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We propose a high order discontinuous Galerkin (DG) scheme with subcell finite volume (FV) limiter to
solve a monolithic first–order hyperbolic BSSNOK formulation of the coupled Einstein–Euler equations. The
numerical scheme runs with adaptive mesh refinement (AMR) in three space dimensions, is endowed with time-
accurate local time stepping (LTS) and is able to deal with both conservative and non-conservative hyperbolic
systems. The system of governing partial differential equations was shown to be strongly hyperbolic and is
solved in a monolithic fashion with one numerical framework that can be simultaneously applied to both the
conservative matter subsystem as well as the non-conservative subsystem for the spacetime. Since high order
unlimited DG schemes are well-known to produce spurious oscillations in the presence of discontinuities and
singularities, our subcell finite volume limiter is crucial for the robust discretization of shock waves arising in the
matter as well as for the stable treatment of puncture black holes. We test the new method on a set of classical test
problems of numerical general relativity, showing good agreement with available exact or numerical reference
solutions. In particular, we perform the first long term evolution of the inspiralling merger of two puncture black
holes with a high order ADER-DG scheme.

PACS numbers: 04.25.D-, 04.25.dg,

I. INTRODUCTION

The advent of a third generation of gravitational wave (GW) detectors [1], specifically the Einstein Telescope1 in Europe and
the Cosmic Explorer2 in the US, will provide large enough signal-to-noise ratios to allow for a high precision GW astronomy.
The planned sensitivity h for these instruments will be in the range 10−25 ÷ 10−24 Hz−1/2, thus representing an invaluable tool
in fundamental physics research, black hole physics and high energy astrophysics. Indeed, the actual detection of GWs since
September 14 2015 was preceded and continuously accompanied by more and more accurate numerical simulations, which
are now crucial for interpreting the signals that we receive and for understanding the complex physics behind the high energy
processes involved on the cosmic scale. Hence, numerical relativity (NR) is by now a mature field of research, having obtained
a large amount of scientific results which are virtually impossible to document properly in a few lines (see, among the others,
the monographs by [2–12]).

In view of numerical applications, the Einstein equations can be cast in many different forms, some of which have not
been fully explored yet. The first numerical simulation of a binary system [13] has been obtained within the generalized har-
monic (GH) formulation, which was later cast as a first-order system by [14], allowing for important scientific results (see
[15] and references therein). However, the most widely adopted formulations of the Einstein equations are represented by the
BSSNOK/Z4/CCZ4/Z4c family, which are based on the famous BSSNOK system [16–18]. The BSSNOK formulation arises
naturally as a mixed first and second order (in space derivatives) PDE system, and as such, central finite difference numerical
schemes have always been the most natural choice. This is in fact the case for a wide class of numerical codes like Einstein–
Toolkit [19], LazEv [20, 21], BAM [22, 23], McLachlan [24], GRChombo [25], AMReX [26], SACRA [27, 28], MHDueT [29],
ExaGRyPE [30].

However, in the context of numerical analysis for hyperbolic conservation laws rather advanced numerical schemes have been
developed over the last decades in alternative to classical finite differencing, that could be rather beneficial to NR. A special case
in this respect is represented by high order Discontinuous Galerkin (DG) schemes [31–34], that come with a virtually negligible
numerical dissipation, allow for an optimal parallelization scalability and can reach at least in principle arbitrary high order of
accuracy, though not requiring any spatial reconstruction. The application of DG schemes to the relativistic context has been
initially obtained discarding the Einstein equations but rather focusing on the evolution of the field content, i.e. solving the
equations∇µTµν = 0 in a stationary spacetime (either flat or curved), see e.g. the seminal works [35] and [36]. When doing so,
one faces a well–known problem of DG schemes, namely that of producing strong oscillations at discontinuities, unless special
interventions are performed. This fostered the research for a proper limiting of DG schemes, with quite interesting results
obtained by various groups proposing a variety of different approaches including artificial viscosity [37–39], or filtering [36], or
a priori limiting of the troubled cells [34, 40–46], and, finally, a posteriori limiting [47, 48]. In this way, a number of relevant
results in the field of relativistic hydrodynamics and magnetohydrodynamics have been achieved, see e.g. [35, 36, 49–58].

1 https://www.et-gw.eu/
2 https://cosmicexplorer.org/
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We should also mention that DG schemes come in two flavors as far as the time discretization is concerned. From one side
there are the classical Runge–Kutta DG schemes of Cockburn and Shu [34, 59, 60] for first and second order systems, which
appeared in the general relativistic context for the first time in [36]. On the other side there are ADER-DG schemes [61, 62],
which are fully-discrete one-step schemes that are uniformly high order accurate in both space and time and which were first
applied to relativistic hydrodynamics and magnetohydrodynamics in [35, 63].

When one moves to the numerical solution of the Einstein equations, however, the situation complicates considerably, wors-
ened by the fact that DG schemes can be naturally applied to first–order systems, while they pose a number of hard challenges
when applied to second–order systems. Of course there have been various attempts with rather promising results: for instance,
[64] successfully solved a number of fundamental tests of NR with a DG scheme within the second–order BSSNOK formulation;
[15] could evolve a single black hole using DG methods in combination with the first–order generalized harmonic formulation
by [14]. Quite recently, and within the same formulation, [65] have presented important results on the binary merger of neutron
stars using a hybrid DG-finite difference method with the SpEC code [66–68]. However, to the best of our knowledge, it has
not been possible yet to successfully evolve binary systems of black holes with high order DG schemes using a second–order
version of either the BSSNOK or the GH formulation.

Therefore, a general consensus seems to be forming in the last decade or so that a strongly hyperbolic first–order formulation of
the Einstein equations is required if one really wants to use DG schemes in NR calculations. Possibly under these motivations,
[69] proposed a first–order version of BSSNOK which they implemented both with finite difference and Runge–Kutta DG
schemes. However, in spite of the promises of that approach, there are no evidences that the project has been pushed further on.
Within our group, we have initially explored the capabilities of a first–order version of the Z4 formulation, proposed originally by
[70, 71] with the aim of treating properly the Einstein constraints, to perform binary merger simulations. Hence, in [72, 73] we
applied high order ADER–DG methods to a new first–order version (FO-CCZ4) of the conformal and covariant Z4 formulation
of the Einstein equations of [74], showing also first preliminary results for a head-on collision of two puncture black holes. Based
on some preliminary studies on well-balanced schemes for the Einstein equations in one space dimension [75], more recently
in [76] we have presented a new first–order Z4 formulation (FO-Z4) solved with high order exactly well–balanced ADER–DG
methods, which can be particularly suitable to perform numerical perturbative analysis of compact objects. However, in spite
of some progress made, none of these approaches was robust enough to perform a stable long term evolution of binary systems
with high order DG schemes.

In this work we finally reach a major step forward by solving a new strongly hyperbolic first–order non–conservative version of
BSSNOK, denoted by FO-BSSNOK in the following, with high order ADER–DG schemes. Our new FO-BSSNOK formulation
of the Einstein equations has been recently presented in [77] in combination with an entirely different class of numerical schemes,
namely central WENO (CWENO) finite difference schemes [78, 79]. High order WENO finite difference schemes were for the
first time applied to the Einstein field equations in [80], where a first order Z4 formulation has been discretized.

Since DG schemes are so little diffusive, they become extremely sensitive to any, even tiny, deviation from strong hyperbolic-
ity. Hence, our guiding principle for designing FO-BSSNOK in [77] has been to prove strong hyperbolicity of the corresponding
PDE system by effectively showing a complete set of real eigenvalues and associated eigenvectors. In this paper we show that
the FO-BSSNOK system proposed in [77] can successfully evolve binary systems of black holes also over longer timescales
using high order ADER–DG schemes with suitable subcell finite volume limiting, in principle to any desired order of accuracy
in space and time. A key feature of our new approach is that the same numerical scheme can be applied to the matter and to the
Einstein sectors of the PDE system, with the only caveat of taking into account non–conservative terms in the spacetime evolu-
tion. This represents an enormous advantage with respect to traditional approaches where totally different numerical schemes
must be used for the two parts of the PDE system (matter sector and spacetime sector).

