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1. Introduction 

In the last decade, the usage of composite 
materials on long-range, wide-body jet airliners such 
as Airbus A350 and Boeing 787 have rapidly 
increased to about half of the total weight. Moreover, 
the application of composite materials is moving 
from lightly-loaded secondary structures to highly-
loaded primary elements such as fuselage and wings. 
In order to confront the challenges brought by the 
expansions of usage and application, various 
numerical methods, especially the Finite Element 
(FE) methods, have been developed to predict the 
performance and analyze the progressive damages of 
composite structures. Although many FE models can 
provide high accuracy in analyzing composites, they 
still have limitations in dealing with discontinuities 
such as damages, fractures, crack propagations, 
delaminations and penetrations. This is due to the 
essence of conventional FE method is partial 
differential equations of the displacement field based 
upon continuous mechanical system, whereas it is 
quite difficult to get the derivates of displacement in 
these discontinuous areas. As a result, traditional FE 
methods often suffer from the difficulties in solving 
discontinuous problems of composite structures [1-
2]. 

Recently, a novel solid mechanics theory, 
Peridynamic Theory, has been proposed by Silling 
[3] to overcome the numerical difficulties because of 
discontinuities. Peridynamic theory employs 
integration rather than differentiation in its motion 
equation so that it can avoid calculating the 
derivatives of displacement in discontinuous areas. 
Due to this feature, peridynamic method is more 
appropriate than FE method in analyzing the 
discontinuous problems. Peridynamic theory takes 
nonlocal interactions into consideration and uses so 
called bonds to describe the internal forces between 
particles. When damages emerge in materials or 
structures, bonds in these damaged areas will 
permanently break and cause a decline in load-
carrying capacity of the structure. Moreover, there is 

no necessity to use additional failure criteria or crack 
growth laws because the constitutive information of 
materials can be included in the peridynamic motion 
equation. Damages and failures can occur freely and 
spontaneously in the model.  

The investigations on composite structures with 
peridynamic theory are becoming one of the most 
important branches. With the aid of a peridynamic 
analysis program EMU, Sandia lab [4], Askari [5] 
has predicted the failure modes and ultimate strength 
of center-notched laminates under a tensile loading 
with 2D and 3D models. Xu [6-7] has analyzed the 
mechanics responses of composite laminates under 
low velocity impact and hailstone impact, and 
obtained the delamination patterns, areas and 
residual strength under different impact energy. 
Kilic [8-9] considers the inhomogeneous nature of 
composites as a necessary fact in laminate modeling, 
and separates the model into fiber and matrix 
subregions, thus, his model can reflect the influence 
of fiber volume fraction. Hu [10] has established an 
unidirectional laminate model and analyzed the 
dynamic loading effect on the damages of brittle 
materials. 

Among these works on composite structures, 
only few kinds of bonds are used to define the 
interactions in composites, however, the fiber 
reinforced composite possesses many complex 
anisotropic behaviors which need to be described by 
more types of bonds with distinct performances. In 
this paper, a new 3D peridynamic laminate model 
for fiber-reinforced composite laminates is proposed 
and applied to simulate the progressive damages and 
failures in laminates with notch. In order to improve 
the depiction of composite's anisotropy, this 
approach introduces various types of bonds to define 
the laminate's properties in different directions. 
Concept of off-axial modulus in classic laminate 
theory is employed into the bonds' definition. The 
properties of bonds, such as micromodulus and 
critical stretch, are deduced from the parameters in 
elasticity and composite mechanics. Based on this 
peridynamic laminate model, progressive damages 
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and failures in notched laminates with different 
stacking sequences are analyzed under tensile 
loading. The numerical predictions have good 
agreements with results from the literatures and 
experiments. 

