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Abstract

Kalman filters provide a straightforward and interpretable means to estimate hid-
den or latent variables, and have found numerous applications in control, robotics,
signal processing, and machine learning. One such application is neural decoding
for neuroprostheses. In 2020, Burkhart et al. thoroughly evaluated their new ver-
sion of the Kalman filter that leverages Bayes’ theorem to improve filter performance
for highly non-linear or non-Gaussian observation models. This work provides an
open-source Python alternative to the authors’ MATLAB algorithm. Specifically, we
reproduce their most salient results for neuroscientific contexts and further exam-
ine the efficacy of their filter using multiple random seeds and previously unused
trials from the authors’ dataset. All experiments were performed offline on a single
computer.

Introduction

Brain-computer interfaces (BCIs) have long been a subject of science fiction [1]. Detailed
communication with a machine through mere thought has become more technologi-
cally feasible with time, but still remains infeasible for the general public. However, for
certain groups of people, BCIs are a necessary means to circumvent debilitating circum-
stances. For example, people experiencing quadriplegia or locked-in syndrome have
very little means through which to communicate or interact with the outside world,
and thus stand to benefit from thought-controlled interfaces through which they can
operate robotic limbs or computers [1, 2]. As another example, people with impaired
control or loss of a limb also benefit from robotic prosthetic limbs that can be controlled
through thought alone [3]. In the aforementioned applications of BCIs, one of the key
algorithmic challenges is to accurately estimate some relevant aspect of the user’s cogni-
tion. Specifically, BCIs and neuroprosthetics often seek to decode a quantifiable motor
intention signal that can be used to control robots or cursors, such as the velocity of
an intended arm, hand, or finger movement [1, 2]. Such neural decodings are usually
made using information from a subset of the user’s neurons, made accessible through
invasive electrode technologies or through other non-invasive means [4].

The Kalman filter [5] is a common basis upon which practicioners develop BCI decoding
methods [6, 7, 8]. Burkhart et al. (2020) [9] sought to improve Kalman filter performance
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Figure 1. Summary of how the observation and process models of various Bayesian filtering meth-
ods relax those of the Kalman filter.

in neural decoding efforts by developing the Discriminative Kalman Filter (DKF), which
leverages Bayes’s theorem to facilitate Bayesian filtering in contexts involving highly
non-linear or non-Gaussian observations. The authors presented five different experi-
ments verifying the efficacy of the DKF: the first three experiments (4.2-4.4) consisted
of intricate toy examples with known observation models, while the final two were BCI-
focused experiments with observations consisting of neural recordings. The last two
experiments (4.5 and 4.6) are the most salient to BCI applications because the mapping
from neural activity to thoughts or intentions is highly nonlinear [10] and usually un-
known to practicioners. We chose to solely replicate Experiment 4.5 because it was the
most BCI-oriented experiment whose data and code were publicly available, since Ex-
periment 4.6 involved human data.

Kalman Filter Variations

Kalman Filter

Kalman filters [5] are a family of algorithms whose purpose is to estimate a set of un-
observable latent states {Z1, Zs, ..., Zr} given a set of observations {X1, Xs,..., X7}.
Kalman filters operate under the Markov assumption: any observation X; depends only
on its corresponding state Z;, and any state Z; depends only on the immediately preced-
ing state Z;_1. Unlike Hidden Markov models [11], which also operate under the Markov
assumption, the latent states { Z;}7_; are not discrete, instead having continuous values.
For real-time neural decoding applications, the primary role of Kalman filters is to pre-
dict the latest latent state (e.g., a finger velocity) Zr when given the previous latent state
Z7_1 and the latest observation (e.g., neural electrode signals) Xr. Outside of real-time
control, other applications of Kalman filters include smoothing (predicting Z; for any
1 <i < T when given {X;}X ;) and projection into the future (predicting { Z; }3° - given
{ X}z

The original Kalman Filter (KF) is a linear, Gaussian, and stationary model, and thus
assumes the following:

