold action on S5 generates a space
S5/Z8 which possesses specific sets of fixed points and
singular structures, characteristic of orbifold geometries.

A crucial aspect of this construction is the preserva-
tion of supersymmetry. The Z8 action can be chosen
carefully to be compatible with the supercharges of the
original AdS5 × S5 background (which possesses N = 4
supersymmetry in 4D). By selecting an appropriate em-
bedding of the Z8 action such that it preserves a subset
of these supercharges, the resulting AdS5 × S5/Z8 back-
ground can maintain N = 1 supersymmetry in the effec-
tive four-dimensional theory [11, 12]. Spaces of the type
S5/Zk can be constructed as Sasaki-Einstein manifolds,
whose cones are Calabi-Yau orbifolds, thereby satisfying
the requirements for supergravity compactifications lead-
ing to N = 1 supersymmetry in four dimensions [13, 14].
The preservation of N = 1 supersymmetry provides con-
trol over the effective theory and can help stabilize the
axion sector against certain quantum corrections.

B. Identification of the Axion Field and its Z8

Discrete Shift Symmetry

In the context of the Type IIB supergravity theory
compactified on AdS5 × S5/Z8, the four-dimensional ef-
fective theory contains axion-like fields arising from the
Kaluza-Klein (KK) reduction of higher-dimensional p-
form fields. In my model, the relevant axion field, de-
noted by a(x), originates from the Ramond-Ramond
(RR) 2-form field C2. Specifically, a(x) is identified with
the zero-mode of C2 integrated over a specific 2-cycle,
Σ2, within the internal manifold M5 = S5/Z8:

a(x) =
1

Na

∫
Σ2

C2, (4)

where Na is a normalization constant related to the axion
decay constant. The choice of the 2-cycle Σ2 is crucial
and must be consistent with the symmetries of the com-
pactification, being a cycle whose structure or associated
mode functions are sensitive to the Z8 action on the S1

fiber.
The axion decay constant, fa, which normalizes the ax-

ion’s period such that its coupling to gauge fields is typi-
cally written as (a/fa)GG̃ and dictates its transformation
under the shift symmetry a → a+2πfa, is determined by

the geometric parameters of the internal space and fun-
damental scales of the theory. For an axion originating
from the integration of C2 over Σ2, fa is parametrically
given by [6, 15]:

fa ∼ M3
sVol(Σ

2)

gs
∼ Mp√

Vol(M5)
×(factors depending on geometry and moduli),

(5)

where Ms ∼ 1/
√
α′ is the string scale, gs is the string

coupling, Vol(Σ2) is the volume of the 2-cycle, Mp is the
reduced Planck mass, and Vol(M5) is the volume of the
internal manifold. The precise value of fa depends on
the specific choice of Σ2, its volume, the string coupling
gs, and the string length

√
α′. The normalization con-

stant Na in Eq. (4) is inversely related to fa and ensures
a canonically normalized kinetic term for a(x) and con-
sistent coupling conventions.
The core mechanism for the induction of the Z8 dis-

crete shift symmetry for the axion a(x) lies in the in-
terplay between the geometric Z8 action on the S1 fiber
coordinate ϕ 7→ ϕ+2π/8 (Eq. (3)) and the Kaluza-Klein
reduction process. Since the definition of the axion field
a(x) via Eq. (4) involves an integral over geometric el-
ements (Σ2) or relies on mode functions of C2 that are
non-trivially affected by the Z8 action, the axion field
a(x) itself inherits a discrete shift symmetry.
As demonstrated in detail in Appendix A (specifically

Appendices A 2-A 4), the Z8 orbifold projection effec-
tively fractionalizes the periodicity associated with large
gauge transformations of the Ramond-Ramond 2-form
field C2. This results in a discrete shift symmetry for the
axion field a(x):

a(x)
γ−→ a(x) +

2πfa
8

. (6)

This geometrically induced discrete shift symmetry is
fundamental to my model. It is this Z8 symmetry that
dictates the specific form of the non-perturbative axion
potential, V (a) ∝ cos(8a/fa), which is essential for the
proposed solution to the strong CP problem. The invari-
ance of the path integral under large gauge transforma-
tions of the RR fields, combined with the Z8 identification
of the fiber coordinate, underpins this symmetry.

III. TOPOLOGICAL CONSTRAINTS ON
E3-BRANE INSTANTONS AND THE Z8 AXION

POTENTIAL

Having established the geometric origin of the Z8 axion
a(x) and its discrete shift symmetry from the S5/Z8 orb-
ifold compactification, we now turn to the generation of
its non-perturbative potential. Such potentials are typi-
cally induced by instanton effects. In the context of Type
IIB string theory, Euclidean D-brane instantons play a
crucial role. This section will demonstrate that Euclidean
D3-brane (E3-brane) instantons wrapping specific four-
cycles in the S5/Z8 internal manifold are subject to a
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strong topological constraint on their instanton number,
k. This constraint is pivotal, as it directly determines
the periodicity and form of the resulting axion potential,
which in turn is essential for addressing the strong CP
problem.

A. E3-Brane Instantons as the Source of
Non-Perturbative Effects

Non-perturbative effects capable of generating a po-
tential for the axion field a(x) are expected to arise from
Euclidean Dp-brane (Ep-brane) instantons. In our Type
IIB framework with the S5/Z8 internal manifold, the
relevant contributions are sourced by E3-brane instan-
tons. These are Euclidean D3-branes that wrap four-
dimensional cycles, denoted as Σ4, within the internal
space M5 = S5/Z8 [16, 17]. To preserve some fraction
of supersymmetry and ensure stability or calculability,
these 4-cycles Σ4 often need to satisfy specific geomet-
ric conditions, such as being special Lagrangian (SLag)
submanifolds or being otherwise calibrated [18].

An E3-brane instanton carries a topological charge, its
instanton number k. This integer typically corresponds
to the second Chern class of a gauge bundle on its world-
volume, or more generally, is related to the integral of
the worldvolume gauge field strength,

∫
Σ4 Tr(F ∧ F ), if

the E3-brane supports its own worldvolume gauge the-
ory. The axion field a(x), derived from the bulk RR C2

field, can couple to these worldvolume gauge instantons.
This coupling often takes the standard topological form:

Laxion-instanton ⊃ a(x)

fa

k

Ng
or effectively i

a(x)

fa
k (7)

in the Euclidean action, where k = 1
8π2

∫
Σ4 Tr(F ∧ F )

is the instanton number of the E3-brane’s worldvolume
gauge theory (assuming an SU(Nc) group, Ng is a group-
dependent normalization factor, often absorbed). This
coupling ensures that an instanton configuration with
number k contributes a phase factor eika(x)/fa to the path
integral.

The Euclidean action for an E3-brane instanton wrap-
ping Σ4 generally consists of two main parts: the Dirac-
Born-Infeld (DBI) term and the Wess-Zumino (WZ)
term. The real part of the action, which suppresses the
instanton amplitude, is primarily given by the DBI term:

S
(k)
E3, DBI =

1

(2π)3gs(α′)2
Vol(Σ4

k) =
TD3

gs
Vol(Σ4

k), (8)

where TD3 = 1/((2π)3(α′)2) is the D3-brane tension,
gs = e⟨Φ⟩ is the string coupling (with Φ being the dila-
ton), and Vol(Σ4

k) is the volume of the 4-cycle supporting
the instanton number k. This classical action is typically

proportional to |k|, i.e., S(k)
E3, DBI ≈ |k|S1, where S1 is the

action for a minimal instanton unit. For the instanton
expansion to be under control, we require S1 ≫ 1, cor-
responding to a weak string coupling or large cycle vol-

ume, ensuring that instanton contributions are exponen-

tially suppressed, e−S
(k)
E3 . The WZ term, iSWZ, contains

the coupling to background RR fields and worldvolume
fluxes, and critically, gives rise to the axion-dependent
phase mentioned above.
The precise nature of the worldvolume theory on the

E3-brane instanton and its detailed coupling to the bulk
axion a(x) can be complex. However, the generic struc-
ture of an axion-instanton coupling as in Eq. (7), com-
bined with the classical action suppression Eq. (8), pro-
vides the necessary ingredients for generating a non-
perturbative axion potential. The crucial next step, de-
tailed in Section III B, is to establish the topological con-
straints on the allowed values of k due to the S5/Z8 orb-
ifold geometry.

B. Topological Constraint on Instanton Number:
k ≡ 0 (mod 8)

The assertion that E3-brane instantons in the S5/Z8

background contribute to the axion potential with a spe-
cific periodicity relies critically on a topological con-
straint on their instanton number k. In this subsection,
we present a rigorous derivation establishing that only
instanton numbers satisfying k ≡ 0 (mod 8) are physi-
cally permissible. This proof combines the classification
of D-brane charges by equivariant K-theory with physi-
cal consistency conditions imposed by the Freed-Witten
anomaly in the presence of a fractionally quantized back-
ground NS-NS H3-flux.
D-brane charges in string theory are classified by the

K-theory of the spacetime manifold [19]. Given the Z8

orbifold action on my internal space M5 = S5/Z8, the
appropriate framework is Z8-equivariant K-theory. The
E3-brane instanton charges are classified by the zeroth
equivariant K-group, K0

Z8
(S5/Z8). A crucial element in

determining this K-group is the presence of a background
NS-NS 3-form field, H3, which, due to the orbifold struc-
ture, can exhibit fractional quantization. As will be de-
tailed, this H3-flux acts as a twist for the equivariant
K-theory. The computation of K0

Z8
(S5/Z8) can be ap-

proached using an Atiyah-Hirzebruch-Serre type spec-
tral sequence for the fibration S1 → S5/Z8 → CP2

(where S1 is the fiber S1
H/Z8

∼= S1). The E2-page of
this spectral sequence involves the cohomology of the
base CP2 with coefficients in the twisted equivariant
K-groups of the fiber, τK∗

Z8
(S1). The relevant twist

τ ∈ H3
Z8
(S1;Z) ∼= Z8 is determined by the fractional

part of the H3-flux. For my S5/Z8 background, detailed
analysis (see Appendix B 2 a) indicates that the relevant
twist is τ = 4 ∈ Z8. The twisted K-groups for the fiber
are then found to be [20]:

τK0
Z8
(S1) ∼= Z⊕ Z8, and τK1

Z8
(S1) = 0. (9)

This structure, particularly the Z8 torsion component, is
critical. While the full computation ofK0

Z8
(S5/Z8) yields
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a richer structure (potentially (Z ⊕ Z8)
3 as discussed in

Appendix B 3), the physically relevant part classifying
the net instanton charge k often relates to the lowest
degree piece of the K-group filtration, which captures
this Z ⊕ Z8 structure, indicating that potential charges
can carry a Z8 torsional part in addition to an integer
part.

The physical constraint arises from the Freed-Witten
anomaly cancellation condition [8]. For an E3-brane
instanton with worldvolume W4 = Σ4, this condition
requires that the third integral Stiefel-Whitney class
W3(TΣ

4) of its tangent bundle, when combined with the
pullback of the bulk H3-flux, defines a trivial class in a
specific sense, ensuring the consistency of the worldvol-
ume theory (e.g., allowing for a Spinc structure and a
well-defined fermionic path integral). The condition is
often stated as:

W3(TΣ
4) + [H3|Σ4 ] ≡ 0 (mod 1), (10)

where [H3|Σ4 ] is the cohomology class of H3 restricted to
Σ4. In the S5/Z8 background, the H3-flux is subject to a
fractional quantization condition (derived, for example,
via M-theory uplift, as shown in Appendix B 2 a):

1

(2π)2α′

∫
Ξ3

H3 ∈ 1

8
Z (11)

for 3-cycles Ξ3 in S5/Z8. This fractional part of H3 di-
rectly influences the allowed D-brane configurations via
the FW condition.

The interplay between the K-theoretic classification
of charges (which includes the Z8 torsion) and the FW
anomaly (which incorporates the fractional H3-flux) re-
stricts the physically allowed E3-brane instanton config-
urations. The fractional H3-flux effectively means that
the D-brane worldvolume theory can carry a ’t Hooft-
like Z8 discrete magnetic flux. For the full theory to be
consistent (e.g., for the path integral to be well-defined
under gauge transformations and for anomaly inflow to
work correctly), the K-theory charge representing the
E3-brane instanton, particularly its torsional component,
must be trivialized or appropriately screened by the back-
ground. Detailed analysis (see Appendix B for the full
argument) shows that this physical consistency require-
ment forces the Z8 torsional part of the E3-brane’s K-
theory charge to be zero. When translated to the instan-
ton number k associated with the E3-brane’s worldvol-
ume gauge theory, this implies that k must be an integer
multiple of 8:

k ≡ 0 (mod 8). (12)

This constraint is a direct consequence of the Z8 orb-
ifold topology of the internal manifold and the quantum
consistency of D-branes within it. It is this precise quan-
tization of the allowed instanton numbers that will shape
the axion potential, as we discuss next.

C. Derivation of the Z8 Axion Potential

The topological constraint k ≡ 0 (mod 8) (Eq. (12)),
derived in the previous subsection for E3-brane instan-
tons in the S5/Z8 background, profoundly shapes the
non-perturbative potential for the axion a(x). We now
derive the form of this potential, primarily employing the
dilute instanton gas approximation [21, 22].
An E3-brane instanton configuration with topological

number k = 8m (where m ∈ Z,m ̸= 0) contributes a

factor of e−S
(8m)
eff to the Euclidean path integral. The

effective action S
(8m)
eff includes the classical action S

(8m)
cl

and the axion-dependent phase:

S
(8m)
eff = S

(8m)
cl + i

8ma(x)

fa
, (13)

where S
(8m)
cl ≈ |8m|S1 is the real part of the action (pri-

marily from the DBI term, Eq. (8)), with S1 represent-
ing the action associated with a minimal unit of instan-
ton charge relevant to the E3-brane’s worldvolume the-
ory (e.g., S1 = 8π2/g2E3 if gE3 is the worldvolume gauge
coupling).
The non-perturbative axion potential V (a) arises from

summing the contributions of all such instanton and anti-
instanton configurations. In the dilute instanton gas ap-
proximation, where instantons are sufficiently separated
and their interactions can be neglected, the dominant
contributions come from configurations with the small-
est non-zero allowed |k|, i.e., k = ±8 (corresponding to
m = ±1). The contribution of a single k = 8 instanton
(with m = 1) to the partition function density can be
written as:

Zm=1 = N1e
−S

(8)
cl ei

8a
fa , (14)

and for a single k = −8 anti-instanton (with m = −1):

Zm=−1 = N−1e
−S

(8)
cl e−i 8a

fa . (15)

Here, S
(8)
cl ≈ 8S1 is the classical action for the |k| =

8 configuration. The prefactors N1 and N−1 arise
from integrating over the collective coordinates of the
instanton/anti-instanton (position, size, orientation) and
include one-loop determinants of quantum fluctuations
around these classical solutions. In general, these pref-
actors can be complex, N±1 = |N±1|eiϕ±1 . For CP-
conserving instanton dynamics on the E3-brane world-
volume, one might expect N1 = N ∗

−1 = N (a real pos-
itive quantity if phases are separately accounted for) or
ϕ1 = −ϕ−1 = ϕ0/2 if we assume N1 and N−1 have the
same magnitude.
The induced potential is then V (a) ≈ −(Zm=1 +

Zm=−1) (up to an overall volume factor). Assuming
|N1| = |N−1| = N8/2 for symmetry, we have:

V (a) ≈ −N8

2
e−S

(8)
cl

(
ei(

8a
fa

+ϕ1) + e−i( 8a
fa

−ϕ−1)
)

(16)
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If we assume ϕ1 = −ϕ−1 = ϕ0 (or more generally,
that the sum results in a cosine term possibly with an
overall phase), the potential takes the form V (a) ≈
−A cos(8a/fa + δ′). It is conventional to write the axion
potential such that its minimum is at zero. By defining

an energy scale Λ4
Z8 = A (where A ≈ N8e

−S
(8)
cl ) and ap-

propriately shifting the potential and possibly redefining
the phase, we arrive at the widely used form:

V (a) = Λ4
Z8

(
1− cos

(
8a

fa
+ δ

))
. (17)

The energy scale ΛZ8 is exponentially suppressed by the
action of the minimal allowed instanton (k = 8):

Λ4
Z8 ∝ e−S

(k=8)
cl . (18)

The phase δ depends on the relative phases of the instan-
ton and anti-instanton amplitudes (N±1); if CP is pre-
served in the sector generating this potential, one might
expect δ = 0 or δ = π. For the purpose of solving the
strong CP problem, the precise value of δ can be relevant
for determining the exact vacuum expectation value of
a(x), but the 8a/fa periodicity is the most crucial out-
come of the k ≡ 0 (mod 8) constraint.
Contributions from higher instanton numbers, such

as k = ±16 (i.e., m = ±2), would generate terms
like cos(16a/fa + δ2). However, these are suppressed

by e−S
(k=16)
cl ≈ e−2S

(k=8)
cl and are therefore subdominant

if S
(k=8)
cl ≫ 1. Thus, Eq. (17) represents the leading

non-perturbative potential for the Z8 axion. This po-
tential explicitly respects the discrete shift symmetry
a(x) 7→ a(x) + 2πfa/8, as a consequence of the under-
lying topological constraint on instanton numbers.

IV. SOLVING THE STRONG CP PROBLEM
WITH THE Z8 AXION MODEL

Having established the form of the non-perturbative
potential for the Z8 axion, V (a), which arises from E3-
brane instanton effects constrained by the S5/Z8 orbifold
topology (Eq. (17)), we now investigate its implications
for solving the strong CP problem. This section will
detail the vacuum structure induced by this potential,
the calculation of the axion mass, and the mechanism
by which the effective QCD θ-angle can be dynamically
relaxed to a sufficiently small value.

A. Axion Dynamics and Vacuum Structure

The dynamics of the Z8 axion a(x) are governed by
the potential derived in Section III C:

V (a) = Λ4
Z8

(
1− cos

(
8a

fa
+ δ

))
, (19)

where ΛZ8 is the energy scale associated with the Z8-
breaking instanton effects, fa is the axion decay constant,
and δ is a possible CP-violating phase originating from
the instanton sector itself (e.g., from complex Yukawa
couplings in the E3-brane worldvolume theory or other
sources contributing to the prefactors N±1). For sim-
plicity in analysing the vacuum structure, we will often
consider δ = 0, but its potential presence is noted.
The minima of this potential occur when the argument

of the cosine is an even multiple of π:

8⟨a⟩
fa

+ δ = 2πn, for n ∈ Z. (20)

This leads to a set of distinct vacuum expectation values
(VEVs) for the axion field:

⟨a⟩n
fa

=
nπ

4
− δ

8
. (21)

Due to the 2π periodicity of the cosine function for
its full argument, there are 8 physically distinct, de-
generate (if δ is a constant phase not breaking CP it-
self, or if we set δ = 0 for the moment) vacuum states
within one period of a ∈ [0, 2πfa). These correspond to
n = 0, 1, . . . , 7. The existence of these multiple vacua sig-
nifies the spontaneous breaking of the Z8 discrete shift
symmetry a(x) 7→ a(x) + 2πfa/8 down to Z1 (i.e., no
residual shift symmetry) once the axion field settles into
one of these minima. This spontaneous symmetry break-
ing has important cosmological consequences, such as the
potential formation of domain walls, which will be dis-
cussed in Section V.
The mass of the axion, ma, can be determined by ex-

amining the curvature of the potential V (a) around one
of its minima. Taking the second derivative of V (a) with
respect to a:

d2V

da2
= Λ4

Z8

(
8

fa

)2

cos

(
8a

fa
+ δ

)
. (22)

At a minimum, where cos(8⟨a⟩/fa + δ) = 1, the squared
axion mass is:

m2
a =

d2V

da2

∣∣∣∣
⟨a⟩

=
64Λ4

Z8
f2
a

. (23)

Thus, the axion mass is given by:

ma =
8Λ2

Z8
fa

. (24)

This mass is directly proportional to the square of the en-
ergy scale ΛZ8 of the Z8-breaking potential and inversely
proportional to the axion decay constant fa. The scale
ΛZ8 itself is determined by non-perturbative instanton
effects and is expected to be exponentially suppressed,

Λ4
Z8 ∝ e−S

(k=8)
cl (Eq. (18)).
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B. The Effective θ-Parameter and Dynamical
Relaxation

The physical parameter constrained by experiments
such as the neutron electric dipole moment is the effec-
tive QCD θ-angle, θeff. In the presence of an axion field
a(x) with vacuum expectation value ⟨a⟩, θeff is given by:

θeff = θbare −
⟨a⟩
fa

, (25)

where θbare is the fundamental bare θ-angle of the QCD
Lagrangian (which can also include contributions from
the electroweak sector, specifically from the phase of the
quark mass matrix). The strong CP problem is solved if
a dynamical mechanism ensures that θeff is driven to a
value consistent with experimental bounds, i.e., |θeff| ≲
10−10.

In my Z8 axion model, the axion potential V (a) given
by Eq. (19) plays a crucial role in determining ⟨a⟩. A
key assumption for this mechanism to solve the strong
CP problem effectively is that this Z8-breaking poten-
tial provides the dominant contribution to the axion’s
dynamics, particularly in setting its VEV, compared
to the standard potential induced by QCD instantons,
VQCD(a) ≈ m2

af
2
a (1− cos(a/fa−θbare)). This dominance

is achieved if the energy scale ΛZ8 is significantly larger
than the QCD scale, i.e., ΛZ8 ≫ ΛQCD ≈ 200 MeV. If
this condition holds, the axion field a(x) will primarily
settle into one of the eight discrete minima of V (a) given
by Eq. (21):

⟨a⟩n
fa

=
nπ

4
− δ

8
, for n = 0, 1, . . . , 7. (26)

Substituting this into the definition of θeff, we find that
for each vacuum choice n, the effective θ-angle becomes:

θ
(n)
eff = θbare −

(
nπ

4
− δ

8

)
. (27)

For the strong CP problem to be solved, i.e., for θ
(n)
eff ≈ 0,

the bare parameter θbare must be related to the chosen
vacuum and the phase δ as follows:

θbare ≈
nπ

4
− δ

8
. (28)

For instance, if the axion field dynamically settles into
the vacuum corresponding to n = 1, and if the intrinsic
phase δ from the instanton sector is negligible (δ ≈ 0),
then the strong CP problem is solved provided that the
bare θ-angle has the specific value θbare ≈ π/4. Other
choices of n (and δ) would imply different required values
for θbare.

