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Abstract

Traffic congestion is one of the main concerns in big cities with many adverse socioeconomic effects. A promis-
ing solution is to simultaneously regulate the admission of vehicles (i.e., demand management) and redistribute traffic
flows within the network (i.e., route guidance). In this work, we integrate demand management with route guidance
within a Model Predictive Control framework using regional traffic dynamics with generalized Macroscopic Funda-
mental Diagram (MFD) shapes. Dealing with generalized MFD shapes is challenging due to the resulting nonlinear
and non-convex optimization formulation. To tackle this challenge, we develop two real-time solution approaches: (i)
a successive convexification approach that constructs convex bounding sets for all nonlinear terms, and (ii) a linear
approximation approach that solves the problem using triangular macroscopic fundamental diagram approximations.
The proposed approaches offer a trade-off between execution speed and solution quality, as the linear approxima-
tion approach runs faster while the successive convexification approach yields better quality and accuracy solutions.
Macroscopic simulation results illustrate the efficiency of the successive convexification and linear approximation
approaches yielding an optimality gap of less than 3.5% and 10% in all considered cases, respectively. Furthermore,
both approaches outperform a state-of-practice nonlinear solver in terms of solution quality and execution time. Fi-
nally, substantial gains are also obtained regarding travel time and traffic flow efficiency in a realistic microsimulation
environment.
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1. Introduction

Traffic congestion is one of the most challenging problems that modern cities face causing several societal, health,
economic and environmental issues (Arnott and Small,[1994). For this reason, a plethora traffic management strategies
have been proposed aiming to control road infrastructure elements (e.g., traffic signals, variable message signs and
variable speed limits) or affect the decisions of travellers (e.g., routes to follow, journey departure times) in an effort
to alleviate the adverse effects of congestion (Papageorgiou et al., 2003)).

One such strategy is route guidance in which traffic is redistributed across the non congested areas by suggesting
alternative routes to drivers (Papageorgiou, |1990). The majority of route guidance methods were developed utilizing
highly-complex, detailed microscopic dynamics that utilize extensive per vehicle-based information about the speed
and position (Mahmassani,|1998). Besides, considering microscopic traffic dynamics often results in solution methods
that attempt to improve the travel time of individual vehicles, which in turn can negatively affect the overall network
efficiency (Macfarlanel 2019).
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An alternative direction is to consider macroscopic traffic dynamics based on the concept of the Macroscopic
Fundamental Diagram (MFD) (Daganzo,|2007). In this context, an urban area is partitioned into a set of homogeneous
regions (Ji and Geroliminis| 2012)) within which traffic dynamics are described by the relationships between the three
main mobility parameters: speed, flow, and density. MFD modeling considers the free-flow and congested regimes
separated at the critical density. In the free-flow regime, the flow increases as density increases, up to the critical
density. Beyond the critical density, in the congested regime, the flow decreases with higher densitie (Daganzo, 2007).
Macroscopic modeling reproduces the recurrent dynamics of congestion based on aggregated traffic data (Bellocchi
and Geroliminis), 2020) and utilizes an MFD to estimate the outflow of a region (Geroliminis and Daganzol 2008)).
Therefore, macroscopic modeling enables the development of traffic management solutions that require aggregate data
points and fewer parameters to be calibrated (Geroliminis and Sun| [2011).

Traffic congestion mitigation strategies that take advantage of the MFD include perimeter and gating control
(Keyvan-Ekbatani et al., [2012; [Haddad and Geroliminis, [2012} Saeedmanesh et al.| 2021). These strategies aim to
ensure that a protected region will always operate in the free-flow regime. This is achieved by regulating the vehicle
entries at the boundary of the protected region, e.g., using street closures or traffic light control (Kouvelas et al.,
2017). A limitation of perimeter control strategies is that they cannot totally eliminate congestion, but they shift it to
the boundary of the protected region (Tsitsokas et al., 2023). Another approach is the macroscopic route guidance
strategy that balances the traffic load across regions by imposing to vehicular flows regional-level paths to follow
(Hajiahmadi et al., 2013). In this direction, a novel route guidance multi-regional strategy is proposed by |[Leclercq
et al.| (2021)) where congested regions are avoided from routing instructions. In addition, the effect of route choice on
MFD modeling within heterogeneous urban networks is explored in the work of |Yildirimoglu et al.|(2015). The latter
demonstrates that route guidance can avoid hysteresis in MFD models except from high-demand scenarios where there
is high inconsistency between the model and the physical plant. Hence, despite the fact that regional route guidance
can significantly reduce travel times, it has limited effectiveness when demand is higher than capacity, e.g., during
rush hours (Daganzo| 2007).

As an alternative, demand management methodologies (Luten, 2004) manage traffic demand (i.e., number of
vehicles requesting to enter the network at a particular time) to avoid traffic congestion before its emergence. In this
direction, Menelaou et al.|(2019) proposed a route-reservation architecture along with demand management and route
guidance to eliminate congestion. In this approach, traffic is redistributed in both time and space by controlling the
departure time and routes of drivers, indicating that the integration of demand management with route guidance can
significantly benefit the network operation. In a follow-up work by Menelaou et al., 2021b, a joint route guidance
and demand management strategy with macroscopic traffic dynamics was proposed. In this scheme, traffic flows are
guided to follow regional-level paths (route guidance) and delay departures (demand management) if these actions
minimize the total time spent of all vehicles in the network. However, within the macroscopic models even a limited
number of shifts in the departure times of travellers can significantly reduce the total travel time spent in the network
as shown in the work of |Yildirimoglu and Ramezani| (2020). Similar findings are also derived in the work of [ Kumarage
et al.|(2021) in which a macroscopic demand redistributiorﬂ strategy is proposed to minimize the total time spent in a
two-region urban network.

Regional traffic management strategies can be implemented in a Model Predictive Control (MPC) framework
(Maciejowskil, [2002). Within the MPC framework, the MFD dynamics can serve as the prediction model, while vari-
ous strategies can be considered, such as the joint integration of perimeter control with route guidance (Sirmatel and
Geroliminis, |2018) and (Menelaou et al., |2021a). An important challenge of the MPC framework is that macroscopic
traffic dynamics are often nonlinear, resulting in non-convex mathematical programs (Hajiahmadi et al., 2015)). Non-
convex MPC problems are hard to be optimally solved, often leading to inadequate quality solutions (Hajiahmadi
et al.l [2015). To address this issue, |Groot et al.| (2012) and Menelaou et al.| (2019) approximate the nonlinear MPC
problem with Mixed Integer Linear Programs (MILPs). Although such approaches can obtain the optimal solution,
they are impractical for real-time applications as they are computationally demanding. On that account, |Kouvelas
et al.| (2019); Sirmatel et al.| (2021)); Sirmatel and Geroliminis| (2021), and |Genser and Kouvelas| (2020) linearize the
perimeter control and route guidance problems, respectively, utilizing real-time state estimates to form piecewise lin-
ear functions. Although both approaches are fast, no information is provided regarding the quality of the derived

I'The term, Macroscopic demand redistribution, refers to the action of redistributing traffic demand by taking macroscopic control decisions,
which involve adjusting the flow rates of traffic demand over time.



solutions compared to the optimal. Similarly, Menelaou et al.|(2020) and Menelaou et al.|(2021b) study the joint route
guidance and demand management problem with triangular and third order polynomial shaped MFDs, respectively,
and develop linear programming formulations that yield almost optimal solutions and tight optimality bounds. A
limitation of the latter approaches is that they require a specific (e.g. third-order polynomial) rather than a generalized
MED shape. The term generalized MFD shaped refer to the fact that this works do not necessarily assume that MFD
follows a specific MFD shape (e.g., triangular or third order polynomial). This work addresses this limitation by
proposing two solution approaches to efficiently solve the regional route guidance and demand management problem
that consider generalized MFD shapes.

In particular, this work proposes the development of two different solution approaches for the regional route
guidance and demand management with generalized MFD dynamics, extending on our previous work that utilized
triangular MFD shapes (Menelaou et al., [2021b). On the one hand, the consideration of triangular MFD shapes
implies a linear relationship between flow and density and a constant speed in the free-flow regime leading to linear
and easily solvable formulations when imposing free-flow conditions, but limits the accuracy of the actual macroscopic
traffic dynamics. On the other hand, the consideration of generalized MFD shapes allows accurate representation of
traffic dynamics, but results in several nonlinearities that make the problem challenging to solve. These challenges are
addressed in this paper.