1. Linear Gaussian observations: p(X;|Z;) ~ N (HZ;, R)
2. Linear Gaussian latent dynamics: p(Z;|Z;_1) ~ N (AZ,;_1,G)!

ISome practitioners prefer to write A as F, and G as Q.
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Extended and Unscented Kalman Filters

The KF is the optimal estimator for linear dynamic systems with Gaussian observation
and process noise, but neural processing systems are usually highly nonlinear [10]. The
simplest modification for handling nonlinear observation models is the Extended Kalman
Filter (EKF) [12], which makes the following modifications to the original KF model:

1. Nonlinear differentiable Gaussian observations: p(Z;| X;) ~ N (f~1(X;), R)
2. Nonlinear differentiable Gaussian latent dynamics: p(Z;|Z;—1) ~ N (h(Z;_1), G)

3. The observation and process transformations f~!(-) and h(-) cannot be applied
directly to the latent state covariance. Instead, their Jacobians evaluated at the
current latent value Z; are applied to the latent covariance at timestep i.

While the EKF can perform well with sufficient knowledge of the system, it can also
perform poorly without such knowledge, or when strong nonlinearities are involved in
the system. Another nonlinear Kalman filter algorithm is the Unscented Kalman Fil-
ter (UKF) [13]. The UKF differs from the EKF by using a deterministic sampling tech-
nique known as the unscented transform to pick a minimal set of sample points (sigma
points) around the mean. By incorporating sampling techniques, the UKF allows usage
of transformations whose Jacobians are difficult or impossible to calculate (i.e., large or
non-differentiable functions).

Discriminative Kalman Filter

The Discriminative Kalman Filter (DKF) [14] keeps the following model assumptions
from the Kalman Filter:

1. Linear Gaussian latent dynamics: p(Z;|Z;—1) ~ N (AZ;—1,G)
2. The observation model p(X;|Z;) is stationary.

However, unlike the Kalman Filter, the DKF does not assume a linear observation model
p(X;|Z;). Instead, the DKF approximates the observation model p(X;| Z;) =~ p(Z;|X;)/p(Z;)
via Bayes’ theorem. Such a substitution can prove useful if (a) the observation distribu-
tion p(X;|Z;) is strongly nonlinear or non-Gaussian, or (b) the dimensionality of obser-
vations X is much larger than the dimensionality of latents Z; in neural signal process-
ing, both are often true. The DKF further models p(Z;|X;) as Gaussian: p(Z;|X;) ~
N(f(X;),Q(X;)), where f(-) and Q(-) are nonlinear functions that map the observa-
tion X to its corresponding elements in the state space R% and the covariance space S¢,
respectively. Burkhart et al. (2020) [9] formulate that the observation-to-state transfor-
mation f(-) and the observation-to-covariance transformation @(-) are the conditional
mean and covariance of Z; given X;:

f(Xi)=E(Z|X = X;) (1)
Q(X;) =Var(Z | X = X;) )

The DKF also makes the stationarity assumption p(Z;) ~ N(0, S), where S (also written
as Vz or T') is the covariance of Z; when not conditioned on any Z;_;. Defining the ini-
tial latent state estimate pg = 0 and the initial latent covariance estimate 3y = S (the
latent covariance X is also written as P in traditional filtering literature), each iteration
of the DKF algorithm proceeds as follows:

v = Api1 (3)
M, =AY, AT + G (4)
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2= (M7 QX) T -5

pi = (M o 4+ Q) ' f(X5)) (6)

In practice, the following additional changes are made to the DKF algorithm, with pseudo-
inverses written as T:

1. Q(X;)~'—S~ ! mustbe positive definite. Ifitisnot, set Q(X;) ! = (Q(X;)~* + S‘l)_l.
T
2.3, = (MiT +Q(x) - ST)

3. =3 (MZ‘T'Ui + Q(Xi)Tf(Xi)>

Another formulation of the DKF more suitable for real-time applications is the Robust
DKF, which makes the assumption that the eigenvalues of §~! are so small that the —S§~1
term in Equation 5 is negligible and can thus be removed. Additionally, the Robust DKF
places an improper prior on Zj, and modeling starts from ¢t = 1. Specifically, p; =
f(X1) and ¥; = Q(X1), and iterative calculations start at t = 2 instead of ¢ = 1.