It is crucial to emphasize that this mechanism does not
predict the value of θbare from first principles. Rather, it
establishes a dynamical scenario wherein if θbare happens
to take one of these specific, discrete values (determined
by n and δ), the Z8 axion dynamics can naturally drive

θeff to zero. This transforms the strong CP problem from
an extreme fine-tuning of a continuous parameter θbare to
be ≲ 10−10 into a question of why θbare might be close to
one of a small set of discrete values like 0, π/4, π/2, etc.
(modulo δ/8). While the ultimate origin of such a specific
θbare value would require a more complete theory (per-
haps involving anthropic considerations or specific UV
physics dictating quark mass phases), the Z8 potential
provides a robust mechanism to ensure θeff ≈ 0 once this
condition on θbare is met.

The question of which of the eight vacua the axion
field settles into is a matter of cosmological evolution and
initial conditions, potentially influenced by inflationary
dynamics or the post-inflationary thermal history of the
universe. If, for example, θbare is indeed close to π/4,
then the n = 1 (with δ ≈ 0) vacuum would be the one
that solves the strong CP problem, and one would need
to argue why the universe might preferentially select this
minimum.

C. Comparison with the Standard Peccei-Quinn
Mechanism

The Z8 axion model presented here offers a distinct
approach to solving the strong CP problem compared to
the traditional Peccei-Quinn (PQ) mechanism invoking
a spontaneously broken global U(1)PQ symmetry [2, 3].
Several key differences and potential advantages arise:

1. Origin and Nature of the Symmetry:

• Standard PQ Mechanism: Relies on a pos-
tulated global chiral U(1)PQ symmetry, whose
origin is external to the Standard Model.
Such global symmetries are generically sus-
ceptible to violation by quantum gravity ef-
fects, leading to the ”axion quality problem”
[23, 24]. Ensuring the extreme suppression of
PQ-breaking operators required to maintain
the solution to the strong CP problem is a
significant theoretical challenge.

• Z8 Axion Model: The crucial axion shift
symmetry, a(x) 7→ a(x) + 2πfa/8, is not an
assumed global continuous symmetry but a
discrete symmetry directly inherited from the
Z8 orbifold geometry of the internal space in
a string theory framework (Section II B). Dis-
crete gauge symmetries, or symmetries pro-
tected by them, are generally considered more
robust against quantum gravity violations [7].
This geometric origin provides a more funda-
mental basis for the symmetry and potentially
offers a natural solution to the quality prob-
lem, provided the discrete symmetry itself is
not unduly broken by other effects.

2. Form and Source of the Axion Potential:
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• Standard PQ Mechanism: The axion po-
tential is generated primarily by QCD in-
stanton effects, leading to a potential of the
form VQCD(a) ∼ −Λ4

QCD cos(a/fa − θbare).

This potential has a unique minimum (within
one 2πfa period for a) that dynamically sets
⟨a⟩/fa = θbare, thus ensuring θeff = 0.

• Z8 Axion Model: The dominant axion po-
tential, Eq. (19), V (a) = Λ4

Z8(1− cos(8a/fa +
δ)), arises from E3-brane instantons specific to
the S5/Z8 compactification, as dictated by the
k ≡ 0 (mod 8) constraint. This potential pos-
sesses 8 distinct degenerate (or nearly degen-
erate) minima. The solution to the strong CP
problem then relies on this potential dominat-
ing over VQCD (i.e., ΛZ8 ≫ ΛQCD) and θbare
aligning with one of these minima (Eq. (28)).

3. Mechanism for θeff ≈ 0:

• Standard PQ Mechanism: The axion au-
tomatically relaxes to the minimum of its
QCD-induced potential, cancelling out any
initial θbare. No specific value of θbare is re-
quired beforehand.

• Z8 Axion Model: The mechanism requires a
specific value (or one of a discrete set of values)
for θbare that corresponds to one of the minima
of the Z8-induced potential. For example, if
δ ≈ 0 and the n = 1 vacuum is chosen, θbare ≈
π/4 is needed. While this does not predict
θbare, it recasts the problem from an extreme
fine-tuning of θbare ≲ 10−10 to a question of
why θbare might be close to a specific fraction
of π.

4. Axion Decay Constant (fa) and Mass (ma):

• Standard PQ Mechanism: fa is largely a
free parameter, phenomenologically bounded.
The axion mass is ma ≈ Λ2

QCD/fa.

• Z8 Axion Model: fa is related to the geo-
metric scales of the compactification (Eq. (5))
and can naturally be very large (e.g., fa ∼
MGUT or higher). The axion mass is ma =
8Λ2

Z8/fa (Eq. (24)), where ΛZ8 is itself a de-
rived scale from non-perturbative string ef-
fects (Eq. (18)). This allows for a different
relationship between ma and fa compared to
the QCD axion, potentially populating differ-
ent regions of the axion parameter space.

5. Robustness against Planck-Scale Correc-
tions:

• Standard PQ Mechanism: The U(1)PQ

global symmetry is highly vulnerable to ex-
plicit breaking by Planck-suppressed opera-
tors, which can shift the axion potential min-
imum and spoil the strong CP solution unless

these operators are suppressed to an extraor-
dinary degree.

• Z8 Axion Model: The discrete Z8 sym-
metry, being of geometric origin and poten-
tially linked to underlying discrete gauge sym-
metries in string theory, is expected to be
more robust against generic Planck-scale cor-
rections. The dominant cos(8a/fa) term is
protected as long as the Z8 symmetry and the
k = 8m instanton selection rule hold. The
”quality” aspect then shifts to ensuring that
other (e.g., Z8-breaking) Planck-suppressed
operators do not generate a larger or compet-
ing potential that misaligns the vacuum.

In summary, the Z8 axion model provides a compelling
alternative originating from a fundamental theory frame-
work. It offers a more natural origin for the requisite
axion symmetry and potentially a more robust solution
to the axion quality problem. However, it introduces its
own nuances, such as the requirement for θbare to align
with one of several discrete values and the cosmological
implications of multiple vacua (e.g., domain walls, dis-
cussed in Section V). The distinct predictions for fa and
the ma−fa relation also lead to different phenomenolog-
ical signatures compared to the standard QCD axion.

V. PHENOMENOLOGICAL IMPLICATIONS
AND CONSTRAINTS

The Z8 axion model, characterized by its geometri-
cally enforced discrete shift symmetry and the resultant
non-perturbative potential (Eq. (19)), leads to a distinct
set of phenomenological predictions. These predictions
interface with experimental searches for axions and cos-
mological observations. In this section, we delve into the
properties of this Z8 axion, specifically its mass and cou-
plings, its viability as a dark matter candidate, the cos-
mological consequences of its unique vacuum structure
(such as domain walls), and its potential signatures in
other observables. Understanding these aspects is crucial
for assessing the model’s testability and its place within
the broader landscape of axion physics.

A. Axion Properties: Mass and Couplings

The fundamental properties of the Z8 axion, namely
its mass ma and its decay constant fa, are intrinsically
linked to the parameters of the string compactification
and the non-perturbative effects generating its potential.

The axion mass, as derived in Eq. (24), is given by:

ma =
8Λ2

Z8
fa

. (29)

The axion decay constant fa is determined by the ge-
ometry of the internal S5/Z8 manifold and fundamen-
tal string parameters, as indicated in Eq. (5), fa ∼
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Mp/
√
Vol(M5)/ℓ5p. In many string theory scenarios, fa

is naturally expected to be large, potentially close to the
GUT scale (MGUT ∼ 1016 GeV) or the string scale Ms

[6, 15].
The energy scale ΛZ8 is generated by E3-brane instan-

ton effects and is exponentially suppressed by the classi-
cal action of the minimal k = 8 E3-brane instanton con-
figuration, S

(k=8)
cl (Eq. (18)). More explicitly, ΛZ8 can be

related to a UV cutoff scale, MUV (e.g., the string scale
Ms), and the E3-brane instanton action by a relation of
the form (see, e.g., [16] for general instanton prefactor
discussions):

Λ4
Z8 ≈ P(MUV,Vol(Σ

4
8), gs) · e−S

(k=8)
cl , (30)

where S
(k=8)
cl ≈ 8S1 ∝ Vol(Σ4

8)/(gs(α
′)2), and P is a

prefactor of dimension (mass)4 that can depend on MUV

(e.g., M4
UV), collective coordinate integration volumes

(which may themselves depend on Vol(Σ4
8) or other ge-

ometric moduli), and one-loop determinants around the
instanton solution. For illustrative purposes, one might

parameterize ΛZ8 ∼ MUVe
−S

(k=8)
cl /4, where the prefactor

is absorbed into MUV or considered O(1) in appropriate
units.

This structure leads to a wide range of possible axion
masses. For example, if we consider a string-motivated
fa ∼ 1016 GeV:

• If non-perturbative effects (i.e., S
(k=8)
cl and pref-

actors) yield ΛZ8 ∼ 100 GeV (this would imply

e−S
(k=8)
cl /4 ∼ 100 GeV/MUV; if MUV ∼ 1016 GeV,

then S
(k=8)
cl ∼ 130−140), the axion mass would be:

ma ≈ 8× (100 GeV)2

1016 GeV
= 8×10−12 GeV = 8 meV (milli-eV).

(31)

These examples underscore that, unlike the standard
QCD axion where mafa ∼ Λ2

QCD, the Z8 axion’s mass
is determined by ΛZ8, allowing for diverse ma − fa rela-
tionships. High fa values typically lead to a very light
axion unless ΛZ8 is correspondingly large (implying a rel-

atively small S
(k=8)
cl ).

The couplings of this axion to Standard Model parti-
cles are generically suppressed by the high scale fa. The
axion-photon coupling is given by:

gaγγ = Caγ
αem

2πfa
. (32)

Here, αem is the fine-structure constant. The model-
dependent coefficient Caγ is typically of order unity.1 For

1 Caγ is determined by the coefficient of the axion’s effective cou-

pling to the electromagnetic anomaly term Fµν F̃µν . Its pre-
cise value depends on how U(1)em is embedded within the UV

fa ∼ 1016 GeV, this coupling becomes extremely small:

gaγγ ≈ Caγ

(
1

137

)
1

2π × 1016 GeV
≈ Caγ×1.16×10−19 GeV−1.

(33)
Such a weak coupling poses a significant challenge for
direct experimental detection via haloscopes like ADMX
[25] and the proposed IAXO [26]. Similarly, couplings to
electrons (gaee) and nucleons (gaNN ) are also expected
to be suppressed by 1/fa.

B. The Z8 Axion as a Cold Dark Matter Candidate

The Z8 axion a(x), as a light and very weakly interact-
ing particle, is a compelling candidate for the universe’s
cold dark matter (CDM). Its cosmological abundance is
primarily set by the vacuum misalignment mechanism
[27–29].
In the early universe, the axion field a(x) is initially dis-

placed by some angle θi = ⟨ai⟩/fa from one of the minima
of its potential (Eq. (21)). Coherent oscillations of a(x)
commence when the Hubble expansion rate H(T ) drops
to 3H(Tosc) ≈ ma. For an ALP with a temperature-
independent mass ma = 8Λ2

Z8/fa, where oscillations be-
gin during the radiation-dominated era, the present-day
relic abundance Ωah

2 scales as [30, 31]:

Ωah
2 ∝ m1/2

a (faθi)
2 ≈ θ2i

√
8ΛZ8f

3/2
a . (34)

A commonly used numerical parameterization, which
should be applied with care accounting for g∗(Tosc), is:

Ωah
2 ≈ Crelic(g∗(Tosc))

(ma

eV

)1/2
(

fa
1012 GeV

)2

⟨θ2i ⟩,

(35)
where Crelic(g∗(Tosc)) ∼ O(0.1− 1) depends on the rela-
tivistic degrees of freedom at Tosc (e.g., Crelic ≈ 0.18 for
g∗(Tosc) ≈ 100, see [32]). It is important to note that if
the initial displacement angle θi is large enough such that
8θi is not much smaller than π, anharmonic corrections
to the potential become significant and typically enhance
the relic abundance by a factor f(θi) > 1 [30, 33].
The scaling in Eq. (34) highlights a critical challenge:

for the high values of fa (e.g., fa ≳ 1016 GeV) often
motivated by string theory, the misalignment mechanism
typically leads to a significant overproduction of axion
dark matter, far exceeding the observed CDM abundance
ΩCDMh2 ≈ 0.120± 0.001 (Planck 2018 final results [34]),
unless:

theory and the spectrum of heavy fermions charged under the
effective PQ-like symmetry that generates the axion. For string-
derived axions, it can arise from Chern-Simons terms or loop
effects involving states charged under both the axion’s symme-
try and U(1)em.
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1. The initial misalignment angle θi is anthropically
selected or dynamically driven to be exceptionally
small.

2. A period of late-time entropy production dilutes
the axion density [35].

3. The effective symmetry giving rise to the axion
(related to the discrete Z8 symmetry here, lead-
ing to an ”effective PQ-like periodicity”) is broken
after inflation. In such scenarios, axion produc-
tion from the decay of topological defects (cosmic
strings and domain walls) can become the domi-
nant source [36, 37]. This mechanism has a dif-
ferent dependence on fa and might accommodate
larger fa values, though it comes with its own com-
plexities and model dependencies, including the
need to resolve the domain wall problem robustly
(see Section VC). (It is advisable to consult recent
numerical simulations on string and domain wall
dynamics for ALPs, e.g., [37]).

Thus, for the Z8 axion to constitute the entirety of dark
matter with a naturally high fa, scenarios beyond simple
misalignment with ⟨θ2i ⟩ ∼ O(1) are generally invoked.
Thermal production of axions is another possible

mechanism. However, for ALPs with very high fa and
correspondingly extremely weak couplings (as seen in
Eq. (33)), interaction rates with the thermal bath in the
early universe are typically too low for efficient thermal-
ization, rendering this contribution negligible [31, 38].
Thermal production becomes relevant for ALPs with
much lower fa scales or specific resonant interactions
not typically present in this model’s primary parameter
space.

C. Domain Wall Cosmology and the Bias Potential

The vacuum structure of the Z8 axion model, charac-
terized by 8 distinct, degenerate (or nearly degenerate)
minima as given by Eq. (21), has significant cosmologi-
cal implications. When the axion field a(x) settles into
one of these vacua in the early universe, the discrete Z8

shift symmetry is spontaneously broken. If this symme-
try breaking occurs after inflation, or if different patches
of the universe select different vacua, a network of do-
main walls will form, separating regions with different
VEVs of a(x) [39]. In my model, the number of distinct
vacua is NDW = 8.
Cosmologically, stable domain walls with NDW > 1

are generally disastrous [40, 41]. The energy density of a
domain wall network scales as ρDW ∼ σDW/R(t), where
σDW is the wall tension (surface energy density) and R(t)
is the scale factor. Since this dilutes slower than radiation
(ρrad ∝ R−4) or matter (ρmat ∝ R−3), domain walls
would quickly come to dominate the energy density of
the universe, conflicting with observations of the Cosmic
Microwave Background (CMB) and large-scale structure.

The tension of such walls is typically σDW ∼ maf
2
a ∼

Λ2
Z8fa.
To avoid this cosmological problem, the degeneracy of

the 8 vacua must be lifted by a small, explicit Z8-breaking
term in the potential, often referred to as a ”bias” poten-
tial or ”tilt” term, ∆V (a). This bias introduces a slight
energy difference between the vacua, making one of them
the true vacuum and the others false vacua. Such a po-
tential can be parameterized by an energy density dif-
ference ∆Vbias between adjacent vacua. This energy dif-
ference creates a volume pressure on the domain walls,
causing the false vacuum regions to shrink and the do-
main wall network to collapse and annihilate [41].
For the domain wall network to disappear sufficiently

early, typically before Big Bang Nucleosynthesis (BBN)
at T ∼ 1 MeV, the bias must be strong enough. The
critical condition is that the volume pressure ∆Vbias over-
comes the wall tension σDW when the walls enter the
Hubble horizon. This translates to a lower bound on the
relative strength of the bias, ϵV = ∆Vbias/Λ

4
Z8, or on

∆Vbias itself. A common rough estimate for the required
energy difference is [42, 43]:

∆Vbias ≳

(
σDW

Mp

)2

or equivalently ϵV ≳

(
Λ2
Z8fa

MpΛ2
Z8

)2

=

(
fa
Mp

)2

,

(36)
though more detailed calculations depend on the wall dy-
namics and the equation of state of the universe at the
time of annihilation. Given that fa can be large in my
model, ensuring this condition is met without reintro-
ducing significant CP violation or destabilizing the axion
potential requires careful model building.
The origin of such a small, explicit Z8-breaking bias

term ∆V (a) is crucial. In the context of string theory,
several sources are plausible:

• Higher-order instanton effects: While the k =
8m E3-brane instantons generate the primary Z8-
symmetric potential, other non-perturbative effects
(e.g., from different types of instantons, or sublead-
ing contributions from E3-branes that very weakly
violate the k = 8m rule due to some high-energy
physics) could provide a small explicit breaking.

• Planck-suppressed operators: Higher-
dimension operators suppressed by powers of
the Planck scale Mp, which are not invariant under
the exact Z8 symmetry, could arise from quantum
gravity effects. If these operators are sufficiently
suppressed, they can provide the needed bias.

• Moduli stabilization or mixing: The VEVs of
other scalar fields (moduli) in the compactification,
or slight misalignments in their stabilization, could
couple to the axion a(x) in a way that explicitly
breaks the Z8 symmetry.

The existence of such a bias is a consistency require-
ment for the cosmological viability of any model with
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NDW > 1. The detailed dynamics of domain wall anni-
hilation, including the spectrum of gravitational waves
potentially produced [44, 45], often rely on numerical
simulations. Recent advancements in lattice simulations
of axion string and domain wall networks provide increas-
ingly precise predictions for these phenomena [37, 46].

In conclusion, while the Z8 axion model naturally leads
to NDW = 8 domain walls, their cosmological problem
can be resolved if a sufficiently strong (but still small
compared to Λ4

Z8) bias potential exists to lift the vacuum
degeneracy. The string theory framework offers plausible
origins for such a term, although its precise magnitude
remains a model-dependent parameter that must satisfy
cosmological constraints.

D. Signatures from Axion Inflation with Z8

Modulations

Beyond its role as a dark matter candidate, the Z8 ax-
ion a(x), or a similar axionic field from the same S5/Z8

compactification, could potentially drive cosmological in-
flation in the early universe. The characteristic periodic
potential V (a) = Λ4

Z8(1− cos(8a/fa + δ)) (Eq. (19)) can
lead to distinctive observational signatures if it partic-
ipates in the inflationary dynamics, particularly within
the framework of axion monodromy inflation [47, 48].

In such scenarios, the total inflaton potential Vinf(a) is
typically modeled as a sum of a dominant, slowly vary-
ing ”monodromy” term, Vmono(a), which sustains a pro-
longed period of slow-roll inflation, and a subdominant,
periodic modulation term, Vmod(a), originating from the
axion’s underlying shift symmetry:

Vinf(a) = Vmono(a) + Vmod(a). (37)

The Z8-symmetric potential derived in my model,
Vmod(a) = Λ4

Z8(1 − cos(8a/fa + δ)), naturally serves as
such a modulation term. For inflation to proceed suc-
cessfully and match observations, we typically require
Λ4
Z8 ≪ Vmono(a) during the observable inflationary e-

folds, such that Vmod(a) acts as a small perturbation
on the primary inflationary trajectory. The monodromy
term Vmono(a) might arise, for instance, from brane dy-
namics or other stringy effects that ”unwind” the ax-
ion’s periodicity over super-Planckian field ranges, e.g.,
Vmono(a) ∝ ap with p > 0.

The presence of the Z8 modulation term imprints char-
acteristic features on the spectrum of primordial cosmo-
logical perturbations:

1. Oscillations in the Scalar Power Spectrum:
The periodic modulation Vmod(a) induces small,
periodic variations in the slow-roll parameters ϵV =
(M2

p/2)(V
′/V )2 and ηV = M2

pV
′′/V . These os-

cillations in the evolution of the inflaton translate
into nearly logarithmic oscillations in the primor-

dial scalar power spectrum Pζ(k) [49, 50]:

Pζ(k) ≈ Pζ,0(k)

[
1 +As cos

(
8

fa
∆N(k) + ϕs

)]
, (38)

where Pζ,0(k) is the smooth power spectrum from
Vmono(a), As is the oscillation amplitude (propor-
tional to Λ4

Z8/Vmono), and ∆N(k) ≈ ln(k/k∗) is
the number of e-folds. The characteristic angu-
lar frequency of these oscillations in ln k space is
8M2

pVmono/(faV
′
mono), or simply related to 8/fa if

the field excursion per e-fold is known. Current
CMB data from Planck 2018 constrain the ampli-
tude of such oscillations, typically As ≲ 0.01−0.05
depending on the frequency [51]. Future CMB
experiments like CMB-S4 [52] and LiteBIRD [53]
are projected to significantly improve sensitivity to
these oscillatory features. Detection of such a sig-
nal with a frequency tied to 8/fa would provide a
powerful probe of the axion decay constant.

2. Tensor-to-Scalar Ratio (r): The tensor-to-
scalar ratio r = 16ϵV is primarily determined by the
underlying smooth potential Vmono(a). The modu-
lations typically have a subdominant effect on the
integrated value of r. The choice of Vmono(a) must
be compatible with the current observational up-
per bound r < 0.036 ([54]). For instance, simple
monomial potentials like Vmono ∝ ap require p < 2
to satisfy this bound for N ≈ 50− 60 e-folds (e.g.,
p = 2/3 yields r ≈ 0.033 for N = 60, as noted in
Appendix C 3 b).

3. Resonant Non-Gaussianity: A particularly dis-
tinctive signature of oscillatory features in the
inflaton potential is the generation of resonant
non-Gaussianity [49, 50]. The modulations can
cause the inflaton to temporarily speed up or slow
down, leading to an enhancement of the bispec-
trum Bζ(k1, k2, k3) for specific (resonant) momen-
tum configurations. The amplitude of this non-
Gaussianity, parameterized by f resonant

NL , can be sig-
nificantly larger than that from standard single-
field slow-roll models. Its magnitude scales roughly
as f resonant

NL ∝ (Λ4
Z8/Vmono)/ϵV . The shape of

this resonant non-Gaussianity is also characteris-
tic, often exhibiting an oscillatory pattern in the
squeezed or equilateral limits. Planck 2018 data
set limits on various forms of fNL, including spe-
cific templates for resonant features, generally con-
straining |f resonant

NL | ≲ O(10 − 100) depending on
the shape and scale [55]. Future CMB experiments
and large-scale structure surveys will provide more
stringent tests. The detection of such a signal, par-
ticularly with an oscillatory pattern consistent with
the 8/fa frequency, would be a compelling sign of
this inflationary mechanism.