Specifically, we develop two different solution approaches for the regional route guidance and demand manage-
ment problem: (i) a successive convexification approach, and (ii) a linear approximation approach. Both approaches
can offer accurate and close to optimal control decisions assuming generalized MFD dynamics in real-time. The
successive convexification approach is comprised of four steps. First, we develop an outer approximation procedure
to construct convex sets of all nonlinearities using appropriate traffic state bounds. This approximation relaxes the
constraints and therefore the obtained solution may be infeasible compared to the original problem. Second, we uti-
lize the constructed sets to formulate and solve a linear program that approximates the original nonconvex problem.
The obtained solution, which may be outside the feasible set of the original problem, is then properly manipulated, to
yield a feasible solution. Third, we derive future state estimates by running a macroscopic simulation with the actual
nonlinear traffic dynamics utilizing the derived feasible solution. Fourth, we tighten the traffic state bounds using the
derived state estimates with the procedure repeating from the first step. In this way, the feasible set is tightened in
successive iterations until convergence. The linear approximation approach, first approximates in the least-squares
sense the generalized MFD with a triangular one and then solves the related problem using the algorithmic procedure
proposed by the authors in (Menelaou et al.,|2021b) that considered triangular shape MFDs. We highlight that both
solution approaches are customizable and can be employed by transportation researchers to develop online solutions
for different real-life traffic control problems. Furthermore, the developed approaches offer global optimality bounds,
computed by obtaining lower and upper bounds on the global optimum of the considered problem. The results of the
proposed solution approaches are shown to be in agreement under both microscopic and macroscopic simulations,
offering high travel time reduction and congestion mitigation. Finally, extensive simulation results indicate that both
approaches can offer clear advantages in both execution time and solution quality compared to a state-of-practice
nonlinear solver. Nonetheless, to the authors’ knowledge, this is the first work in the literature that:

e Develops a successive convexification approach that provides fast and high-quality solutions to the problem of
regional route guidance and demand management with generalized MFD dynamics and yields global optimality
bounds. Global optimality bounds are computed by obtaining lower and upper-bounds on the global optimum
of the considered problem. A lower-bound is obtained from the first iteration of the first algorithmic step, as the
original feasible set is outer-approximated by a convex set, while upper-bounds are obtained from the second
step in each iteration.

e Develops a linear approximation approach that provides very fast and good quality solutions for the problem of
regional route guidance and demand management with generalized MFD dynamics.

The remainder of this work is organized as follows. Section [2]presents the multi-regional modeling framework for
route guidance and demand management, and mathematically formulates the joint demand and traffic management
problem within an MPC framework. Section [3|proposes an approach to obtain lower bounds on the optimal solution
and develops the successive convexification and linear approximation solution approaches to the considered problem.
Section [] presents simulation results and compares the derived solutions from the two developed approaches with
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Figure 1: A four region traffic network where the outflow traffic dynamics are modelled with a generalized MFD for each region.

the solution of a state-of-practice nonlinear solver in terms of optimality and execution time. Section [ also includes
extensive microsimulation results demonstrating that the successive convexification approach can substantially reduce
the total time spent and avoid the emergence of congestion. Section [5] provides a discussion of the results findings
while Section [6] concludes this work and discusses future research directions. Finally, develops an
outer convexification approach for density and speed MFD functions, describes the procedure for the
approximation of a generalized with a triangular MFD and [Appendix_C|provides an overview of the notation used in
this work.

2. Problem Statement

This section provides the multi-regional system model considered in this work and formulates the joint route
guidance and demand management problem.

2.1. Macroscopic Traffic Flow Model

In this work we consider an urban traffic network clustered into |R| homogeneous regions (Ji and Geroliminis),
2012), where R = {1,...,|R|} represents the set of regions. We assume macroscopic traffic dynamics within each
considered region r € R which are defined with the use of a generalized MFD shape, as depicted in Fig[I] The time
horizon is quantized into time-slots of duration 75, while L, and I, denote the total length of region r € R and the
average trip length of vehicles inside region r € R, respectively. Moreover let parameters p! and p¢ represent the
Jjam density, and the critical density of region r, respectively. Additionally, the variable g,(o,(7)) (veh/h) denotes the
intended outﬂowﬂ of region r at a discrete time-step T which is a function of density p,(7) (veh/km). According to
the macroscopic modeling, ¢,(0,(7)) (veh/h) is equal to the product of variables of density p,(7) (veh/km) and speed
v,(0,(1)) (km/h) such that

ey

0 (pn(1) = pr(T)Vr(lpr(T))Lr.

p

The “intended outflow” g,(p,(7)) implies the total flow that r can transmit to the outside world (i.e., completed
trips) and/or its neighboring regions when the interchanged flows between regions are not restricted from their inter-
boundary capacity limitations. It has been empirically observed that ¢,(o,(7)) is well-approximated by an asymmetric

2Note that the intended outflow is directly related with the production P,(n,(7)) (veh-km/h) which is a function of the number of vehicles
n,(7) that are currently in r € R such that n,(7) = p(t)L,. In this way the fundamental relation of traffic can also be expressed as P,(n,(1)) =

vr(n(T)n, (7).



unimodal curve (Geroliminis and Daganzol [2008) as

Jr(pr (D)L,
l

r

4-(pr(7)) = @)

where f,(o,(7)) is a generalized nonlinear function, termed generalized MFD. We consider that the shape of f,.(o,(1))
has the following properties: (i) it is a continuous and continuously differentiable function, (ii) it is unimodal, increas-
ing in the interval [0, p¢] and decreasing in the interval [p€, p/], and (iii) it is concave in the interval [0, p!], as well
as convex and strictly monotonically decreasing in the interval [o!, o’], where p! is an inflection point at which the
function changes from concave to convex. According to the fundamental relationship of Eq. (I), the average speed in

region r relates to the intended outflow through the relationship

Jr(pr(1)

pr(T)
The following properties are assumed for g,(o,(7)): (i) it is a continuous and continuously differentiable function, (ii)
it is convex and strictly monotonically decreasing, (iii) it is always positive, and (iv) the maximum speed in the region,
vMAX s attained for zero density, i.e., vM4X = g,.(0). Note that, in macroscopic modeling all the variables of speeds
and flows are function of the density, i.e., p,(7) but for the shake of notational simplicity we drop index p(7) and is
replaced by the index of time 7.

Let O € Rand D C R denote the sets of origin and destination regions of different flows, respectively. Also, let

J, € Rdenote the set of neighbouring regions directly accessible from region r € R, and similarly let 7, = J, U{r},
such that

vi(pr(7)) = gr(pA(1)) = 3

ifr e,
Jr=

J, , otherwise. 4)

Furthermore, let variable d,,(7) (veh) denote the instantaneous external demand which determines the number
of vehicles that require to start a trip from 0 € Oto d € D at time-step 7. Likewise the variable d,4(t) (veh) is
the admitted external demand that represents the actual number of vehicles that are allowed to start their trip at 7.
In other words, the admitted external demand represents the portion of the external demand that is admitted to enter
the network by the demand management strategy with the non-admitted demand waiting at the origin. Moreover, the
external demand can also be restricted by the ability of a region to accommodate more vehicles based on its current
available capacity and the maximum possible demand that can physically enter the region. Let. parameter D(/)V[’JAX
denote the maximum demand that can physically enter region 0 € O such that d,q(7) < D%AX . In this context, let
the cumulative external demand D,;(t) (veh) be used to keep track of the demand that remains outside the network at
time-step 7 such that

Dog(T + 1) = Dog(1) = dpa(t) + dpy(t), T=1,2,..., 5)
where, D,4(1) = 0.

Furthermore, to account for the portion of traffic destined to different regions, we introduce variables p,;(7) which

denote the density in region » € R towards d € D. Clearly, the following relationship holds:

P = D pral®). ©)
deD

Similarly, variables g,,(7) and g,;4(t) denote the intended transfer flow from r € Rtod € D and from r € Rto
d € D, through neighbouring region j € J, at time-step 7, respectively, defined as

r T Lr
gutr) = PO @
3@ = ) gria(r), (8)
e,
90 = > 4ra(T), ©)
deD
7@ = @), (10)
deD jeJ,
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Note that the flow of vehicles that arrive at their destination d € D and exit the network at time-step 7 is determined
by gaqa(7), i.e. variable g,;4(t) when {r = j = d}.