The structure of the paper is as follows. In Section II we present the new first order version of the BSSNOK formulation of
the coupled Einstein-Euler equations. In Section III we describe the new numerical scheme that can be used in a monolithic
way for the full system of the Einstein–Euler PDEs. In Section IV we show a number of benchmark results to demonstrate the
correctness of both the formulation and the numerical solver. Finally, the conclusions are summarized in Section V.

We work in a geometrized set of units, in which the speed of light and the gravitational constant are set to unity, i.e., c = G = 1.
Greek indices run from 0 to 3, Latin indices run from 1 to 3 and we use the Einstein summation convention of repeated indices.

II. THE FIRST–ORDER MONOLITHIC BSSNOK FORMULATION OF THE COUPLED EINSTEIN–EULER SYSTEM

In [77] we have presented the FO-BSSNOK system, a new strongly hyperbolic first–order reformulation of the original
second–order BSSNOK system [3, 7, 8, 10]), which was directly coupled with the general relativistic Euler equations of hydro-
dynamics in a monolithic manner, solving both subsystems for matter and spacetime with one and the same numerical method in
one single set of first order hyperbolic equations. The coupling between the matter and spacetime subsystems occurs merely via
algebraic source terms on the right hand side of the system. In the following we provide a concise description of our approach,
which inherits several definitions and conventions quite common in numerical relativity. As customary in the 3+1 formalism,
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the line element of the metric is split as

ds2 = −(α2 − βiβi)dt2 + 2βi dx
i dt+ γijdx

i dxj , (1)

where α is the lapse, βi is the shift and γij is the purely spatial metric tensor. A key feature of the BSSNOK approach is to
factorize γij in terms of a unit-determinant auxiliary metric tensor γ̃ij , i.e.

γij = ψ4γ̃ij = e4φγ̃ij , (2)

with ψ = γ1/12 being the conformal factor, and γ = det(γij). Following the same logic, the symmetric extrinsic curvature Kij ,
is replaced by a rescaled trace-free tensor

Ãij = ψ−4Aij = e−4φ

(
Kij −

1

3
γijK

)
, (3)

where K = γijKij is the trace of Kij . The price to pay for getting a first–order formulation of the Einstein equations is to
enlarge the set of evolved quantities, which must now involve the space derivatives of the metric terms. Hence, just like in
[72, 77], we introduce the following 30 auxiliary variables

Ak := ∂k lnα =
∂kα

α
, B i

k := ∂kβ
i , Dkij :=

1

2
∂kγ̃ij . Pk :=

∂kψ

ψ
= ∂kφ =

1

12
∂k ln γ . (4)

In general, we will also be interested in the evolution of an external field, described by an energy–momentum tensor Tµν of
an arbitrarily complex physical system. In this paper, though, for the sake of simplicity, we will limit our attention to a perfect
(non–dissipative) fluid, for which we have

Tµν = p gµν + (e+ p)uµuν . (5)

Here, p is the gas pressure, e is the energy density and uµ is the four velocity of the fluid. The equation of state is that of an ideal
gas, with p = ρε(γ − 1), where ρ the rest mass density, ε is the specific internal energy, while γ is the adiabatic index. In the
reference frame of the so–called Eulerian observer defined by nµ = (1/α,−βi/α), the relativistic mass density, the momentum
density, the energy density and the spatial part of the energy momentum tensor are given, respectively, by [10]

D = ρW , (6)
Si = ρhW 2vi , (7)
E = ρhW 2 − p , (8)
Sij = ρhW 2vivj + p γij , (9)

where h = 1 + ε+ p/ρ is the specific enthalpy, vi is the fluid velocity and W = 1/
√

1− vivi is the Lorentz factor of the fluid
relative to nµ.

With all these definitions in mind, and using the traditional metric variables γ̃ij , φ, Ãij , K of the second–order BSSNOK
formulation, as well as of the additional variables given by (4), the new first–order BSSNOK formulation of the Einstein-Euler
equations leads to the following system of PDEs (see [77])

∂t(
√
γD) + ∂i

[√
γ(αviD − βiD)

]
= 0 , (10)

∂t(
√
γSj) + ∂i

[√
γ(αSij − βiSj)

]
=
√
γ
[
αSikDjik + SiB

i
j − αEAj

]
, (11)

∂t(
√
γE) + ∂i

[√
γ(αSi − βiE)

]
=
√
γ

[
αSije4φ

(
Ãij +

1

3
γ̃ijK

)
− αSjAj

]
, (12)

∂tγ̃ij − βk∂kγ̃ij = γ̃ikB
k
j + γ̃kjB

k
i −

2

3
γ̃ijB

k
k − 2αÃij , (13)

∂tφ− βk∂kφ =
1

6
B k
k −

1

6
αK , (14)

∂tÃij − βk∂kÃij + αe−4φ

(
∂(iAj) −

1

3
γ̃ij γ̃

mn∂(mAn)

)
− αe−4φ

[
(Rij)

TF
ncp

]
=

ÃikB
k
j + ÃkjB

k
i −

2

3
ÃijB

k
k − αe−4φ

[
AiAj − ΓkijAk −

1

3
γ̃ij γ̃

mn(AmAn − ΓkmnAk)

]
+

+ αe−4φ

[
(Rij)

TF
src

]
− 8παe−4φ

(
Sij −

1

3
e4φγ̃ij S

)
+ α(KÃij − 2Ãilγ̃

lmÃmj) , (15)
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∂tK − βk∂kK + αe−4φγ̃ij∂(iAj) = −αe−4φγ̃ij
(
AiAj − ΓkijAk

)
+ α

(
ÃijÃ

ij +
1

3
K2 + 4π(E + S)

)
, (16)

∂t lnα− βk∂k lnα = −g(α)α(K −K0) , (17)

∂tβ
i − b s βk∂kβi =

3

4
s bi, (18)

∂tb
i − b s (βk∂kb

i − βk∂kΓ̃i) = s(∂tΓ̃
i − ηbi) , (19)

∂tΓ̃
i − s

[
βk∂kΓ̃i + γ̃jk∂(jB

i
k) +

1

3
γ̃ij∂(jB

k
k) −

4

3
αγ̃ij∂jK

]
=

s

[
2

3
Γ̃iB k

k − Γ̃kB i
k − 2αÃijAj + 2α

(
Γ̃ijkÃ

jk + 6ÃijPj − 8πe4φM i
)]

, (20)

∂tAi − βk∂kAi + αg(α) (∂iK − ∂iK0) = −αAi (K −K0) (g(α) + αg′(α)) +B k
i Ak (21)

∂tB
i
k − s

[
3

4
∂kb

i + b
(
βm∂mB

i
k

)
− µα2γijγnl (∂kDljn − ∂lDkjn)

]
= s bB i

mB
m
k , (22)

∂tDkij − βm∂mDkij −
1

2
γ̃mi∂(kB

m
j) −

1

2
γ̃mj∂(kB

m
i) +

1

3
γ̃ij∂(kB

m
m) + α∂kÃij = B m

k Dmij +B m
j Dkmi +B m

i Dkmj

− 2

3
B m
m Dkij − αAkÃij +

1

3
αγ̃ij

[
γ̃nm∂kÃnm + Ãnm∂kγ̃

nm
]
, (23)

∂tPi − βk∂kPi +
1

6
α∂iK −

1

6
∂(iB

k
k) = PkB

k
i −

1

6
αKAi , (24)

where the superscript TF denotes the trace-free part of the corresponding tensor, S = γijSij , while the Hamiltonian and the
momentum constraints are given by

H = R− ÃijÃij +
2

3
K2 − 16πE = 0 , (25)

M i = ∂jÃ
ij + Γ̃ijkÃ

jk + 6Ãij∂jφ−
2

3
γ̃ij∂jK − 8πSi = 0 . (26)

In addition, we stress the following facts about the above system:

• Eq. (10)–(24) form a strongly hyperbolic PDE system in which the matter and the spacetime sectors are coupled only
through the source terms. The full sets of real eigenvalues and corresponding eigenvectors for the case s = 0 are reported
in the Appendix of [77].