Methods

Data

The data that Burkhart et al. (2020) [9] used in their most salient and practical open-
source experiment for neuroscientific applications (4.5) came from Flint et al. (2012)
[15]. Specifically, the data is from a 96-channel microelectrode array implanted in the
primary motor cortex of one rhesus macaque (Monkey C, center-out from [15]). The
macaque was taught to earn juice rewards by moving a manipulandum in a center-out
reaching task. A 128-channel acquisition system recorded the resulting signals, which
were sampled at 30 kHz, highpass-filtered at 300 Hz, and then thresholded and sorted
into spikes offline. The data is made publicly available by Walker and Kording (2013)
[16] under the Database for Reaching Experiments and Models (DREAM)?

Preprocessing

The five .mat files from the Flint et al. (2012) manipulandum manipulation trials [15]
are first placed in the same directory as flint_preprocess_data.ipynb for organization and
preprocessing. Each file has various recording sessions (henceforth referred to as trials),
where each session (trial) in a given file was recorded on the same day [15]. Since the trial
data is stored as MATLAB structs, extra attention had to be paid during implementation
to ensure that the Python data organization matched the original MATLAB organization
method. Each of the five files are processed as follows:

1. Isolate all data from the n-th trial of the file (some files only have one trial, while
other file have up to four trials).
2. For each trial in the file:
a) Stack each timestamp’s 3D manipulandum velocity vertically.
b) Discretize the activity of each neuron in the trial into bins of m ~ 33 us.

Stack the neurons’ spike bins vertically.

2Data is available at https://portal.nersc.gov/project/crcns/download/dream/data_sets/Flint_2012
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3. Only keep the first two dimensions of the velocities, since the third dimension is
not relevant for operation of the manipulandum.

4. Save the resulting 2D array of manipulandum velocities from the i-th trial as a
unique entry in a list of 2D velocity arrays. In equivalent fashion, store the array
of spike bins in a list of 2D bin arrays.

5. Repeat all earlier steps for each trial from each file. There are a total of 12 trials
across all files, treating each trial as independent from the others.

Once organized, the lists of trial velocities and spike bins are preprocessed in the same
manner as Burkhart et al. (2020) [9]:

1. Isolate the velocities and spike bins from the n-th trial.
2. Downsample the spike bin samples from 33 us intervals to 100 ms intervals.

3. Replace the spike bin data with a moving sum (with a window length of 10 entries)
of the spike bin data.

4. Downsample the velocity data samples into intervals of 100 ms—specifically, keep
entries whose indices are halfway between the indices that were used to downsam-
ple the spike bin data earlier.

5. Replace the spike bin data with the z-scores (using 1 degree of freedom correction,
as per MATLAB's zscore function) of its top 10 principal components.

6. Asduring organization, store the 2D array of processed spike bins and the 2D array
of processed velocities in a list of 2D spike arrays and a list of 2D velocity arrays,
respectively.

7. Repeat all previous steps for each of the 12 trials.

In similar fashion as Burkhart et al. (2020) [9], data preprocessing yields an array of
processed velocities® and an array of processed spike bins*. The resulting latent states
(manipulandum velocities) are 2-dimensional, while the observations (z-scored princi-
pal component scores of neural activity) are 10-dimensional.

Computation

Paper_Script_45.ipynbreproduces Experiment 4.5 from Burkhart et al. (2020) [9] in Python,
based on the authors’ original MATLAB implementation. While there are a total of 12

trials, the authors only conducted analysis on the first 6 trials’ data. The following analy-
ses and procedures were performed separately on each of the aforementioned trials. See

Table 1 for an overview of the similarities and differences between our computational

implementations and those of Burkhart et al. (2020) [9].