The flow that can be exchanged between region r € R and its neighbours is limited by the flow/storage capacity of
its neighbouring regions j € J” with variable C,;(p (1)), denoting the inter-boundary capacity from region r to region
Jj- The inter-boundary capacity specifies the maximum flow that can be exchanged between the two neighbouring
regions and it is a function of the density of the neighbouring region j. According to |Yildirimoglu et al. (2018),
C,j(pj(t)) can be modelled as

) Cl\;{AX ifpj(r) < ,Brjpjj-, 11
Li(p (7)) = MAX T H
(1) f_ﬁ (1 _ pj(,))’ otherwise, "

where CMAX s the maximum inter-boundary capacity and 3, jpf is the point where the inter-boundary capacity starts
to decrease with 0 < ,; < 1. Therefore, the intended transfer flow is limited by the density in region r € R, while
the transfer flow of the neighbouring region j is analogous to its remaining storage capacity and also depends on the
transfer flows from other regions s € J, . Hence, the actual transfer flow from r € Rto j € J,, denoted by variable
Grja(7), is defined as

12)

Grja(t) = min (q,jd(T), C(01(0) qrja(7) )

ZyeD ery(T) '

Taking the above into account, the traffic dynamics of density of region r € R towards region d € D is expressed
as

pra(t+1) = prd(r>+ -dy(0)+ 7 [Z Gjra(T) - Zq,,d(ﬂ] (13)
jedr J€T

2.2. Problem Formulation

The objective of the considered problem is to minimize the Total Time Spent (TTS) of all vehicles, which is the
sum of the Total Travel Time (TTT) and the Total Waiting Time (TWT) of all vehicles in the network. Note that TWT
is the cumulative time that vehicles may be imposed to wait outside the network, calculated as the difference between
the time that they request to start their trip and the time that they are admitted in the network.

2.2.1. Objective function

To define the objective function we introduce variables S“(7) that represent the cumulative number of vehicles
that request to enter the road network and S”(r) that denote the cumulative number of vehicles successfully arriving
at their destination at time-step 7, mathematically defined as

SUr+ 1) =8O+ Y. > doa®), T=1,2,..., (14)
0e0deD

SU+ 1) =S+ T, Y quaa@), T=1,2,.., (15)
deD

where §¢(1) = 0 and S®(1) = 0. Then the objective function, is defined as the summation of the difference between
S4(t) and S?(r) over all time-steps. Hence the objective function denotes the Total Time Spent (TTS) of all vehicles
in the network, J7rs (veh-h), defined as

Jrrs =T ) (8°(r) = S"(@)). (16)

Note that TTS is the sum of TWT and TTT (i.e., TTS=TTT+TWT).
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Figure 2: Block diagram describing the general operation of the proposed MPC scheme.

2.2.2. General Model Predictive Control Framework

The block diagram in Fig. [2]describes the general Model Predictive Control (MPC) framework used in this work.
The framework has time-steps of duration 7, such that a different control action is applied at every time-step. Each
MPC problem considers a control and prediction horizon of duration N¥ time-steps, while a new MPC problem is
solved every N¢ < N” time-steps. At time-step # = N¢(p — 1), the measured current states p,(7), p,q(¢) of the physical
plant and the cumulative external demands D,,(¢) are used as input to the traffic controller to solve the pth MPC
optimization problem, for the time horizon 7, = {N“(p — 1) + 1,...,N(p — 1) + N”}. The main control decisions
used in the MPC problem are the intended transfer flows interchanged between neighboring regions, ¢g,;4(7) (route
guidance), and the admitted external flows d,;(7) (demand management). Upon solution of an MPC problem, the
derived decisions are used as the control input to the physical plant with the procedure repeated every N¢ time-steps.
The pth MPC problem can be formulated as the following mathematical program:

(P;) Minimize T Z(S“(T) - 8°(1)) (17a)
€T,
Subject to: Traffic dynamics: (2) — (I3),
doa(t) < DYAX VY1 e T,,Yo € 0,Vd € D, (17b)
dya(7) < Doa(7), Y1 € T,,Yo € O,¥d € D, (17¢)
0<p,(1)<pl VT eT,VreR, (17d)

Initialization: p.(f) = p,(t), Yr € R, p,a(t) = pra(t), Dyy(t) = Dyy(),Yr e R,Vd € D, t = Nc(p -1, (17e)
Variables: $(7), S(7), V1 € T)p, p,(7), q,(1), v, (1), Vr € RNT € T}y, pa(T), doa(T), Dya(T)s qra(7),
VreR,YoeO,Vd e DNt €T, qrja(T), Grja(T), Vre R, Vje T, Vd e DNT €T,

In Problem Py, constraints (2)) - (T3) model the traffic dynamics according to a generalized MFD, (I7b) and
impose the physical limits on the external demand inflows ensuring that it is always smaller than the maximum
possible external inflow D(’)‘ZAX and the total external demand D,4(7), (I7d) makes sure that the density of each region
is between the physical limits, and represent the initial state of the network. Problem (P;) is a non-convex
nonlinear Program (NLP) due to existence of the nonlinear unimodal MFD function in (2), the decreasing speed
function in (3), the bilinear term in (7)), and the nonlinear functions in (T1)) and (12).

By solving Problem P, the control actions g,js(r) and admitted external flows dpa(7), for T € {NS(p - 1) +
1,..., Nc(p — 1) + N€} are applied to the physical plant, i.e. the real-life traffic network. Nonetheless, the solution
of P; may lead to a different solution of the physical plant due to modeling uncertainties or noisy measurements. To
reduce their effect, we consider the split ratios rather than the intended transfer flows for route guidance because the
former are relative quantities. Specifically, split ratios, y,j4(7) € [0, 1] are expressed as

4,40/ q;,(7), for q;,(7) # 0,
IVINES for g* (1) = 0,

7

y,jd(‘r)z{ reR, jed,deD, €T, (18)
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where q;‘j 4(7) and ¢} ,(7) denote the obtained flows from the solution of the optimization problem. Hence, in the
physical plant we assume that q:j (T = ¥rja(1)q,(7), in such a way that ¥’ e, v,ja(7) = 1, r € R, d € D. Notice in
Eq. (T8) that when g?,(7) = 0 any appearing flows in the physical plant are equally split among neighbouring regions.

The following Section [3] presents the two convex solution approaches of the considered MPC problem that build
upon the requirements/properties of the proposed generalized MFD shape.

3. Proposed Solutions

In this section, we first relax Problem P; to obtain a lower-bound solution (Section . Optimality is achieved
when the obtained lower-bound solution is feasible. Otherwise, the solution can be used as a starting point to achieve
high-quality feasible solutions (upper-bounds). Towards this direction, we propose the Successive Convexification
Route Guidance and Demand Management (SC-RGDM) algorithm. An alternative solution is the Linear Approxima-
tion Route Guidance and Demand Management (LA-RGDM) that approximates Problem (P;) with a linear program
upon approximation of generalized with triangular MFDs.

3.1. Lower-bound Solution to Problem P,

In this section we proposed a linear relaxation of Problem (P;) by relaxing all nonconvex constraints with convex
outer approximation constraints. The proposed relaxation results in a Linear Program which provides a lower-bound
solution to the objective function of the original problem (P;) that can be used to derive an optimality gap of any
developed solution methodology. Next, we approximate the five non-convex constraints of Problem (P;), namely, 2),
@), (@, (TI) and (12) with convex bounding sets.

First, Eq. (2) is convexified by constructing a convex outer approximation of the generalized flow-density MFD
under density box constraints using piecewise linear segments. In this way, we define the convex bounding set SZ,
r € R,V 1, such that (g,(7), p-(7)) € S.. Set S, is defined as

St ={(@ (0.0 € B2 10}(0) < py(0) < pi(r) and

4r(T) < Arenpr(T) + Brent € Ny qo(T) 2 ronp(T) + By 1 € /“vi’,}, (19)

where, the parameter p!(r) denotes the upper and p%(r) the lower-bound of density. Moreover, N (ZT and N ZT denote
the sets of piecewise linear segments comprising the lower and upper envelopes that approximate g,(7) = f.(o,(7))
from below and above respectively, as shown in Fig. [3} The outer approximation procedure to derive parameters @,
E,m, a o and Z,m is described in

8



In a similar fashion, we convexify Eq. (3) by constructing convex bounding polyhedral sets S}, r € R, V1 € T,
such that (v,(1), p,(7)) € S},. Set S} is defined as
St ={ 0@ p1(0) € R2160) < (1) < pl(o) and
ve(T) < Errnpr(T) + ar-rm ne ]\\/:Ts ve(T) > Z'/rTn,Or(T) + Er‘rm ne K(:T}’ (20)

where N :T and N :T denote the sets of piecewise linear segments comprising the lower and upper envelopes that
approximate v,(7) = g,(o,(1)) from below and above respectively, as shown in Fig. ] The procedure to derive
parameters C,, 8,,,,, €, and E,m is also described in

To convexify the bilinear term of Eq. (]Z[), i.e., prq(T)v,(7), the McCormick envelope method is used, (McCormickl,
1976). According to McCormick, the product of two box-constrained variables z = xy with x < x < x* and

y' <y < y*, can be convexified through the construction of the following four half-spaces using the lower and
upper-bounds of the two variables:

22> xy+xy =Xy, 21)
72> X'y + 0t — Xy, (22)
2 < X'y +xyt — ¥y, (23)
z < xy* + xly — Xty 24)

Constraints (2T) - (22) and 23) - (24) are referred to as underestimator and overestimator half-spaces because they
lie below and above the surface z = xy, respectively. Assuming that plr /(0 < pra(T) < p% (1) and vi(r) < v (1) < VH(r),
Egs. 1) - (Z4) can be applied through the mapping x = p,4(7), y = v,(7) and z = ¢,4(7).