• The insertion of the auxiliary variables in Eq. (4), which are all gradients of primary evolution quantities, generates a set
of second-order ordering constraints, namely:

Alk = ∂lAk−∂kAl = 0, Bilk = ∂lB
i
k −∂kB i

l = 0, Dlkij = ∂lDkij−∂kDlij = 0, Plk = ∂lPk−∂kPl = 0 , (27)

the third of which can be recognized in Eq. (22), multiplied by a variable factor µ. An additional differential constraint
comes from the trace-free character of Ãij , which gives

Ck = Ãij∂kγ̃
ij + γ̃ij∂kÃij = 0 , (28)

which is used, for instance, in Eq. (23) for the time evolution of Dkij .

• Eqs. (17)–(20) are the so-called gauge conditions for the lapse and for the shift. In particular, we adopt the canonical
gamma–driver to treat moving punctures, thus promoting the contracted Christoffel symbol Γ̃i = γ̃jk Γ̃ijk to a primary
variable [81]. Hence, s is a binary parameter, either to 1 or 0, which is used to switch the Gamma–driver on or off in
Eqs. (18)–(20), depending on the test being considered.

• The terms (Rij)
TF
ncp and (Rij)

TF
src in Eq. (15) separate the non–conservative products from the purely algebraic factors,

that are included in the Ricci tensor.

• In those tests that involve fluids, we will adopt an efficient and robust conversion from the conservative to the primitive
variables introduced originally in [76], which has proven to be valid even in the presence of zero density atmospheres
around neutron stars.

As a mixed conservative–non conservative first–order system, Eq. (10)–(24) can be discretized via ADER–DG schemes in the
way we describe below.
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III. ADER DISCONTINUOUS GALERKIN SCHEMES FOR THE FO-BSSNOK NON CONSERVATIVE SYSTEM

A. The unlimited ADER-DG scheme

Discontinuous Galerkin schemes are usually proposed for hyperbolic systems in conservation form. However, they can be as
well extended to non conservative (but still hyperbolic) systems and the first analysis of this kind, although not in the relativistic
context, can be found in [82–84]. The first application to the general relativistic context was presented in [72] for the FO-CCZ4
equations. The numerical approach that we propose here, mutatis mutandis, is the same one considered in that work. Hence, we
first write the system (10)–(24) as

∂u

∂t
+
∂f i

∂xi
+Bi(u)

∂u

∂xi
= S(u), or, equivalently,

∂u

∂t
+∇ · F (u) +B(u) · ∇u = S(u) , (29)

where u is the state vector of 63 dynamical variables, namely

u =
(
D,Si, E, γ̃ij , lnα, β

i, lnφ, Ãij ,K, Γ̃
i, bi, Ak, B

i
k, Dkij , Pk,K0

)
. (30)

According to the DG approach, at time tn in each element Ωi = [xi − 1
2∆xi, xi + 1

2∆xi] × [yi − 1
2∆yi, yi + 1

2∆yi] × [zi −
1
2∆zi, zi + 1

2∆zi] the discrete solution is written in terms of spatial basis functions Φl(x) as

uh(x, tn) =
∑
l

ûi,lΦl(x) := ûni,lΦl(x) , (31)

where the coefficients ûni,l are the so-called degrees of freedom, while l = (l1, l2, l3) is a multi-index. Concerning the choice of
the spatial basis functions, we first define one-dimensional basis functions ϕk(ξ) on the reference element [0, 1]. These are given
by the Lagrange interpolation polynomials, all of degree N , which pass through the (N + 1) Gauss–Legendre quadrature nodes
ξj . Then, the spatial basis functions Φl(x) can be obtained via the tensor product of the one-dimensional basis functions ϕk(ξ),
i.e. Φl(x) = ϕl1(ξ)ϕl2(η)ϕl3(ζ). We use a simple linear map from the physical coordinates x ∈ Ωi to reference coordinates
ξ = (ξ, η, ζ) ∈ [0, 1]3, namely x = xi − 1

2∆xi + (ξ∆xi, η∆yi, ζ∆zi)
T .

As customary for the DG discretization, we multiply the governing equations (29) by a test function Φk ∈ Uh, for us the same
one of Eq. (31), and then we integrate over the space-time control volume Ωi × [tn; tn+1], to get

tn+1∫
tn

∫
Ωi

Φk
∂u

∂t
dx dt+

tn+1∫
tn

∫
Ωi

Φk (A(u) · ∇u) dx dt =

tn+1∫
tn

∫
Ωi

ΦkS(u)dx dt , (32)

where A(u) = ∂f/∂u+B(u). In the ADER-DG framework, the time integration of Eq. (32) is not performed through tradi-
tional Runge–Kutta schemes, but rather after resorting to an element-local space-time predictor, denoted by qh(x, t), available
at any intermediate time between tn and tn+1 (see Sect. III B), in such a way that the final time update can be obtained through
a single time-step numerical scheme. When this approach is applied to non–conservative systems, further complications arise
since the non conservative terms are in principle vulnerable to non-smooth solutions. These can, however, be treated via the so–
called path-conservative schemes, which over the years have been developed both for finite volume and DG schemes [82–86],
following the pioneering theoretical investigations of [87]. Hence, assuming that the space-time predictor qh(x, t) is available,
the master DG equation resulting from (32), after (31) is adopted, is∫

Ωi

ΦkΦldx

(ûn+1
i,l − û

n
i,l

)
+

tn+1∫
tn

∫
Ω◦

i

Φk (A(qh) · ∇qh) dxdt+

tn+1∫
tn

∫
∂Ωi

ΦkD−
(
q−h , q

+
h

)
·n dSdt =

tn+1∫
tn

∫
Ωi

ΦkS(qh)dx dt .

(33)
Eq. (33) is the basis for constructing our DG numerical scheme, provided we have the predictor solution qh at disposal, as
described in Sec. III B. The third integral on the left hand side of Eq. (33) is precisely responsible for the jumps q+

h − q
−
h across

the element interfaces and it can be computed as follows:

1. Firstly, a simple segment path is introduced, which connects the states q−h and q+
h :

ψ = ψ(q−h , q
+
h , s) = q−h + s

(
q+
h − q

−
h

)
, 0 ≤ s ≤ 1 . (34)
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2. Secondly, the jump terms are computed through a path-integral in phase space along the segment path (34)

D−
(
q−h , q

+
h

)
· n =

1

2

 1∫
0

A(ψ) · n ds

(q+
h − q

−
h

)
− 1

2
Θ
(
q+
h − q

−
h

)
, (35)

where A · n = A1n1 +A2n2 +A3n3 is the system matrix in normal direction and where the path integral is computed
numerically via a Gauss-Legendre quadrature formula of sufficient order.

3. The extra term Θ > 0 in Eq. (35) plays the role of a numerical viscosity matrix. Because of the complexity of the Einstein
equations, we have adopted a simple Rusanov-type viscosity matrix [83], namely

ΘRus = smaxI, with smax = max
(∣∣Λ(q−h )

∣∣ , ∣∣Λ(q+
h )
∣∣) , (36)

and where smax denotes the maximum wave speed found at the interface and I = δij is the identity matrix.

In alternative to the simple Rusanov method proposed above also more sophisticated HLL-type Riemann solvers may be used,
see e.g. [88] for an overview of modern state-of-the-art approximate Riemann solvers. Next, we will briefly describe the
computation of the local space-time predictor solution qh needed in Eq. (33) and (35).