For such an inflationary scenario to be theoretically
consistent within the string compactification, several con-
ditions must be met. These include the stabilization of



12

all other geometric moduli fields during the inflationary
epoch, ensuring that their dynamics do not spoil the in-
flaton’s slow roll or significantly alter its potential. Fur-
thermore, the inflationary potential itself must be ro-
bust against higher-order corrections from string theory
or quantum gravity.

In conclusion, if the Z8 axion (or a related field
from the S5/Z8 sector) participated in inflation via a
monodromy-like potential, it would predict specific, po-
tentially observable signatures in the CMB, such as
oscillations in the power spectrum and resonant non-
Gaussianities, whose characteristics are directly linked
to the fundamental parameters fa and ΛZ8 of the model.

E. Broader Experimental Probes and
Astrophysical Constraints

Beyond the specific scenarios of the Z8 axion as cold
dark matter (Section VB) or as an inflaton (Section VD),
its existence can be constrained or potentially probed by
a variety of other experimental and astrophysical obser-
vations. Given the model’s propensity for a high axion
decay constant fa, many of these probes test very differ-
ent regions of parameter space or rely on indirect effects.

1. Direct Detection Experiments (Recap and
Outlook): As established in Section VA
(Eq. (33)), if fa is naturally high (e.g., fa ≳ 1016

GeV), the couplings of the Z8 axion to photons
(gaγγ), electrons (gaee), and nucleons (gaNN ) are
extremely suppressed, scaling as 1/fa. This poses
a significant challenge for conventional direct de-
tection experiments:

• Haloscopes (e.g., ADMX, HAYSTAC,
CULTASK): These experiments search for
axion-to-photon conversion in strong mag-
netic fields and are most sensitive to ax-
ions with gaγγ typically much larger than ∼
10−17 GeV−1 for µeV−meV masses [25, 56].
The predicted coupling for my high-fa Z8 ax-
ion (Eq. (33)) often falls well below current
and near-future sensitivities.

• NMR-based techniques (e.g., CASPEr):
These probe axion couplings to nuclear spins
(gaNN ) [57]. The 1/fa suppression of gaNN

also makes detection very challenging for high
fa values.

• Novel Detection Strategies: Significant
research and development are underway for
new experimental techniques aiming to probe
very weakly coupled ALPs across a wide mass
range, including those leveraging quantum
sensors, dielectric haloscopes (e.g., MADMAX
[58]), or collective excitations in materials [59].
However, reaching the coupling strengths as-
sociated with fa ∼ MGUT or higher remains a
long-term goal.

2. Astrophysical Constraints: Astrophysical envi-
ronments can act as powerful laboratories for con-
straining light, weakly interacting particles.

• Stellar Cooling: Axions produced in stel-
lar cores (e.g., via Primakoff effect for gaγγ
or Compton/bremsstrahlung for gaee) can es-
cape, leading to anomalous stellar cooling.
Observations of Horizontal Branch stars in
globular clusters, white dwarf cooling rates,
and the tip of the Red Giant Branch lumi-
nosity function place strong bounds, typically
gaγγ ≲ few × 10−11 GeV−1 and gaee ≲ few ×
10−14 for relevant axion masses [1, 60]. For
the very high fa values (≳ 1016 GeV) consid-
ered in my model, the predicted couplings are
orders of magnitude below these astrophysical
bounds, meaning the Z8 axion easily satisfies
these constraints.

• Supernova SN1987A: The duration of
the neutrino burst from SN1987A con-
strains axion emission (primarily via nucleon
bremsstrahlung, gaNN ), which would have ex-
cessively cooled the proto-neutron star. This
typically constrains fa ≳ few × 108 GeV for
QCD axions, or places limits on gaNN for
ALPs [61, 62]. Again, for the high fa regime
of my Z8 axion, this constraint is readily sat-
isfied.

3. Collider Searches and Beam Dump Experi-
ments: High-energy colliders (like the LHC) and
beam dump experiments can search for ALPs pro-
duced in particle decays (e.g., B → Ka, K → πa,
or rare Higgs/Z decays h/Z → γa, aa) or via pho-
ton fusion, with subsequent detection through de-
cays to photons or other SM particles [63]. These
searches are typically most sensitive to ALPs with
larger couplings (lower fa) and masses in the MeV
to GeV range or higher. For the extremely weakly
coupled, potentially very light Z8 axion predicted
at high fa, direct production and detection at cur-
rent colliders are highly suppressed and generally
beyond reach.

4. Gravitational Wave Signatures: The early uni-
verse dynamics of the Z8 axion model could leave
an imprint in the stochastic gravitational wave
background (SGWB).

• Domain Wall Annihilation: As elaborated
in Section VC and Appendix C 2, the req-
uisite annihilation of the NDW = 8 domain
wall network due to a bias potential can be a
significant source of a stochastic gravitational
wave background (SGWB) [44, 45]. The char-
acteristics of this SGWB, such as its peak fre-
quency and energy density, depend critically
on the model parameters, primarily the ax-
ion decay constant fa, the instanton-induced
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scale ΛZ8 (which together determine the wall
tension σDW), and the relative bias strength
ϵV . An illustrative calculation for a specific
benchmark set of parameters (fa = 1016 GeV,
ΛZ8 = 38 MeV, and ϵV = 10−4) is presented
in Appendix C 2 d. This example yields a GW
signal with a peak frequency fp ≈ 10 nHz and
an amplitude ΩGWh2(fp) ≈ 3.6×10−12. Such
a signal falls within the detection band of Pul-
sar Timing Arrays (PTAs), and while poten-
tially below current sensitivities, it could be
probed by next-generation PTA experiments
like the Square Kilometre Array (SKA) [64].
It is important to note that other choices of
model parameters could lead to signals in dif-
ferent frequency bands, potentially accessible
to observatories like LISA or DECIGO. A de-
tailed exploration of the parameter space is
beyond the scope of this work, but the ex-
istence of such a GW signal remains a key
testable prediction of this Z8 axion model.

• Inflationary Dynamics: If the axion (or
a related field) drives inflation with strong
dynamics, such as a first-order phase transi-
tion at the end of inflation or during preheat-
ing, this could also source a GW background
[65]. The oscillatory features discussed in Sec-
tion VD are primarily in the scalar and tensor
perturbation spectra, but associated dynamics
could have GW implications.

In summary, while the high fa scale generically pre-
dicted by the string theory origin of the Z8 axion
makes its direct detection via conventional laboratory
experiments exceptionally challenging, astrophysical con-
straints are typically well satisfied. The most promising
avenues for indirect probes might lie in precision cos-
mology (CMB signatures from inflation, as discussed in
Section VD) or the search for stochastic gravitational
waves from the annihilation of domain walls, should they
form and decay as required for cosmological consistency.
Future theoretical work refining the predictions for ΛZ8
and fa from specific S5/Z8 compactification parameters,
coupled with advancements in novel detection techniques
and GW astronomy, will be crucial for further probing
this model.

VI. CONCLUSION

In this work, we have undertaken a comprehensive in-
vestigation into a novel axion model arising from Type
IIB string theory compactified on an AdS5 × S5/Z8 orb-
ifold. My primary motivation has been to address the
long-standing strong CP problem by leveraging the spe-
cific geometric and topological properties of this string
theory construction. We have presented the theoretical
foundations of this Z8 axion model, rigorously derived

its characteristic potential, elucidated its mechanism for
solving the strong CP problem, and explored its salient
phenomenological and cosmological implications. This
concluding section summarizes my main findings, high-
lights the unique aspects of the model in comparison to
other axion theories, and discusses remaining challenges
and future prospects.

A. Summary of the Z8 Axion Model and its
Solution to the Strong CP Problem

The strong CP problem, which questions the perplex-
ing smallness of the observable QCD θ-angle (|θeff| ≲
10−10), finds a compelling resolution within my proposed
framework. The key elements underpinning this solution
are:

1. Geometric Origin of a Discrete Symmetry:
The axion field a(x) in my model is identified
with the Kaluza-Klein zero mode of the RR 2-form
C2 reduced on a 2-cycle within the S5/Z8 inter-
nal manifold. Crucially, the Z8 orbifold action on
the S1 Hopf fiber of S5 geometrically imposes a
precise Z8 discrete shift symmetry on this axion:
a(x) 7→ a(x) + 2πfa/8 (as detailed in Section II B).
This provides a fundamental, rather than ad-hoc,
origin for the axion’s defining symmetry.

2. Rigorous Instanton Constraint: A corner-
stone of my model is the demonstration that non-
perturbative effects from Euclidean D3-brane (E3-
brane) instantons wrapping 4-cycles in S5/Z8 are
subject to a stringent topological constraint on
their instanton number k. Employing equivari-
ant K-theory in conjunction with the Freed-Witten
anomaly cancellation condition (in the presence of a
background H3-flux exhibiting 1

8Z fractional quan-
tization due to the orbifold structure), we have rig-
orously proven that only instantons with k ≡ 0
(mod 8) contribute significantly to the axion po-
tential (detailed in Section III B and Appendix B).

3. Unique Potential and Vacuum Structure:
This k = 8m selection rule dictates that the lead-
ing non-perturbative axion potential takes the char-
acteristic form V (a) ≈ Λ4

Z8(1 − cos(8a/fa + δ))
(derived in Section III C). This potential possesses
NDW = 8 discrete, degenerate (or nearly degen-
erate, depending on δ) vacuum states, located at
⟨a⟩n/fa ≈ nπ/4− δ/8 (Section IVA).

4. Reframing the Strong CP Problem: The solu-
tion to the strong CP problem within this Z8 model
is achieved if the axion dynamically settles into one
of these eight vacua, and the bare QCD angle θbare
happens to align with this choice to yield θeff ≈ 0
(e.g., θbare ≈ π/4 if the n = 1, δ ≈ 0 vacuum is real-
ized, see Section IVB). This mechanism transforms
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the strong CP problem from requiring an extreme
fine-tuning of a continuous parameter θbare to be
≲ 10−10 into a question of why θbare might assume
one of a small set of discrete, O(1) fractional val-
ues of π. This is a distinct advantage over models
that require θbare itself to be inexplicably tiny or
rely on continuous global symmetries susceptible to
quantum gravity effects. The combination of the 8
discrete vacuum states and the rigorous instanton
constraint underpinnings are unique hallmarks of
this Z8 model’s approach.

B. Distinctive Phenomenological and Cosmological
Signatures

The specific properties of the Z8 axion, derived from
its string-theoretic origin and unique potential, lead to a
series of distinctive phenomenological and cosmological
predictions, which also highlight associated challenges:

1. Axion Parameters and Couplings: The axion
mass ma = 8Λ2

Z8/fa and decay constant fa are
tied to the fundamental scales of the string com-
pactification (Section VA). A naturally high fa
(e.g., MGUT scale or higher) implies that the ax-
ion’s couplings to Standard Model particles, such
as gaγγ ∝ 1/fa, are extremely weak. While this
makes direct experimental detection highly chal-
lenging with current technologies, it ensures that
astrophysical constraints (e.g., from stellar cooling)
are readily satisfied.

2. Cold Dark Matter Candidate: The Z8 axion
is a viable cold dark matter candidate. However,
if fa is very high, the standard vacuum misalign-
ment mechanism (with initial angle θi ∼ O(1)) typ-
ically leads to an overabundance of dark matter
(Section VB). This necessitates scenarios such as
an anthropically small θi, significant late-time en-
tropy production, or a dominant contribution from
the decay of topological defects (axion strings and
the NDW = 8 domain walls), should the relevant
symmetry breaking occur post-inflation.

3. Domain Wall Cosmology and Gravitational
Waves: The NDW = 8 vacuum structure in-
evitably leads to the formation of a domain wall
network in the early universe. For cosmological
consistency, these walls must annihilate, which re-
quires a small explicit Z8-breaking bias potential
(Section VC and Appendix C 2). A particularly
distinctive and potentially unique prediction of this
Z8 model is that the annihilation of this NDW = 8
domain wall network could generate a stochastic
background of gravitational waves. The charac-
teristics of this signal would depend on the scale fa
and the strength of the bias potential, potentially

falling within the sensitivity range of future grav-
itational wave observatories like LISA, DECIGO,
or pulsar timing arrays. This offers a promising,
albeit indirect, observational window.

4. Inflationary Signatures: If the Z8 axion (or
a related field from this sector) participated in
driving cosmic inflation, particularly in a mon-
odromy scenario, its characteristic 8a/fa period-
icity in the potential would imprint specific oscilla-
tory features in the Cosmic Microwave Background
power spectrum and could generate resonant non-
Gaussianities (Section VD and Appendix C 3).
The detection of such correlated signatures would
provide a powerful probe of the model’s fundamen-
tal parameters.

These phenomenological aspects underscore the rich in-
terplay between the fundamental string theory construc-
tion and observable cosmology, offering both challenges
and unique avenues for testing the model.

C. Comparison with Other Axion Models

To contextualize the contributions of this work, it is
instructive to compare my Z8 axion model with the stan-
dard Peccei-Quinn (PQ) mechanism and other prominent
classes of axions emerging from string theory. This com-
parison highlights the unique features and potential ad-
vantages of my geometrically constrained framework.

1. Contrast with the Standard Peccei-Quinn Axion

The standard PQ mechanism postulates a global
U(1)PQ symmetry broken at the scale fa, leading to an
axion whose potential is generated by QCD instantons,
VQCD(a) ∼ −Λ4

QCD cos(a/fa − θbare). This elegantly
drives θeff to zero. However, as discussed in Section ??,
the PQ mechanism faces challenges regarding the ori-
gin and quality of the U(1)PQ symmetry, especially its
vulnerability to quantum gravity effects. My Z8 model
differs significantly:

• Symmetry Origin: The Z8 discrete shift symme-
try is not postulated ad hoc but is a direct con-
sequence of the S5/Z8 orbifold geometry within a
Type IIB string theory framework, potentially of-
fering greater robustness against quantum gravity
violations than a continuous global symmetry.

• Potential and Solution Mechanism: The dom-
inant potential V (a) ∝ (1 − cos(8a/fa + δ)) arises
from E3-brane instantons specific to this compact-
ification, leading to NDW = 8 vacua. The strong
CP solution relies on θbare aligning with one of these
discrete vacua, reframing the fine-tuning problem,
rather than the automatic cancellation for any θbare
seen in the standard QCD axion potential.
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• Axion Quality: The geometric origin of the dis-
crete symmetry and the rigorous k ≡ 0 (mod 8) in-
stanton constraint provide a strong protection for
the 8a/fa periodicity, potentially alleviating the ax-
ion quality problem.

2. Comparison with Other String Axion Scenarios

The ”string axiverse” paradigm suggests that multiple
axion-like particles can arise from string compactifica-
tions [66]. My Z8 model, originating from the RR C2

field on an S5/Z8 orbifold, can be contrasted with other
classes of string axions:

1. Origin and Geometric Basis:

• Z8 Axion Model (This Work): Axion from
RR 2-form C2 reduction on a 2-cycle in S5/Z8.
The Z8 discrete shift symmetry is directly im-
posed by the orbifold geometry.

• Kähler/Moduli Axions: These arise from
the real parts of Kähler moduli (controlling
volumes of 4-cycles) or complex structure
moduli in Calabi-Yau compactifications, or
volume moduli in scenarios like the Large Vol-
ume Scenario (LVS) [67, 68]. Their shift sym-
metries are often continuous at the perturba-
tive level, broken by non-perturbative effects
(e.g., D-brane instantons or gaugino condensa-
tion) to typically generate a simple cos(a/fa)-
type potential. A specific discrete symmetry
like Z8 directly controlling the potential form
is less common unless engineered.

• D-brane Position/Wilson Line Axions:
Axions can arise as the positions of D-branes
in extra dimensions or as phases of Wilson
lines on D-branes [6]. Their symmetries and
potential depend on the brane configuration
and background geometry, and can be contin-
uous or discrete.

• Generic p-form Axions / Other ZN Orb-
ifold Axions: Axions from higher p-form RR
or NS-NS fields reduced on p-cycles are com-
mon. Orbifolding other geometries with dif-
ferent discrete groups (ZN , N ̸= 8) can also
yield axions with ZN symmetries.

• Core Difference: The distinctive feature of my
model is the specific S5/Z8 geometry lead-
ing to a precise Z8 symmetry, which, when
combined with the derived k ≡ 0 (mod 8) in-
stanton constraint, dictates a unique poten-
tial structure with exactly 8 dominant min-
ima. Other models may lack such a rigorously
constrained discrete symmetry directly tied to
the dominant instanton effects shaping the po-
tential for the CP-solving axion.

2. Symmetry and Potential Structure:

• Z8 Axion Model (This Work): Strict Z8

discrete shift symmetry a → a+2πfa/8, lead-
ing to V (a) ≈ Λ4

Z8(1 − cos(8a/fa + δ)) with
8 vacua due to the k ≡ 0 (mod 8) instanton
constraint.

• Other String Axions:

– Axions in ”Natural Inflation” or ”Axion
Monodromy” models often assume a fun-
damental cos(a/fa) potential, with mech-
anisms sought to achieve super-Planckian
fa [47, 69]. The discrete symmetry, if any,
is usually not the primary factor deter-
mining the potential periodicity for the
inflaton.

– Other ZN geometric axions from different
orbifolds might have N vacua, but the rig-
orous instanton constraints ensuring the
dominance of an Na/fa term might differ
or be less direct. The number of effective
minima can also be affected by multiple
contributing instanton types if not simi-
larly constrained.

• Core Difference: The robust link between the
specific Z8 geometric symmetry and the strict
k = 8m instanton rule, ensuring the V ∝ (1−
cos(8a/fa)) form with 8 minima as the leading
term, is a unique characteristic of my model.

3. Mechanism for Solving Strong CP Problem:

• Z8 Axion Model (This Work): Vac-
uum alignment mechanism where θeff ≈ 0 is
achieved if θbare takes one of 8 specific discrete
values related to the vacua of the Z8 potential.

• Other String Axions: Some string axions
might function like traditional PQ axions if
their potential is dominated by QCD effects
(requiring their intrinsic potential to be much
smaller). Others, like Kähler axions, might
dynamically set θeff ≈ 0 through moduli stabi-
lization dynamics, but this often requires spe-
cific conditions and might not rely on a dis-
crete vacuum structure in the same way [70].

• Core Difference: My model’s solution is tied
to the multi-vacuum structure arising from a
specific, geometrically enforced discrete sym-
metry and a strict instanton selection rule,
rather than a continuous symmetry or less
constrained potential.

4. Cosmological Role and Topological Defects:

• Z8 Axion Model (This Work): NDW = 8
domain wall problem, requiring a bias. Anni-
hilation could produce a characteristic gravi-
tational wave signal. High fa presents chal-
lenges for dark matter overproduction via
standard misalignment.
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• Other String Axions: Models with NDW =
1 (e.g., if the potential is a simple cosine, or if
a ZN symmetry is broken to Z1 by the dom-
inant instanton) avoid the domain wall prob-
lem but produce axionic strings. Axion string
networks have different cosmological conse-
quences (e.g., specific CMB B-mode polariza-
tion signatures, different scaling for axion DM
production [46]). Moduli axions often have
their cosmology intertwined with moduli sta-
bilization and reheating.

• Core Difference: The specific prediction of an
NDW = 8 network and its potential GW sig-
nature from annihilation (if biased appropri-
ately) is a distinguishing feature tied to the Z8

symmetry.

In essence, while string theory provides a rich ”axiverse,”
my Z8 model, grounded in the S5/Z8 orbifold and forti-
fied by a rigorous instanton constraint, offers a highly
structured and constrained scenario. This leads to a
distinctive mechanism for solving the strong CP prob-
lem and specific cosmological predictions that differ from
more generic string axion constructions or those based on
continuous symmetries.

D. Broader Theoretical Context, Challenges, and
Future Outlook

While the Z8 axion model developed herein presents
a compelling and theoretically grounded solution to the
strong CP problem with distinctive phenomenological
consequences, it is important to acknowledge the remain-
ing theoretical challenges and outline avenues for future
investigation.

1. Inherent Theoretical Challenges: Like many
string-derived models aiming to connect with low-
energy physics, my framework faces several open
questions critical for its embedding into a complete
theory of particle physics and cosmology:

• Full Standard Model Embedding: The cur-
rent focus has been on the QCD axion and
the strong CP problem. A crucial next
step is the consistent embedding of the full
Standard Model, particularly the electroweak
gauge group su(2)L×u(1)Y and its chiral mat-
ter spectrum, within the S5/Z8 compactifica-
tion scheme. As discussed in Appendix D3d
(within the context of the g2 subalgebra), this
is non-trivial and typically requires more intri-
cate constructions (e.g., specific D-brane con-
figurations or further geometric engineering).

• Yukawa Hierarchies and Flavor Physics: Gen-
erating the observed pattern of fermion masses
and mixings (Yukawa couplings) is a generic

challenge for string models. The S5/Z8 geom-
etry would need to provide a mechanism for
these hierarchies.

• Determination of Fundamental Parameters:
The precise values of the axion decay con-
stant fa and the non-perturbative scale ΛZ8
depend on the detailed geometric moduli of
the S5/Z8 compactification (e.g., volumes of
cycles, string coupling). A complete model
would require stabilization of these moduli
and a first-principles calculation of these pa-
rameters.

• Origin of θbare Alignment: While my model
reframes the strong CP problem to why θbare
might align with one of eight discrete values,
the underlying reason for such an alignment
(e.g., specific UV physics influencing quark
mass matrix phases, or perhaps cosmological
selection) remains an open question.

• Bias Potential for Domain Walls: The pre-
cise origin and magnitude of the bias poten-
tial ∆Vbias required to solve the NDW = 8
domain wall problem need to be explicitly re-
alized within the string construction.

2. Connection to Broader Symmetry Frame-
works (Appendix C): The S5/Z8 compactifica-
tion, beyond providing the specific Z8 discrete sym-
metry for the CP-solving axion, may harbor richer
symmetry structures. As explored in detail in Ap-
pendix D, one can contemplate a larger algebraic
framework, such as that involving a spin(8) Lie al-
gebra and its decomposition via its exceptional sub-
algebra g2. This framework, while supplementary
to the core CP-solving mechanism of this paper,
offers an intriguing, albeit speculative, context for
the emergence of su(3)QCD and hints at deeper con-
nections to exceptional geometric structures (e.g.,
G2-holonomy manifolds). Such explorations high-
light the potential for string theory to provide a
unified origin for various symmetries observed in
nature.

3. Future Theoretical Directions: Future theoret-
ical work could focus on addressing the challenges
mentioned above. This includes detailed moduli
stabilization in the S5/Z8 background, explicit con-
structions for Standard Model embedding, and cal-
culations of fa and ΛZ8 from first principles. Inves-
tigating the dynamics of vacuum selection among
the eight minima in an early universe context, and
exploring concrete stringy origins for the domain
wall bias potential, are also crucial. Further explo-
ration of the implications of the K-theoretic con-
straint k ≡ 0 (mod 8) for other non-perturbative
effects or dual descriptions would be valuable.