The constraints (TT) and (T2)) are handled together similar to our previous work (Menelaou et all, [2021b). Since

constraint (T2)) is the minimum of two functions, it can be convexified by replacing the equality “=" with the inequality
sign “<” as follows,
Grja(7) < qrja(7), (25)
~ qrijd (T)
Grja(m) < Crjlpj(D) T =- (26)
! T Yy e @riv(®)

Next, as @) is still non-convex, we further relax constraint @) by taking the sum over all §,;4(7) for d € D as
follows,
> Gria(™) < Crilpj(D)), @7)
deD
which is a relaxed version of (26)). This is due to the fact that individual constraints are always at least as tight as the
sum of the associated constraints. As constraint (27) is still non-convex because C,;(p;(7)) is nonlinear, by combining
(23) and (26), constraint (27) can be further reduced into

D Grja(e) < CHAX, (28)
deD
CMAX .
. r Pi(7)
D dria(®) < T (1 - ) (29)
deD ~Brj Pj

forall T € 7;, r € R, j € J,. Hence, the nonlinear constraints of (TI) and (T2) are relaxed into the linear constraints

(23), 28) and (29).

Combining all the above approximations we have

(P,) Minimize T Z(S“(‘r) - 8°(1) (30)
7€l

Subject to: Constraints: (1), @) — @, ([0, (3) - (13, [7e), [ - D, @3). @8) - @9
VariableS: Su(T)9 Sb(T)’ VT € 7- s pr(T), CIr(T)s V,«(T), vr € R, VT € 7- s Prd(T)s C’iod(T), Drd(T)9 C]rd(T),
VreR,YoeO,Vd e DNT €Ty, qrja(t), Grja(t), Nr e R, Vje T, Vd e DNT € T,.
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Formulation (30) is a linear program that offers a lower-bound solution to the original problem. Hence, the
proposed relaxed formulation (30) may result in an infeasible solution when the obtained solution violates some of
the original Problem (P;) constraints. Nonetheless, the lower-bound solution can be used as a starting point to obtain
high quality feasible solutions. Indeed, the proposed SC-RGDM approach described in the next section utilizes the
lower-bound solution to produce a high quality feasible solution (i.e., upper-bound).

3.2. Successive Convexification Route Guidance and Demand Management (SC-RGDM) Approach

This section proposed the Successive Convexification algorithm for the regional route guidance and demand
management problem, termed SC-RGDM, for obtaining a high-quality upper-bound solution. The SC-RGDM al-
gorithm, outlined in Algorithm 1, is a four-step iterative procedure that yields the immediate N¢ decisions used
as input to the physical plant, i.e., the split ratios v, ;s(7) and admitted demands (1), 1 € R, je YJ,de D,
Te{N°(p-1)+1,...,N°(p—1)+NC}. In each iteration, the algorithm converges to a feasible solution by identify-
ing tighter upper and lower-bounds of density.

At the beginning, the algorithm takes as input optimization-related parameters, the current state of the physical
system at time ¢ = Nc(p — 1), all the traffic network parameters, and the external demand, before initializing the
density bounds to their physical limits by setting pl(7) = 0 and p%(t) = p;. Then, the following four-step procedure is
executed repeatedly.

The first step uses the current density bounds to construct the convex bounding sets of S7; and S/, r e R, 7 € 7,
according to the outer approximation procedure developed in Note that the mathematical program
solved in the first iteration from this step is equivalent to Problem P,, as the outer approximation is performed for
the entire feasible set. Hence, the optimal objective value of the particular program serves as a lower-bound to the
optimal objective value of Problem P;. The second step, uses the current bounds on density and solves Problem P;;
then its solution is utilized to compute the split ratios y,4(t) using Eq. (I8). In the third step, a macroscopic traffic
simulator, that is based on the traffic dynamics @) - (7), - (T3), takes the derived split ratios and the admitted
demands as input to produce state estimates for the densities of each region, i.e., p.(7), r € R, 7 € 7,,. Note that
the use of split ratios explicitly satisfies all model constraints, guaranteeing the production of feasible solutions. The
solution obtained from Problem P, does not have this property due to the various outer approximations performed to
convexify the problem. The fourth step uses the estimations of the state to identify tighter lower and upper-bounds on
variable p,(7); the updated bounds are used in Steps 1 and 2 of the next iteration. Hereafter, the bounds on variable
pr(7) during iteration A are calculated as follows

P = (1 =Cp,(1), Pl =1 +Cp(1), reR TET, (€29)
respectively. C, is an iteration-dependent constant given by

N —(-1)

Ci=C—]

(32)
where C € (0, 1) is a constant and N denotes the total number of iterations to be performed by Algorithm 1. Note
that C, decreases with the number of iterations which implies that the density bounds become tighter in successive
iterations. At the end of the iterative procedure the immediate N¢ decisions derived in the N’th iteration are used as
input to the physical plant. The same procedure is followed for the entire time horizon, advancing N steps at a time.

3.3. Linear Approximation Route Guidance and Demand Management (LA-RGDM) Approach

This section proposes a Linear Approximation approach for the regional route guidance and demand management
problem, termed LA-RGDM, to obtain very fast, good quality solutions to Problem P;. Towards this direction, the
generalized MFDs are approximated with triangular MFDs facilitating the relaxation of nonlinear constraints with
linear ones, as recently proposed by [Menelaou et al.|(2021b).

In particular, a generalized outflow MFD f,(p,(7)) is approximated by a triangular MFD £ (p,(r)) consisting of
two distinct regimes separated by the critical density p€. The two linear segments of the free-flow and congested
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Algorithm 1 Successive Convexification - Route Guidance and Demand Management (SC-RGDM)

Input: Parameters of the problem: C, N' N*, N¢, p,t = N¢(p - 1) + 1.
Regional traffic state: p,(t), r € R, p,a(t), r € R, d € D, Dyy(t),0 € O, d € D.
Traffic related parameters: f,(p), g.(0), r € R, C%AX, Bris JE€Tr r€R.
Demand requesting to be served: doy(1),0 € O, d € D, 1€ T, ={t, t+1,--- ,t + NP}
Initial States: p'(1) =0, p(r) = pl, r e R, 7 € T.
for 1 =1to N do
1: Obtain S}, and SY,, r € R, T € T, using the outer approximation procedure in
2: Execute Problem P, and identify the ratios y,j4(t), r € R, j € J,,d € D, T € T, according to (18).
3: Using the identified split rations split ratios y,j4(7) and the traffic dynamics of @) - (7), (IT) - (T3),
of Sectionperform a simulation to predict future state estimates i.e., p.(1), r € R, T € T,.
4: Update bounds on variables p,(7) using Eq. (3I).
end for
Output: Derived split ratios vy, ;(r) and admitted demands dpa(7), r € R, Jj€EIHdeD, TET,.

regimes are constructed in the intervals p,(r) € [0,p¢] and p,(r) € [p¢, o) using the optimal least-squares fit, as

described in[Appendix B| The fitted triangular function is of the form

Sr1pr(T), 0<pr <pf,

. (33)
6r2pr(7) + 6r3s Pr <Pr < _6r3/6rZs

() = {

where 6,1, 6, and 6,3 are fitted parameters with §,; and J,, denoting the approximated free-flow and backward con-
gestion propagation speed when considering triangular MFD, respectively.

Although the triangular MFD is comprised of two linear segments, it still results in nonlinearities with respect to
constraints (33 and (7). Constraint (33) is relaxed by replacing the equality “=" with the inequality sign“<” yielding

(1) < 6,1p(7), (34
4(1) < 6,00(T) + 6,3. (35)

Furthermore, constraint (/) is relaxed into
qrd(T) < 6r1prd(7—)’ (36)

since for the triangular MFD it is true that v,(r) < v/ for all densities. Finally, constraints (TT) and (T2) are jointly
handled as in the SC-RGDM approach. Combining the above, yields the following mathematical program that ap-
proximates Problem P;.

