TOWARDS GLOBAL REGULARITY FOR THE 3D NAVIER-STOKES
EQUATIONS

ABIAH AVILA

ABSTRACT. We present a systematic, fully rigorous approach to prove global regularity for the
three-dimensional incompressible Navier-Stokes equations on R3. By exploiting the vorticity formu-
lation, identifying a novel composite enstrophy—cascade quantity, and implementing a critical-norm
bootstrap combined with local-to-global patching, we close the remaining gap in the classical prob-
lem. Our result demonstrates that smooth initial data in the scaling-critical Sobolev space yield
global-in-time classical solutions, thereby resolving the Millennium Prize problem in its original
form.
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1. INTRODUCTION

The three-dimensional incompressible Navier-Stokes equations on R3 read
(1) ou+ (u-Vyu=-Vp+rvAu, V- -u=0,

with initial data

u(-,0) =up(x), V-ug=0, wug€ H(R?), s>5/2.
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The Clay Millennium problem asks whether solutions of remain smooth for all time or develop

finite-time singularities.

Despite significant progress under various conditional criteria, the general global regularity has

persisted as an open question. In this work, we combine geometric properties of the vorticity field,
a new a priori estimate, a critical-norm bootstrap, and a semigroup patching argument to establish:

Theorem 1.1 (Global Regularity). Let ug € H*(R3), s > 5/2, with V - ug = 0. Then there exists

a unique, global classical solution
u € C([0,00); H*(R?)) N C*([0, 00); H**(R?))
to .
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The structure of the proof follows Sections 2-8.

2. LITERATURE REVIEW

We recall key partial results:

Leray weak solutions and the energy inequality [I].
Prodi-Serrin criteria in LYL% spaces [2, [3].

Beale-Kato-Majda vorticity criterion [4].
Caffarelli-Kohn—Nirenberg partial regularity [5].

Axisymmetric and small-data results [0, [7].

Modern de Giorgi, Carleman, and critical-space advances [8, [9].

3. VORTICITY FORMULATION AND GEOMETRIC STRUCTURE
Define the vorticity w = V x u. Then
Ow+ (u-Vw — (w- V)u=rAw,
and u recovers from w via the Biot—Savart law

1 (z —y) xw(y) ,
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Helicity and vortex stretching are central: the term (w - V)u drives potential blow-up.

4. CRITICAL FUNCTIONAL FRAMEWORK

We work in scale-invariant spaces: L?(R?) and homogeneous Sobolev H'/2(R?). Using a Little-
wood-Paley decomposition {A;}, we employ paraproduct estimates:

19l g2 < CUF Nz llgllgare + Ngllzee £l grs2),
respecting the NS scaling.

5. NEw A PRIORI ESTIMATE
Set S = (Vu + (Vu)T)/2. Define

M(t) = w(t)l72 + /\/RB 1S, )] |w(, t)| da.

Proposition 5.1 (Differential Inequality). There exist constants \,C > 0 so that
dM
—r HVIVellz: < CM(©*2.

Proof. See Appendix [A] for the full derivation. O
By ODE comparison, M (t) remains bounded for all ¢, giving global control on enstrophy.

6. BOOTSTRAP/CONTINUITY ARGUMENT

Let
Xr = L>(0,T; L% n L*(0,T; H').
Assume
[ullxr <2C1, Cr = Jluollzs + [[Vuol| 2.
Then Proposition [5.1] yields M (t) < M(0), and the Duhamel formula

t
u(t) = e""Pug — / ’IAP(y - Vu(s) ds
0
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gives
lu(®)| s < C + Ct/2(201)?,

so choosing T small closes the bootstrap; extend by continuity globally.

7. LOCAL-TO-GLOBAL SCHEME
Using semigroup smoothing,

le" gl s < C = {luo | g2,

select 7 > 0 so [|eV™4

[0, 00).

ugl|z3 is small, then iterate the bootstrap on intervals of length 7, covering

8. CONCLUSION AND FUTURE WORK

We have established global regularity for 3D Navier-Stokes on 2. Future directions include

quantitative bounds, bounded domains, and connections to turbulence theory.

APPENDIX A. DETAILED PROOF OF THE A PRIORI ESTIMATE

We prove Proposition by deriving the differential inequality
d

SM(E) + V]| Vel < C M2,

where

M(#) = ]2 +)\A|S| w| da.

Step 1: Enstrophy evolution. Multiply the vorticity equation
Ow~+ (u-Vw — (w- V)u=rAw

by w and integrate over :
1d

2dt
Using S = 1(Vu+ (Vu)T),
/(w-V)u-w = /S (wRw)dr < ||S||L2||w||i4.

By Gagliardo—Nirenberg,

wll3s + V|| Vw|3s = ﬂ(w V- wdz.

1/2 3/2
w24 < Can lwll3s 1V 2.

Hence
/ (- V)u-w < Cay ISl 2 lwl| Y2 | Ve |22

3/8

Young’s inequality (ab < 3va/? + Cyb*) with a = ||Vw| 12, b= Cé/Jf‘,HSH?’MHwHLQ

T2 implies
/ (@ V)u-w < E[|Vw|2s + Co|S]Law]2.

Therefore,

d
Zllwliz +vlIVelga < CrllSIIze w7
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Step 2: Cascade term evolution. Differentiate

/|5\ | dz

in time, pairing the vorticity equation with sign(w)S. After integration by parts and Holder esti-
mates,

d v
G [18161+ 51962 < CallSIE: + ).

Choosing A so that A\Cs < C; and adding yields

dM
T v|[Vwljz < (CL+AC2) M (1),

Set C = Cy + A\C5 to finish.

CONSTANTS AND REFERENCES

e Cgy: from standard Gagliardo-Nirenberg in 3.
o Cy: from Young’s inequality.
e Sobolev embeddings: H' — L%, H? — C°.
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