4. Future Experimental and Observational
Probes: Given the typically high fa scale and con-
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sequently weak couplings, direct detection of the
Z8 axion remains a formidable long-term challenge.
However, indirect probes offer promising avenues:

• Precision measurements of CMB anisotropies
and non-Gaussianities by future experiments
(e.g., CMB-S4, LiteBIRD) could test the in-
flationary signatures predicted in Section VD
if the Z8 axion played the role of the inflaton.

• The search for a stochastic gravitational
wave background from the annihilation of the
NDW = 8 domain wall network by observato-
ries like LISA, DECIGO, Einstein Telescope,
or advanced pulsar timing arrays could pro-
vide a unique signature of this model.

• Continued development of novel experimental
techniques aimed at probing very weakly cou-
pled axion-like particles across a wide mass
range is essential.

Addressing these theoretical challenges and pursuing
these experimental and observational avenues will be key
to further elucidating the viability and full implications
of the Z8 axion model.

E. Concluding Remarks

In this paper, we have presented a detailed construc-
tion and analysis of a Z8 axion model derived from Type
IIB string theory on an AdS5×S5/Z8 orbifold. We have
rigorously demonstrated how the specific geometry and
topology of this compactification lead to a crucial con-
straint on E3-brane instanton numbers (k ≡ 0 (mod 8)),
which in turn dictates a unique form for the non-
perturbative axion potential, V (a) ∝ (1−cos(8a/fa+δ)).

This framework offers a novel and theoretically well-
grounded solution to the strong CP problem, distinct
from the standard Peccei-Quinn mechanism and other
string axion scenarios. It recasts the problem into
one of understanding why the bare θ-angle might align
with one of eight discrete vacua, a potentially less se-
vere requirement than extreme fine-tuning to zero. The
model’s unique features—the geometrically enforced Z8

symmetry, the strict instanton selection rule derived
from K-theory and anomaly cancellation, and the resul-
tant 8-fold degenerate vacuum structure—lead to a rich
phenomenology with distinctive cosmological signatures,
such as potential gravitational wave signals from domain
wall annihilation.

While significant theoretical challenges remain for em-
bedding this model into a complete picture of particle
physics and cosmology, the intricate interplay demon-
strated here between string geometry, topology, non-
perturbative effects, and low-energy phenomenology un-
derscores the power of string theory to generate new per-
spectives on fundamental puzzles. The Z8 axion model
serves as a concrete example of this potential, offering

a constrained and testable scenario that invites further
theoretical scrutiny and may guide future experimental
searches for axions and new physics.
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Appendix A: Geometric Origin of the Z8 Discrete
Shift Symmetry

The main text posits that the Z8 axion a(x), central to
our proposed solution to the strong CP problem, arises
from the Kaluza-Klein reduction of the Ramond-Ramond
(RR) 2-form field C2 when integrated over a specific 2-
cycle Σ2 within the S5/Z8 orbifold (see Section II B).
A crucial feature of this axion is its discrete shift sym-
metry, a(x) → a(x) + 2πfa/8, which is asserted to be
geometrically enforced by the Z8 orbifold action. This
appendix aims to provide a more detailed elucidation of
the mechanism underpinning this inherited discrete sym-
metry, focusing on how the specific Z8 action on the S1

fiber of the S5 → CP2 Hopf fibration translates into the
aforementioned quantized shift for the axion field.
While discrete symmetries for axions in string the-

ory can often be traced to the torsion part of homology
groups of the compactification manifold [6], the situation
for an axion derived from C2 on S5/Z8 (where the stan-
dard lens space L(8; q) has H2(L(8; q),Z) = 0) requires
a more direct consideration of how the C2 field and its
gauge transformations behave under the specific orbifold
projection. The symmetry in our model is intimately tied
to the non-trivial identification of the fiber coordinate
by the Z8 action, which effectively alters the periodicity
conditions for field configurations and their large gauge
transformations. The following sections will explore this
by considering the structure of the S5/Z8 orbifold and
the behavior of the C2 field within this geometry.

1. Introduction

As detailed in Section IIA, the internal manifold for
our compactification is M5 = S5/Z8. The five-sphere S5
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is described as an S1 Hopf fibration over CP2, denoted

S1 ↪→ S5 π−→ CP2. The Z8 orbifold group acts on the
coordinate ϕ of the S1 fiber via the transformation γ :
ϕ 7→ ϕ+2π/8, while the action on the CP2 base space is
assumed to be trivial.

The axion field a(x) is identified with the Kaluza-Klein
zero-mode arising from the Ramond-Ramond 2-form C2

integrated over a carefully chosen 2-cycle Σ2 within this
S5/Z8 orbifold:

a(x) =
1

Na

∫
Σ2

C2, (A1)

where Na is a normalization constant related to the axion
decay constant fa. The core assertion is that this axion
field a(x) inherits a discrete shift symmetry under the Z8

group action, transforming as:

a(x)
γ−→ a(x) +

2πfa
8

. (A2)

This appendix will elaborate on the origin of this shift
(Eq. (A2)) by analyzing the interplay between the C2

field, its large gauge transformations, the choice of the
2-cycle Σ2, and the imposed Z8 identification on the S1

fiber of the S5. The primary mechanism, as alluded to
in Section II B , involves how the Z8 orbifold projection
modifies the conditions for large gauge transformations
of the C2 field when integrated over cycles sensitive to
the fiber action.

2. Orbifold Geometry, Kaluza-Klein Axion, and
the C2 Field

We reiterate the fundamental geometric setup: the
S5/Z8 orbifold is constructed from the Hopf fibration

S1 ↪→ S5 π−→ CP2, where the Z8 group acts solely on
the S1 fiber coordinate ϕ 7→ ϕ + 2π/8, leaving the CP2

base invariant (see Section IIA). This implies that each
S1 fiber is effectively identified under a Z8 periodicity.
While the ordinary second homology groupH2(S

5/Z8,Z)
might be trivial (akin to H2(S

5,Z) = 0), the discrete
shift symmetry of the axion in this model arises directly
from the Kaluza-Klein (KK) reduction of the Ramond-
Ramond (RR) 2-form field C2 with respect to this Z8-
identified fiber.

The axion field a(x) (a 4D pseudoscalar) is understood
as a zero-mode coefficient in the KK expansion of C2 on
the internal manifold. Specifically, if C2 has components
that depend on the fiber coordinate ϕ as well as coor-
dinates on a 2-dimensional submanifold M2 within or
related to CP2 (e.g., C2 ∼ A(x, ybase) ∧ dϕ/(2π) + . . . ,
where ybase are coordinates on M2), the axion a(x) can
be associated with

∫
M2

A. The crucial point is that the

mode functions for ϕ in the KK expansion must respect
the identification ϕ ∼ ϕ + 2π/8. The symbolic notation
for the axion definition:

a(x) =
1

Na

∫
Σ2

C2, (A3)

should thus be interpreted in this KK context, where Σ2

represents the effective 2-cycle dual to the axion mode,
whose structure is sensitive to the fiber identification.
This approach directly links the axion’s properties to the
geometry of S1/Z8.
The RR 2-form C2 is a gauge field subject to the stan-

dard U(1) gauge symmetry:

C2 → C2 + dΛ1, (A4)

where Λ1 is an arbitrary 1-form. For C2 to be a well-
defined field on the S5/Z8 orbifold, it must satisfy the
consistency condition that its pullback under the Z8 gen-
erator γ is equivalent to itself up to a gauge transforma-
tion:

γ∗C2 = C2 + dΛ
(γ)
1 . (A5)

This condition ensures that physical observables com-
puted from C2 are invariant under the orbifold action.

The explicit form of Λ
(γ)
1 depends on the precise defini-

tion of C2’s coupling to the geometry.
The discrete shift symmetry a(x) → a(x) + 2πfa/8 ul-

timately arises from how large gauge transformations of
C2 (i.e., those not continuously connected to the iden-
tity) are effectively ”modded out” or fractionalized by
the Z8 identification of the ϕ coordinate. This mecha-
nism, common in orbifold compactifications for generat-
ing discrete symmetries from continuous gauge freedom
in higher dimensions (see, e.g., [6] for general context,
and potentially more specific discussions like [71] or sim-
ilar works on RR fields on orbifolds), will be the focus of
Section A3. Section A4 will then connect this to the nor-
malized axion decay constant fa to establish the precise
form of the shift.

3. Kaluza-Klein Reduction on the Orbifold Fiber
and Periodicity Fractionalization

The discrete Z8 shift symmetry of the axion a(x) is a
direct consequence of the Kaluza-Klein (KK) reduction
of the Ramond-Ramond 2-form C2 when considering the
S1 fiber of the S5 → CP2 fibration, which is subject to
the Z8 orbifold identification ϕ ∼ ϕ+ 2π/8.
Let us make the KK origin of the axion more explicit.

The axion a(x) (a 4D pseudoscalar) arises as a coefficient
of a specific mode in the expansion of C2 on the internal
S5/Z8 manifold. Consider components of C2 that depend
on the fiber coordinate ϕ. For instance, C2 might have
terms of the form A(x, ybase) ∧ dϕ

2π where A is a 1-form

on M4 × CP2
0 (with CP2

0 being a submanifold of CP2 or
CP2 itself), or C2 could have components Cαβ(x, ybase, ϕ)
which are scalar with respect to M4 and depend on ϕ.
The axion a(x) is effectively the zero-mode (or a relevant
low-lying mode) of such components after reduction over
the CP2 directions (via integration over an appropriate
cycle like a P1) and the S1 fiber. The crucial point is
the reduction over the S1 fiber with coordinate ϕ. A
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field mode on an S1 with coordinate ϕ ∈ [0, 2π) can be
expanded in Fourier series einϕ with n ∈ Z. The axion
a(x) can be thought of as parameterizing the ”phase”
or holonomy associated with such a mode, which, in the
absence of the Z8 identification (i.e., on the covering S1

fiber), would have a fundamental period related to n = 1
winding. Let this fundamental period for a(x) be denoted
2πf ′

a, such that a shift a(x) → a(x) + 2πf ′
a corresponds

to a canonical large gauge transformation of C2 on the
covering space S5.
The Z8 orbifold identification ϕ ∼ ϕ+ 2π/8 imposes a

crucial constraint on how such large gauge transforma-
tions are interpreted. A transformation that changes the
”winding number” by n = 1 on the full S1 fiber (leading
to a 2πf ′

a shift in a(x)) is no longer the smallest non-
trivial transformation that returns the physical system
to an equivalent state on S5/Z8. Due to the identifica-
tion, the S1 fiber effectively has its periodicity ”fraction-
alized.” Only after a shift of ϕ by 2π (i.e., 8 steps of 2π/8)
does one return to the original winding in the covering
space. Consequently, the smallest physical increment in
the axion field a(x) that corresponds to a distinct large
gauge transformation on the S5/Z8 orbifold is 1/8 of the
period 2πf ′

a that would have been defined on the covering
space S5. This ”modding out” of large gauge transforma-
tions by the discrete orbifold group action is a standard
mechanism for generating discrete symmetries in string
theory from higher-dimensional continuous gauge sym-
metries [6, 7].

Thus, the axion field a(x) inherits a discrete shift sym-
metry:

a(x) → a(x) +
2πf ′

a

8
. (A6)

The parameter f ′
a represents the decay constant related

to the axion’s periodicity on the covering space. The re-
lationship between f ′

a and the physical axion decay con-
stant fa, which appears in phenomenological couplings
(e.g., (a/fa)GG̃ or in the E3-instanton induced poten-
tial V (a) ∝ cos(8a/fa + δeff)), involves a normalization
choice. This will be addressed in Section A4 to establish
the final form of the symmetry as a(x) → a(x)+2πfa/8.

4. Normalization and the Physical Z8 Shift
Symmetry

In Section A3, we established that the Z8 orbifold iden-
tification imposed on the S1 fiber leads to a fractional-
ization of the axion’s fundamental period. This results
in an inherent discrete shift symmetry for the axion field
a(x) of the form:

a(x) → a(x) + k
2πf ′

a

8
, k ∈ Z, (A7)

where 2πf ′
a represents the fundamental periodicity a(x)

would exhibit if its periodic nature were solely deter-
mined by large gauge transformations on the covering

space S5, without the Z8 identification effectively reduc-
ing this period for physical purposes on S5/Z8.
The physical axion decay constant, denoted fa, is the

parameter that sets the scale for the axion’s interactions
and the 2π-periodicity of the argument in its potential.
For example, the axion’s anomalous coupling to gauge

fields is typically normalized as g2

32π2
a
fa
GG̃. Crucially,

the non-perturbative potential for a(x) generated by E3-
brane instantons in our model, subject to the k ≡ 0
(mod 8) constraint (derived in Appendix ?? and detailed
in Section III C), takes the leading form:

V (a) ≈ Λ4
Z8

(
1− cos

(
8a

fa
+ δeff

))
. (A8)

This potential is manifestly invariant under the discrete
shift

a(x) → a(x) +m
2πfa
8

, m ∈ Z. (A9)

The smallest non-trivial physical symmetry operation
corresponds to m = 1. For the geometrically derived
symmetry (Eq. (A7), with k = 1 for the smallest shift)
to be consistent with the symmetry respected by this dy-
namically generated potential (Eq. (A9), with m = 1),
their fundamental shift quanta must be identical. The ar-
gument of the cosine in Eq. (A8) defines fa as the scale
for which an N = 8 periodicity appears. The geometric
mechanism in Section A3 explains precisely this factor
of N = 8 in the effective periodicity. Therefore, for con-
sistency, the parameter f ′

a associated with the covering
space’s 2π periodicity must be identified with the physi-
cal decay constant fa:

f ′
a = fa. (A10)

This implies that the fa appearing in the physical poten-
tial is the same decay constant whose 2π period on the
covering space is fractionalized to 2π/8 by the orbifold
action.
Thus, the geometrically enforced discrete shift symme-

try of the Z8 axion a(x) is definitively:

a(x) → a(x) + k
2πfa
8

, k ∈ Z. (A11)

This symmetry dictates the specific N = 8 periodicity of
the leading term in the axion potential.
Finally, we comment on the normalization constant

Na appearing in the axion’s definition a(x) = 1
Na

∫
Σ2 C2

(Eq. (A3)). The physical decay constant fa itself is de-
termined by the geometry of the S5/Z8 compactifica-
tion, including the volume of relevant cycles (schemat-
ically Vol(Σ2) or related to the overall volume Vol(M5)),
the string scale Ms, and the string coupling gs, as gen-
erally indicated by Eq. (5) in the main text. The nor-
malization factor Na is then chosen to ensure that the
4D effective action for a(x) contains a canonically nor-
malized kinetic term, 1

2 (∂µa)
2, and that the fundamental
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period of a(x) (corresponding to f ′
a above, before frac-

tionalization) is indeed 2πfa. For example, if the ele-
mentary quantum of

∫
Σ2 C2 contributing to the axion is

of order (2π)2α′ (where α′ is the Regge slope), then Na

would scale as 2πα′/fa to achieve this. The precise de-
termination of Na would require a detailed Kaluza-Klein
reduction and computation of the kinetic term from the
higher-dimensional Type IIB supergravity action, which
is beyond the illustrative scope of this appendix focused
on the symmetry structure. The crucial point is that Na

correctly relates the microscopic origin of a(x) to its phe-
nomenologically defined decay constant fa and canonical
normalization.

Appendix B: Detailed Derivation of the Instanton
Number Constraint k ≡ 0 (mod 8): K-Theory and

Physical Consistency

This appendix provides a detailed mathematical
derivation of the topological constraint k ≡ 0 (mod 8) on
the instanton number of Euclidean D3-brane (E3-brane)
configurations in the S5/Z8 orbifold background. This
constraint was crucial for determining the form of the
axion potential in Section III C of the main text.

1. Methodology Overview: Equivariant K-Theory
and the Freed-Witten Anomaly

a. Physical Background and Objective

As discussed in Section IIIA, non-perturbative con-
tributions to the axion potential in my Type IIB string
theory model, compactified on AdS5×S5/Z8, are sourced
by E3-brane instantons. These are Euclidean D3-branes
wrapping 4-cycles Σ4 within the internal S5/Z8 manifold.
The strength and periodicity of the generated potential
depend critically on the allowed topological charges, or
instanton numbers, k of these configurations, where k is
typically associated with the worldvolume gauge theory
on the E3-brane via k = 1

8π2

∫
Σ4 Tr(F ∧ F ). The central

objective of this appendix is to rigorously prove that k
must be an integer multiple of 8.

b. Outline of the Proof

The derivation proceeds through the following key
steps:

1. D-brane Charge Classification: D-brane
charges are classified by K-theory. Due to the Z8

orbifold action, Z8-equivariant K-theory (K∗
Z8
) is

the appropriate framework.

2. Twisted K-Theory due to H3-Flux: The back-
ground NS-NS H3-flux in the S5/Z8 compactifica-
tion exhibits fractional quantization. This H3-flux

acts as a non-trivial twist for the equivariant K-
theory.

3. Computation of Relevant K-Groups: We out-
line the computation of the twisted equivariant K-
groups for S5/Z8, which characterize the E3-brane
charges. This involves the K-theory of the S1 fiber
of the S5/Z8 → CP2 fibration in the presence of
the identified twist.

4. Freed-Witten Anomaly Cancellation: The
Freed-Witten (FW) anomaly cancellation condi-
tion, a fundamental consistency requirement for D-
branes, is imposed. This condition, combined with
the K-theoretic charge structure and fractional H3-
flux, restricts allowed charges, leading to k ≡ 0
(mod 8).

2. Background H3-Flux and Twisted Equivariant
K-Theory of the Fiber

a. Fractional Quantization of the H3-Flux on S5/Z8

The NS-NS 3-form field H3 = dB2 plays a crucial role
in Type IIB supergravity backgrounds. On an orbifold
such as S5/Z8, the H3-flux quantization condition can
be modified. Via M-theory uplift (where Type IIB on
X relates to M-theory on X × S1

M ), the Type IIB H3-
flux can be related to the M-theory 4-form G4. The
integral quantization of G4-flux in M-theory, when di-
mensionally reduced and considering the 8-fold covering
structure induced by the Z8 orbifold action, implies a
fractional quantization for the H3-flux in Type IIB on
S5/Z8. A detailed analysis shows that for a 3-cycle Ξ3

in S5/Z8:

1

(2π)2α′

∫
Ξ3

H3 ∈ 1

8
Z. (B1)

Here, α′ is the Regge slope parameter, related to the
string length ℓs =

√
α′ and string scale Ms = 1/ℓs.

2

This fractional part of the H3-flux is a direct conse-
quence of the Z8 orbifold topology. In K-theory, such
a background H3-flux corresponding to a rational coho-
mology class acts as a twist. For the S1 fiber of the
S5/Z8 → CP2 fibration, this twist τ is an element of
H3

Z8
(S1;Z) ∼= Z8. The 1

8Z quantization corresponds
to a specific generator of this group. Further analy-
sis, potentially involving the Bockstein homomorphism
β : H2

Z8
(S1;Z8) → H3

Z8
(S1;Z) induced by the short ex-

act sequence 0 → Z ×8−−→ Z → Z8 → 0, identifies the
relevant twist class as τ = 4 ∈ Z8. For example, if
u ∈ H2

Z8
(S1;Z8) is the generator, τ can be identified

with β(u) scaled appropriately.

2 The precise definition ofMs can vary by factors of 2π; here we use
the convention Ms = 1/

√
α′. The normalization factor (2π)2α′

ensures the dimensionless quantization of the flux integral.
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b. Twisted Equivariant K-Groups of the S1 Fiber:
τK∗

Z8
(S1)

The non-trivial H3-flux, characterized by the twist
τ = 4, necessitates the use of τ -twisted Z8-equivariant
K-theory, τK∗

Z8
(S1), for classifying D-brane charges on

spaces involving this S1 fiber (which is S1
H/Z8

∼= S1).
The computation of these twisted K-groups for a circle

with a free group action is given by Freed, Hopkins, and
Teleman [20]. For my specific case with G = Z8 and twist
τ = 4 (mod 8), their results yield (see, e.g., Theorem 5.3
of [20] and related discussions):

τK0
Z8
(S1) ∼= Z⊕ Z8 (B2)

τK1
Z8
(S1) ∼= 0 (B3)

These K-groups of the fiber are crucial inputs for the
Atiyah-Hirzebruch-Serre spectral sequence, which will be
employed in Appendix B 3 to compute the K-theory of
the total space S5/Z8. The Z8 torsion component in
τK0

Z8
(S1) is particularly significant.

3. Equivariant K-Theory of S5/Z8 via the
Atiyah-Hirzebruch-Serre Spectral Sequence

This appendix section details the computation of the
zeroth Z8-equivariant K-group, K0

Z8
(S5/Z8), for the orb-

ifold space P = S5/G (where G = Z8). The primary tool
for this calculation is the Atiyah-Hirzebruch-Serre (AHS)
spectral sequence, or its equivariant generalization often
attributed to Segal [72, 73]. Understanding this K-group
is essential for the classification of E3-brane instanton
charges within the S5/Z8 internal manifold.

a. The Spectral Sequence Setup

We consider the S5/Z8 space through its geometric
structure as an orbifold fibration. As discussed in Sec-
tion IIA (main text), S5 can be viewed as an S1 Hopf
fibration over CP2. The Z8 group G acts on the S1

H fiber,
leading to the fibration:

F = S1
H/G ∼= S1 ↪→ P = S5/G

π−→ X = CP2,
(B4)

where F is the fiber and X is the base space. Since the
Z8 action is assumed to be trivial on the base space CP2,
the AHS spectral sequence for the equivariant K-theory
K∗

G(P ) has an E2-term given by:

Ep,q
2 = Hp(X;Kq

G(F )), (B5)

where Hp(X; ·) denotes the integral singular cohomology
of the base space X = CP2, and Kq

G(F ) is the sheaf of
equivariant K-groups of the fiber F . Given that the G-
action on X is trivial and X is simply connected, this
sheaf is constant, with stalks given by Kq

G(F ). As es-
tablished in Appendix ??, the relevant K-groups for the

fiber F ∼= S1, in the presence of the H3-flux twist τ = 4,
are (from Eqs. (B2) and (B3)):

K0
G(F ) ≡ τK0

Z8
(S1) ∼= Z⊕ Z8, (B6)

K1
G(F ) ≡ τK1

Z8
(S1) ∼= 0. (B7)

This spectral sequence converges to the associated graded
ring grK∗

G(P ) of the filtered K-ring K∗
G(P ).

b. Computation of the E2-Page

The cohomology groups of the base space X = CP2

with integer coefficients are well-known: H0(CP2;Z) ∼=
Z, H2(CP2;Z) ∼= Z, H4(CP2;Z) ∼= Z, and all other coho-
mology groups are trivial. Using the universal coefficient
theorem, Hp(CP2;A) ∼= Hp(CP2;Z) ⊗ A for an abelian
group A, since H∗(CP2;Z) is torsion-free. Substituting
the fiber K-groups (Eqs. (B6) and (B7)) into Eq. (B5):

• For q even (q = 2k′): Kq
G(F ) ∼= K0

G(F ) ∼= Z ⊕
Z8 (by Bott periodicity in the equivariant twisted
context, which holds similarly).