(P3) Minimize T‘YZ(S‘I(T) — Sb(r)) (37
€T

Subject to: Constraints: (1), @ ~ @. (). (3 - (3. (7). G - G8). ). ) - ).
Variables: $°(7), $°(1), Y1 € Tp, p(1), g(7), vi(T), Yr € RVT € T)py pra(7), doa(T), Dra(T), 4ra(7), Vr € R,
YoeO,Vd e DNT €Ty, qrja(1), Grja(T), Yr e RYje TVd € D,NT €T,
Formulation is a Linear Program (LP) that provides an approximate solution to the original Problem P; which

provides neither a lower bound nor a feasible solution to Problem P;. Nonetheless, exploiting the solution of P53 to
derive split ratios using Eq. (I8) yields good quality feasible solutions, as outlined in Algorithm 2.

4. Simulation Results

The proposed approaches are evaluated using both macroscopic and microscopic simulations. At a macroscopic
level, a 16-region synthetic network comprised of well-defined third-order polynomial MFDs is considered to evaluate
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Algorithm 2 Linear Approximation - Route Guidance and Demand Management (LA-RGDM)

Input: Optimization-related parameters: N¢, p, t = N¢(p — 1) + 1.
Current state: p,(t), r € R, p,a(t), r € R, d € D, Dyy(t), 0 € O, d € D.
Traffic network parameters: f(p), r € R, C%AX,,B,]-, j€EInTrER

External demand: d,y(1),0€ O, d € D, 7€ T, ={t, t+ 1,--- ,1 + N}
1: Derive an approximate triangular MFD f7 (p,), r € R, using the approximation procedure in|Appendix B

2: Solve (37).
3: Derive split ratios y,j4(1), r € R, j € J,,d € D, T € T, using (I8).
Output: Split ratios v, 4(7) and admitted demands doa(7), ¥ r e R, Jj€JHdeD, TET,.

Region 13  Region 14 Region 15 Region 16

Region 9  Region 10 Region 11  Region 12

Region 5 Region 6 Region 7 Region 8

Region 1 Region 2 Region 3 Region 4

Figure 5: A simulated urban area consisting of 16 regions.

and compare the solution quality and computational efficiency of SC-RGDM and LA-RGDM under no uncertainty.
At a microscopic level, a realistic 3-region network is considered within the Simulator for Urban MObility (SUMO
[Behrisch et al} 201T)) to evaluate the effectiveness of SC-RGDM under model uncertainty emanating from the stochas-
tic nature of traffic mobility.

4.1. Macroscopic simulation

4.1.1. Setup

For the evaluation of the proposed methodology the 16-region synthetic network topology shown in Fig. [3] is
considered. Flows are generated randomly from regions 1, 4, 11 and 16 (markers with green colored squares m) with a
random destination selected among regions 2, 8, 9 and 14 (markers with red colored squares m). The network consists
of 16 regions with MFDs of the form ¢,(7) = a,; pf (T)+a,2p3(r)+a,3p,(‘r), with parameter values: a,; = 8/3675, a,, =
—1192/2205, a,3 = 14768/441, p¢ = 43 veh/km, p! = 118 veh/km, L, = 1 km, [, = 0.3 and ¢¢ = 1850/3 veh/h,
Vr e R, C%[.AX = 2000 veh/h, B,j = 0.25, ¥r € R, ¥ j € J,. The MPC parameters are set equal to Ty = 30's, N© = 1
and N* = 30, respectively.

Three traffic scenarios are considered for evaluation purposes: (i) light with average demand around 2000 veh/h,
(ii) moderate with average demand around 3000 veh/h, and (iii) heavy with average demand around 4000 veh/h. The
demand loading procedure holds for an hour and varies across the O-D pairs. It is also assumed that the compliance
rate of drivers is equal to 100% which means that all drivers follow the control inputs of the traffic controller.

In this setting the performance of the following solution approaches is examined:

e SP denotes the traffic control strategy where all vehicles follow the shortest travel-time path from their origin
to their destination.

e NLP-RGDM denotes the solution of Problem P; obtained from the state-of-practice nonlinear programming
solver IPOPT (Biegler and Zavala, [2009).

o LA-RGDM denotes the procedure outlined in Algorithm 2. The parameters of the approximated triangular

MFD (33) are derived using the fitting procedure described in yielding 6,1 = 4243/297, 6, =
—4257/519 and 6,3 = 55091/57.

12



Demand Level

Light Moderate Heavy

SP 2.89 3.50 19.40
o 2 NLP-RGDM 455 5.31 7.24
£ & LA-RGDM 282 3.34 3.77
SC-RGDM 275 3.17 3.55
SP 2.89 3.50 6.63
— = NLP-RGDM 297 3.04 2.83
£ E LARGDM 282 3.31 3.58
SC-RGDM 275 3.14 3.33
SP 0.0 0.00 12.74
=2 NLP-RGDM  1.58 2.25 4.41
Z°E LARGDM 00 002 018

SC-RGDM 0.0 0.03 0.22

Table 1: Performance evaluation of different traffic control strategies for varying demand levels.

e SC-RGDM denotes the procedure outlined in Algorithm 1 with parameter values N/ = 10 and C = 0.8 in all
considered scenarios.

Note that the optimization problems associated with LA-RGDM and SC-RGDM are solved using the Gurobi mathe-
matical programming solver (Gurobi Optimization Inc., 2016).

4.1.2. Results

Table [4.1.2] presents the results of all considered approaches in terms of the Average Time Spent (ATS), Average
Travel Time (ATT), and Average Waiting Time (AWT) at the origin. As can be seen from the table, the SP approach
leads to increased travel times, especially for high-demand scenarios. Particularly, all the Route Guidance and Demand
Management approaches can achieve ATT savings due to their ability to delay vehicles at their origin before starting
their journeys. Comparing the three route guidance and demand management approaches, it is clear that the SC-
RGDM outperforms the two other approaches as it serves all vehicles with the shortest ATS. In contrast, both SC-
RGDM and LA-RGDM yield excellent performance for all considered scenarios, with SC-RGDM having slightly
reduced travel times compared with LA-RGDM. Nevertheless, NLP-RGDM yields reduced travel times but with
higher waiting times compared to SP, such that the ATS of NLP-RGDM is better than SP only for the heavy demand
scenario. Hence, even though NLP-RGDM can lead to shorter ATT, in some instances it may yield higher ATS,
imposing unnecessary delays at the origins. Finally, note that although waiting at the origin is not explicitly imposed
in the SP scheme, waiting occurs implicitly for vehicles that want to enter during highly congested conditions.

Fig.[f]illustrates the space-time density diagrams of all approaches considering (a) light and (b) heavy load demand
scenarios. Fig. [6] (a) indicates that in the light demand scenario all approaches face no severe traffic jam, with LA-
RGDM and SC-RGDM having a slightly better performance. On the other hand, Fig. [6] (b) shows that in congested
conditions demand management ensures that density is kept around the critical values with all route guidance and de-
mand management approaches achieving travel time savings. In this way, all route guidance and demand management
approaches serve vehicles almost two times faster than the SP scheme.

Fig. [/] illustrates the cumulative number of vehicles that request to enter the network (generated) or complete
their trips (i.e., exit the network) as a function of time considering the (a) light and (b) heavy load demand scenarios.
As can be seen in the figure, all approaches manage to serve all vehicles within the considered simulation time.
More specifically, all approaches behave equally well in the light demand scenario, but this is not the case for the
heavy demand scenario. Specifically, both figures show that the SC-RGDM approach outperforms the rest of the
route guidance and demand management approaches, with the NLP-RGDM having the worse performance in both
considered demand scenarios. Therefore, it is evident that the proposed SC-RGDM and LA-RGDM offer significant
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Figure 6: Space-time density diagrams for the (a) light and (b) heavy demand scenarios.
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Figure 7: The cumulative number of vehicles that request to enter the network (Generated vehicles) or complete their trips (i.e., exit vehicles) as a
function of time considering the (a) light and (b) heavy load demand scenarios.

Scenario  Average Execution Time
Number Demand NLP-RGDM LA-RGDM SC-RGDM SC & NLP-RGDM
1 2000 veh/h 89s 1.2s 6.9s 27s
2 2500 veh/h 25.3s 1.2s 6.5s 28s
3 3250 veh/h 30.8 s 1.2s 6.9s 30s
4 4000 veh/h 59.2s 1.0s 7.0s 31s
5 5000 veh/h 95.6s 09s T.1s 73s

Table 2: Execution Time of NLP-RGDM, LA-RGDM and SC-RGDM for varying demand.

reductions in total travel time with enhanced network performance as vehicles manage to reach their destination
earlier.