B. ADER space-time predictor

In the modern version of ADER schemes proposed in [63, 83, 89], which differs from the original one of Titarev and Toro
[90–92], the element-local space-time predictor solution qh(x, t) is computed from the known discrete solution uh(x, tn)
at time tn using the DG approach, which operates locally for each cell. Over the years this strategy has been applied to
more and more complex systems of PDEs, ranging from relativistic ideal magnetohydrodynamics [50], to resistive–relativistic
magnetohydrodynamics [93], and finally to full general relativity [72, 73]. According to this approach, the solution qh is
expanded into a local space-time basis

qh(x, t) =
∑
l

θl(x, t)q̂i,l := θl(x, t)q̂i,l , (37)

with the multi-index l = (l0, l1, l2, l3) and where the space-time basis functions are constructed in quite a similar way as done
for Φl(x) in Eq. (31), but with a time dependence included, i.e. θl(x, t) = ϕl0(τ)ϕl1(ξ)ϕl2(η)ϕl3(ζ), where τ ∈ [0, 1] such
that t = tn + τ∆t. We now multiply (29) by θl(x, t) and we integrate over the space–time control volume, to obtain

tn+1∫
tn

∫
Ωi

θk(x, t)
∂qh
∂t

dx dt+

tn+1∫
tn

∫
Ωi

θk(x, t) (A(qh) · ∇qh) dx dt =

tn+1∫
tn

∫
Ωi

θk(x, t)S(qh)dx dt . (38)

Since the vector qh remains local in space, the numerical integration of (38) does not require the solution of any Riemann
problem, nor it needs to account for the jumps in qh across the element interfaces, which are instead invoked in the global
scheme (33). Hence, integration of (38) by parts in time provides

∫
Ωi

θk(x, tn+1)qh(x, tn+1)dx−
∫
Ωi

θk(x, tn)uh(x, tn)dx−
tn+1∫
tn

∫
Ωi

∂

∂t
θk(x, t)qh(x, t)dx dt =

tn+1∫
tn

∫
Ωi

θk(x, t)S(qh)dx dt−
tn+1∫
tn

∫
Ωi

θk(x, t) (A(qh) · ∇qh) dx dt . (39)

Eq. (39) forms a non-linear system to be solved in the unknown expansion coefficients q̂i,l and it can be conveniently tackled
through a simple and fast converging fixed point iteration method, the convergence of which was proven in [94].
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C. ADER-WENO finite volume subcell limiter

Even if the fields arising from the Einstein equations are linearly degenerate and therefore no shocks can form in the metric,
strong discontinuities can still form, in particular when a spacetime singularity is produced due to the merger of already existing
black holes. If matter is also present, the problem is then exacerbated, for instance during the gravitational collapse of a star,
because strong gas shocks are easily produced. From the numerical viewpoint this is a challenge for DG methods, which are
linear in the sense of Godunov’s theorem [95], and they are hence exposed to the appearance of strong oscillations (Gibbs
phenomenon), unless specific procedures are set forth. The strategies that are usually adopted to cope with this problem can be
roughly classified as

• Filtering. This is a rather natural approach to remove unphysical oscillations from the solution, and in the relativistic
context it has been successfully adopted in [36].

• A priori slope and moment limiting. This kind of approach is perhaps the most widely adopted among existing DG codes,
proposed in quite different versions [34, 40–46, 96, 97]. In the special relativistic context we also mention the interesting
family of positivity preserving and entropy stable limiters for DG schemes [58, 98].

• A posteriori subcell FV limiting. In an attempt of preserving as much as possible the accuracy of the DG schemes, the
detection of troubled numerical cells can be performed after updating the solution with an unlimited DG scheme. This line
of research has been developed within our group [47, 50, 99] and in [100] and it has been shown to produce quite reliable
results even in full general relativity [57, 72].

Following therefore the third of the above approaches, we use a third order ADER-WENO finite volume scheme at the subcell
level as a remedy to the Gibbs phenomenon. The whole scheme was already in place for our previous investigations within the
CCZ4 formulation of the Einstein equations [72]. Hence, we just provide here an essential description of the idea, addressing
the reader to the above-mentioned literature for further details.

1. We first apply the pure (unlimited) DG scheme of Eq. (33) to evolve the solution from time tn to tn+1. This produces a
candidate solution u∗h(x, tn+1) inside each cell Ωi.

2. The polynomial representing the candidate solution is then checked to verify that it lies between the minimum and the
maximum of all the polynomials representing the solution at the previous time step and belonging to the set Vi. If this
is not the case, the cell is flagged as troubled. The set Vi contains the cell Ωi and all its neighbor cells sharing a node
with Ωi. When matter is present, this numerical admissibility criterion can be augmented by a physical admissibility one,
requiring, for instance, that the velocity of the gas does not become superluminal.

3. All the troubled cells are then covered by a local sub-grid formed by Ns = 2N + 1 cells per space dimension, denoted as
Ωi,s, such that Ωi =

⋃
s Ωi,s. Each sub-cell Ωi,s is endowed with a cell average using the un-corrupted DG polynomial at

the previous time level tn, i.e.

ūni,s =
1

|Ωi,s|

∫
Ωi,s

u(x, tn)dx . (40)

4. The new data provided by Eq. (40) are now evolved in time using a finite volume scheme on the sub-grid. In this work we
have essentially used a pragmatic piecewise quadratic reconstruction, leading to a nominally third order accurate scheme
on the subgrid. However, we stress that WENO schemes of arbitrary order can be applied as well.

5. As a final step, the new solution at time tn+1 over the sub-grid is projected back to the main grid, via a classical constrained
least squares reconstruction [90, 101], to find a new limited DG polynomial u′h(x, tn+1) as

1

|Ωi,s|

∫
Ωi,s

u′h(x, tn+1)dx = ūn+1
i,s ∀Ωi,s ∈ Ωi, and

∫
Ωi

u′h(x, tn+1)dx =
∑

Ωi,s∈Ωi

|Ωi,s|ūn+1i, s . (41)

We note, for instance, that the successful simulation of the inspiralling merger of two black holes described in Sect.IV I was only
possible thanks to the activation of the limiter just described. To simplify the computational setup, it is of course also possible
to activate the subcell FV limiter always in a certain area of the computational domain, without making use of the dynamic
data-dependent detection criteria outlined above.
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D. Well-balancing and adaptive mesh refinement

Our numerical scheme is enriched by two extra features, that make it particularly appealing for NR applications.

1. Well-balancing

A numerical method is called well-balanced if it is designed to solve exactly, or at least with machine precision accuracy,
certain relevant stationary solutions of the governing PDE system to which it is applied. Such a property does not come for free,
and, if not present, an equilibrium solution ue, which satisfies ∂tue = 0 on a piece of paper, will not always remain stationary
in the code. Well–balanced numerical schemes have been proposed using a lot of different techniques, sometimes limited to
certain PDEs systems [75, 102–109]. Since the Einstein equations are so complex, as proposed by [76, 80, 110, 111], we have
chosen the rather pragmatic approach of subtracting at each timestep the a priori known equilibrium solution all together from
the governing PDE. This means that the following augmented system must be solved

∂tu+ ∂xF (u)− ∂xF (ue) +A (u) ∂xu−A (ue) ∂xue = S(u)− S(ue); ∂tue = 0. (42)

As a result, the discretization errors inherent to the numerical scheme are polished and stationarity can be preserved exactly at the
discrete level for any a priori known equilibrium ue. We refer to [76] for further details on the way how this can be practically
implemented in an existing general purpose solver for hyperbolic PDE. Here we just recall that the vector of evolved quantities
must be necessarily doubled, becoming ũ = [u,ue]. In fact, even if the equilibrium sector ue is effectively excluded from the
time evolution, it must nevertheless be included in all the spatial discretization procedures of the numerical scheme. Hence, our
well–balanced DG scheme is essentially a factor 2 slower than the non well-balanced one.

2. Adaptive Mesh Refinement

Following our previous works documented in [99, 112–114], our DG scheme has been combined with Adaptive Mesh Refine-
ment (AMR) and time-accurate local timestepping (LTS) according to a ”cell-by-cell” approach [115]. This means that every
cell Ωi is individually refined, avoiding grid patches. A suitable refinement criterion involves the computation of the scalar

χm(Φ) =

√√√√√ ∑
k,l (∂

2Φ/∂xk∂xl )
2∑

k,l

[(
|∂Φ/∂xk |i+1 + |∂Φ/∂xk |i

)/
∆xl + ε

∣∣∣ ∂2

∂xk∂xl

∣∣∣ |Φ|]2 . (43)

where the indicator function Φ is usually set equal to the conformal factor ψ. When a cell Ωi is flagged for refinement according
to χi > χref, it generates r3 children cells, with r = 3. We also set a maximum level of refinement `max, such that 0 ≤ ` ≤ `max.
At any level of refinement ` each cell has a specific status, namely it can be either an active cell, updated through the standard
ADER-DG scheme; or a virtual child cell, updated using L2 projection of the high order polynomial of the mother cell at the
(` − 1)-th level; or, finally, a virtual mother cell, updated by averaging over all children cells from higher refinement levels. If
the subcell limiter of Sect. III C is also active, the whole AMR strategy becomes more involved and the following caveats come
in place

• Virtual children cells inherit the limiter status of their active mother cell.