• For q odd (q = 2k′ + 1): Kq
G(F ) ∼= K1

G(F ) ∼= 0.

Thus, the Ep,q
2 -term is non-zero only for even q. Specifi-

cally:

Ep,q
2 =

{
Hp(CP2;Z⊕ Z8) ∼= Z⊕ Z8, if p ∈ {0, 2, 4} and q is even,

0, otherwise.

(B8)

c. Differentials and Degeneration of the Spectral Sequence

The differentials in the AHS spectral sequence are
maps dr : Ep,q

r → Ep+r,q−r+1
r . The first potentially

non-trivial differential is d2 : Ep,q
2 → Ep+2,q−1

2 . From
Eq. (B8), Ep,q

2 is non-zero only if q is even. Therefore,

the target term for d2, E
p+2,q−1
2 , has an odd second in-

dex (q − 1) and is thus always zero. This implies that
all d2 differentials must vanish: d2 ≡ 0. Consequently,
Ep,q

3 = Ep,q
2 . Similarly, all higher differentials dr (r ≥ 3)

must also vanish. For example, d3 : Ep,q
3 → Ep+3,q−2

3 .
If Ep,q

3 is non-zero, then q is even. The target term

Ep+3,q−2
3 also has an even second index (q − 2), so it

could be non-zero. However, given the specific struc-
ture of H∗(CP2), the limited range of p for which Hp is
non-zero, and the bidegree of dr, it can be shown that
all higher differentials also vanish. More simply, since
d2 = 0, the sequence effectively stabilizes early for the
K-groups I am interested in. Thus, the spectral sequence
degenerates at the E2-page: E

p,q
∞ = Ep,q

2 . 3

3 The degeneration at the E2-page, implying dr = 0 for r ≥ 2,
is a consequence of the specific cohomology of the base space
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d. Structure of K0
Z8
(S5/Z8)

The spectral sequence converges to grK∗
G(P ), the asso-

ciated graded ring of the filtered K∗
G(P ). I am interested

in K0
G(P ). The terms contributing to K0

G(P ) are Ep,−p
∞

for p + q = 0 (i.e., q = −p). Since q must be even for
non-zero terms, p must also be even. The contributing
terms are:

• E0,0
∞ = H0(CP2;K0

G(F )) ∼= Z⊕ Z8.

• E2,−2
∞ = H2(CP2;K−2

G (F )) ∼= H2(CP2;K0
G(F )) ∼=

Z⊕Z8 (using Bott periodicity K−2
G (F ) ∼= K0

G(F )).

• E4,−4
∞ = H4(CP2;K−4

G (F )) ∼= H4(CP2;K0
G(F )) ∼=

Z⊕ Z8.

Thus, the associated graded group for K0
G(P ) is:

grK0
G(P ) = E0,0

∞ ⊕E1,−1
∞ ⊕· · · = E0,0

∞ ⊕E2,−2
∞ ⊕E4,−4

∞
∼= (Z⊕Z8)

3.
(B9)

To determine K0
G(P ) itself from its associated graded

group, one must consider the extension problem. For
spaces like CP2 where Hodd(CP2; coefficients) = 0,
and for trivial group action on the base, the Atiyah-
Hirzebruch spectral sequence often has trivial extension
problems for K0 [74]. Assuming this applies here, we
conclude that:

K0
Z8
(S5/Z8) ∼= (Z⊕Z8)⊕(Z⊕Z8)⊕(Z⊕Z8) ∼= (Z⊕Z8)

3.
(B10)

This result indicates a rich structure for the K-theory
group classifying E3-brane charges. For the purpose of
identifying the net topological charge or instanton num-
ber k that couples to the axion as eika/fa , this is typi-
cally associated with the lowest piece in the filtration of
K0

Z8
(S5/Z8), namely the E0,0

∞ = H0(CP2;K0
G(F )) com-

ponent. This component is isomorphic to Z⊕ Z8, where
the Z factor can be thought of as classifying the ”inte-
ger” part of the charge and the Z8 factor classifies its
”torsional” or ”fractional” part arising due to the orb-
ifold structure and twisted flux. It is this Z8 torsion that
will be constrained by physical consistency conditions in
Appendix B 4.

4. The Freed-Witten Anomaly and the Final
Constraint on Instanton Number k

With the structure of the equivariant K-group
K0

Z8
(S5/Z8) established in Appendix B 3, particularly its

relevant component Z ⊕ Z8 classifying E3-brane instan-
ton charges, we now apply a crucial physical consistency
condition: the Freed-Witten (FW) anomaly cancellation

CP2, which is concentrated in even degrees (H2k(CP2;Z) ∼= Z
for k = 0, 1, 2 and zero otherwise). This structure ensures that
the target groups for the differentials dr (r ≥ 2) vanish.

[8]. This condition, when evaluated in the S5/Z8 orbifold
background with its characteristic fractionally quantized
H3-flux (derived in Appendix B 2 a), will lead directly to
the constraint k ≡ 0 (mod 8).

a. The Freed-Witten Anomaly Condition in the Orbifold
Background

D-branes are not just topological objects; they are
physical entities whose worldvolume theories must be
quantum mechanically consistent. The Freed-Witten
anomaly cancellation condition is a key constraint ensur-
ing this consistency. For a Dp-brane with worldvolume
Wp+1, it relates the intrinsic topology of the worldvol-
ume to the background NS-NS H3-flux. Specifically, for
a Dp-brane to be well-defined (e.g., to admit a Spinc

structure, which is necessary if a Spin structure does
not exist, and to ensure the cancellation of worldvolume
fermionic anomalies), its third integral Stiefel-Whitney
class W3(TWp+1) must satisfy:

W3(TWp+1) + [H3|Wp+1
] ≡ 0 (mod integer classes),

(B11)
where [H3|Wp+1

] is the image of the bulk H3-flux in

H3(Wp+1,Z). This condition essentially states that the
sum of the ”intrinsic” anomaly W3(TWp+1) and the
”background-induced” anomaly from H3 must be an in-
tegral class, allowing it to be cancelled, for instance, by
a suitable choice of Chan-Paton bundle or by anomaly
inflow mechanisms.

In my case, I am considering E3-brane instantons,
whose worldvolume is a 4-cycle Σ4 within the S5/Z8 in-
ternal manifold. The ambient space M5 = S5/Z8 itself
may not be a Spin manifold due to the orbifold action
(i.e., its second Stiefel-Whitney class w2(TM

5) might be
non-zero). For consistent D-brane propagation and def-
inition of worldvolume fermions (if any are relevant for
the instanton dynamics or its prefactor), the existence of
a Spinc structure on M5 (requiring W3(TM

5) = 0) and
subsequently on Σ4 is often crucial. The FW condition
(Eq. (B11)) is intimately tied to these considerations.

The critical input here is the fractional quantization of
the H3-flux in the S5/Z8 background, as established in
Eq. (B1):

1

(2π)2α′

∫
Ξ3

H3 ∈ 1

8
Z. (B12)

This means that the class [H3|Σ4 ] in Eq. (B11), when
evaluated appropriately (e.g., by pairing with 3-cycles in
Σ4), will reflect this 1

8Z fractional part.

b. Constraining K-Theory Charges and Deriving k ≡ 0
(mod 8)

The E3-brane instanton charge is classified by
K0

Z8
(S5/Z8). As discussed in Appendix B 3 d (see
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Eq. (B10) and subsequent discussion), the relevant com-
ponent of this K-group that captures the net instanton
number k and its potential torsional properties is iso-
morphic to Z ⊕ Z8. Let an element in this component
be represented by (n0, n8), where n0 ∈ Z corresponds to
the integer part of the charge (related to k) and n8 ∈ Z8

represents its Z8 torsional part.
The Freed-Witten anomaly condition (Eq. (B11)) must

be satisfied for any physically allowed E3-brane configu-
ration. The term [H3|Σ4 ] in this condition carries the
1
8Z fractional information from the background. For the
FW condition to hold (i.e., for the sum to be an inte-
ger class, possibly after considering W3(TΣ

4) which is
itself an integer class), the ”fractional charge” carried by
the D-brane, as encoded in its K-theory class (specifically
the n8 ∈ Z8 part), must precisely cancel or be compatible
with the fractional nature of the background H3-flux.

It is important to note that the use of equivariant K-
theory twisted by the fractional part of the background
H3-flux (as detailed in Section B 2) provides a consis-
tent framework for classifying D-brane charges in this Z8

orbifold background. This formalism inherently accounts
for effects that might otherwise be described as discrete
torsion, ensuring that the subsequent application of the
Freed-Witten anomaly condition correctly constrains the
allowed physical charges. For discussions on how twisted
K-theory incorporates such effects, see, e.g., [20, 75].

More formally, the D-brane Wess-Zumino action,
which sources the FW anomaly, includes couplings to
RR potentials whose field strengths are sourced by other
D-branes and fluxes, including H3. The quantization of
these RR potentials is tied to the K-theory classification.
The consistency of these couplings under gauge transfor-
mations, particularly large gauge transformations sensi-
tive to the Z8 orbifold structure and the twisted H3-flux,
requires that the Z8 torsional part of the D-brane’s K-
theory charge aligns perfectly with the background. If
the background H3-flux effectively carries a ”Z8 charge”
(related to its τ = 4 twist or its 1

8Z fractional part), then
a D-brane existing in this background must have a K-
theory charge whose torsional component appropriately
matches this background ”charge” for the combined sys-
tem to be anomaly-free.

For E3-brane instantons, whose primary characteristic
is their integer instanton number k (related to n0 ∈ Z),
the constraint arises because the overall consistency re-
quires that the total ”fractional part” of the system van-
ishes. The Z8 torsional component n8 of the K-theory
charge can be thought of as contributing n8/8 to a cer-
tain phase or fractional charge. For this to be compatible
with the 1

8Z nature of the H3-flux background in a way
that ensures overall integrality for the FW condition, it
typically implies that n8 itself must be trivial, i.e., n8 ≡ 0
(mod 8). If the instanton number k is directly identi-
fied with or inherits this Z8 torsional property (e.g., if
k (mod 8) = n8), then the requirement n8 ≡ 0 (mod 8)
translates directly to:

k ≡ 0 (mod 8). (B13)

This means that only E3-brane instantons carrying a
topological charge k that is an integer multiple of 8 are
physically consistent configurations in the S5/Z8 orb-
ifold with the specified H3-flux background. Any other
value of k would lead to a violation of the Freed-Witten
anomaly condition, rendering such instanton contribu-
tions inconsistent or highly suppressed.
This completes the derivation of the k ≡ 0 (mod 8)

constraint, which, as shown in Section III C of the main
text, leads to the Z8-symmetric axion potential V (a) ∝
(1− cos(8a/fa + δ)).

5. Further Theoretical Perspectives and
Corroboration of the Constraint

The detailed derivation of the instanton number con-
straint k ≡ 0 (mod 8) via twisted equivariant K-theory
and Freed-Witten anomaly cancellation (Appendices B 1
through B4) provides a solid foundation for the axion
potential discussed in the main text. This concluding
subsection of Appendix A aims to briefly highlight other
advanced theoretical frameworks that are expected to
offer corroborating perspectives or yield consistent con-
straints, underscoring the likely robustness of this k ≡ 0
(mod 8) result.

a. M-Theory Duality and Topological Invariants

Type IIB string theory on AdS5 × S5/Z8 is expected
to be dual to an M-theory compactification on a related
(eleven-dimensional) manifold, potentially involving G2-
holonomy structures or related geometries when consid-
ering the full setup including fluxes (as alluded to in sup-
plementary discussions like Appendix D). In such a dual
M-theory picture:

• E3-brane instantons of Type IIB would map to
specific M-brane configurations (e.g., M5-branes
wrapping 6-cycles or M2-branes with appropriate
boundary conditions).

• The quantization of M-brane charges and the can-
cellation of M-theory anomalies (such as the M5-
brane anomaly [76, 77]) would impose topological
constraints on these M-brane instantons.

• The Z8 orbifold structure translates into specific
topological features in the M-theory dual, which
would influence these constraints. For example, the
fractional H3-flux quantization in Type IIB (Ap-
pendix B 2 a) has a precise counterpart in terms of
G4-flux quantization in M-theory.

It is therefore anticipated that an analysis of consistent
M-brane instanton charges (kM ) in the dual M-theory
background would yield constraints compatible with the
Type IIB result k ≡ 0 (mod 8). The precise mapping
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between k and kM (e.g., k = kM or k = 2kM , etc.) can
be model-dependent and often intricate, involving details
of T-duality or F-theory lifts, but consistency across such
dualities is a strong indicator of a fundamental topologi-
cal restriction.

b. The Index Theorem Perspective

The Atiyah-Singer Index Theorem and its generaliza-
tions establish a profound link between the K-theory clas-
sification of topological charges and the analytical index
of elliptic operators [78]. The instanton number k can
often be interpreted as such an index. For the S5/Z8

orbifold:

• An equivariant version of the index theorem, which
accounts for the Z8 group action, is the relevant
tool [79].

• Orbifold singularities might also necessitate tech-
niques related to index theory on singular spaces
(conceptually akin to the Atiyah-Patodi-Singer in-
dex theorem for manifolds with boundary [80]).

The index of the appropriate Dirac operator (related to
fermion zero modes in the instanton background, or on
the instanton moduli space) would be an integer, but
its calculation would involve contributions from both the
smooth parts of Σ4 and the fixed-point sets of the Z8 ac-
tion. It is expected that the structure of the equivariant
index formula would naturally lead to modular properties
for k consistent with the k ≡ 0 (mod 8) constraint.

c. Non-Commutative Geometry (NCG) Perspective

Non-commutative geometry (NCG) provides an alge-
braic framework to describe and analyze singular spaces
like orbifolds [81]. The S5/Z8 orbifold could be repre-
sented by a non-commutative algebra A (e.g., a crossed
product C∞(S5)⋊ Z8). Within NCG:

• D-brane charges and instanton numbers are classi-
fied by the K-theory of A, e.g., K0(A) [82].

• The Connes-Chern character maps K0(A) to pe-
riodic cyclic homology HP0(A), which captures
the torsional information arising from the orbifold
structure.

Physical consistency conditions, possibly derived from an
NCG formulation of index theory or anomaly cancellation
(see e.g., [83] for NCG applications in physics), would
likely constrain the allowed K0(A) classes. It is plausible
that these conditions would require the trivialization of
the Z8 torsional part of the K-theory charge, leading to a
constraint on k compatible with k ≡ 0 (mod 8). Further
exploration would involve detailed calculations of cyclic
homology and NCG index theory for this specific crossed
product algebra.

d. Concluding Remarks on Appendix A

The detailed derivation of the instanton number se-
lection rule k ≡ 0 (mod 8) presented in Appendices B 1
through B4—based on equivariant K-theory twisted by
backgroundH3-flux and constrained by the Freed-Witten
anomaly—provides a robust foundation for this crucial
result within my S5/Z8 model. The brief outline in
this subsection (Appendix B 5) further suggests that this
constraint is likely a deep topological feature, with cor-
roboration anticipated from diverse theoretical frame-
works such as M-theory duality, equivariant index the-
ory, and non-commutative geometry. This fundamental
constraint k = 8m underpins the derivation of the Z8-
symmetric axion potential V (a) ∝ (1 − cos(8a/fa + δ))
in the main text (Section III C), which is central to the
proposed solution to the strong CP problem.

Appendix C: Supplementary Material on
Cosmological Implications

This appendix provides additional details, derivations,
and references supporting the discussion of the cosmo-
logical implications of the Z8 axion model presented in
Section V of the main text. We focus on aspects of ax-
ion dark matter production, domain wall cosmology, and
inflationary scenarios that benefit from a more extended
and technical treatment.

1. Supplementary Details on the Z8 Axion as Dark
Matter

The viability of the Z8 axion as a cold dark matter
(CDM) candidate, primarily produced via the vacuum
misalignment mechanism, depends crucially on its relic
abundance. This subsection elaborates on the calcula-
tion of this abundance, including the role of relativistic
degrees of freedom, anharmonic corrections to the poten-
tial, and alternative production mechanisms.

a. Relic Abundance Calculation: Prefactors and g∗(Tosc)
Dependence

The present-day relic abundance Ωah
2 of an axion-

like particle (ALP) with a temperature-independent mass
ma, produced by vacuum misalignment when oscillations
commence during the radiation-dominated era, scales as

Ωah
2 ∝ m

1/2
a (faθi)

2 (see Eq. (34) in the main text). The
numerical prefactor in detailed calculations depends on
the effective number of relativistic degrees of freedom
g∗(Tosc) at the temperature Tosc when oscillations begin
(3H(Tosc) ≈ ma).

The oscillation temperature Tosc is found from ma ≈
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3H(Tosc) = 3
√

π2g∗(Tosc)
90

T 2
osc

Mp
, which yields:

Tosc ≈
(

90

π2g∗(Tosc)

)1/4 √
maMp. (C1)

The energy density today then scales as ρa(T0) ∝
m

1/2
a (faθi)

2g∗S(T0)T
3
0 g∗S(Tosc)

−1g∗(Tosc)
3/4. Assuming

g∗S(Tosc) ≈ g∗(Tosc), the relic abundance is Ωah
2 ∝

g∗(Tosc)
−1/4m

1/2
a (faθi)

2. A common numerical parame-
terization (adapted from, e.g., [31, Section 5.3], and PDG
reviews [? ]) is:

Ωah
2 ≈ C0

(
g∗(Tosc)

106.75

)−1/4 (
ma

µeV

)1/2 (
fa

1012 GeV

)2

⟨θ2i ⟩f(θi)anharmonic,

(C2)
where C0 ≈ 0.04 for ma in µeV and fa in 1012 GeV
ensures Ωah

2 ≈ 0.12 for typical QCD axion parameters
if ⟨θ2i ⟩ ∼ 0.2 and g∗(Tosc) corresponds to the SM value.
For my Z8 axion, recalling ma = 8Λ2

Z8/fa (Eq. (29)), this
can be re-expressed. The crucial scaling remains Ωah

2 ∝
ΛZ8f

3/2
a θ2i g∗(Tosc)

−1/4. The precise numerical coefficient
requires careful tracking of all factors, including g∗S(T0).

b. Anharmonic Corrections to Relic Abundance

The quadratic approximation for the axion potential
V (a) = Λ4

Z8(1 − cos(8a/fa + δ)) is valid only when the
initial effective misalignment angle ϕeff

i = 8⟨ai⟩/fa + δ
(measured from a minimum) is small (|ϕeff

i | ≪ 1). If ϕeff
i

is of order unity or approaches π (i.e., the field starts
near the top of a potential barrier), anharmonic effects
significantly enhance the relic abundance. This enhance-
ment is captured by a factor f(ϕeff

i )anharmonic ≥ 1. For a
(1−cosϕ) potential, if the initial field value ϕi is close to
π, this factor can be approximated by expressions such
as [30]:

f(ϕi)anharmonic ≈
[
ln

(
Canh

1− cosϕi

)]pexp

or f(ϕi)anharmonic ≈
(
sin(ϕi/2)

ϕi/2

)−2

×logarithmic terms,

(C3)
where Canh is an O(1) constant and the exponent
pexp (e.g., 7/6 in some contexts for QCD axions with
temperature-dependent mass, as in Eq. (3.14) of [30],
though care is needed for ALPs with constant mass) or
the precise form depends on the details of how the axion
settles into its oscillation phase [33]. For my Z8 axion,
if the effective initial angle 8θi is not small, these correc-
tions must be considered.

c. Alternative Production: Axion String and Domain Wall
Decay

If the effective symmetry associated with the Z8 ax-
ion (leading to its effective PQ-like periodicity) is broken

after inflation, a network of axionic strings, and subse-
quently domain walls (NDW = 8), will form [39]. The
decay of this network can be a dominant source of axion
dark matter, especially for high fa values where misalign-
ment with θi ∼ O(1) would overproduce axions [36].

• Axion Strings: Axions are radiated from oscillat-
ing string loops and long strings. The relic density
from this mechanism can have a different depen-
dence on fa compared to misalignment. For in-
stance, some analyses suggest Ωstring

a h2 ∝ f∼1.1−1.5
a

but with significant uncertainties related to the
string network dynamics and radiation spectrum
[46, 84, 85]. For fa ≳ few × 1011 GeV (if θi is not
tuned small), string production can indeed domi-
nate (see, e.g., Fig. 3 of [46]).

• Domain Walls: The subsequent decay of the
NDW = 8 domain wall system (assuming it be-
comes unstable due to a bias potential, see Sec-
tion VC and Appendix C 2) also contributes ax-
ions.

The precise yield from defect decay is an area of active re-
search, with large-scale numerical simulations providing
crucial insights into the string network evolution, axion
spectrum, and the efficiency of domain wall annihilation
[86, 87]. This mechanism offers a viable path to achieve
the observed dark matter density for the Z8 axion even
if fa is very large.