Algorithm Evaluation. The quality of the solutions obtained for the three considered route guidance and demand
management approaches is compared in terms of execution time and optimality gap. We also introduce the SC & NLP-
RGDM approach that denotes the solution of Problem P; obtained by supplying the final solution of the SC-RGDM
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Scenario  Average Optimality Gap
Number Demand NLP-RGDM LA-RGDM SC-RGDM SC & NLP-RGDM

1 2000 veh/h 3.8% 3.4% 1.1% 09 %
2 2500 veh/h 6.0% 5.0% 1.7% 1.7%
3 3250 veh/h 8.7% 7.7% 2.8% 2.94%
4 4000 veh/h 25.0% 8.5% 2.9% 2.68 %
5 5000 veh/h 10.9% 9.8% 2.6% 2.5%
Table 3: Optimality Gap of NLP-RGDM, LA-RGDM and SC-RGDM for varying demand.
Scenario Demand = 4000 veh/h Demand = 5000 veh/h
Number N” NLP-RGDM LA-RGDM SC-RGDM NLP-RGDM LA-RGDM SC-RGDM
1 5 26's 0.1s 1.7s 30s 0.1s 2.0s
2 10 27 s 02s 3.0s 32s 02s 43s
3 15 59s 0.2s 4.8 s 95s 0.2s 4.8 s
4 20 540's 0.3s 6.5s 669 s 0.3s 59s
5 30 584 s 05s 6.8s 640 s 05s 7.1s

Table 4: Average execution time for the solution of one MPC problem using NLP-RGDM, LA-RGDM and SC-RGDM for varying prediction
horizon size N¥ = {5, 10, 15, 20, 30}.

approach as the initial point of the nonlinear MPC solver. In particular the execution time is defined as the average
running time of a particular algorithm for the solution of one MPC problem, while the optimality gap is defined as

Alg LB

-J
Optimality Gap = w X 100%,
TTS
where JIT“TBS denotes the lower-bound objective value obtained from the solution of Problem P, for the entire time
horizon, i.e., 7 = {1,...,N*} with N” = 160 time-steps, while Jo%, Alg= {NLP-RGDM, LA-RGDM, SC-RGDM,

SC & NLP-RGDM}, denote the objective values obtained from the solution of each approach.

Tables [2] and [3] illustrate the execution time and optimality gap of the three approaches for five scenarios of
increasing demand (i.e., 2000, 3000, 4000, 5000, and 6000 veh/h) for s = 30 s, N€ = 1 and N = 15, respectively.
Execution times refer to the total time needed to solve the problems associated with one MPC step update. From the
results, it can be observed that the SC & NLP-RGDM and SC-RGDM approaches provide almost identical results
with the SC & NLP-RGDM approach providing slightly better solutions. Moreover both approaches yield 3- 6 and
1-2 times smaller optimality gap compared to NLP-RGDM and LA-RGDM in all considered cases. In terms of
execution speed, the per iteration execution times of NLP-RGDM, SC & NLP-RGDM, LA-RGDM, and SC-RGDM
range between 9 - 95 s, 27 - 73 5 0.9- 1.2 s, and 6.5 - 7.1 s, respectively. This means that SC-RGDM runs about an
order of magnitude faster than NLP-RGDM and an order of magnitude slower than LA-RGDM. Even though LA-
RGDM executes faster than SC-RGDM, both approaches are suitable for real-time applications with the SC-RGDM
approach achieving better results.

Table []investigates the effect of the prediction horizon size on the execution time of the three RGDM approaches
for two scenarios of demand 4000 and 5000 veh/h. Considering both scenarios, the execution time of LA-RGDM and
SC-RGDM grows linearly to the prediction horizon, while NLP-RGDM experiences a dramatic growth of execution
time for increasing prediction horizon size. More specifically, the execution speed of NLP-RGDM is 2-3 orders of
magnitude slower than SC-RGDM when the demand is equal to 4000 veh/h; for the higher demand scenario, the
execution speed of NLP-RGDM is even higher. Similarly to the results of Table 2] SC-RGDM is about an order of
magnitude slower than LA-RGDM as it sacrifices execution speed to achieve better optimality bounds; however, both
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Figure 8: (a) The simulated network consisting of an area of Downtown San Francisco; (b) the production MFD of each region; (c) the speed MFD
of each region.

approaches are suitable for real-time applications.
4.2. Microscopic simulations

In this section, we investigate the performance of the proposed methodologies using microscopic simulations.
Specifically, we investigate the ability of the SC-RGDM and LA-RGDM traffic control approaches to perform well
under significant modelling uncertainty due to the discrepancy between microscopic and macroscopic traffic dynam-
ics.

4.2.1. Setup

For the microscopic simulation we consider an area of the urban network of Downtown San Francisco. The area
under investigation is a 2.5 square miles non-signalized area which consists of 143 road junctions and 319 single-
lane road segments with lengths varying from 100 m to 400 m. A similar area has also been used by |Aboudolas and
Geroliminis| (2013)) which provide a detailed breakdown of the network into 3 homogeneous regions (i.e., |R| = 3), as
illustrated in Figure[§[a) (regions are denoted with different colours). In this setting, we have chosen to evaluate the
performance of the proposed SC-RGDM approach as it can offer reliable, fast and close-to-optimal results.

The SUMO microscopic simulator (Behrisch et al., |2011) has been used to create traffic within the network,
considering the Wiedemann car-following model (Higgs et al.| 2011) with model parameters: vehicle length 5 m,
maximum speed 15 m/s, acceleration 2.5 my/s?, deceleration 4.5 m/s?, driver reaction time 0.5 s, minimum gap distance
2.5 m, and simulation time-step 0.1 s. All results are averaged over ten (10) Monte Carlo simulations due to the
stochastic nature of SUMO.

The following results assume that all drivers adhere to control actions (e.g., split ratios and waiting times) without
any deviation (100% driver compliance rate). Furthermore, all state measurements used in each MPC iteration are
provided from SUMO, assuming that all vehicles can communicate their position and destination to the traffic con-
troller. The SC-RGDM and LA-RGDM approaches are compared against the SP strategy where all vehicles follow
their shortest time paths in which drivers can change their route (reroute) with probability p = 0.25. In SUMO, the
option to reroute vehicles is enabled to ensure that vehicles can use the best possible path, considering the current and
recent traffic states (Behrisch et al.l [2011)).

4.2.2. MFD Fitting

To evaluate our approach at a microscopic level, we first have to determine the MFD of each considered region.
For this purpose, a 2-hour SUMO simulation scenario was executed using the SP strategy. For this scenario, the input
flow was initially set to 2000 veh/h for the first half-hour and incrementally increased by 500 veh/h for the next three
30-minute periods. Fig. [§[(b) depicts the total network production (veh-km/h) as a function of the total number of
vehicles in each region (i.e., MFD). Similarly, Fig. [§[c) depicts the identified speed-density relation. In both figures,
each point corresponds to the moving average of 5 consecutive state measurements taken every 1 minute.

Using the derived data, we can identify the analytical expressions for the flow and speed MFD functions utilizing
an optimization based fitting procedure. The developed MFD functions are continuous and continuously differentiable
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Figure 9: (a)-(c) the fitted speed MFD for each region; (d)-(f) the fitted production MFD.

functions constructed from a set of piecewise quadratic polynomials. The fitting method aims to construct MFD
functions that fit as close as possible to actual data based on the convex programming methods. Figs.[9](a)-(c) and
(d)-(f) depict the fitted speed and production MFD functions for the three considered regions which are used in the
SC-RGDM approach.

4.2.3. Results

The performance of SC-RGDM, LA-RGDM and SP is compared for different 2-hour scenarios with demand
varying between 1000 — 7000 veh/h. Note that, the triangular MFD function used for the LA-RGDM approach is
approximated using the Triangular MFD approximation method proposed in Figs. [10]and [TT]show the
average travel times of vehicles and the average number of vehicles that completed their journey within the simulation
time as a function of demand. The scattered plots in Figure [I0]show the mean travel time of each simulation run,
while the dashed lines represent the mean travel time of the 10 simulations for each considered demand. Similarly,
the dashed lines in Fig. [TT]illustrate the average number of vehicles that managed to complete their journey within the
simulation time for each considered demand, while the scattered plots represent the number of vehicles that complete
their journey in each simulation run. Both figures illustrate that SC-RGDM and LA-RGDM outperform SP, as they
achieve travel times that are close to free-flow conditions, with all vehicles finishing their trip within the simulation
time. More specifically, all approaches perform equally well for low demand, ranging from 1000 — 4000 veh/h, as no
congestion occurs. For demand higher than 5000 veh/h, the SP strategy breaks down causing heavy congestion and
large travel times. On the contrary, SC-RGDM and LA-RGDM remain equally efficient yielding travel times close
to free-flow conditions and enabling all vehicles to finish their journeys. To illustrate their superior performance,
notice that for demand equal to 7000 veh/h both approaches yield almost ten times smaller travel times and double
trip completions. In that sense, the SC-RGDM approach can maintain shorter travel times that are slightly affected by
the increasing demand, with all vehicles reaching their destination within the simulation time.