• If even a single active child requires the limiter, then the (virtual) mother will also call for the limiter.

• Cells which need the subcell limiter cannot be recoarsened.

Further details about the typical AMR operations of projection and averaging at the sub-grid level involving different levels of
refinement can be found in [99, 112, 114]. Of course, our AMR facility can also be used in a fixed refinement fashion if physical
and computational conditions suggest to do so.

IV. NUMERICAL TESTS

In this Section we show the numerical results obtained for several classical test problems of numerical general relativity,
obtained with our new high order ADER-DG schemes applied to the first order BSSNOK formulation of the coupled Einstein-
Euler system. The classical standard tests for vacuum spacetimes are taken from [81, 116].
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A. Linearized gravitational wave

We start with the classical linear gravitational wave test case proposed in [81], which consists in a very small perturbation of
flat Minkowski spacetime. The metric is given by

ds2 = −dt2 + dx2 + (1 + b) dy2 + (1− b) dz2, with b = ε sin (2π(x− t)) , (44)

hence all metric terms can be directly deduced from (44), such as the extrinsic curvature, which is Kij = ∂tγij/(2α). For small
values of ε the overall dynamics can be considered to be linear and thus the terms depending on ε2 can be neglected. Here, we
choose ε = 10−8. Furthermore, we use a harmonic lapse and the gamma–driver can be deactivated, i.e. s = 0. There is no

x

A
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2

­0.5 ­0.4 ­0.3 ­0.2 ­0.1 0 0.1 0.2 0.3 0.4 0.5

­4E­08

­2E­08

0

2E­08

4E­08
Exact solution

ADER­DG P3

FIG. 1. Linearized gravitational wave test case solved with a fourth order ADER-DG scheme up to t = 1000. Left panel: Ã22 component
of the conformal extrinsic curvature at the final time t = 1000, compared to the exact solution. Right panel: time evolution of the Einstein
constraints.

matter present in this test problem. The computational domain Ω = [−0.5, 0.5]× [−0.05, 0.05] is discretized using 32× 4 DG
elements of polynomial approximation degree N = 3. We employ periodic boundary conditions in all coordinate directions.

In Figure 1 we depict the computational results of the ADER-DG scheme up to a final time of t = 1000. In the left panel
the profiles of Ã22 are compared to the exact solution at the final simulation time of t = 1000. One can observe an excellent
agreement between the numerical results obtained with the fourth order DG scheme and the exact solution. In the right panel
of the same figure we show the time evolution of the Einstein constraints, which remain close to machine precision during the
entire simulation.

B. The robust stability test

The robust stability test was proposed in [81] and is typically used as an empirical hyperbolicity check of the chosen formu-
lation of the field equations. It can discover potentially unstable and therefore exponentially growing modes in the numerical
solution. We solve this test on the 2D domain Ω = [−0.5; 0.5] × [−0.5; 0.5], perturbing a flat Minkowski spacetime with a
uniformly distributed random perturbation with amplitude ±10−8/%2 in all variables. As usual in this test, the parameter % is
used to scale the perturbation with the mesh resolution, see [81], where the computational mesh is composed of 10%× 10% finite
elements. The gamma–driver shift condition is activated with µ = 0 and a 1 + log slicing is used for the lapse, i.e. g = 2/α.
Note that our initial perturbation is two orders of magnitude larger than the one suggested in [81].

Fig. 2 reports the time evolution of the Einstein constraints obtained with a fourth order ADER-DG scheme (N = 3) on
a sequence of successively refined meshes with % ∈ {1, 2, 3, 4}. We observe at most linear growth in the constraint errors,
which indicates a stable long-time evolution, as expected, since our FO-BSSNOK formulation has been proven to be strongly
hyperbolic for general spacetimes, see [77]. The linear growth of the Hamiltonian constraint reflects the fact that inside the
BSSNOK formulation no special care is taken of the Hamiltonian constraint. To control this constraint explicitly, another
formulation of the PDE would be necessary, such as the Z4 or the CCZ4 system, where the errors in the Hamiltonian constraint
are explicitly propagated away via a dedicated cleaning scalar Θ. For high order ADER-DG results obtained for this testcase
using the Z4 and the CCZ4 formulation, see [72, 76].
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FIG. 2. Robust stability test for the FO-BSSNOK formulation with gamma–driver shift condition and 1 + log slicing. A random initial
perturbation of amplitude 10−8/%2 in all quantities has been applied on a sequence of successively refined meshes on the unit square in 2D.
The simulation has been carried out with a fourth order ADER-DG scheme (N = 3). Top left: 10× 10 elements (% = 1). Top right: 20× 20
elements (% = 2). Bottom left: 30× 30 elements (% = 3). Bottom right: 40× 40 elements (% = 4).

C. The gauge wave

The next classical test case, also taken from [81], is the so-called gauge wave test. It is very well-known to be particularly
difficult for BSSNOK formulations of the Einstein field equations (see [69, 74]). With our numerical experiments we can confirm
that this is still true even for a high order DG discretiztion of our first order BSSNOK formulation. Instead, excellent results
were reported in [72] for a first–order reformulation of the CCZ4 system and, more recently, for a first order reformulation of the
original Z4 system, see [76, 80]. In the gauge wave test the metric is obtained via a nonlinear coordinate transformation applied
to the Minkowski spacetime. It reads

ds2 = −H(x, t) dt2 +H(x, t) dx2 + dy2 + dz2, where H(x, t) = 1−A sin (2π(x− t)) . (45)

A harmonic gauge condition is imposed for the lapse, while the shift is switched off, i.e. s = 0. We impose periodic boundary
conditions everywhere.

We first run the test with a small amplitude ofA = 0.01 on the rectangular computational domain Ω = [−0.5, 0.5]×[−0.5, 0.5]
using a sixth order accurate ADER-DG scheme (N = 5) on a computational grid composed ofNx = 40 and Ny = 4 equidistant
finite elements. The final time is set to t = 1000. As expected, the gauge wave test shows several pathologies when evolved
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FIG. 3. Solution of the gauge wave test with A = 0.01 using a sixth order ADER-DG scheme (N = 5). Left panel: Temporal evolution
of the Einstein constraints. One observes the usual exponential growth of the constraints that is typical for the gauge wave test when applied
to BSSNOK formulations of the Einstein equations. Right panel: profiles of the lapse α at t = 800 and at t = 1000 compared to the exact
solution.

over a long timescale using a BSSNOK formulation of the Einstein field equations, and these well-known problems do neither
disappear with a first order reformulation of the BSSNOK system, nor with the use of high order discontinuous Galerkin schemes
(see also [69, 77, 81, 117]). Instead, we can confirm the usual behavior of the BSSNOK formulation for the Gauge wave test
case, which is an exponential growth of the Einstein constraints that starts after a finite time and which is shown in the left panel
of Figure 3. In the right panel we show the numerical solution for the lapse α at t = 800 and at the final time t = 1000, when the
discrepancy with respect to the exact solution is appreciable. In addition, the inset shows the relative error, again with respect to
the exact solution.

In spite of these known problems of the BSSNOK formulation of the field equations for the gauge wave test case, it is still
possible to perform a numerical convergence analysis for this test in the case the final time is short enough. In this case the
above-mentioned pathologies are not able to spoil the properties of the numerical scheme. In Table I we present the results of a
numerical convergence analysis for a gauge wave with amplitude A = 0.1 at a final time of t = 1. One can clearly observe that
the high order ADER-DG schemes properly achieve their designed order of accuracy of N + 1.