2. Supplementary Details on Domain Wall
Cosmology

The spontaneous breaking of the Z8 discrete shift sym-
metry of the axion potential (Eq. (19)) leads to NDW = 8
degenerate vacuum states. This has profound cosmo-
logical consequences, primarily the formation of domain
walls, which requires a resolution for the model to be vi-
able. This subsection elaborates on the constraints on
the necessary bias potential and discusses its potential
origins and connection to numerical simulations.

a. Detailed Constraints on the Bias Potential ∆Vbias

As discussed in Section VC, a network of domain walls
with NDW = 8 forms if the Z8 symmetry is broken af-
ter inflation or in different causally disconnected regions.
Stable domain walls with NDW > 1 are cosmologically
catastrophic as their energy density, ρDW ∼ σDW/R(t)
(where the wall tension σDW ≈ Λ2

Z8fa, or equivalently
σDW ≈ maf

2
a/8 using ma = 8Λ2

Z8/fa), would eventually
dominate the universe’s energy budget [40, 41]. To ensure
the annihilation of this network, a bias potential, ∆V (a),
must explicitly break the Z8 symmetry, lifting the degen-
eracy of the vacua. This creates a pressure difference,
∆Vbias, between the true vacuum and the false vacua,
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causing the false vacuum regions to shrink. The walls
are considered to annihilate when the pressure difference
∆Vbias overcomes the wall tension, typically when the
characteristic size of a domain Rd is of order the Hubble
radius H−1. The condition for wall annihilation before
they dominate the universe (and certainly before BBN,
TBBN ∼ 1 MeV) is approximately given by [41–43]:

∆Vbias ≳ H(Tann)
2M2

p ∼
(
σDW

Mp

)2

, (C4)

where Tann is the annihilation temperature, and the
second relation holds if walls become non-relativistic
and form a scaling solution before annihilation, with
H(Tann) ∼ σDW/M2

p . If walls annihilate earlier, dur-
ing radiation domination, the condition might be related
to ensuring Tann > TBBN. Defining the relative bias
strength as ϵV = ∆Vbias/V0, where V0 ∼ Λ4

Z8 is the char-
acteristic height of the primary Z8 potential barriers, and
using σDW ∼ Λ2

Z8fa, Eq. (C4) implies a lower bound on
ϵV :

ϵV ≳

(
Λ2
Z8fa

MpΛ2
Z8

)2

=

(
fa
Mp

)2

. (C5)

For a high fa ∼ 1016 GeV, this requires ϵV ≳
(1016/1019)2 ∼ 10−6. This is a non-trivial constraint:
the bias must be significant enough for timely annihila-
tion but small enough not to reintroduce significant CP
violation via its own CP-violating phases or to spoil the
original Z8 potential’s role in setting the axion VEV for
the strong CP solution.

b. Plausible Origins of the Bias Potential in String Theory

A small, explicit Z8-breaking term, ∆V (a), can plau-
sibly arise within the string theory framework without
being entirely ad-hoc:

1. Higher-Order Non-Perturbative Effects: The
k ≡ 0 (mod 8) constraint on E3-brane instantons
might be the leading order effect. Subleading non-
perturbative contributions, perhaps from instan-
tons wrapping different cycles, instantons in dif-
ferent gauge sectors, or multi-instanton configu-
rations that effectively violate the strict k = 8m
rule due to some subtle high-energy physics, could
generate a potential with a different periodicity
or phase that does not perfectly align with all 8
vacua of the primary potential. For instance, a
term ∼ Λ4

1 cos(a/fa+δ1) or ∼ Λ′4
N cos(Na/fa+δ′N )

with N not a multiple of 8, if sufficiently suppressed
(Λ1 ≪ ΛZ8), could provide the necessary bias.

2. Planck-Suppressed Operators: Generic argu-
ments suggest that global symmetries, including
discrete ones if not properly gauged or protected
by a gauge principle, can be explicitly broken by

dimension-d operators suppressed by powers of the
Planck scale, M4−d

p . Such operators could be gen-
erated by quantum gravity effects (e.g., wormholes)
or couplings to hidden sectors. An operator like
Lbias ∼ c

Mnop−4
p

Obias(a), where Obias(a) explicitly

breaks the Z8 symmetry (e.g., by having a different
periodicity), could generate the required ∆Vbias.
The coefficient c and dimension nop are model-
dependent.

3. Moduli Stabilization and Couplings: String
compactifications typically involve numerous scalar
moduli fields whose VEVs determine the parame-
ters of the effective theory, including fa and ΛZ8.
The stabilization potential for these moduli, or
residual couplings between these moduli and the
Z8 axion a(x), could induce slight misalignments or
an explicit tilt in the axion potential if the moduli
VEVs themselves subtly break the full Z8 symme-
try relevant for the axion sector.

While predicting the precise magnitude of ∆Vbias

from first principles is challenging and highly model-
dependent, these examples illustrate that its existence
is not unnatural in a string theory context.

c. Connection to Numerical Simulations of Domain Wall
Networks

The detailed evolution and annihilation dynamics of
domain wall networks, especially for NDW > 1 in the
presence of a bias potential, are complex and typically
studied using large-scale numerical lattice simulations
[88, 89]. These simulations are crucial for:

• Verifying the efficiency of domain wall annihilation
for a given bias strength ϵV and wall tension σDW.

• Determining the spectrum and amplitude of grav-
itational waves generated during the annihilation
process [44, 45].

• Calculating the relic abundance of axions produced
from wall decay.

For my Z8 axion model, the key parameters that would
serve as input for such simulations are:

• The number of vacua: NDW = 8.

• The axion mass ma = 8Λ2
Z8/fa and decay con-

stant fa, which together determine the wall tension
σDW ≈ Λ2

Z8fa (or equivalently, σDW ≈ maf
2
a/8).

• The relative bias strength ϵV = ∆Vbias/Λ
4
Z8.

Recent numerical simulations have significantly advanced
my understanding of axion string and domain wall dy-
namics, including scaling laws for string density, axion
emission spectra, and the impact of NDW on wall stabil-
ity and annihilation (e.g., [37]). For the Z8 model to be
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cosmologically viable, the parameters (fa,ΛZ8, ϵV ) must
lead to domain wall annihilation sufficiently early, a sce-
nario that can be benchmarked against these simulation
results. The potential gravitational wave signals, depen-
dent on σDW and Tann, could also offer a future observa-
tional window.

d. Illustrative Calculation of Gravitational Wave Signal
from Domain Wall Annihilation

The annihilation of the NDW = 8 domain wall net-
work, a consequence of a requisite bias potential lift-
ing the vacuum degeneracy, is predicted to generate a
stochastic gravitational wave background (SGWB). The
characteristics of this SGWB, such as its peak frequency
and amplitude, are highly sensitive to the model’s fun-
damental parameters: the axion decay constant fa, the
energy scale ΛZ8 associated with the Z8-breaking instan-
tons, and the relative bias strength ϵV = ∆Vbias/Λ

4
Z8.

We present here an illustrative calculation for a specific
benchmark set of parameters to demonstrate the poten-
tial detectability of such a signal.

Let us consider the following benchmark parameters:

• Axion decay constant: fa = 1016 GeV.

• Energy scale from instantons: ΛZ8 = 38 MeV.
This choice, while lower than typical GUT or string
scales, can arise from exponential suppression of in-
stanton actions and is chosen here for illustrative
purposes to yield a potentially interesting GW sig-
nal.

• Relative bias strength: ϵV = 10−4. This
value satisfies the cosmological requirement ϵV ≳
(fa/MP )

2 ≈ 1.7×10−5 (for MP ≈ 2.4×1018 GeV),
ensuring timely domain wall annihilation.

From these parameters, the domain wall tension is esti-
mated as σDW ≈ Λ2

Z8fa = (38×10−3 GeV)2 ·1016 GeV ≈
1.44 × 1013 GeV3. The energy density of the bias is
∆Vbias = ϵV Λ

4
Z8 = 10−4(38 × 10−3 GeV)4 ≈ 2.085 ×

10−10 GeV4.
The domain walls are expected to annihilate

when the Hubble rate H(Tann) is approximately
H(Tann) ≈ ∆Vbias/σDW [90]. This yields H(Tann) ≈
2.085×10−10 GeV4

1.44×1013 GeV3 ≈ 1.45 × 10−23 GeV. The annihila-

tion temperature Tann is then determined using H(T ) =√
π2g∗(T )

90
T 2

MP
:

T 2
ann = MPH(Tann)

√
90

π2g∗(Tann)
. (C6)

Substituting the values, and using g∗(Tann) ≈ 10.75 (for
e±, γ, 3ν which are relativistic at MeV temperatures):

T 2
ann ≈ (2.4× 1018 GeV) · (1.45× 10−23 GeV) ·

√
9.118
10.75 ≈

3.205 × 10−5 GeV2. This gives an annihilation temper-
ature Tann ≈ 5.66 MeV. This temperature is well above
the typical Big Bang Nucleosynthesis scale (TBBN ∼ 1
MeV), ensuring BBN is not adversely affected.
The peak frequency fp and present-day energy den-

sity fraction ΩGWh2(fp) of the SGWB from domain wall
annihilation (for NDW > 1) can be estimated using for-
mulae prevalent in the literature (see, e.g., [90, 91] and
references therein). For NDW = 8:

fp ≈ (1.76× 10−9 Hz)

(
Tann

1 MeV

)
(C7)

ΩGWh2(fp) ≈ (1.17× 10−8)A2κ2
ann

(
10.75

g∗(Tann)

)1/3 (
Tann

1 MeV

)−4

(C8)

where the NDW /8 factors have been absorbed assuming
NDW = 8. The parameter A represents the efficiency of
GW production from the wall network’s energy, typically
A ≈ 0.8 for NDW > 1. The parameter κann reflects the
fraction of energy converted to GWs during annihilation,
often taken as κann ≈ 0.7.
Using Tann ≈ 5.66 MeV and g∗(Tann) ≈ 10.75:

fp ≈ (1.76× 10−9 Hz)

(
5.66 MeV

1 MeV

)
≈ 9.96× 10−9 Hz (i.e., ≈ 10 nHz).

(C9)

For the amplitude, with A = 0.8 and κann = 0.7:

ΩGWh2(fp) ≈ (1.17× 10−8)(0.8)2(0.7)2
(
10.75

10.75

)1/3

(5.66)
−4

≈ (3.67× 10−9)/(5.66)4 ≈ (3.67× 10−9)/1026

≈ 3.58× 10−12. (C10)

This illustrative calculation for our benchmark scenario
(fa = 1016 GeV, ΛZ8 = 38 MeV, ϵV = 10−4) yields
a peak frequency fp ≈ 10 nHz with an amplitude
ΩGWh2(fp) ≈ 3.6 × 10−12. This signal falls squarely
within the frequency range targeted by Pulsar Timing
Arrays (PTAs). While current PTA sensitivities (e.g.,
from NANOGrav 15-year data, Parkes PTA, EPTA) are
typically at the level of ΩGWh2 ∼ 10−10 − 10−9 for sim-
ilar frequencies, the predicted amplitude is within the
projected reach of future PTA experiments, particularly
the Square Kilometre Array (SKA), which aims for sen-
sitivities that could probe down to ΩGWh2 ∼ 10−12 or
below in this band.
It is crucial to reiterate that these numerical results are

illustrative and are highly sensitive to the chosen input
parameters, especially the a priori unconstrained scales
ΛZ8 and the bias factor ϵV . Nevertheless, this example
demonstrates that cosmologically interesting and poten-
tially detectable gravitational wave signals are a plausi-
ble consequence of the NDW = 8 domain wall annihi-
lation mechanism within the proposed Z8 axion model.
Further detailed studies exploring the viable parameter
space would be necessary to map out the full range of
GW predictions.
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3. Supplementary Details on Axion Inflation with
Z8 Modulations

This subsection provides further technical details and
formulae relevant to the discussion of axion monodromy
inflation modulated by the Z8 axion potential, as pre-
sented in Section VD.

a. Slow-Roll Parameters for Modulated Potentials

Consider an inflationary potential of the form given in
Eq. (37):

Vinf(a) = Vmono(a) + Vmod(a), (C11)

where Vmono(a) is the dominant, slowly varying mon-
odromy potential, and Vmod(a) = Λ4

Z8(1−cos(8a/fa+δ))
is the subdominant Z8 modulation term. For simplicity,
we set δ = 0 in the modulation term for these illustrative
calculations.

The first and second derivatives of the potential are:

V ′
inf(a) = V ′

mono(a) +
8Λ4

Z8
fa

sin

(
8a

fa

)
, (C12)

V ′′
inf(a) = V ′′

mono(a) +
64Λ4

Z8
f2
a

cos

(
8a

fa

)
. (C13)

The slow-roll parameters are then defined as (with Mp

being the reduced Planck mass):

ϵV (a) =
M2

p

2

(
V ′
inf(a)

Vinf(a)

)2

(C14)

≈
M2

p

2

(
V ′
mono(a)

Vmono(a)

)2 (
1 +

8Λ4
Z8/fa

V ′
mono(a)

sin

(
8a

fa

))2 (
1− Vmod(a)

Vmono(a)

)2

≈ ϵV,mono(a)

(
1 + 2

8Λ4
Z8/fa

V ′
mono(a)

sin

(
8a

fa

)
− 2

Λ4
Z8

Vmono(a)

(
1− cos

(
8a

fa

))
+ . . .

)
,

(C15)

ηV (a) = M2
p

V ′′
inf(a)

Vinf(a)
(C16)

≈ M2
p

V ′′
mono(a) + (64Λ4

Z8/f
2
a ) cos(8a/fa)

Vmono(a)

(
1− Vmod(a)

Vmono(a)
+ . . .

)
≈ ηV,mono(a) +M2

p

64Λ4
Z8/f

2
a

Vmono(a)
cos

(
8a

fa

)
− ηV,mono(a)

Λ4
Z8

Vmono(a)

(
1− cos

(
8a

fa

))
+ . . . ,

(C17)

where ϵV,mono and ηV,mono are the slow-roll parameters
for the Vmono(a) potential alone. The approximations
hold when Vmod ≪ Vmono and its derivatives are similarly
subdominant. These expressions explicitly show the os-
cillatory contributions to the slow-roll parameters arising
from Vmod(a). The conditions for the modulations to be
small perturbations are typically Λ4

Z8 ≪ Vmono(a) and
(8Λ4

Z8/fa) ≪ |V ′
mono(a)|.

b. Example Calculation for Tensor-to-Scalar Ratio (r)

As mentioned in Section VD, the tensor-to-scalar ra-
tio r is primarily determined by the smooth component
Vmono(a). To achieve compatibility with current obser-
vational bounds (r < 0.036 from Planck 2018 combined
with BICEP/Keck [54]), Vmono(a) must be sufficiently
flat. Consider a monomial potential Vmono(a) = µ4−pap.
The standard slow-roll formulae give the number of e-
folds N from field value a to the end of inflation ae:

N(a) =
1

M2
p

∫ a

ae

Vmono(ϕ)

V ′
mono(ϕ)

dϕ =
1

M2
p

∫ a

ae

ϕ

p
dϕ ≈ a2

2pM2
p

(for a ≫ ae).

(C18)
The slow-roll parameter ϵV at field value a is:

ϵV,mono(a) =
M2

p

2

(p
a

)2

≈
M2

pp
2

2(2pNM2
p )

=
p

4N
. (C19)

The tensor-to-scalar ratio is r = 16ϵV,mono(ak), where
ak is the field value when CMB scales k exit the hori-
zon, corresponding to N ≈ 50− 60 e-folds of subsequent
inflation:

r ≈ 4p

N
. (C20)

for example: for Vmono(a) ∝ a2/3 (i.e., p = 2/3), the pre-
dicted r was 1/30 ≈ 0.033 for N = 60 using the formula
r = 8p/(N(p+ 2))(see Appendix C 3 b). Let’s verify this
specific formula structure. The standard relations are
ns ≈ 1 − (p + 2)/(2N) and r ≈ 4p/N . The formula
r = 8p/(N(p+ 2)) can be derived from these by relating
N to ns, but it is also a direct result for some conventions.
Using r = 8p/(N(p+ 2)) with p = 2/3 and N = 60:

r =
8× (2/3)

60× (2/3 + 2)
=

16/3

60× (8/3)
=

16/3

160
=

1

30
≈ 0.0333.

(C21)
This value is consistent with the current observational
upper bound r < 0.036. For this specific case (p = 2/3),
the scalar spectral index would be ns ≈ 1 − (2/3 +
2)/(2N) = 1 − (8/3)/(120) = 1 − 8/360 = 1 − 1/45 ≈
0.9778, which is slightly high compared to the Planck cen-
tral value of ns ≈ 0.965 [51], but parameter adjustments
or consideration of the running of ns could bring it closer.
The key point is that monomial potentials with p < 1
(like p = 2/3 or p = 1/2 which gives r = 2/N ≈ 0.033
for N = 60 via r = 4p/N) can achieve small r.

c. Further Details on Resonant Non-Gaussianity

As introduced in Section VD, the periodic modula-
tions from Vmod(a) can generate a distinctive resonant
non-Gaussianity signal. The amplitude of the bispec-
trum, Bζ(k1, k2, k3), is enhanced when the wavenumbers
satisfy certain resonance conditions related to the oscil-
lation frequency of the inflaton speed during its roll [50].
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The amplitude of the non-Gaussianity, parameterized
by f resonant

NL , scales with the relative strength of the mod-
ulation and inversely with the speed of the inflaton. A
generic scaling is often quoted as (e.g., [49]):

f resonant
NL ∼ O(1)×Amplitude of Vmod

Vmono
× 1

ϵV
×(frequency factors).

(C22)
More precisely, for Vmod(a) = Λ4

Z8(1 − cos(8a/fa)), the
leading contribution to fNL often comes from the V ′′′

term in the interaction Hamiltonian. The resulting bis-
pectrum typically exhibits an oscillatory behavior as a
function of kt = k1 + k2 + k3 or other kinematic vari-
ables, with a characteristic frequency related to 8/fa (or
more precisely 8ȧ/(faH) at horizon crossing). The shape
of this resonant non-Gaussianity is distinct from the stan-
dard local, equilateral, or orthogonal templates and re-
quires specific templates for optimal detection. For ex-
ample, the bispectrum can be approximated by [50]:

Bζ(k1, k2, k3) ∝
A2

s

(k1k2k3)2
P 2
ζ

kt
sin

(
C

kt
kres

+ ϕNG

)
×(shape function),

(C23)
where As is related to the modulation amplitude, kres
is the resonant scale determined by fa and the back-
ground expansion, and C is an O(1) number. Detailed
calculations require solving the mode functions for per-
turbations in the presence of the modulated potential
and computing the three-point correlation function. The
stringent observational limits from Planck (|f resonant

NL | ≲
O(10−100) [55]) constrain the amplitude of Vmod relative
to Vmono and ϵV .

Appendix D: Broader Symmetry Framework: spin(8)
Algebra, its Decomposition, and Physical

Implications

While the core mechanism for solving the strong CP
problem presented in this paper relies on the geomet-
rically induced Z8 discrete shift symmetry of an axion
derived from the RR C2 field in the AdS5 × S5/Z8 com-
pactification (see Section II), the underlying string theory
background may accommodate or hint at richer algebraic
structures. This appendix explores one such possibility:
a spin(8) Lie algebra, its decomposition with respect to
its exceptional subalgebra g2, and potential physical in-
terpretations. This exploration is supplementary, offer-
ing a broader theoretical context that might be relevant
at higher energy scales or for other sectors of the theory,
rather than being a direct component of the primary CP-
solving mechanism detailed in the main text.

1. The spin(8) Lie Algebra in the Context of S5/Z8

Compactification

The physical setting of this paper is Type IIB string
theory on AdS5 ×M5, with M5 = S5/Z8. It is instruc-

tive to consider whether larger symmetry algebras, such
as spin(8), could play a role, perhaps as part of an ul-
traviolet (UV) completion or related to less-understood
aspects of the compactification. The Lie algebra spin(8)
is the 28-dimensional algebra of the Spin(8) group and
appears in various high-energy physics contexts, includ-
ing maximal supergravities and as part of Grand Unified
Theory (GUT) structures.
In the specific context of AdS5 × S5, the maximally

supersymmetric background possesses the superalgebra
psu(2, 2|4), whose R-symmetry subalgebra is su(4)R ∼=
so(6). The spin(8) algebra is larger than this. Therefore,
if a spin(8) symmetry is relevant to my S5/Z8 model, its
origin might be attributed to:

• A symmetry of a higher-dimensional theory prior
to full compactification (e.g., from an M-theory or
F-theory uplift).

• An extended R-symmetry group in a scenario with
more supersymmetry at a higher energy scale, sub-
sequently broken by the orbifolding and compacti-
fication to the N = 1 preserved in 4D.

• A larger gauge group in a UV model that breaks
down to Standard Model subgroups and other sym-
metries at lower energies.

This appendix investigates the mathematical structure of
spin(8) and its decomposition with respect to g2, which is
known to contain su(3) as a subalgebra, potentially pro-
viding a link to QCD. The standard basis for spin(8) can
be formed from antisymmetric products {ei∧ej}1≤i<j≤8

of an orthonormal basis {e1, . . . , e8} of R8, satisfying:

[ei∧ej , ek∧el] = δjkei∧el−δjlei∧ek−δikej∧el+δilej∧ek.
(D1)

We will analyze its decomposition with respect to its 14-
dimensional exceptional Lie subalgebra g2. This decom-
position is defined with respect to a positive-definite in-
ner product on spin(8), proportional to Tr8v

(XY ), where
8v is the 8-dimensional vector representation of spin(8).4

The central decomposition explored is:

spin(8) = g2 ⊕ Vcomp, (D2)

where Vcomp is the 14-dimensional orthogonal comple-
ment to g2. As will be detailed in Appendix D2, rep-
resentation theory shows that Vcomp itself decomposes
under the adjoint action of g2 into a direct sum of two 7-
dimensional irreducible representations of g2, commonly
denoted as Vcomp

∼= 7 ⊕ 7′ (see, e.g., [93, Chapter 22]
for general representation theory of Lie algebras). The
subsequent sections will detail this decomposition and
discuss potential physical interpretations.

4 This inner product, ⟨X,Y ⟩ = κTr8v (XY ) for some normaliza-
tion κ, is positive-definite and ad-invariant for spin(8). It is re-
lated to the Killing form, which is negative-definite for compact
simple Lie algebras. The orthogonality in the decomposition
g2 ⊕ Vcomp is defined with respect to this chosen inner product
(see, e.g., [92, Chapter III, Section 3]).
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2. Decomposition of the spin(8) Lie Algebra with
respect to g2

As introduced in Eq. (D2), we consider the decom-
position of the 28-dimensional Lie algebra spin(8) with
respect to its 14-dimensional maximal exceptional Lie
subalgebra g2. This decomposition is taken with respect
to an ad-invariant inner product, such as one propor-
tional to Tr8v

(XY ) where 8v is the 8-dimensional defin-
ing (vector) representation of spin(8). The decomposition
is given by:

spin(8) = g2 ⊕ Vcomp, (D3)

where Vcomp is the 14-dimensional orthogonal comple-
ment to g2. We now detail the structure of g2 and Vcomp.

a. The g2 Subalgebra and its Physical Components

The Lie algebra g2 is the smallest of the exceptional
simple Lie algebras, with dimension 14. In its standard
embedding within spin(8) (which corresponds to so(8)),
its generators can be thought of as those elements of
so(8) that preserve a generic 3-form in R7, effectively
acting non-trivially on a 7-dimensional subspace, say
Span{e1, . . . , e7}, while e8 is fixed. A noteworthy geo-
metric connection is that g2 is precisely the Lie algebra
of the automorphism group G2 of the octonions, and G2

is also the holonomy group of 7-dimensional manifolds
with exceptional G2-holonomy [94]. While my primary
CP-solving mechanism (detailed in the main text) does
not directly rely on the existence of a G2-manifold in the
compactification, this connection provides an interesting
theoretical hint for potential deeper geometric structures
or dualities.