Training, Validation, and Test Data Split — Before performing any regression, the data from
the current trial is isolated and split into training and test data. Recall that each trial rep-
resents a recorded session of a macaque center-out reaching task [15], and has several
thousand 100 ms samples (approximately 10 minutes of recorded data) [15]. The first
5,000 samples are used as training data, while the subsequent 1,000 samples are used
as test data. Various methods are used for learning either the observation-to-state trans-
formation f : R!® — R? or the state-to-observation transformation f=! : R? — R0,

3https://github.com/Josuelmet/Discriminative-Kalman-Filter-4.5-Python/blob/main/flint-data-
preprocessing/procd_velocities.npy

*https://github.com/Josuelmet/Discriminative-Kalman-Filter-4.5-Python/blob/main/flint-data-
preprocessing/procd_spikes.npy
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Algorithm Burkhart et al. (2020) Python Reproduction
Preprocessing See Section 3.2 Same, to the best
of our ability
Kalman Filter Fully deterministic Same
matrix implementation
Neural Network One hidden layer Two hidden layers

of 10 tanh neurons
optimizied via Bayesian-
regularized Levenberg-

Marquardt method

of 10 tanh neurons
optimizied via RM-
SProp with {2 weight
penalty and 4,000 epochs

Kernel bandwidth
optimization via the MAT-
LAB fminunc function

Nadaraya-Watson

Kernel bandwidth
optimization via the scipy
minimize_scalar function

Gaussian Process Fitting via GPML pack-

age with RBF kernel

Fitting via scikitlearn
GaussianProcessRegres-
sor with RBF kernel

One 20-dimensional
LSTM layer and one
fully-connected layer
optimized via Ada-
Grad with dropout

Long Short-Term Memory

One 20-dimensional
LSTM layer and one
fully-connected layer
optimized via Adam
with an [2 weight
penalty and no dropout

Extended and Un-
scented Kalman Filters

Native MATLAB imple-
mentation using the
earlier one-layer neural
network architecture

FilterPy implementa-

tion using the earlier

two-layer neural net-
work architecture

Table 1. The summarized differences between the algorithmic implementations in Burkhart et al.
(2020) [9] and this study.

However, only Nadaraya-Watson (NW) kernel regression [17] is used for learning the
transformation @ : R'© — S? that estimates the conditional covariance of the latent
Z; given the observation X;. Following Burkhart et al. (2020) [9], we used 70% of the
training data (3,500 samples) purely to train regression models, while the remaining
30% (1,500 samples) are used to learn Q(x) using NW regression; thus. The aforemen-
tioned 3,5000 samples will be referred to as training data, the next 1,500 samples will
be referred to as validation data, and the last 1,000 samples will be referred to as testing
data, for clarity. While the indices of the 5,000 (training + validation) and 1,000 (testing)
samples are not randomized due to the temporally sensitive nature of BCI decoding, the
indices of the 3,500 (training) and the 1,500 (validation) samples are randomly drawn
(without replacement) from the 5,000 samples.

Linear Kalman Filter — The first regression method is the fundamental baseline upon which
to compare all subsequent algorithms: the traditional Kalman filter. It uses all 5,000
training and validation samples as training data, since it does not need a validation set
with which to learn a Q(x) covariance function. Aside from estimated latent state means
and covariances, the Kalman filter also yields the transition matrix A, the process noise
covariance Q (named G in the notebook), and the initial estimate covariance Vz (also
referred to as Vg or Py).
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Neural Network Regression — The next regression method is the Discriminative Kalman Fil-
ter (DKF) using neural network (NN) regression. Recall that all DKF methods must learn
the observation-to-state transformation f : R1® — R2. Neural network regression esti-
mates f(-) with a feedforward network that learns from the training data (3,500 samples).