2. Peridynamic Theory 

Peridynamic theory [3] hypothesizes that an 
object possesses a reference configuration R where 
each particle x owns a subregion R0 with a radius δ, 
as presented in Fig.1. Such a number δ is called the 
material horizon. Particle x interacts with the rest 
particles x' in subregion R0 through a vector-valued 
function f which is called the pairwise force function, 
a function with a dimension of force per unit volume 
squared. At any time t, the equation of motion in 
peridynamic theory can be written as 

( ) ( ) (,t ,t ,tρ = +&&u x L x b x )               (1) 

where ρ is the density of material, u is the 
displacement vector, b is the external body force 
density, L is the internal body force density. 

( ) ( ) '0
0

xR
,t , dV R , t= ∀ ∈∫L x f η ξ x ≥

   
(2) 

where η= u'-u, ζ=x'-x are relative displacement 
vectors and relative position vectors of the pair of 
particles in the reference configuration, Vx' is the 
volume of particle x'. Thus, the relative position 
vectors between x and x' in the deformed 
configuration can be written as η+ζ, and the distance 
between two particles can be written as y=|η+ζ|

 correspondingly. 
As for a microelastic material, its pairwise 

force function can be written as [11] 

( ) ( ), f y,
+

= ∀
+

ξ η
f η ξ ξ η ξ

ξ η
,

          
(3) 

Where f(y,ζ) is a scalar-valued function contains all 
constitutive information and failure definitions of 
the material. The scalar-valued function f is 
depended on the relative position and distance 
between particle x and x'. Pairwise force function of 
brittle materials is defined as 

( ) ( ), μ+
=

+
ξ η

f η ξ ξ
ξ η

,t cs
              

(4) 

where s is the bond stretch presenting the relative 
elongation 

y
s

+ − −
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                 (5) 

In order to describe fracture of the bonds, a 
time-dependent function μ is introduced [11] 

( ) ( )'
0 '1 if

,
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ξ ,t
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where s0 is the critical stretch indicating a critical 
value which causes permanent breaking and decline 
in the load-carrying capacity of bonds. According to 
the definition of bonds' fracture, the damage of a 
particle x at some time t can be defined as  

( ) '

'

( , ) 1 xR

xR

,t dV
t

dV

μ
ϕ = − ∫

∫
ξ

x                (7) 

It has been showed by equations (4) to (6) that 
all descriptions of damage or fracture are included in 
the definition of pairwise force function and there is 
no necessity to use additional criterion of strength, 
stress intensity factors or crack propagation 
regulations to assist the solutions. 

3. Laminate Modeling 

In the above pairwise force function, there are 
two variables to be defined: micromodulus c and 
critical stretch s0. Due to the distinction between 
composites and other materials, these values should 
be deduced according to composite’s characteristics 
which are illustrated in this section. This model of 
fiber reinforced composite laminates is 
homogenously discretized into cubic lattice grids. In 
addition, the calculation model is based on a simple 
assumption for out plane direction that the range of 
subregion can only extend to the adjacent layers, as 
presented in Fig.2. 

3.1 Micromodulus 

Fiber reinforced composites are inherent 
anisotropic, they have excellent performances along 
the fiber orientation (longitudinal direction), but 
weak properties in the direction perpendicular to the 
fiber orientation (transverse direction). As a result, 
micromodulus of the bonds in longitudinal region 
and transverse region are defined in separate ways. 
Suppose that the bonds, whose orientations are in the 
same direction of fibers, afford the longitudinal 
stiffness of the laminate, while the others constitute 
the transverse stiffness. As a result, the subregion of 
a node will be divided into longitudinal region and 
transverse region (Fig.3). A further classification is 
that in the longitudinal region, the in-plane and 
interlayer bonds are respectively defined as fiber 
bonds and longitudinal interlayer bonds respectively. 
Similarly, the in-plane and interlayer bonds in the 
transverse region are defined as matrix bonds and 
transverse interlayer bonds. Among these bonds, 
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micromodulus of fiber and interlayer bonds are 
independent on their orientations, but micromodulus 
of matrix bonds are varied by the included angle 
between bond and fiber orientation according to the 
off-axial modulus in classic laminate theory. In 
addition, the performances of all bonds are related to 
their length, it can be summarized that the shorter a 
bond’s length is, the stronger the interactive 
connection becomes. Micromodulus of bonds in 
longitudinal region is defined as 

L
longitudinal

11

L
layer

L
11

in-plane bonds

interlayer bonds

Q
c e c

Q

Q

Q
Q

δ
⎛ ⎞−⎜ ⎟
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⎧
= ⎨
⎩

ξ

         (8) 

And micromodulus of the bonds in transverse 
region is stated as 

T
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22
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where Qα is the off-axial stiffness of composite 

mechanics, α is the included angle between bond 
and fiber orientation. 