Limited to this test, we have also performed a careful comparison, in terms of CPU time and accuracy, with the results obtained
through an entirely different numerical scheme, namely a central WENO finite difference scheme (FD-CWENO), that we have
recently proposed and analyzed in [77]. We stress that the formulation of the Einstein equations is exactly the same in the two
approaches. We also stress that the time integration philosophy in the two schemes is instead quite different, being Runge–Kutta
for FD-CWENO and ADER for DG.

Under these circumstances, we have set up two different kinds of comparison in 3D, using a computational domain Ω =
[−0.5, 0.5]3, and adopting periodic boundary conditions along each spatial direction,

• In a first battery of runs, with results shown in Tab. II, we keep the total number of elements constant, while comparing
the two numerical schemes at two different orders, i.e. orders 3 and 5.

• In a second battery of runs, with results shown in Tab. III, we keep the total number of degrees of freedom constant, while
comparing the two numerical schemes at two different orders, i.e. orders 3 and 5.

For each simulation we report the total Wall–Clock–Time (WCT), the time per element update (TEU), and the time per degree
of freedom update (TDU), each of them normalized to the FD-CWENO values, which are considered as reference for the
computational cost. We recall that in the DG framework each element contains (N + 1)3 degrees of freedom, corresponding
to the number of Gaussian quadrature points, while in the finite different method each grid point is one degree of freedom on
its own. In addition, we also show the L2-error of one representative quantity, in this case the lapse. The conclusions that
can be drawn from these numbers are twofold. From one side (see Tab. II), if one uses the same number of elements in the
two numerical schemes, ADER-DG pays a huge price in terms of WCT, which is typically hundreds of times larger than that
of FD-CWENO. Even in these un-favorable conditions, however, the TDU of the ADER-DG scheme is smaller than that of
FD-CWENO. This can be explained by recalling that ADER-DG requires only 6 computations of the non-conservative product
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TABLE I. Numerical convergence results for the gauge wave with A = 0.1 at a final time of t = 1 for ADER-DG schemes with polynomial
approximation degree N ∈ {2, 3, 4, 5}. The L2 errors and the corresponding observed convergence order are reported for the variables K, ψ
and α.

Nx L2 error K O(K) L2 error ψ O(ψ) L2 error α O(α)
ADER-DG N = 2

16 8.5750E-05 2.2393E-06 1.3295E-05
32 1.0324E-05 3.1 2.8161E-07 3.0 1.6711E-06 3.0
64 1.2824E-06 3.0 3.5259E-08 3.0 2.0917E-07 3.0
128 1.5878E-07 3.0 4.4090E-09 3.0 2.6151E-08 3.0

ADER-DG N = 3

16 2.2685E-06 2.8875E-08 1.6887E-07
32 1.4077E-07 4.0 1.7569E-09 4.0 1.0270E-08 4.0
64 8.8059E-09 4.0 1.0896E-10 4.0 6.3690E-10 4.0
128 5.4125E-10 4.0 6.7922E-12 4.0 3.9705E-11 4.0

ADER-DG N = 4

16 7.1006E-08 1.0155E-09 5.9480E-09
24 9.2795E-09 5.0 1.3617E-10 5.0 7.9688E-10 5.0
32 2.2321E-09 5.0 3.2513E-11 5.0 1.9020E-10 5.0
64 6.9099E-11 5.0 1.0226E-12 5.0 5.9794E-12 5.0

ADER-DG N = 5

8 1.3232E-07 1.2354E-09 7.2339E-09
16 2.0489E-09 6.0 1.7720E-11 6.1 1.0343E-10 6.1
24 1.8116E-10 6.0 1.5182E-12 6.1 8.8570E-12 6.1
32 3.2365E-11 6.0 2.7118E-13 6.0 1.5821E-12 6.0

per element and time step. On the contrary, FD-CWENO needs 6 computations of the non-conservative product per degree of
freedom and Runge–Kutta stage. Moreover, if we look at the L2-errors of the lapse, we find that the gain in accuracy of DG vs
FD is rather significant, beyond 4 orders of magnitude at order 5 (see the bottom right panel of Tab. II).

From another side (see Tab. III), if one uses the same number of degrees of freedom, ADER-DG becomes extremely compet-
itive, both in terms of CPU time and in accuracy. As an example, with 216000 degrees of freedom, which for ADER-DG P4
(order 5) implies a grid as coarse as 123, compared to the 603 grid of FD–CWENO, the ADER-DG simulations is only a factor
1.01 slower that FD-CWENO, but it has an L2-error which is still one order of magnitude smaller. We believe that in realistic
applications to astrophysical contexts, a good compromise can be reached between more time consuming numerical simulations
and a substantial gain in accuracy.

D. Special relativistic Riemann Problems in the Cowling approximation

If we neglect the evolution of the spacetime, namely we freeze all the spacetime variables and we evolve only the matter part,
then the numerical code can be used to solve the relativistic hydrodynamics equations with a prescribed fixed background metric.
After setting to the flat Minkowski spacetime, we have first considered three Riemann problems with initial conditions chosen
as follows:

1. (ρ, v, p)L = (1,−0.6, 10) and (ρ, v, p)R = (10, 0.5, 20) with adiabatic index γ = 5/3. This configuration, already
considered by [118], produces a two–rarefactions wave pattern, that we show in Fig. 4 at t = 0.4.

2. (ρ, v, p)L = (10−3, 0, 1) and (ρ, v, p)R = (10−3, 0, 10−5) with adiabatic index γ = 5/3. This configuration, already
considered by [119], produces a one-rarefaction–one-shock wave pattern, that we show in Fig. 5 at t = 0.4.

3. (ρ, v, p)L = (1, 0.9, 1) and (ρ, v, p)R = (1, 0, 10) with adiabatic index γ = 4/3. This configuration, already considered
by [120], produces a two–shocks wave pattern, that we show in Fig. 6 at t = 0.4.

We have solved each of these Riemann problems over a computational grid composed of 256 × 4 equidistant finite elements.
Because of the presence of various discontinuities in the solution, for these tests it is mandatory to activate the subcell FV limiter.
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TABLE II. Comparison among FD-CWENO and ADER-DG schemes for the gauge wave when the number of total elements is kept constant.
Note that TDU = TEU/(N + 1)3.

Elements = 153 = 3375 Elements = 203 = 8000

WCT (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1 64.25 1 81.81
Order 5 1 1243.47 1 723.32

TEU (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1 10.95 1 14.02
Order 5 1 87.55 1 50.29

TDU (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1 0.41 1 0.52
Order 5 1 0.70 1 0.40

L2-error (lapse) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 3.85E-03 1.42E-05 1.64E-03 6.05E-06
Order 5 9.44E-05 7.01E-09 2.43E-05 1.70E-09

TABLE III. Comparison among FD-CWENO and ADER-DG schemes for the gauge wave when the number of total degrees of freedom is
kept constant. Note that TDU = TEU/(N + 1)3.

DoFs = 91125 DoFs = 216000
WCT (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG

Order 3 1 0.94 1 0.87
Order 5 1 1.52 1 1.09

TEU (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1 12.91 1 11.89
Order 5 1 65.29 1 46.50

TDU (normalized) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1 0.47 1 0.44
Order 5 1 0.52 1 0.37

L2-error (lapse) FD-CWENO ADER-DG FD-CWENO ADER-DG
Order 3 1.15E-04 1.42E-05 4.97E-05 6.05E-06
Order 5 4.53E-07 8.40E-08 1.08E-07 2.09E-08

Hence we have used an ADER-DG P3 version of our scheme in combination with a second order TVD sub-cell limiter. As
apparent from Figs. 4–6, all the tests considered reproduce the exact solution, available from [121, 122], in a rather satisfactory
way.