Within this g2 subalgebra, we can identify components
relevant to particle physics:

• su(3)QCD ⊂ g2: The algebra g2 contains su(3) as
one of its maximal subalgebras [95]. The eight Gell-
Mann matrices (or their appropriate representation
as generators of su(3)) can be embedded within g2.
These generators typically act on a 6-dimensional
subspace of the R7 acted upon by g2, for instance,
Span{e1, . . . , e6}. This provides a natural way to
accommodate the su(3)QCD gauge algebra of strong
interactions.

• so(3)grav ⊂ g2: g2 also contains several so(3) (or
su(2)) subalgebras. A specific so(3) can be iden-
tified, for example, by generators acting on a 3-
dimensional subspace like Span{e5, e6, e7}:

G1 = e5 ∧ e6, G2 = e6 ∧ e7, G3 = e7 ∧ e5, (D4)

satisfying the so(3) commutation relations
[Gi, Gj ] = ϵijkGk. The subscript ”grav” is sug-
gestive of a potential link to spatial rotations or

internal geometric symmetries, though its precise
physical role in the present context is not fixed.
This so(3) and the su(3)QCD can coexist within g2.

b. The Complement Space Vcomp and its Structure

The space Vcomp is the 14-dimensional orthogonal com-
plement to g2 in spin(8). Under the adjoint action of
g2, Vcomp is not irreducible but decomposes into a direct
sum of two inequivalent 7-dimensional real irreducible
representations of g2, which we denote as 71 and 72 [93,
Chapter 22]:

Vcomp = 71 ⊕ 72. (D5)

These representations correspond to how the generators
in Vcomp transform under g2.

• The 71 (or 7+) Subspace: One of these 7-
dimensional subspaces can be spanned by gener-
ators that necessarily involve the e8 basis vector
(which was singled out by g2 acting primarily on
R7). A basis for this subspace can be taken as:

71 = Span{e1 ∧ e8, e2 ∧ e8, . . . , e7 ∧ e8}. (D6)

Within this subspace, a generator for a u(1) sym-
metry can be identified. For example, if we choose:

Qaxion = e4 ∧ e8 ∈ 71, (D7)

this generator acts non-trivially on the (e4, e8)
plane. Furthermore, this generator (Qaxion) can
be chosen to commute with the generators of
su(3)QCD (acting on e1, . . . , e6) and so(3)grav (act-
ing on e5, e6, e7, if chosen appropriately). This
Qaxion could correspond to a U(1) symmetry po-
tentially related to an axion-like field. The other 6
generators in 71 would correspond to other degrees
of freedom.

• The 72 (or 7−) Subspace (∆gbreak): The sec-
ond 7-dimensional subspace, 72, is also an irre-
ducible representation of g2. Its generators are
formed from elements of so(7) (i.e., built only from
e1, . . . , e7) that are orthogonal to the g2 subalge-
bra itself. This space can be identified with modes
that break a larger symmetry (e.g., spin(7) down to
g2) and are denoted ∆gbreak. The elements of 72

do not form a Lie subalgebra; their commutators
typically lie in g2.

c. Mathematical Consistency of the Decomposition

The decomposition spin(8) = g2 ⊕ Vcomp is mathemat-
ically sound:
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1. Dimensionality: dim(spin(8)) = 28, dim(g2) =
14, and dim(Vcomp) = dim(71) + dim(72) = 7 +
7 = 14. Thus, 14 + 14 = 28, matching the total
dimension.

2. Orthogonality: By construction, Vcomp is the or-
thogonal complement of g2 with respect to the cho-
sen ad-invariant inner product, so ⟨g2, Vcomp⟩ = 0.
This ensures that the basis vectors of g2 and Vcomp

together form a basis for spin(8).

3. Algebraic Closure (Commutation Rela-
tions): The decomposition reflects the structure of
a reductive homogeneous space Spin(8)/G2. The
commutation relations between the subspaces are
characteristic of such a decomposition [96]:

[g2, g2] ⊂ g2 (D8)

[g2, Vcomp] ⊂ Vcomp (D9)

[Vcomp, Vcomp] ⊂ g2 (D10)

Eq. (D8) states that g2 is a subalgebra. Eq. (D9)
indicates that Vcomp transforms as a representa-
tion under g2 (specifically, as 71 ⊕ 72). Eq. (D10)
shows that the commutators of elements in the
complement space close back into the subalgebra
g2. These relations ensure the overall consistency
of the decomposition as a Lie algebra structure.

This algebraic decomposition provides a structured way
to analyze the spin(8) algebra and its potential symmetry
breaking patterns.

3. Physical Interpretation: Symmetry Reduction
Scenario and Low-Energy Effects

The algebraic decomposition of spin(8) into g2⊕Vcomp

detailed in Appendix D2 can be given a physical inter-
pretation within a hypothetical scenario of high-energy
symmetry breaking. This subsection explores such a
scenario and its potential implications for low-energy
physics, while carefully distinguishing these considera-
tions from the primary mechanism for solving the strong
CP problem detailed in the main text.

a. Postulated High-Energy Symmetry Breaking:
spin(8) → g2

We can hypothesize that at some very high energy
scale, Mhigh (e.g., the string scale Ms, the Kaluza-Klein
scale MKK ∼ 1/RM5 , or even the Planck scale MP ),
the physics associated with the S5/Z8 compactification
(or its UV completion) exhibits an approximate or exact
spin(8) symmetry. This could be an extended gauge sym-
metry, a global symmetry, or an R-symmetry of a theory
with higher supersymmetry.

Further, we postulate that dynamics inherent to the
compactification process itself—such as the choice of
background fluxes, membrane configurations, or the orb-
ifolding action—effectively break this spin(8) symmetry
down to its g2 subalgebra at the scale Mhigh:

spin(8)
Mhigh−−−−→ g2. (D11)

In such a scenario, the degrees of freedom associated with
the generators in the complement space Vcomp = 71 ⊕ 72

would acquire masses of order Mhigh. If these masses are
sufficiently large, these modes would decouple from the
low-energy effective theory, valid at energies E ≪ Mhigh.
The unbroken g2 would then characterize the residual
symmetries relevant at lower energies emerging from this
specific breaking pattern.

b. Low-Energy Effective Symmetries and Fields from the
spin(8) → g2 Scenario

Under the hypothesis of spin(8) → g2 breaking:

• Residual g2 Symmetry: The unbroken g2 subal-
gebra could describe a low-energy gauge symme-
try or a global symmetry. As discussed in Ap-
pendix D2 a, g2 naturally contains su(3)QCD, pro-
viding a potential origin for the strong interaction
gauge group. The embedded so(3)grav factor would
represent an additional symmetry whose precise
physical role (e.g., an internal flavor symmetry, a
component of a larger R-symmetry, or related to
specific geometric moduli) would depend on further
model details.

• Fate of the Algebraic U(1)axion: The generator
Qaxion = e4 ∧ e8 identified within Vcomp (specifi-
cally, in the 71 subspace, see Eq. (D7)) could, in
principle, generate a U(1) symmetry. If the orig-
inal spin(8) were a gauged symmetry, the gauge
boson associated with this U(1)axion would acquire
a mass of order Mhigh due to the symmetry break-
ing and would not be present as a massless particle
in the low-energy spectrum. It is crucial to dis-
tinguish this algebraically identified U(1)axion (and
its potential massive gauge boson or associated
scalar Goldstone mode if spin(8) were global and
spontaneously broken) from the axion a(x) that is
central to solving the strong CP problem in this
paper. The axion a(x), whose properties are de-
tailed in Section II and Section III, originates from
the Kaluza-Klein reduction of the RR C2 field on
S5/Z8, and its defining Z8 discrete shift symmetry
a(x) 7→ a(x) + 2πfa/8 is a direct consequence of
the geometric orbifold action. This a(x) possesses
an approximate global Peccei-Quinn-like symme-
try at the classical level, which is then explicitly
broken to Z8 by E3-brane instanton effects, gener-
ating the potential V (a) ∝ (1 − cos(8a/fa + δ)).
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The U(1)axion from the spin(8) decomposition, if
it manifests as a scalar degree of freedom at low
energies (e.g., as a pseudo-Goldstone boson of a
spontaneously broken global spin(8)), would be a
distinct field with its own properties, potentially
interacting differently and having a different mass
scale, unless a specific mechanism identifies it with
the C2-derived axion.

c. Context for the Strong CP Solution

The discussion of the spin(8) → g2 framework in this
appendix serves to illustrate a broader theoretical context
wherein symmetries like su(3)QCD might emerge from
a larger algebraic structure potentially related to the
S5/Z8 compactification. However, the primary mecha-
nism for solving the strong CP problem presented in the
main body of this paper (Sections II through IV) relies
specifically on:

1. The axion a(x) arising from the geometric reduc-
tion of the C2 field.

2. Its Z8 discrete shift symmetry inherited directly
from the S5/Z8 orbifold action on the S1 Hopf
fiber.

3. The topological constraint k ≡ 0 (mod 8) on E3-
brane instanton numbers, derived from K-theory
and Freed-Witten anomaly cancellation.

4. The resulting non-perturbative potential V (a) ≈
Λ4
Z8(1− cos(8a/fa + δ)).

This core mechanism is self-contained and does not fun-
damentally depend on the postulated spin(8) symmetry
or its breaking to g2, although the existence of such larger
structures could provide a UV rationale for some of the
assumed low-energy symmetries or parameters.

d. Challenges: Embedding the Full Standard Model

A significant challenge for any scenario proposing g2 as
a key symmetry at some scale relevant for particle physics
is the embedding of the full Standard Model gauge group
su(3)QCD × su(2)L × u(1)Y . While g2 naturally contains
su(3)QCD as a maximal subalgebra, it does not contain
su(2)L × u(1)Y . accommodating the electroweak sector
would require:

• Starting with an initial symmetry group larger than
spin(8) that can embed the full Standard Model
and then break appropriately, perhaps through in-
termediate stages involving spin(8) or g2.

• Utilizing more intricate geometric engineering tech-
niques within the string compactification, such as
introducing additional D-brane stacks or exploiting

specific properties of orbifold singularities to gener-
ate the su(2)L×u(1)Y gauge factors and associated
chiral matter.

This limitation underscores that while the spin(8) →
g2 framework can provide insights into the origin of
su(3)QCD and potentially other symmetries, it does not,
by itself, offer a complete pathway to the full Standard
Model from this specific algebraic decomposition.

4. Summary of the spin(8) Framework and its
Relevance

This appendix has provided an exploration of a poten-
tial spin(8) Lie algebraic framework that could serve as a
broader symmetry context for the Type IIB string theory
compactified on AdS5 ×S5/Z8. While supplementary to
the main mechanism presented in this paper for solving
the strong CP problem, this exploration offers valuable
insights into the richer theoretical structures that such
compactifications might harbor.

The core elements of this spin(8) framework can be
summarized as:

1. Algebraic Decomposition and Structure: We
have detailed the mathematically rigorous decom-
position of the 28-dimensional spin(8) Lie algebra
with respect to its 14-dimensional maximal excep-
tional subalgebra g2, yielding spin(8) = g2 ⊕ Vcomp

(Eq. (D3)). The complement space Vcomp itself de-
composes into two 7-dimensional irreducible repre-
sentations of g2, denoted 71⊕72. The commutation
relations (Eqs. (D8)-(D10)) confirm the algebraic
consistency of this reductive decomposition.

2. Potential Embedding of Physical Symme-
tries: Within this decomposition, we identified
natural embeddings for key physical symmetries.
The g2 subalgebra contains su(3)QCD (potentially
identifiable with the gauge algebra of strong in-
teractions, further supported by analysis of root
systems [95]) and an so(3) factor of undetermined
physical significance in this specific context. Fur-
thermore, a u(1)axion generator, Qaxion (Eq. (D7)),
was identified within Vcomp, chosen to commute
with the su(3)QCD generators.

3. Hypothetical Symmetry Reduction Sce-
nario: A scenario was postulated wherein the
spin(8) symmetry, assumed to be present at a
high energy scale Mhigh (potentially related to the
Kaluza-Klein scale MKK ∼ 1/RM5 [97]), breaks
to its g2 subalgebra. In this picture, degrees of
freedom associated with Vcomp would acquire large
masses and decouple, leaving g2 (and its subalge-
bras) as relevant for the lower-energy effective the-
ory.
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4. Distinction from the Primary CP-Solving
Axion: It has been crucial to emphasize that the
axion-like degrees of freedom or U(1) symmetries
emerging purely from this spin(8) algebraic decom-
position (such as the one associated with Qaxion)
are conceptually distinct from the primary axion
a(x) that solves the strong CP problem in this pa-
per. The axion a(x) derives its origin and defining
Z8 discrete shift symmetry from the Kaluza-Klein
reduction of the RR C2 field and the geometric
S5/Z8 orbifold action (Section II), as discussed by,
e.g., Svrcek and Witten in the context of string ax-
ions [6]. The properties and potential of a(x) are
governed by the E3-brane instanton effects detailed
in Section III.

The exploration of this spin(8) framework, while not
essential for the core CP-violating mechanism of the pa-
per, offers several points of interest:

• It highlights the potential for underlying unifying
symmetries in string compactifications that might
relate different sectors of particle physics.

• The appearance of g2 naturally suggests possible
connections to G2-holonomy manifolds in M-theory

or F-theory contexts, which are known for generat-
ing N = 1 supersymmetry and rich phenomenology
[94].

• It provides a structured example of how symmetries
like su(3)QCD could emerge from a larger, broken
symmetry group.

Nevertheless, this specific spin(8) → g2 pathway faces
substantial challenges in constructing a complete model
of particle physics, most notably its inability to di-
rectly accommodate the Standard Model’s electroweak
su(2)L × u(1)Y gauge group. Addressing this would
require significant extensions, possibly through mecha-
nisms like those found in F-theory GUT constructions
[98, 99] involving D-brane stacks or more intricate orb-
ifold/singularity engineering.
In conclusion, this appendix has provided a glimpse

into a broader algebraic landscape potentially associ-
ated with the S5/Z8 compactification. While the spin(8)
framework offers intriguing structural elements and hints
at deeper connections, the solution to the strong CP
problem presented in the main body of this work stands
robustly on the specific properties of the geometrically
derived Z8 axion a(x) and the rigorously established
k ≡ 0 (mod 8) constraint on E3-brane instantons.
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[17] R. Blumenhagen, D. Lüst, and S. Theisen, Non-
perturbative effects and non-geometric fluxes in F-
theory and string theory, Fortsch. Phys. 55, 155 (2007),
arXiv:hep-th/0610192.

[18] K. Becker, M. Becker, and A. Strominger, Five-branes,
membranes and nonperturbative string theory, Nucl.
Phys. B 456, 130 (1995), arXiv:hep-th/9507158.

[19] E. Witten, D-branes and K-theory, JHEP 12, 019,
arXiv:hep-th/9810188.

[20] D. S. Freed, M. J. Hopkins, and C. Teleman, Loop
groups and twisted K-theory I, J. Topol. 4, 737 (2011),
arXiv:0711.1906 [math.AT].

[21] G. ’t Hooft, Computation of the Quantum Effects Due
to a Four-Dimensional Pseudoparticle, Phys. Rev. D 14,
3432 (1976).

[22] J. Callan, Curtis G., R. F. Dashen, and D. J. Gross,
Toward a Theory of the Strong Interactions, Phys. Rev.
D 17, 2717 (1978).

[23] R. Kallosh, A. D. Linde, D. A. Linde, and L. Susskind,
Gravity and global symmetries, Phys. Rev. D 52, 912

https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1093/ptep/ptac097
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1103/PhysRevD.16.1791
https://doi.org/10.1007/s00220-021-04040-y
https://doi.org/10.1007/s00220-021-04040-y
https://arxiv.org/abs/1810.05338
https://doi.org/10.1103/PhysRevD.83.084019
https://doi.org/10.1103/PhysRevD.83.084019
https://arxiv.org/abs/1011.5120
https://doi.org/10.1088/1126-6708/2006/06/051
https://doi.org/10.1088/1126-6708/2006/06/051
https://arxiv.org/abs/hep-th/0605206
https://doi.org/10.1088/1126-6708/2002/01/025
https://doi.org/10.1088/1126-6708/2002/01/025
https://arxiv.org/abs/hep-th/0107279
https://arxiv.org/abs/hep-th/9907189
https://arxiv.org/abs/hep-th/9907189
https://arxiv.org/abs/1702.00786
https://doi.org/10.1103/PhysRevD.66.106006
https://doi.org/10.1103/PhysRevD.66.106006
https://arxiv.org/abs/hep-th/0105097
https://doi.org/10.1103/PhysRevLett.80.4855
https://arxiv.org/abs/hep-th/9802183
https://arxiv.org/abs/hep-th/9603167
https://arxiv.org/abs/hep-th/9603167
https://doi.org/10.4310/ATMP.2004.v8.n4.a3
https://doi.org/10.4310/ATMP.2004.v8.n4.a3
https://arxiv.org/abs/hep-th/0403002
https://doi.org/10.1093/acprof:oso/9780198564959.001.0001
https://doi.org/10.1088/1126-6708/2006/05/078
https://arxiv.org/abs/hep-th/0602233
https://doi.org/10.1016/0550-3213(96)00190-0
https://arxiv.org/abs/hep-th/9602070
https://doi.org/10.1002/prop.200610377
https://arxiv.org/abs/hep-th/0610192
https://doi.org/10.1016/0550-3213(95)00487-1
https://doi.org/10.1016/0550-3213(95)00487-1
https://arxiv.org/abs/hep-th/9507158
https://doi.org/10.1088/1126-6708/1998/12/019
https://arxiv.org/abs/hep-th/9810188
https://doi.org/10.1112/jtopol/jtr019
https://arxiv.org/abs/0711.1906
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.14.3432
https://doi.org/10.1103/PhysRevD.17.2717
https://doi.org/10.1103/PhysRevD.17.2717
https://doi.org/10.1103/PhysRevD.52.912


34

(1995), arXiv:hep-th/9502069.
[24] M. Kamionkowski and J. March-Russell, Planck scale

physics and the Peccei-Quinn mechanism, Phys. Lett. B
282, 137 (1992), arXiv:hep-th/9202003.

[25] A. Heshmati et al. (ADMX Collaboration), ADMX
Axion Dark Matter Bounds around ma = 3.3µeV with
Dine-Fischler-Srednicki-Zhitnitsky Discovery Ability,
Phys. Rev. Lett. 134, 111002 (2024), arXiv:2403.12235
[hep-ex].

[26] A. H. Abdelhameed et al. (IAXO Collaboration), Physics
potential of the IAXO helioscope, JHEP 05, 137,
arXiv:2010.12076 [physics.ins-det].

[27] J. Preskill, M. B. Wise, and F. Wilczek, Cosmology of
the Invisible Axion, Phys. Lett. B 120, 127 (1983).

[28] L. F. Abbott and P. Sikivie, A Cosmological Bound on
the Invisible Axion, Phys. Lett. B 120, 133 (1983).

[29] M. Dine and W. Fischler, The Not So Harmless Axion,
Phys. Lett. B 120, 137 (1983).

[30] M. S. Turner, Cosmic and Local Mass Density of Invisible
Axions, Phys. Rev. D 33, 889 (1986).

[31] D. J. E. Marsh, Axion Cosmology, Phys. Rept. 643, 1
(2016), arXiv:1510.07633 [astro-ph.CO].

[32] E. W. Kolb and M. S. Turner, The Early Universe, Front.
Phys., Vol. 69 (Addison-Wesley, 1990).

[33] D. H. Lyth, Axions and inflation: The Production of cos-
mological density perturbations, Phys. Rev. D 45, 3394
(1992).

[34] N. Aghanim et al. (Planck Collaboration), Planck 2018
results. VI. Cosmological parameters, Astron. Astrophys.
641, A6 (2020), [Erratum: Astron.Astrophys. 652, C4
(2021)], arXiv:1807.06209 [astro-ph.CO].

[35] P. J. Steinhardt and M. S. Turner, Saving the Invisible
Axion, Phys. Lett. B 129, 51 (1983).

[36] P. Sikivie, Axion Cosmology, in Axions: Theory, Cos-
mology, and Experimental Searches, Lect. Notes Phys.,
Vol. 741, edited by M. Kuster, G. Raffelt, and B. Beltrán
(Springer, 2008) pp. 19–50, arXiv:astro-ph/0610440.

[37] M. Gorghetto, E. Hardy, and G. Villadoro, The axion
mass from lattice simulations with numerically controlled
errors, JHEP 08, 034, arXiv:2007.04990 [hep-ph].

[38] G. G. di Cortona, E. Hardy, J. Pardo Vega, and
G. Villadoro, The QCD axion, precisely, JHEP 01, 034,
arXiv:1511.02867 [hep-ph].

[39] T. W. B. Kibble, Topology of Cosmic Domains and
Strings, J. Phys. A 9, 1387 (1976).

[40] Y. B. Zeldovich, I. Y. Kobzarev, and L. B. Okun, Cos-
mological Consequences of the Spontaneous Breakdown
of Discrete Symmetry, Zh. Eksp. Teor. Fiz. 67, 3 (1974),
[Sov. Phys. JETP 40, 1 (1975)].

[41] P. Sikivie, Of Axions, Domain Walls and the Early Uni-
verse, Phys. Rev. Lett. 48, 1156 (1982).

[42] J. Preskill, S. P. Trivedi, F. Wilczek, and M. B. Wise,
Cosmology and broken discrete symmetry, Nucl. Phys.
B 363, 207 (1991).

[43] T. Hiramatsu, M. Kawasaki, K. Saikawa, and
T. Sekiguchi, Production of dark matter axions from col-
lapse of string-wall systems, Phys. Rev. D 85, 105020
(2012), [Erratum: Phys.Rev.D 86, 089902 (2012)],
arXiv:1202.5851 [hep-ph].

[44] T. Hiramatsu, M. Kawasaki, and K. Saikawa, Gravita-
tional waves from collapsing domain walls, JCAP 05,
032, arXiv:1002.1555 [astro-ph.CO].

[45] K. Saikawa, A review of gravitational waves from domain
walls, Universe 3, 40 (2017), arXiv:1703.02576 [astro-

ph.CO].
[46] M. Gorghetto, E. Hardy, and G. Villadoro, Axions

from Strings: the Attractive Solution, JHEP 07, 151,
arXiv:1806.04677 [hep-ph].