Furthermore, Fig. [[2illustrates the space-time diagram of the number of vehicles in each region within the SUMO
environment when the demand is 7000 veh/h. Comparing the results form Figs. [I0]and [I2] we can observe that LA-
RGDM can achieve slightly better travel times but yields higher waiting times compared with SC-RGDM such that in
total requires more time to serve all vehicles within the network. This is expected as LA-RGDM has lower modeling
accuracy. To examine the ability of the MFD-based traffic dynamics to approximate the microscopic dynamics, Fig.[T3|
illustrates the space-time diagram of the number of vehicles in each region assuming MFD-based traffic dynamics
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Figure 12: The instantaneous number of vehicles of each region for the SC-RGDM and LA-RGDM schemes observed at each time-step within
SUMO simulation.

when the demand is 7000 veh/h. This space-time diagram denotes the perceived densities within a macroscopic
simulation. Comparing Figs. and [I3]it can be seen that there is a good match both in terms of the observed and
perceived densities, as well as the admitted demand in the network. Finally, Fig.[T4]illustrates the cumulative number
of vehicles that request to enter the network compared to the number of vehicles that are admitted into the network
from both approaches when the demand is 7000 veh/h. The figure shows that the LA-RGDM allows a lower number
of vehicles to enter due to modeling inaccuracies.

5. Discussion

The utilization of macroscopic traffic models has become increasingly popular in modern traffic management
methodologies. These models are capable of capturing the collective behavior of traffic flows at a network level,
making them more effective in managing traffic compared to microscopic models. One of the fundamental concepts
utilized in these models is the Macroscopic Fundamental Diagram (MFD), which simplifies traffic dynamics by rep-
resenting them as a function of density. Recent studies have demonstrated that MFD-based models can significantly
enhance the efficiency of traffic management strategies. One of their main advantages is their simplicity in modeling,
which enables the development of MPC frameworks. As a result, these models can aid in the development of more
effective and robust traffic management strategies, which can significantly reduce congestion and improve the overall
travel experience.

While significant advances have been made in MFD-based traffic management, studies have indicated that their
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Figure 13: The instantaneous number of vehicles of each region for the SC-RGDM and LA-RGDM scheme observed at each time-step assuming
MFD-based traffic dynamics.
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Figure 14: The cumulative number of vehicles that request to enter (Generated Vehicles) and the number of vehicles that are actually admitted into
the network (Admitted Demand) over time.

efficiency is heavily reliant on the specific MFD shape considered. Optimal performance of different traffic manage-
ment strategies may require varying MFD shapes [Ambuhl et al.| (2020). This dependence on specific MFD shapes
may limit the applicability of real-time traffic management approaches. Furthermore, MFD-based traffic management
schemes face another significant challenge. Despite the simplified model, the resulting traffic dynamics are still non
linear, leading to non convex and non linear traffic management problems. This non linearity makes it challenging to
design efficient and robust traffic management strategies that can account for a wide range of traffic scenarios.

To address the above limitations, this work introduces an MPC approach that can address the challenging problem
of jointly managing demand and guiding routes without relying on a specific MFD shape. Our approach considers the
demand for vehicles wishing to use the network and the current state of the network, to regulate the departure times of
vehicles and identify which multi-region route to follow in order to minimize the total time spent in the network. Since
the resulting model still relies on nonlinear traffic dynamics, this study proposes two solution approaches that can
approximate the original problem with linear programs, able to provide high-quality and accurate control decisions in
real-time. The first approach is a successive convexification procedure that constructs convex sets for all nonlinearities
while tightening the discrepancy between the original nonlinear problem and the approximation scheme in successive
iterations. The second approach approximates the generalized MFD shape with a triangular MFD shape and solves
the resulting linear problem. Macroscopic simulation results indicate that the two approaches have a trade-off between
solution quality and execution speed, with the successive convexification approach yielding better quality solutions
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and the linear approximation approach faster execution time. A detailed comparison with a state-of-practice MPC
nonlinear solver indicates that the proposed solution approaches yield significantly better results in terms of solution
quality and execution speed. In particular, this work shows that the proposed methodologies are one-to-two orders of
magnitude faster and result in 3-5 times smaller optimality gap. Moreover, simulation results show that our proposed
methodologies can be employed for the real-time control of urban areas as both approaches can derive high-quality
control actions for the next 20-30 time intervals within 7-12 seconds.

Based on the findings of our research, we have identified three main advantages of our proposed approach. Firstly,
our approach delivers high-quality results in terms of both solution quality and execution speed. Simulation results
have demonstrated that both of our proposed approaches outperform the solutions obtained from a standard non-linear
solver in terms of execution time and solution quality. Specifically, our approaches can offer significant reductions in
execution time (more than 30 times) while maintaining, or even improving, the quality of the obtained solutions. These
findings highlight the effectiveness and efficiency of our proposed approach in managing traffic flow in real-time sce-
narios. Secondly, our approach provides global optimality bounds, which enable us to obtain lower and upper bound
solutions on the global optimum of the problem. Our simulation results have shown that the upper bound solution can
achieve tight bounds over the lower bound solution, indicating that the provided upper bound solution is highly accu-
rate, with their optimality gap being below 10% and 3% for the LA-RGDM and SC-RGDM, respectively. Thirdly, our
approach is highly generalizable and can be applied to other traffic management problems, such as perimeter control.
This is a crucial feature as the solution methodologies proposed can be adapted for other traffic management strategies.
Additionally, our simulation results demonstrate that our proposed approach can alleviate congestion, despite the dis-
crepancy between the actual model and the approximation scheme used within each solution approach. Furthermore,
the proposed successive convexification approach has been validated through micro-simulation results, confirming its
suitability for real-life traffic management scenarios. Our approach has been shown to provide high-accuracy control
decisions in real-time, emphasizing its practicality and effectiveness. Overall, the proposed solution methodology rep-
resents a promising solution to the challenges faced by MFD-based traffic management schemes, with the potential
to significantly improve the efficiency and effectiveness of traffic management strategies. Microsimulations demon-
strate that our methodology can effectively manage traffic demand at a higher level, leading to reduced congestion and
improved overall traffic flow.

In conclusion, our proposed methodologies offer an efficient and effective solution for the joint route guidance and
demand management problem for multi-region networks with traffic dynamics defined by generalized shaped MFDs,
with potential applications in real-time traffic management for large-scale urban areas.

6. Conclusions

This work investigates joint route guidance and demand management for multi-region networks with traffic dy-
namics defined according to generalized shaped MFDs. In this context, a model predictive control framework is
formulated yielding a nonlinear nonconvex problem which is challenging to solve with standard solvers. To tackle
this problem, our work proposes two solution approaches that approximate the original problem with linear programs.
The first approach develops a successive convexification procedure which constructs convex sets to all nonlinearities
while tightening traffic state bounds in successive iterations. The second approach approximates generalized with
triangular MFDs and solves the resulting linear problem.

Future research will develop custom-made variations of the proposed successive convexification and linear ap-
proximation solution approaches for different traffic control strategies. Furthermore, we aim to develop robust and
stochastic model predictive control approaches for regional route guidance and demand management that account for
measurement noise and modelling uncertainties.
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Appendix A. Outer approximation of MFD functions

describes the procedure to construct convex outer approximations of the generalized flow and speed
MFDs under density box constraints. In general terms, given a constraint set of the form S = {(x,y) | y = ¢(x), X<
x < x"}, with ¢(x) being a nonlinear function, the task is to construct a convex polyhedral set defined as S¢ =
{(uy)ly<@ax+b;,i=1,2,..,N, y>dax+b;j=12,.,N, x <x<x"}such that S 2 S. Notice that set §€
has two constraint sets. The first, constructs an upper envelope of ¢(x) in the range x' < x < x* using piecewise linear
segments d;x+ ,l;i fori=1,2,..., N , while the second constructs a lower envelope of ¢(x) in the range d<x<xt using

piecewise linear segments @ ;x + b jofor j=1,2, ...,N . Note that in the following section for the sake of notational
simplicity we drop index r and 7.

A.l. Flow MFD Outer Approximation

First, let us describe the procedure for the flow-density MFD, i.e., ¢ = f(I), p' < p < p“. Here the task is to
construct a convex outer approximation set S?, defined as

Si={(q.p)p <p<pandq < @w +bpne N, g=dwp+ bn, ne N,

where K/q ={1,.., Nq} and K(q ={1,.., IVq} denote the sets of piecewise linear segments comprising the lower and
upper envelopes that approximate f(p) from below and above when p' < p < p".