Burkhart et al. (2020) [9] used a neural network with one hidden layer of 10 hyperbolic
tangent neurons. However, the authors trained their smaller network using a combina-
tion of Levenberg-Marquardt (LM) optimization algorithm and Bayesian regularization
(BR) [18], which automatically calculate {2 weight penalties iteratively and incorporate
information from the inverse Hessian of the loss function. However, since resources
for second-order optimization are scarce in Python, we used a more traditional neural
network architecture—2 hidden layers of 10 hyperbolic tangent neurons each—and op-
timization method—4,000 epochs using RMSProp [19] with a learning rate of 1073 and
an [2 regularization penalty of 10%.

After estimating the function f : R — R2, the network predicts the latent states (ve-
locities) corresponding to the validation data observations (1,500 samples of processed
neural recordings). The optimal bandwidth of the radial basis kernel for covariance esti-
mation is then found by minimizing the leave-one-out mean squared error of Nadaraya-
Watson (NW) kernel regression using the validation set and the outer product of the
validation residuals (Z; — f(X;) for all {Z;, X} pairs in the validation data). Next, the
network predicts the latent states corresponding to the test data observations (1,000 sam-
ples), while NW kernel regression predicts the latent state estimate covariances using
the test data, validation data, and validation residuals. The final DKF-NN predictions are
made by passing the network’s predicted states and covariances, along with the afore-
mentioned Kalman filter parameters A (state transition matrix), G (the process noise
covariance, also written as @), and V (the stationary covariance of Z; without condi-
tioning on any Z;_1).

Nadaraya-Watson Kernel Regression — Discriminative Kalman filtering via Nadaraya-Watson
(NW) kernel regression functions similarly to how NW regression estimated the state
covariance function @ : R — §? in the case of neural network regression. First, the
bandwidth of the radial basis kernel is optimized to minimize the leave-one out mean
squared error in the estimated function f : R!® — R? using the (3,500) training samples.
Next, f(-) predicts the latent states (velocities) of the (1,5000) validation samples. Q(-) is
then estimated from the resulting validation residuals in the same fashion as in neural
network regression. For the (1,000) test sample observations, f(-) and Q(-) then pre-
dict the latent states and state covariances, which are processed into the final DKF-NW
estimates in the same manner as in the neural network regression case.

Gaussian Process Regression — The final filtering method dependent on the Discriminative
Kalman Filter involves estimating f : R1® — R? via Gaussian process (GP) regression
[20]. Aswith neural network and Nadaraya-Watson (NW) regression, the residuals of the
estimated function f(-) are calculated on the validation data and then used to estimate
Q(+). Afterwards, f(-) and Q(-) predict the latent states and covariances of the test data.
The predictions undergo the DKF algorithm to produce a final DKF-GP estimate in the
same manner as earlier DKF regressions.

The authors utilized the GPML MATLAB package to train their Gaussian process mod-
els [20, 21]. However, due to the lack of modern Python ports of GPML, we instead
used the GaussianProcessRegressor (GPR) class from scikit-learn®. While the GPR class
and GPML package both use algorithms from the same work [20], GPR regression is less

Ssklearn.gaussian_process.GaussianProcessRegressor
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customizable and flexible than GPML regression, resulting in worse accuracy (but im-
proved runtime) compared to Burkhart et al. (2020) [9], despite our usage of the same
kernel type (radial basis function / squared exponential). Unlike the authors, who use
two separate R — R Gaussian process regressions to compose f : R19 — R?, we use
a single R — R? Gaussian process regression, since we did not observe any improve-
ments in performance from using the former method (likely due in part to our usage of
an isotropic kernel). We also did not find any improvements from using an anisotropic
kernel.

Long Short-Term Memory Regression — Unlike all other regression methods, Long Short-Term
Memory (LSTM) regression [22] does not use any explicit Kalman filtering framework
and does not learn f(-) in the same manner as described in Equation 1. Instead, we and
Burkhart et al. (2020) [9] used an LSTM recurrent network that learns f(-) conditioned
on X; and its previous two observations X;_; and X;_o.