4
11 12

2 2 4
66 22

= cos + 2( +

2 )sin cos + sin

Q Q Q

Q Q

α α

α α α          (10) 

where Q11, Q22 are the stiffness of the lamina in the 
longitudinal and transverse direction, Q12,Q66 
represent the in-plane coupling stiffness and shear 
stiffness. 

Considering a [0]n unidirectional laminate under 
a longitudinal load, it will produce a homogeneous 
strain ε along the loading direction. The internal 
force on an arbitrary cross section of a laminate is 
constituted by forces of all bonds through that cross 
section, and it should be numerically equal to the 
result of conventional mechanics theories. 

2
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where A presents the area of the cross section, the 
subscript ij indicates the bonds connecting node i in 
region R+ and node j in region R- and Qij illustrates 
the stiffness mentioned in equation(8,9). Due to the 
uniform discretization, all nodes are provided with 
the same volume , and the bond 

stretch s is 
node iV V= = jV

approximately equivalent to strain ε when 

the homogeneous deformation maintains a relatively 
low value. Hence, 

L

11
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where Δx is the mesh spacing, λL equals to 
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Therefore, the micromodulus of fiber bonds and 
longitudinal interlayer bonds can be written as 
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Similarly, when the laminate is under a 
transverse loading 
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The micromodulus c of matrix bonds and 
transverse interlayer bonds can be deduced by 
combing equations (9) and (15). 

transverse interlaymatrix
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3.2 Critical Stretch 

The critical stretch s0 describes the elongation 
of bond and has the same form with traditional 
strains in mechanics theory so that maximum strains 
are used to denote critical stretches. Since the fiber 
reinforced composites afford distinct strengths in 
different directions, the critical stretches s0 are also 
set with different values in this approach.  
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When bonds are subjected to a tensile loading, 
brittle fracture will occur when their stretches reach 
the critical value, rendering to an abrupt decline in 
bond’s load-carrying capability. As far as 
compressive loading is concerned, the bonds' 
performances are slightly different. When fiber 
bonds collapse, they sustain no force either, but the 
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matrix and interlayer bonds still have some capacity 
in carrying load because matrix materials cannot 
cross over each other. Matrix, interlayer bonds are 
assumed to remain half performance after their 
stretches exceed the compressive critical value. 

4. Numerical Implementation 

In the numerical implementation, the reference 
configuration is uniformly discretized into vast 
number of nodes and the integration in equation (2) 
can be replaced by a finite sum 

( )n n n
i p i p i i

p

, Vρ = − −∑&&u n
i+f u u x x b      (18) 

where the sum range is within the material horizon, 
the superscript n indicates the number of time step, 
and the subscript i represents node number. 

The numerical method of peridynamic theory is 
quite computational expensive, a common defect 
among most meshless methods, as a result of 
substantial quantity of bonds is involved in the 
computing. Fortunately, the node displacement 
possesses an explicit calculation formula which 
implies a high parallelism. Thus, the GPU parallel 
computing technology [12-15] is utilized in this 
approach to improve calculation efficiency. 

5. Numerical Prediction and Experimental 
Verification 

In this section, unidirectional laminates and a 
quasi-isotropic laminate are successively analyzed to 
simulate the progressive damage and failure in 
laminates.  

5.1 Prediction Model  

For the unidirectional laminate, the dimension 
is 504mm in length, 127mm in width and 2mm in 
thickness. Its layups are [0]8, [45]8, and [90]8 and 
contains a 25.4mm×6.35 mm's notch in the center as 
indicated in Fig.4. 