E. Spherical accretion

As a first test involving matter in a truly curved but otherwise stationary spacetime, we study the spherical accretion of a gas
onto a non rotating black hole [10, 123]. This test is a classic one, and we have solved it in two space dimensions (r, θ) after
adopting spherical Kerr–Schild coordinates. The Lorentz factor of the fluid with respect to the Eulerian observer is given by

W = α
−zur −

√
(ur)2 − z + 1

z − 1
with ur < 0 , z = 2/r . (46)

The computational domain is [0.5; 10] × [0 + ε;π − ε], with ε = 0.05, covered by a 64 × 32 uniform grid. What makes this
test challenging are the parameters chosen for the hydrodynamics. In fact, placing the critical radius at rc = 5 with a critical
density ρc = 1.006× 10−7, makes the overall solution rather rarefied, with consequent difficult conditions for the recovering of
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FIG. 4. Solution of Riemann Problem 1 at time t = 0.4.
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FIG. 5. Solution of Riemann Problem 2 at time t = 0.4.

the primitive variables from the conserved ones. Indeed, these numbers imply a mass accretion rate (computed as 4πr2
cρcu

r
c) as

small as −1.0 × 10−5, meaning that the total mass accreted onto the black hole from t = 0 to t = 1000M is just 1/100 of the
total mass M of the central black hole. Hence, at least over the timescale considered, the physical assumption of a stationary
spacetime is justified, namely the Cowling approximation with Einstein equations frozen. Moreover, we have perturbed the rest
mass density using a Gaussian profile peaked at the critical radius, with a perturbation amplitude δρ = 10−2ρc. The adiabatic
index of the gas is γ = 5/3.

We could only solve such a test, under these specific conditions, after activating the well–balancing property of the numerical
scheme, described in Sect. III D 1. Also in this case we have chosen the ADER-DG P3 version of the scheme, in combination
with a simple Rusanov Riemann solver. Being a completely smooth solution, there was no need to activate the limiter. Fig. 7
shows the relative errors of the mass density and of the radial velocity, with respect to the exact solution, at few representative
times.
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FIG. 7. Spherical accretion of matter onto a non-rotating black hole using Kerr-Schild coordinates. The profiles of the relative errors are
reported, both for the rest mass density (left panel) and for the radial velocity (right panel). An ADER-DG P3 scheme with Well Balancing is
adopted.

F. The equilibrium TOV star

In this section we consider the fully coupled Einstein-Euler system by simulating a stable neutron star. We therefore consider
the classical Tolman–Oppenheimer–Volkoff (TOV) system [10, 124–126] for a polytropic gas with p = K ργ . The parameters
are chosen as in [127], i.e. a central rest mass density of ρc = 1.28 × 10−3 with the constants chosen as K = 100 and γ = 2.
We then integrate the ODE system that governs the TOV star via a high order Discontinuous Galerkin solver for ODE [128],
obtaining a total mass M = 1.4M� and a radius R = 14.15 km. The FO-BSSNOK system is solved with a fourth order
ADER-DG scheme (N = 3) on the domain Ω = [−120,+120]3 using an adaptive computational mesh with one layer of static
refinement in the box Ω = [−30,+30]3. The mesh spacing on the coarsest mesh is ∆x0 = 6, in the inner box it is ∆x1 = 2
and in the innermost area Ω = [−12,+12]3 we use a third order ADER-WENO subcell finite volume limiter with mesh spacing
∆x = 2/7. In this test we also employ the new “filtering” technique proposed by [76], which allows to perform the primitive
variable recovery even in a ρ = 0 atmosphere outside the compact object. Fig. 8 reports the results of this set–up by showing
a few representative quantities at time t = 100, computed along one dimensional x-cuts, while in Fig. 9 the corresponding
relative errors with respect to the exact solution at time t = 0 are presented. We notice that, while the errors are very small
for the metric quantities ψ and α, they are substantially larger for the density and the pressure, especially at the star surface.
Fig. 10 contains the temporal evolution of the Einstein constraints, which present only a moderate linear growth in time for the
momentum constraints, while the Hamiltonian appears to be perfectly stable.

G. Single puncture black hole

In this section we consider a single puncture black hole [3, 129, 130] centered in the origin xc = (0, 0, 0). The initial
conformal metric is set to the identity matrix, i.e. γ̃ij = I , the initial conformal factor is ψ = 1 + M/(2r), with r = |x− xc|
and the lapse is initialized with α = ψ−2. The black hole has a unit mass of M = 1 and zero spin. Initially the shift and
the extrinsic curvature are zero. From there the auxiliary quantities of the FO-BSSNOK system Ak, Pk, Dkij and Bik can be
easily obtained. The three dimensional computational domain is given by Ω = [−180,+180]3, which is direcretized with an
adaptive Cartesian mesh with two levels of adaptive mesh refinement (AMR). The mesh on the coarsest level ` = 0 has 403

elements, i.e. a uniform mesh spacing of ∆x0
i = 9. We use a refinement factor between two successive levels of r = 3, see

also [112, 114]. The mesh on the first refinement level, which is applied in the static box [−36,+36]3 has a uniform mesh
spacing of ∆x1

i = 3, while the inner box [−12,+12]3 has a mesh spacing of ∆x2
i = 1. The third order ADER-WENO subcell

finite volume limiter with 2N + 1 subcells per space dimension is applied in the innermost static area [−3,+3]3, leading to a
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FIG. 8. Solution for the stable TOV star obtained with a fourth order ADER-DG scheme (N = 3) at time t = 100. Conformal factor (top
left), lapse (top right), rest mass density (bottom left) and pressure (bottom right).

spatial resolution of ∆xFVi = 1/7 around the black hole. The gamma–driver is turned on, i.e. s = 1, with parameters η = 2
and µ = 0. We solved this test problem with a fourth order ADER-DG scheme (N = 3) up to a final time of t = 500. In
Fig. 11 we present a sketch of the AMR mesh setup and the time evolution of the ADM constraints. Simulations are stable up
to the final simulation time since the Einstein constraints show only a very small linear increase in time, which is acceptable
over the timescales considered. In Fig. 12 we present 1D cuts at time t = 500 along the x1 axis of some fundamental physical
quantities, such as the lapse, the shift vector component β1, the trace of the extrinsic curvature K, and the conformal factor ψ.
One can clearly see that our high order ADER-DG scheme with subcell ADER-WENO FV limiter reaches the classical trumpet
solution that is typical for a single puncture black hole. To verify our numerical results we also compare with a classical second
order SO-BSSNOK solution obtained with a simple central finite difference scheme, as well as with the FO-BSSNOK solution
obtained via the CWENO finite difference approach presented in [77] and [80]. The corresponding relative errors with respect
to the SO-BSSNOK solution are reported in Fig. 13. We emphasize that also the SO-BSSNOK solution is only a numerical
solution of the problem, and not an exact one.
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H. Head on collision of two puncture black holes

After the stable long-time evolution of a single puncture black hole shown in the previous section we now consider the head-on
collision of two non–spinning puncture black holes. The two black holes have equal masses m1 = m2 = 1, are initially at rest
with respect to each other and are placed at an initial distance of d = 2M in positions x1 = (−1, 0, 0) and x2 = (+1, 0, 0).
The initial metric is set to γ̃ij = I and the initial conformal factor is given by ψ = 1 + m1

2r1
+ m2

2r2
, with the radial distances

ri = ‖x− xi‖, see also [3]. Initially, the lapse is again simply set to α = ψ−2. The initial extrinsic curvature and the initial
shift are set to zero, i.e. Kij = 0 and βi = 0. From these definitions the initial conditions for the auxiliary quantities are readily
obtained.

The three dimensional computational domain Ω = [−180,+180]3 is direcretized with a fourth order ADER-DG scheme
(N = 3) with third order ADER-WENO subcell FV limiter. We use an adaptive Cartesian mesh with two levels of adaptive
mesh refinement (AMR). The mesh on the coarsest level ` = 0 has 403 elements, i.e. a uniform mesh spacing of ∆x0

i = 9. We
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use a refinement factor between two successive levels of r = 3, see also [112, 114]. The mesh on the first refinement level, which
is applied in the static box [−36,+36]3 has a uniform mesh spacing of ∆x1

i = 3, while the inner box [−12,+12]3 has a mesh
spacing of ∆x2

i = 1. The third order ADER-WENO subcell finite volume limiter with 2N + 1 subcells per space dimension is
applied in the box [−5,+5]3, leading to a spatial resolution of ∆xFVi = 1/7 around the black holes.

The gamma–driver is turned on (s = 1) with η = 2 and µ = 0. Simulations are run until a final time of t = 200, when the
two black holes have already merged and converged to a final configuration consisting in a single black hole.