We were successfully able to replicate the authors’ LSTM network, since they also wrote
theirs in Python. However, because we used modern PyTorch while they used the older
TensorFlow V1 framework, we still had to translate their architectural methods to our
newer framework. In accordance with the authors’ work, our model consisted of one
LSTM layer of hidden dimensionality 20 that recurrently processes 3 observations from
R0 before its hidden state undergoes a linear projection onto R?°. Unlike the authors,
we used Adam optimization (with a learning rate of 1073 and an [2 weight penalty of
10~%) and no dropout, since the LSTM performed better with those adjustments made.
Note that the LSTM had significantly fewer parameters than data points, which is likely
why dropout did not improve performance.

Unlike the DKF, EKF, and UKF methods, LSTM regression partitions the training and
validation differently. Recall that there are 5,000 observations in the training and vali-
dation data. The LSTM training and validation data are not drawn randomly; i.e., the
first 3,500 observations are for training, while the last 1,500 are for validation.

As in all previous methods, @ : R!® — S§? is learned via Nadaraya-Watson kernel re-
gression. Interestingly, Burkhart et al. (2020) did not apply the DKF to process LSTM-
estimated states. Upon further investigation, we found that their choice made empiri-
cal sense, since DKF processing worsened LSTM performance, as can be seen in Tables
4 and 5. In order to further investigate the interactions between sequence models and
DKF methods, we also tried using a Transformer [23] model to estimate f(X;, X;—1, X;_2).
However, given our small input timestep size of 3, we found that the LSTM architecture
had superior performance in both the normalized root mean square error (nRMSE) and
mean absolute angle error (MAAE) metrics with which we valuate filtering methods, re-
quired at least 10x fewer parameters, and was easier to train.

Extended and Unscented Kalman Filters — Burkhart et al. (2020) [9] used the existing na-
tive MATLAB implementations of the Extended and Unscented Kalman filters, while we
used the FilterPy library [24]. Usage of the Extended Kalman Filter (EKF) [12] and Un-
scented Kalman Filter (EKF) [13] begins with learning the state-to-observation function
f~1:R? — R unlike the previous DKF methods. To learn f~1(-), we used a neural net-
work with the same architecture (albeit with flipped input and output dimensionalities)
as that of the DKF-NN method (2 hidden layers of 10 hyperbolic tangent neurons), since
the authors’ original f=1(-) network faced the same issues of reproduction in Python as
their f(-) network. We also used the same optimization method, hyperparameters, and
training data as in the DKF-NN method (4000 iterations, 10~3 learning rate, and a 10~*
12 weight penalty). For both the EKF and the UKF, the observation noise R is estimated
as the covariance of the residuals evaluated over the validation data (i.e., the covariance
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of X; — f(Z;) for all {X;, Z;} pairs in the validation data).

The EKF uses the learned f~!(-) as its observation function. The Jacobian of the func-
tion is available through PyTorch, and is supplied to the EKF algorithm. Along with the
aforementioned information from f~!(.), the EKF uses the residual-estimated R and
the Kalman filter parameters A (the state transition matrix), G (the process noise, also
written as @), and an initial covariance estimate Py = V7 to iteratively calculate predic-
tions over the test data.

The UKF uses the same observation function f~1(-) as the EKF. While the UKF can op-
erate with explicitly nonlinear state transitions F' : R? — R? (unlike the EKF), the state
transition function used here (in accordance with the authors’ work) is set as multipli-
cation by the Kalman state transition matrix: F(Z;) = AZ;. The UKF uses the same
Kalman parameters as the EKF (G, R, and Py = V) and generates predictions over
the test data in the same fashion as the EKF. One key difference between the UKF al-
gorithm here and the UKF algorithm used by Burkhart et al. (2020) [9] is that MATLAB
differs from FilterPy in how the number of sample (sigma) points are calculated.