For the quasi-isotropic laminate, the dimension 
is set up according to the requirement in ASTM 
D5766 [16]. Its layup is [45/0/-45/90]s and the 
laminate has an open hole with a 6mm diameter in 
the center. 

Both of the unidirectional and quasi-isotropic 
laminates are fixed on one side and exerted by a 
tensile loading on the other side, the boundary 
conditions are set onto the nodes within 3 grid 
spacing from the ends. The properties of T700/977 
carbon-epoxy composite are assigned to the lamina. 
The thickness of a single ply is 0.25mm, material 
density is 1580kg/m3, longitudinal Young's modulus 
E11=142.1GPa, transverse Young's modulus 

E22=8.73GPa, shear modulus G12=4.49GPa, 
principal Poisson's ratio v12=0.33, longitudinal 
tensile strength XT=2.668GPa, longitudinal 
compressive strength XC=1.488GPa, transverse 
tensile strength YT=91.8MPa and transverse 
compressive strength YC=291MPa. 

5.2 Analysis of Unidirectional Laminates 

When the displacement of the loading end is 
relatively small, implying that damages and failures 
have not occurred in the laminates, the deformation 
of unidirectional laminates shows great agreement 
with the FE results as illustrated in Fig.5. Fig.5(a), 
Fig.5(c) and Fig.5(e) is FEM results of [0]8, [45]8 
and [90]8 laminates; Fig.5(b), Fig.5(d) and Fig.5(f) 
are their peridynamic results. The geometrical 
discontinuities induced by a center notch influence 
the displacement contours around its boundary, 
which reflects the distribution of internal forces in 
the laminates. Due to the refined anisotropic 
definitions introduced in this model, it can be seen 
that the displacement contours have different 
patterns with the rotation of fiber orientations and 
they correlate well with each other. 

With the augment of loading, the concentration 
of internal force induces the initial damages on the 
notch boundary. Cracks initiate from the edge of 
notch and tips extend along different directions 
which are compatible with the ply orientations, as 
Fig.6 to Fig.8 presents. Predicted results indicate 
that local matrix fracture on the edge of the center 
notch usually emerges before the occurrence of other 
kinds of damages. The initial matrix failures trigger 
the onset of cracks and make the cracks spreading 
along fiber directions. Several results of different 
steps are chosen to illustrate the process of crack 
growth in unidirectional laminates. Fig.6 shows the 
crack propagations in [0]8 laminate, the spectrum 
denotes the damage extent, 0.0 means no damage 
and 1.0 represents totally damaged. Crack initiates 
from the notch's edge and its tips extend along the 
fiber direction as the loading increases. Since the 
matrix bonds own much weaker properties than the 
fiber bonds, it is reasonable to observe that matrix 
failure is the foremost failure mode appeared during 
the crack initiating phase. Similar traits of crack 
growth are also found in the [90]8 laminate which is 
illustrated in Fig.7. As the [90]8 laminate is loaded in 
the transverse direction, the matrix bonds still 
dominate the load-carrying capacity so that matrix 
splitting occurs before fiber fractures. Crack growth 
is also influenced by the fiber orientation, expanding 
straightly forward until the crack tip reaches the 
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lateral sides. Both of the simulation results of crack 
propagation in [0]8 and [90]8 unidirectional 
laminates are same to those results predicted in the 
literatures [8-9] and obtained from experiments [17]. 
The crack propagating direction of [45]8 laminate, 
however, does not spread along the 45°direction, it 
shows a deviation towards the 90°direction, as 
presented in Fig.8. This may due to the high speed 
loading, because it will introduce a high strain rate 
which has a significant effect on material response. 
Under a high speed loading, the maximum normal 
stress is much higher than that of static loading [18], 
which enables a possibility for composites to split 
along the transverse direction. Both of the [45]8 and 
[90]8 unidirectional laminates are finally fractured 
by the matrix splitting, however, the [0]8 
unidirectional laminate is failed because of fiber 
break on the loading ends which are identical to the 
results of Askari [5]. 