In Fig. 14 we show the contour plots of the scalar ψ over the z = 0 plane. The two black holes merge as expected and the
simulation remains stable also after the merger, which can be seen via the corresponding temporal evolution of the Einstein
constraints that is shown in the left panel of Fig. 16.

I. Inspiralling merger of two black holes

In this last test case we show the potential of our new high order ADER-DG schemes to solve also rotating binary systems
of black holes. After the breakthrough calculations of [13, 131, 132], numerical investigation of binary black hole mergers
are routinely performed by several research groups, having by now reached a high level of sophistication in terms of physical
information that can be extracted (see, among the other, [116, 133, 134]). In this Section we employ the procedure initially
proposed by [129, 135] to create the initial conditions for two moving puncture black holes without excision. Hence, using the
TWOPUNCTURES library [135], we place the two black holes at a distance of d = 5M among each other, with zero individual
spins and opposite linear momenta along the y direction, i.e., p1 = (0, 0.5, 0), p2 = (0,−0.5, 0). The masses of the two black
holes are m1 = m2 = 1. The initial shift is set to zero. The auxiliary quantities are computed via simple second order finite
differences applied to the initial data for the metric, the conformal factor and the lapse. The gamma–driver is again turned on,
i.e. s = 1, with damping parameter η = 2 and µ = 0. For our simulations we employ a fourth order ADER-DG scheme
(N = 3). The computational domain is Ω = [−180,+180]3, which is direcretized with an adaptive Cartesian mesh (AMR)
with two levels of refinement. The chosen refinement factor between two levels is r = 3, see also [112, 114]. The mesh on the
coarsest level ` = 0 has a uniform mesh spacing of ∆x0

i = 9, the mesh on the first refinement level, which is applied in the static
box [−36,+36]3 has a uniform mesh spacing of ∆x1

i = 3, while the inner box [−12,+12]3 has a mesh spacing of ∆x2
i = 1.

The third order ADER-WENO subcell finite volume limiter with 2N + 1 subcells per space dimension is applied in the static
area [−5,+5]3, leading to a spatial resolution of ∆xFVi = 1/7 around the black holes.
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FIG. 10. Time evolution of the Einstein constraints for the 3D TOV star, simulated with a fourth order ADER-DG scheme until t = 200.
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FIG. 11. Simulation of a single puncture black hole until t = 500 using a fourth order ADER-DG scheme (N = 3). Iso-surface contours of
the lapse at the final time (top left), time-evolution of the Einstein constraints (top right) and mesh setup in the z = 0 plane, with two levels of
adaptive mesh refinement (AMR) for the DG scheme and the innermost mesh corresponding to the subcell FV limiter (bottom center).

The simulation is run until a final time of t = 200. In Fig. 15 we show the iso-contour surfaces of the scalar ψ in the z = 0
plane, together with the shift vector. The two black holes merge after a brief inspiral phase and at time t = 50 a single black hole
is already formed. The corresponding evolution of the Einstein constraints is instead visible in the right panel of Fig. 16. The
ADM constraints show that the simulation is perfectly stable until the final simulation time and the obtained results are similar
to those reported in [77].
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FIG. 12. Numerical solution at time t = 500 for a single puncture black hole obtained with the FO-BSSNOK system using a fourth order
ADER-DG scheme (N = 3) with AMR and subcell ADER-WENO FV limiter. Comparison of the DG scheme with classical sixth order
central finite difference schemes applied to the standard second order formulation of BSSNOK (SO-BSSNOK) with conservative seventh
order CWENO finite difference schemes [77] applied to the first order FO-BSSNOK system. 1D cuts along the x1 axis are shown: lapse α
(top left), shift vector component β1 (top right), trace of the extrinsic curvature K (bottom left) and conformal factor ψ (bottom right).

V. CONCLUSIONS

In this work we have presented an ADER-DG scheme that solves the Einstein–Euler equations written as a single PDE system
that is based on the first–order BSSNOK formulation recently proposed by [77]. Such a formulation is strongly hyperbolic,
namely with all the eigenvalues reals and with a complete set of eigenvectors, and this motivated us to consider Discontinuous
Galerkin methods for its solution. We recall, in fact, that, because of their very little numerical diffusivity, DG schemes are
extremely sensitive to any minimal loss of strong hyperbolicity. Our implementation of DG schemes follows the ADER approach
for the time integration, which, by means of a local predictor [89], allows to advance the solution in time by a single step,
avoiding to go through the sequence of sub-steps typical of Runge–Kutta DG schemes. The resulting numerical scheme can
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FIG. 13. Numerical solution at time t = 500 for a single puncture black hole obtained with the FO-BSSNOK system using a fourth order
ADER-DG scheme (N = 3) with AMR and subcell ADER-WENO FV limiter. Relative errors with respect to the SO-BSSNOK solution:
lapse α (top left), shift vector component β1 (top right), trace of the extrinsic curvature K (bottom left) and conformal factor ψ (bottom right).

reach an arbitrary order of accuracy both in space and in time, being ultimately limited only by computational resources. In our
DG scheme we take care of the Gibbs phenomenon by means of a subcell finite volume limiter. Numerical oscillations would
instead be produced either by true discontinuities that form in the matter part or by steep gradients that are generated close to
spacetime singularities. This approach was proposed in [47] and it has already proved to perform quite well in the relativistic
regime [50, 72]. Finally, our computational infrastructure allows for Adaptive Mesh Refinement (AMR) and Well Balancing
(WB). The former was originally incorporated within an ADER scheme by [112] following a cell-by-cell refinement criterion,
while the latter follows the same logic as that presented in [76], and it allows to preserve the stationarity of equilibrium solutions
up to machine precision.

With all these numerical tools at disposal, our high order ADER-DG schemes can successfully solve the classical tests of
numerical relativity, including those that involve a matter contribution, that we have modeled through a perfect fluid with an
ideal gas equation of state. A particular feature of our approach is the monolithic formulation of the fully coupled Einstein-Euler
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FIG. 14. Head on collision of two puncture black holes obtained with a fourth order ADER-DG scheme (N = 3) and third order ADER-
WENO subcell finite volume limiter. From top left to bottom right: t = 0, t = 10, t = 15, t = 20, t = 25 and t = 100.
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FIG. 15. Inspiralling merger of two black holes obtained with a fourth order ADER-DG scheme (N = 3) with third order ADER-WENO-FV
subcell limiter on an adaptive mesh with two levels of refinement. Time evolution of the iso-surfaces of the conformal factor ψ and of the shift
vector. From top left to bottom right: t = 0, t = 10, t = 20, t = 30, t = 40 and t = 100.

system via the use of one single first order strongly hyperbolic PDE system that allows the application of one and the same
numerical scheme within one and the same computer code for the coupled simulation of both matter and spacetime. In terms
of CPU-time and accuracy comparison, our ADER-DG becomes hundreds of time slower (at fifth order) than a finite difference
CWENO scheme [77], if the same number of grid elements is adopted. However, it correspondingly reduces the error by 4
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FIG. 16. Time evolution of the Einstein constraints. Left: Head on collision of Fig. 14. Right: Inspiralling merger of Fig. 15

orders of magnitude. Conversely, if the comparison is done keeping the same total number of degrees of freedom, ADER-DG is
as fast as its FD competitor, while still gaining one order of magnitude in accuracy.

As an important achievement of this work, we can solve the inspiralling merger of two black holes, a result that, to the
best of our knowledge, has never been obtained before with high order Discontinuous Galerkin schemes. For a specific test,
namely the single puncture black hole, we have also performed a thorough comparison among three different approaches: (i)
our new DG scheme applied to the FO-BSSNOK formulation, (ii) a simpler central WENO finite difference scheme, again
with the FO-BSSNOK formulation as presented in [77], and (iii) a traditional central finite difference scheme according to the
widely adopted second–order formulation of BSSNOK. All of the them reproduce the same profile to a high accuracy, serving
as a corroboration of the current DG scheme. The present work offers a number of natural extensions, the most attractive of
which is the computation of gravitational waveforms from astrophysical sources. This analysis will be the subject of a dedicated
investigation.
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