Results

Trial 1 Trial 2 Trial 3 Trial 4 Trial 5 Trial 6 Average

Kalman ~ 0.765]0.765  0.945|0.942  0.788]0.788  0.792|0.793  0.779]0.780  0.761]0.765  0.805|0.805

DKF-NW  -19%|-21%  -18% |-18%  -9%|-17%  -21%|-23%  -19% |-20%  -20%|-23%  -18% | -20%
DKF-GP 7% |-21%  -11%|-19%  -8%|-15%  -9%|-20%  -12% |-18%  -9% |-20% 9% |-19%
DKF-NN  -23% | -19% 0% |-15%  -7%|-13%  -15% |-13%  -19% |-13%  -229 |-17%  -14% |-15%
LSTM —229% | -15%  -1%|-19%  -21% |-16%  -19%|-13%  -21%|-16%  -25% |-11%  -18% |-15%
EKF ~1% | 2% 7% | 24% 8% | 12% 18% | 18% 11% | 12% 6% | 3% 8% | 12%
UKF 1% | 2% 1% | 31% 6% | 18% 11% | 18% 5% | 15% 3% | 6% 4% | 15%

Table 2. Normalized RMSE (nRMSE) between the predicted and true test velocities using one ran-
dom seed, as in Table 1 from Burkhart et al. (2020) [9]. Bolded values indicate the authors’ pub-
lished results, while highlighted values denote our best result for each trial. Note that predicting
identically zero would yield a nRMSE of 1.

Trial 1 Trial 2 Trial 3 Trial 4 Trial 5 Trial 6 Average

Kalman 0.884]0.889 0.95710.955 1.026 | 1.025 0.9300.933 0.966 | 0.964 0.926 | 0.926 0.948 | 0.949

DKF-NW  -14% | -15% 0% |-1%  -21%|-20%  -15%|-17%  —25% |-25%  -29%|-28%  -17% |-18%

DKF-GP -5%|-11%  10% | 7% -19% | -22%  -7%|-16%  -17%|-24%  -21%|-25%  -10% | -15%
DKFNN  -9%|-7% 11%[-2%  -15%|-17%  -11%|-16%  -19% |-21%  -21% |-23%  -11% |-14%
LSTM -6% | -2% 13% | -29%  -18% |-12%  -12%|-6%  -20%|-10%  -20% |-8%  —-11%|-7%
EKF 1% | 4% 12% | 3% 2% | -2% 5% | -4% -8% | -8% -1% | -7% 2% | -2%
UKF -1% | 0% 9% | 3% 1% | -3% 2%|-3%  -10% | -8% -6% | -6% ~1% | -3%

Table 3. Mean Absolute Angle Error (MAAE, in radians) of the predicted and true test velocities
using one random seed, as in Table 2 from Burkhart et al. (2020) [9]. Bolded values indicate the
authors’ published results, while highlighted values denote our best result for each trial. Note that
chance prediction would yield a MAAE of /2 &~ 1.57 radians. The authors argued that MAAE may
be a more salient metric for neuroprosthetic applications.

After reproducing the regression methods implemented by Burkhart et al. (2020) [9], we
evaluated their performance on the held-out 1,000 samples of test data of the first six
of twelve trials, in the same manner as the original authors and with the same random
seed. Specifically, we calculated the normalized root-mean square error (nRMSE) and
mean absolute angle error (MAAE) between the predicted and ground truth test data
velocities, as shown in Tables 2 and 3, respectively. Bolded values indicate the authors’
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original results. While we were unable to replicate most of the exact numerical results
from Burkhart et al. (2020) [9], we faithfully reproduced the trends in performance from
the authors’ work. Notable exceptions include worsened DKF-GP performance (due to
the difficulty of translating GPML computations to Python) and heightened LSTM perfor-
mance (due to added hyperparameter tuning). Although the DKF-NW and LSTM regres-
sion methods had the same average performance over the six trials, our results agreed
with those of Burkhart et al. (2020) [9] in that the DKF-NW triumphed as the best regres-
sion method due to its superior performance with respect to the MAAE metric.