5.3 Analysis of Quasi-isotropic Laminate 

The quasi-isotropic laminate was tested on a 
MTS machine and an optical instrument was used to 
get the full-field displacement contour around the 
circular hole. The test sample was printed with 
speckle patterns on the surface which was measured 
by the digital cameras.  

Fig.9 shows that the analysis gives correct 
elastic deformation around the circle hole and 
excellently agrees with the results of Digital Image 
Correlation (DIC). Fig.9(a) and Fig.9(c) denote the 
longitudinal and transverse deformations on the 
superficial 45° layer when the displacement on the 
loading side reaches 0.3mm, which is a safe value 
ensuring that there will be no damage produced in 
laminates. From Fig.9(b), it can be seen that the 
maximum and minimum value of longitudinal 
displacement are 0.1751mm and 0.1338mm 
respectively, it compares well with the numerical 
predictions which is 0.1856mm and 0.1234mm 
respectively. Their relative errors are 5.99% and 
7.77% separately. The numerical analysis shows a 
symmetrical pattern (Fig.9(c)) for transverse 
displacement, while, the measurement result 
contains a slight slope (Fig.9(d)). It is caused by 
inevitable tolerances and gaps in the configuration of 
test machines, which produced a minute transverse 
rigid body displacement. It can be verified by the 
asymmetric spectrum limitations of Fig.9(d) which 
contains a little deviation in the transverse direction. 
In general, Fig.9 shows an identical tendency in 
longitudinal and transverse elastic deformations and 

a good numerical agreement between peridynamic 
and experimental results. 

As the load increases, damages begin to emerge 
on the edge and then disseminate to surrounding 
areas as presented in Fig.10. Since the stack 
sequence is symmetrical, the numerical analysis has 
obtained symmetric results on layers in the lower 
half, so that only the upper half of the laminate is 
showed in this picture. Predictions of the in-plane 
failure in each layer and delamination in the 
interlayer during the progressive damage process are 
illustrated in Fig.10. From the in-plane damages 
results, it can be seen that at the very beginning of 
crack initiation, matrix splits are parallel to the ply 
orientation which is consistent to the phenomenon 
observed from unidirectional laminates. Whereas, as 
the load rises, crack growth no longer spreads along 
the fiber direction, instead, it starts to spread rapidly 
in the transverse direction. The final failure mode of 
in-plane results shows that the outer 45° layer 
receives more severe damages than other layers and 
there are matrix splits along the ply orientation.  

As presented in Fig.10, interlayer damages are 
able to be observed simultaneously via using this 
peridynamic approach. Similar to the inequity of in-
plane damages, the outer interlayer comprises more 
serious damages than the inner ones. It can be seen 
that the interlamination between 45°and 0° layers 
has received the maximum damage in terms of 
extent and coverage. This inequity of damage in 
interlayer damage may mainly due to the outer 
layers’ lack of lateral supports, and it is vulnerable 
to the out plane forces existed in the transient 
moment when fracture happens. 

Finally, the ultimate failure mode of the 
laminate will be obtained by stacking these layers 
and interlaminations collectively, as indicated in 
Fig.11.The test result shows that the outer 45° layer 
contains more severe damages than the inside layers 
and the matrix splits along the ply orientation. The 
experiment result verifies that this approach can give 
correct predictions to laminate's deformation and 
failure. Generally, it is not easy for conventional FE 
methods to get such complex and detailed patterns 
for in-plane and interlayer damages synchronously. 

6. Conclusion 

Introduction of the off-axial modulus into bond 
definition is able to give a refined description of 
anisotropic behaviors of composites. Various types 
of bonds are employed in this approach and its 
predictions agree well with results from the 
literatures and experiments. 

5  

ICCM19 6744



This approach provides no difficulties in 
analyzing damage propagation in discontinuous 
areas, and can propose novel views of failures which 
are figured by particles instead of elements. More 
detailed and complex process of damage 
propagations for composite materials can be exposed 
by this approach. Therefore, this approach is quite 
appropriate for structural analysis of composite 
materials. 
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