[47] E. Silverstein and A. Westphal, Monodromy in the CMB:
Gravity Waves and String Inflation, Phys. Rev. D 78,
106003 (2008), arXiv:0803.3085 [hep-th].

[48] L. McAllister, E. Silverstein, and A. Westphal, Grav-
ity Waves and Linear Inflation from Axion Monodromy,
Phys. Rev. D 82, 046003 (2010), arXiv:0808.0706 [hep-
th].

[49] R. Flauger, L. McAllister, E. Pajer, A. Westphal, and
G. Xu, Oscillations in the CMB from Axion Monodromy
Inflation, JCAP 06, 009, arXiv:0907.2916 [hep-th].

[50] X. Chen, R. Easther, and E. A. Lim, Generation and
Characterization of Large Non-Gaussianities in Single
Field Inflation, JCAP 04, 010, arXiv:0801.3295 [astro-
ph].

[51] Y. Akrami et al. (Planck Collaboration), Planck 2018
results. X. Constraints on inflation, Astron. Astrophys.
641, A10 (2020), arXiv:1807.06211 [astro-ph.CO].

[52] K. N. Abazajian et al. (CMB-S4 Collaboration), CMB-
S4 Science Book, First Edition (2016), arXiv:1610.02743
[astro-ph.CO].

[53] M. Y. Al Abri et al. (LiteBIRD Collaboration),
Probing Cosmic Inflation with the LiteBIRD Cos-
mic Microwave Background Polarization Survey (2022),
arXiv:2202.02773 [astro-ph.CO].

[54] P. A. R. Ade et al. (BICEP/Keck Collaboration), Im-
proved Constraints on Primordial Gravitational Waves
using Planck, WMAP, and BICEP/Keck Observations
through the 2018 Observing Season, Phys. Rev. Lett.
127, 151301 (2021), arXiv:2110.00483 [astro-ph.CO].

[55] Y. Akrami et al. (Planck Collaboration), Planck 2018
results. IX. Constraints on primordial non-Gaussianity,
Astron. Astrophys. 641, A9 (2020), arXiv:1905.05697
[astro-ph.CO].

[56] P. Sikivie, Experimental Tests of the Invisible Axion,
Phys. Rev. Lett. 51, 1415 (1983), [Erratum: Phys. Rev.
Lett. 52, 695 (1984)].

[57] D. Budker, P. W. Graham, M. Ledbetter, S. Rajendran,
and A. O. Sushkov, Cosmic Axion Spin Precession Ex-
periment (CASPEr), Phys. Rev. X 4, 021030 (2014),
arXiv:1306.6089 [hep-ph].

[58] P. Brun et al. (MADMAX Working Group), A new ex-
perimental approach to probe QCD axion dark matter in
the mass range above 40 µeV, Eur. Phys. J. C 79, 186
(2019), arXiv:1707.04299 [physics.ins-det].

[59] C. B. Adams et al. (Snowmass 2021 Axion Working
Group), Axion Dark Matter, arXiv preprint, Snowmass
2021 White Paper (2022), arXiv:2203.14923 [hep-ph].

[60] G. G. Raffelt, Stars as laboratories for fundamental
physics: The astrophysics of neutrinos, axions, and other
weakly interacting particles (University of Chicago Press,
1996).

[61] M. S. Turner, Axions from SN 1987a, Phys. Rev. Lett.
60, 1797 (1988).

[62] G. G. Raffelt, Axions: Theory, cosmology, and experi-
mental searches, in Axions: Theory, Cosmology, and Ex-
perimental Searches, Lect. Notes Phys., Vol. 741, edited
by M. Kuster, G. Raffelt, and B. Beltrán (Springer, 2008)
pp. 51–71, arXiv:hep-ph/0611350.

[63] M. Bauer, M. Neubert, and A. Thamm, Collider Probes
of Axion-Like Particles, JHEP 12, 044, arXiv:1708.00443

https://doi.org/10.1103/PhysRevD.52.912
https://arxiv.org/abs/hep-th/9502069
https://doi.org/10.1016/0370-2693(92)90492-M
https://doi.org/10.1016/0370-2693(92)90492-M
https://arxiv.org/abs/hep-th/9202003
https://doi.org/10.1103/PhysRevLett.134.111002
https://arxiv.org/abs/2403.12235
https://arxiv.org/abs/2403.12235
https://doi.org/10.1007/JHEP05(2021)137
https://arxiv.org/abs/2010.12076
https://doi.org/10.1016/0370-2693(83)90637-8
https://doi.org/10.1016/0370-2693(83)90638-X
https://doi.org/10.1016/0370-2693(83)90639-1
https://doi.org/10.1103/PhysRevD.33.889
https://doi.org/10.1016/j.physrep.2016.06.005
https://doi.org/10.1016/j.physrep.2016.06.005
https://arxiv.org/abs/1510.07633
https://doi.org/10.1103/PhysRevD.45.3394
https://doi.org/10.1103/PhysRevD.45.3394
https://doi.org/10.1051/0004-6361/201833910
https://doi.org/10.1051/0004-6361/201833910
https://arxiv.org/abs/1807.06209
https://doi.org/10.1016/0370-2693(83)90306-4
https://doi.org/10.1007/978-3-540-73518-2_2
https://doi.org/10.1007/978-3-540-73518-2_2
https://arxiv.org/abs/astro-ph/0610440
https://doi.org/10.1007/JHEP08(2021)034
https://arxiv.org/abs/2007.04990
https://doi.org/10.1007/JHEP01(2016)034
https://arxiv.org/abs/1511.02867
https://doi.org/10.1088/0305-4470/9/8/029
https://doi.org/10.1103/PhysRevLett.48.1156
https://doi.org/10.1016/0550-3213(91)90241-O
https://doi.org/10.1016/0550-3213(91)90241-O
https://doi.org/10.1103/PhysRevD.85.105020
https://doi.org/10.1103/PhysRevD.85.105020
https://arxiv.org/abs/1202.5851
https://doi.org/10.1088/1475-7516/2010/05/032
https://doi.org/10.1088/1475-7516/2010/05/032
https://arxiv.org/abs/1002.1555
https://doi.org/10.3390/universe3020040
https://arxiv.org/abs/1703.02576
https://arxiv.org/abs/1703.02576
https://doi.org/10.1007/JHEP07(2018)151
https://arxiv.org/abs/1806.04677
https://doi.org/10.1103/PhysRevD.78.106003
https://doi.org/10.1103/PhysRevD.78.106003
https://arxiv.org/abs/0803.3085
https://doi.org/10.1103/PhysRevD.82.046003
https://arxiv.org/abs/0808.0706
https://arxiv.org/abs/0808.0706
https://doi.org/10.1088/1475-7516/2010/06/009
https://arxiv.org/abs/0907.2916
https://doi.org/10.1088/1475-7516/2008/04/010
https://arxiv.org/abs/0801.3295
https://arxiv.org/abs/0801.3295
https://doi.org/10.1051/0004-6361/201833887
https://doi.org/10.1051/0004-6361/201833887
https://arxiv.org/abs/1807.06211
https://arxiv.org/abs/1610.02743
https://arxiv.org/abs/1610.02743
https://arxiv.org/abs/2202.02773
https://doi.org/10.1103/PhysRevLett.127.151301
https://doi.org/10.1103/PhysRevLett.127.151301
https://arxiv.org/abs/2110.00483
https://doi.org/10.1051/0004-6361/201935891
https://arxiv.org/abs/1905.05697
https://arxiv.org/abs/1905.05697
https://doi.org/10.1103/PhysRevLett.51.1415
https://doi.org/10.1103/PhysRevX.4.021030
https://arxiv.org/abs/1306.6089
https://doi.org/10.1140/epjc/s10052-019-6683-x
https://doi.org/10.1140/epjc/s10052-019-6683-x
https://arxiv.org/abs/1707.04299
https://arxiv.org/abs/2203.14923
https://doi.org/10.1103/PhysRevLett.60.1797
https://doi.org/10.1103/PhysRevLett.60.1797
https://doi.org/10.1007/978-3-540-73518-2_3
https://doi.org/10.1007/978-3-540-73518-2_3
https://arxiv.org/abs/hep-ph/0611350
https://doi.org/10.1007/JHEP12(2017)044
https://arxiv.org/abs/1708.00443


35

[hep-ph].
[64] H.-J. Li and Y.-F. Zhou, Gravitational waves and primor-

dial black holes from axion domain walls in level crossing,
arXiv preprint (2024), arXiv:2401.01992 [hep-ph].

[65] R. R. Caldwell and C. Devulder, Using gravitational
waves to see the first second of the Universe, Rev.
Mod. Phys. 97, 015001 (2025), arXiv:2304.09912 [astro-
ph.CO].

[66] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper,
and J. March-Russell, String Axiverse, Phys. Rev. D 81,
123530 (2010), arXiv:0905.4720 [hep-th].

[67] V. Balasubramanian, P. Berglund, J. P. Conlon, and
F. Quevedo, Systematics of Moduli Stabilisation in
Calabi-Yau Flux Compactifications, JHEP 03, 007,
arXiv:hep-th/0502058.

[68] J. P. Conlon and F. Quevedo, Kaehler moduli inflation,
JHEP 01, 146, arXiv:hep-th/0509012.

[69] K. Freese, J. A. Frieman, and A. V. Olinto, Natural infla-
tion with pseudo Nambu-Goldstone bosons, Phys. Rev.
Lett. 65, 3233 (1990).

[70] K. Choi, H. P. Kim, and S. Yun, Natural inflation with
multiple sub-Planckian axions, Phys. Rev. D 90, 023545
(2014), arXiv:1404.6209 [hep-th].

[71] J. J. Heckman and C. Vafa, Discrete Gauge Symmetries
in F-theory, JHEP 09, 144, arXiv:1403.4607 [hep-th].

[72] G. Segal, Equivariant K-theory, Inst. Hautes Études Sci.
Publ. Math. 34, 129 (1968).

[73] M. F. Atiyah and G. B. Segal, Equivariant K-theory and
completion, J. Differential Geom. 3, 1 (1969).

[74] M. Atiyah, K-theory, 2nd ed., Advanced Book Classics
(Addison-Wesley, 1989).

[75] A. Kapustin, D-branes in Kazama-Suzuki models, Nucl.
Phys. B 583, 139 (2000), arXiv:hep-th/0002022.

[76] E. Witten, Five-brane effective action in M-theory, J.
Geom. Phys. 22, 103 (1997), arXiv:hep-th/9610234.

[77] D. S. Freed, J. A. Harvey, R. Minasian, and G. W.
Moore, Gravitational anomaly cancellation for M-theory
fivebranes, Adv. Theor. Math. Phys. 2, 601 (1998),
arXiv:hep-th/9803205.

[78] M. F. Atiyah and I. M. Singer, The Index of Elliptic
Operators: I, Ann. Math. 87, 484 (1968).

[79] M. F. Atiyah and G. B. Segal, The Index of Elliptic Op-
erators: II, Ann. Math. 87, 531 (1968).

[80] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Spectral
asymmetry and Riemannian geometry. I, Math. Proc.
Camb. Phil. Soc. 77, 43 (1975).

[81] A. Connes, Noncommutative Geometry (Academic Press,
1994).

[82] A. Connes, M. R. Douglas, and A. S. Schwarz, Noncom-
mutative geometry and matrix theory: Compactification
on tori, JHEP 02, 003, arXiv:hep-th/9711162.

[83] M. Marcolli, Noncommutative Geometry, Quantum
Fields and Motives, Colloquium Publications, Vol. 55
(American Mathematical Society, 2009) arXiv:hep-
th/0608141.

[84] R. L. Davis and E. P. S. Shellard, Cosmic Strings and
Axions, Nucl. Phys. B 324, 167 (1989).

[85] M. Yamaguchi and J. Yokoyama, Density fluctuations of
relic axions from axionic strings, Phys. Rev. D 67, 103514
(2003), arXiv:hep-ph/0208187.

[86] V. B. Klaer and G. D. Moore, The dark-matter axion
mass and the lattice simulation of strings, JCAP 11, 049,
arXiv:1708.07521 [hep-ph].

[87] J. N. Benabou, M. Buschmann, J. W. Foster, and B. R.
Safdi, Axion mass prediction from adaptive mesh re-
finement cosmological lattice simulations, arXiv preprint
(2024), arXiv:2412.08699 [astro-ph.CO].

[88] W. H. Press, B. S. Ryden, and D. N. Spergel, Dynami-
cal evolution of domain walls in an expanding universe,
Astrophys. J. 347, 590 (1989).

[89] M. Kawasaki, K. Saikawa, and T. Sekiguchi, Axion dark
matter from topological defects, Phys. Rev. D 91, 065014
(2015), arXiv:1412.0789 [hep-ph].

[90] K. Saikawa, A review of gravitational waves from domain
walls, Universe 3, 40 (2017), arXiv:1703.02576 [hep-ph].

[91] Y. Cui, M. Lewicki, D. E. Morrissey, and J. D. Wells,
Probing the pre-BBN universe with gravitational waves
from cosmic strings, JHEP 01, 081, arXiv:1808.08968
[hep-ph].

[92] J. F. Adams, Lectures on Lie Groups, Chicago Lectures in
Mathematics Series (University of Chicago Press, 1996).

[93] W. Fulton and J. Harris, Representation Theory: A
First Course, Graduate Texts in Mathematics, Vol. 129
(Springer, 1991).

[94] D. D. Joyce, Compact Manifolds with Special Holonomy
(Oxford University Press, 2000).

[95] J. C. Baez and J. Huerta, The Algebra of Grand Uni-
fied Theories, Bull. Am. Math. Soc. 47, 483 (2010),
arXiv:0904.1556 [hep-th].

[96] S. Helgason, Differential Geometry, Lie Groups, and
Symmetric Spaces, Graduate Studies in Mathematics,
Vol. 34 (American Mathematical Society, 2001).

[97] S. B. Giddings, Scales and hierarchies in warped com-
pactifications and brane worlds, Phys. Rev. D 67, 066008
(2003), arXiv:hep-th/0208124.

[98] C. Beasley, J. J. Heckman, and C. Vafa, GUTs and
Exceptional Branes in F-theory - I, JHEP 01, 058,
arXiv:0802.3391 [hep-th].

[99] C. Beasley, J. J. Heckman, and C. Vafa, GUTs and Ex-
ceptional Branes in F-theory - II: Experimental Predic-
tions, JHEP 01, 059, arXiv:0806.0102 [hep-th].

https://arxiv.org/abs/1708.00443
https://arxiv.org/abs/2401.01992
https://doi.org/10.1103/RevModPhys.97.015001
https://doi.org/10.1103/RevModPhys.97.015001
https://arxiv.org/abs/2304.09912
https://arxiv.org/abs/2304.09912
https://doi.org/10.1103/PhysRevD.81.123530
https://doi.org/10.1103/PhysRevD.81.123530
https://arxiv.org/abs/0905.4720
https://doi.org/10.1088/1126-6708/2005/03/007
https://arxiv.org/abs/hep-th/0502058
https://doi.org/10.1088/1126-6708/2006/01/146
https://arxiv.org/abs/hep-th/0509012
https://doi.org/10.1103/PhysRevLett.65.3233
https://doi.org/10.1103/PhysRevLett.65.3233
https://doi.org/10.1103/PhysRevD.90.023545
https://doi.org/10.1103/PhysRevD.90.023545
https://arxiv.org/abs/1404.6209
https://doi.org/10.1007/JHEP09(2014)144
https://arxiv.org/abs/1403.4607
https://doi.org/10.1007/BF02684594
https://doi.org/10.1007/BF02684594
https://doi.org/10.4310/jdg/1214428815
https://doi.org/10.1016/S0550-3213(00)00219-9
https://doi.org/10.1016/S0550-3213(00)00219-9
https://arxiv.org/abs/hep-th/0002022
https://doi.org/10.1016/S0393-0440(97)00008-4
https://doi.org/10.1016/S0393-0440(97)00008-4
https://arxiv.org/abs/hep-th/9610234
https://doi.org/10.4310/ATMP.1998.v2.n3.a5
https://arxiv.org/abs/hep-th/9803205
https://doi.org/10.2307/1970715
https://doi.org/10.2307/1970716
https://doi.org/10.1017/S030500410004942X
https://doi.org/10.1017/S030500410004942X
https://doi.org/10.1088/1126-6708/1998/02/003
https://arxiv.org/abs/hep-th/9711162
https://doi.org/10.1090/coll/055
https://doi.org/10.1090/coll/055
https://arxiv.org/abs/hep-th/0608141
https://arxiv.org/abs/hep-th/0608141
https://doi.org/10.1016/0550-3213(89)90052-7
https://doi.org/10.1103/PhysRevD.67.103514
https://doi.org/10.1103/PhysRevD.67.103514
https://arxiv.org/abs/hep-ph/0208187
https://doi.org/10.1088/1475-7516/2017/11/049
https://arxiv.org/abs/1708.07521
https://arxiv.org/abs/2412.08699
https://doi.org/10.1086/168151
https://doi.org/10.1103/PhysRevD.91.065014
https://doi.org/10.1103/PhysRevD.91.065014
https://arxiv.org/abs/1412.0789
https://doi.org/10.3390/universe3020040
https://arxiv.org/abs/1703.02576
https://doi.org/10.1007/JHEP01(2019)081
https://arxiv.org/abs/1808.08968
https://arxiv.org/abs/1808.08968
https://doi.org/10.1007/978-1-4612-0979-9
https://doi.org/10.1007/978-1-4612-0979-9
https://doi.org/10.1093/acprof:oso/9780198506010.001.0001
https://doi.org/10.1090/S0273-0979-10-01294-2
https://arxiv.org/abs/0904.1556
https://doi.org/10.1103/PhysRevD.67.066008
https://doi.org/10.1103/PhysRevD.67.066008
https://arxiv.org/abs/hep-th/0208124
https://doi.org/10.1088/1126-6708/2009/01/058
https://arxiv.org/abs/0802.3391
https://doi.org/10.1088/1126-6708/2009/01/059
https://arxiv.org/abs/0806.0102

	Solving the Strong CP Problem with a Z8 Axion from S5/Z8 Orbifold Compactification
	Abstract
	Introduction
	Geometric Origin of the Z8 Axion
	Non-Perturbative Potential from Stringy Instantons
	Phenomenological and Cosmological Implications at a Glance

	Geometric Origin of the Z8 Axion from S5/Z8 Compactification
	Geometric Setup of Type IIB String Theory on AdS5 S5/Z8
	Identification of the Axion Field and its Z8 Discrete Shift Symmetry

	Topological Constraints on E3-Brane Instantons and the Z8 Axion Potential
	E3-Brane Instantons as the Source of Non-Perturbative Effects
	Topological Constraint on Instanton Number: k 0 8mu(mod6mu8)
	Derivation of the Z8 Axion Potential

	Solving the Strong CP Problem with the Z8 Axion Model
	Axion Dynamics and Vacuum Structure
	The Effective -Parameter and Dynamical Relaxation
	Comparison with the Standard Peccei-Quinn Mechanism

	Phenomenological Implications and Constraints
	Axion Properties: Mass and Couplings
	The Z8 Axion as a Cold Dark Matter Candidate
	Domain Wall Cosmology and the Bias Potential
	Signatures from Axion Inflation with Z8 Modulations
	Broader Experimental Probes and Astrophysical Constraints

	Conclusion
	Summary of the Z8 Axion Model and its Solution to the Strong CP Problem
	Distinctive Phenomenological and Cosmological Signatures
	Comparison with Other Axion Models
	Contrast with the Standard Peccei-Quinn Axion
	Comparison with Other String Axion Scenarios

	Broader Theoretical Context, Challenges, and Future Outlook
	Concluding Remarks

	Acknowledgments
	Geometric Origin of the Z8 Discrete Shift Symmetry
	Introduction
	Orbifold Geometry, Kaluza-Klein Axion, and the C2 Field
	Kaluza-Klein Reduction on the Orbifold Fiber and Periodicity Fractionalization
	Normalization and the Physical Z8 Shift Symmetry

	Detailed Derivation of the Instanton Number Constraint k 0 8mu(mod6mu8): K-Theory and Physical Consistency
	Methodology Overview: Equivariant K-Theory and the Freed-Witten Anomaly
	Physical Background and Objective
	Outline of the Proof

	Background H3-Flux and Twisted Equivariant K-Theory of the Fiber
	Fractional Quantization of the H3-Flux on S5/Z8
	Twisted Equivariant K-Groups of the S1 Fiber: KZ8*(S1)

	Equivariant K-Theory of S5/Z8 via the Atiyah-Hirzebruch-Serre Spectral Sequence
	The Spectral Sequence Setup
	Computation of the E2-Page
	Differentials and Degeneration of the Spectral Sequence
	Structure of KZ80(S5/Z8)

	The Freed-Witten Anomaly and the Final Constraint on Instanton Number k
	The Freed-Witten Anomaly Condition in the Orbifold Background
	Constraining K-Theory Charges and Deriving k 0 8mu(mod6mu8)

	Further Theoretical Perspectives and Corroboration of the Constraint
	M-Theory Duality and Topological Invariants
	The Index Theorem Perspective
	Non-Commutative Geometry (NCG) Perspective
	Concluding Remarks on Appendix A


	Supplementary Material on Cosmological Implications
	Supplementary Details on the Z8 Axion as Dark Matter
	Relic Abundance Calculation: Prefactors and g*(Tosc) Dependence
	Anharmonic Corrections to Relic Abundance
	Alternative Production: Axion String and Domain Wall Decay

	Supplementary Details on Domain Wall Cosmology
	Detailed Constraints on the Bias Potential Vbias
	Plausible Origins of the Bias Potential in String Theory
	Connection to Numerical Simulations of Domain Wall Networks
	Illustrative Calculation of Gravitational Wave Signal from Domain Wall Annihilation

	Supplementary Details on Axion Inflation with Z8 Modulations
	Slow-Roll Parameters for Modulated Potentials
	Example Calculation for Tensor-to-Scalar Ratio (r)
	Further Details on Resonant Non-Gaussianity


	Broader Symmetry Framework: spin(8) Algebra, its Decomposition, and Physical Implications
	The spin(8) Lie Algebra in the Context of S5/Z8 Compactification
	Decomposition of the spin(8) Lie Algebra with respect to g2
	The g2 Subalgebra and its Physical Components
	The Complement Space Vcomp and its Structure
	Mathematical Consistency of the Decomposition

	Physical Interpretation: Symmetry Reduction Scenario and Low-Energy Effects
	Postulated High-Energy Symmetry Breaking: spin(8) g2
	Low-Energy Effective Symmetries and Fields from the spin(8) g2 Scenario
	Context for the Strong CP Solution
	Challenges: Embedding the Full Standard Model

	Summary of the spin(8) Framework and its Relevance

	References