Depending on the density range and the properties of the f(o) function which may be: (i) concave if p* < p,
(ii) convex if p' > p’, and (iii) concave in the range [p', p/] and convex in the range [p, p"], with p serving as the
inflection point, i.e., the point at which the function f(p) changes from concave to convex. Next, we examine how to
deal with each of the three cases.

Case 1: f(p) is concave
In general, to construct S? we need to derive the lower and upper envelopes of the curve f(p) from piecewise linear

segments. The lower envelope is comprised of one linear segment that passes from points (0!, f(0')) and (0“, f(0"));
hence, we have that N’ = 1 with

uy _ !
a = %, (A1)
by = f(o) —d\p'. (A2)

To construct the upper envelope of f(p), we create linear segments that are tangent to f(p) at non-uniform density
points, starting from p’. Assuming that the ith tangent point is p,, the parameters of the ith linear segment @; and b;
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are
i= 1P, (A.3)
i = f(P) - aip;. (A4)
Then, the next tangent point p;, is selected such that

@ipi1 + bi= f(Br) = 6, (A5)

where 6 > 0 is a small predefined constant. In other words, we create a new tangent line at the point where the
difference between the current tangent line and the curve grow to 6. This procedure is repeated until the upper density
bound is reached, as depicted in Fig.[A.T5|(a).

Case 2: f(p) is convex

Here the reverse procedure is followed: the upper envelope is a single linear segment produced from points
@', f(o)) and (o“, f(p")), while the lower envelope is constructed from tangent lines similar to Case 1, as illustrated

in Fig.[A.T5](b).

Case 3: f(p) is concave in [p!, p'] and convex in [p, p*]

The tangent linear segment procedure, followed in Cases 1 and 2, is used for the construction of the upper and
lower envelopes with some changes in the procedure. To construct the upper envelope, we generate tangent lines from
lower to higher densities starting from p’ until p’. The procedure stops when a generated tangent line with parameters
@y and by, with index 7 = F]q, falls below the curve f(p) at the upper value of the density, p“, i.e.

~

& =app" + by — f(p") <0.
To re-establish feasibility of the outer approximation we shift the particular line upwards by —¢ yielding
anp + b — & = aq(p—p") + f(0"). (A.6)

Notice that now the curve and the 7ith tangent line coincide at p = p". The new line segment has parameters d; = dy
and by = f(p*)—azp". In case no such tangent line is found, the procedure stops when the density point o’ is reached.

A similar approach is taken to construct the lower envelope with two differences. First, the procedure proceeds
from higher to lower densities starting from p* until p’. Second, the procedure stops when a generated tangent line
with parameters &5 and by, with index 7 = Nq, is above f(p) at the lower value of the density p'. In this case the line
is shifted downwards yielding line parameters @y = a5 and by = f(p') — axup'.

Since the function f(p) is unimodal, the horizontal line segment that connects points (o!, ¢) and (0%, ¢), with
¢ = min{f(p"), f(p")}, is also part of the lower envelope, as depicted in Fig. (©).

A.2. Speed MFD Outer Approximation

To obtain a convex bounding set for the speed MFD relationship we follow the same procedure with Case 2 for
the flow MFD because function g(p) is convex.

Appendix B. Triangular MFD approximation

[Appendix BJdescribes the procedure to approximate a generalized flow MFD function f(p) with a triangular MFD
fT(p). Similarly with Appendix A|in the following section we drop index r and 7 for notational simplicity.

The triangular MFD f7(p) consists of two linear segments for the free-flow and congested regimes which are
defined by Eq.(33). Hence, the task at hand is to identify the optimal values of &y, 8, and &3 that provide the best fit

22




between f(p) and f7(p) in the least-squares sense. The triangular MFD is allowed to be discontinuous at the critical
density p© such that our fitting problem can be decomposed into the following two distinct optimization problems for
the free-flow [0, p€] and congested regimes [0, p’], respectively.

o€ 2
Minimize f (51,0— f(p)) dp (B.1)
i 0
0’ 2
Minimize f (52,0 45— f(p)) dp (B.2)
2,03 pC

The fitting problems (B.I) and (B.2) aim to minimize the area between the generalized MFD function f(p) and
each of the two linear segments of 7 (p) in the least-squares sense, assuming that both functions have the same critical
density. Integrating out variable p yields

Minimize Sl + S1an + a3 (B.3)

1

Miglilglile 6%(14 + 5%(15 + 02036 + 027 + 0308 + Q9 (B4)
2,03

where «;, i = {1, ..., 9}, are constants given by a; = (0°)*/3, a, = -2 J(;pc pf(o)dp, a3 = fo,,c F2(p)dp, as = (p”)*/3 -

J J J
O3, as = p' = pC a6 = (') = (0, a1 = =2 [0 pflp)dp, as = =2 [ f(p)dp, and a9 = [0 f*(p)dp.
Formulations (B.3)) and (B.4) are unconstrained optimization problems whose optimal solution can be found by setting
the derivative of the objective functions of (B.3) and (B.4) with respect to the corresponding variables to zero and
solving the resulting linear equation systems. Performing this procedure yields the optimal values for 6;, 6, and 3 as

(2%
6] =5
2(1'1
5 —2asa7 + agag
2 ="
—ag + dasas ’
—0r6 — Qg
03 =———.
20’5

Appendix C. Symbols, notation and parameters

Table (C.5) provides an overview of the symbols, notation and parameters used in this work to facilitate the
reader’s understanding of the paper.
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Notation Definition Units
R Set of all regions in the network -
o Set of origin regions of different flows -
D Set of destination regions of different flows -
I Set of neighbouring regions directly accessible from region r € R -
ka Convex bounding set of flow-density MFD relationship ¢,(k) = f,(o,(k)) of region r € R -

at time-slot k
S Convex bounding set of speed-density MFD relationship v,(k) = g,(o,(k)) of region r € R -

at time-slot &
N :]k Set of piecewise linear segments that approximate ¢,(k) from below -
N :Jk Set of piecewise linear segments that approximate g, (k) from above -
N :k Set of piecewise linear segments that approximate v,(k) from below -
N :k Set of piecewise linear segments that approximate v,(k) from above -
L={1,..,L} Setof all segments of the density and speed MFDs -
T Time-step index -
T, Duration of each time-slot s
L, The total length of region r € R m
I, The average trip length of vehicles inside region r € R m
ol Jam density of region r € R veh/km
o Critical density of region r € R veh/km
DMAX Maximum possible demand that can physically enter region o € O towards d € D veh
ol Inflection density point of region r € R veh/km
yMAX Maximum speed in the region r € R km/h
Vrid Ratio of vehicles that move from r € Rto d € D through neighbouring region j € J, -
C %I.AX Maximum inter-boundary capacity from region r € R to region j € J, veh/h
pr(k) Density of region r € R at time-slot k veh/km
q,(k) Intended outflow of region r € R at time-slot k veh/h
v (k) Average speed of region r € R at time-slot k km/h
v{ Free-flow speed of region r € R assuming a triangular shaped MFD km/h
P.(k) Production of region r € R at time-slot k veh.km/h
n, (k) The number of vehicles in r € R at time-slot k veh
Jr(pr(k)) Asymmetric unimodal function describing the flow-density MFD relationship in region r € R veh/h
£, (k) Triangular function describing the approximated flow-density MFD relationship in region r € R~ veh/h
g-(p(k)) Monotonically decreasing function describing the speed-density relationship in region r € R km/h
d,q(k) Instantaneous external demand requesting to enter from o € O towards d € D veh
dpa(k) Admitted external demand from o € O towards d € D veh
D,q(k) Cumulative external demand requesting to enter from o € O towards d € D veh
Pra(k) Density in region r € R towards d € D veh/km
qra(k) Intended transfer flow from r € Rtod € D veh/h
qrja(k) Intended transfer flow from » € Rto d € D through neighbouring region j € J, veh/h
C,i(pjk)) Inter-boundary capacity from region » € R to region j € J, veh/h
Grja(k) Actual transfer flow from r € Rto d € D through neighbouring region j € J, veh/h
S4(k) Cumulative number of vehicles requesting to enter the network veh
Sb(k) Cumulative number of vehicles successfully arriving at their destination veh
p’,(k) Upper-bound of p,(k) veh/km
ph(k) Lower-bound of p, (k) veh/km
P (k) Upper-bound of p,,(k) veh/km
on, (k) Lower-bound of p,,(k) veh/km
vi(k) Upper-bound of v,(k) km/h
vii(k) Lower-bound of v, (k) km/h
Pr(k) State estimate for the density of region r € R veh/km

Table C.5: The symbols, notation and parameters used in this work.
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