Trial1  Trial2  Trial3  Trial4  Trial5 Trial6  Trial9  Trial 10  Average

K 0.76 0.94 0.79 0.79 0.78 0.76 1.01 0.92 0.84
NW -15% -18% -18% -24% -20% -21% -5% 3% -15%
DKF-NW -18% -18% -12% -19% -18% -20% -5% 2% -14%
GP -3% -9% 7% -8% -10% -6% -7% -14% -8%
DKF-GP -6% -11% -8% -8% -12% -8% -8% -16% -10%
NN -19% -17% -21% -23% -20% -23% -5% -7% -17%
DKF-NN -20% -11% -12% -16% -17% -20% -4% -9% -14%
LSTM -22% 12% -23% -21% -23% -25% -7% -12% -15%
DKF-LSTM -15% 84% -8% -7% -15% -14% -4% -12% 1%
EKF 2% 10% 11% 18% 14% 8% 5% 12% 10%
UKF -1% -1% 6% 15% 10% 4% -5% 2% 4%

Table 4. Average Normalized RMSE (nRMSE) between the predicted and true test velocities, with
and without DKF filtering, evaluated over ten different random seeds. The best results from each
trial are highlighted. Trials 7, 8, 11, and 12 did not have the requisite number of samples and were
thus not included.

Trial1  Trial2  Trial3  Trial4  Trial5 Trial6  Trial9  Trial 10  Average

K 0.88 0.96 1.03 0.93 0.97 0.93 0.97 1.03 0.96
NW -8% 1% -21% -15% -21% -25% -1% -6% -12%
DKF-NW -14% -1% -21% -16% -25% -28% -5% -5% -14%
GP 2% 12% -18% -3% -13% -16% 6% -4% -4%
DKF-GP -5% 11% -19% -7% -19% -20% 0% -8% -8%
NN 1% 3% -17% -7% -15% -15% 4% 3% -5%
DKF-NN -6% 2% -17% -10% -19% -20% -3% 1% -9%
LSTM -6% 15% -20% -13% -20% -20% -3% -5% -9%
DKF-LSTM -6% 24% -18% -12% -20% -20% -2% -5% -7%
EKF 0% 8% 1% 1% -4% -2% 3% 19% 3%
UKF -4% 6% 0% 0% -8% -7% -1% 13% 0%

Table 5. Average Mean Absolute Angle Error (MAAE) between the predicted and true test velocities,
with and without DKF filtering, evaluated over ten different random seeds, as in Table 4. The best
results from each trial are highlighted.

To bring further insight into the performance of the Discriminative Kalman filter in neu-
roscientific contexts, we evaluated the aforementioned regression methods with and
without DKF filtering applied. Specifically, we measured their average performance
(see Tables 4 and 5) on all eight of the twelve trials that had the requisite number of sam-
ples (at least 6,000) using ten different random seeds. To our surprise, we found that
unfiltered neural network regression best minimized nRMSE, but that the DKF-NW had
the lowest MAAE. Interestingly, DKF application for neural networks increases nRMSE
while decreasing MAAE.
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Conclusion

This partial replication study confirms the most salient results from Burkhart et al. (2020)
[9] concerning the performance of their Discriminative Kalman filter (DKF) on publicly
available neuroprosthetic data. We not only successfully affirmed that the DKF-NW had
the best overall performance, but we also conducted further tests that prove the efficacy
of the DKF while showing the differences that may occur between different metrics for
evaluating filter performance.

While DKF methods improved over the Kalman baselines, the closeness in performance
of Kalman and DKF methods to the trivial baseline of predicting identically zero, espe-
cially when using the nRMSE metric, indicates that future work is needed to improve
such filters. For example, future endeavors could include Discriminative Kalman Fil-
ter incorporation into more modern approaches in neural latent state estimation, such
as sequential/dynamical autoencoders, modern state-space models, Kalman networks,
or transformers [6, 25, 26]. While we did not find our transformer architecture outper-
formed LSTMs, it is certainly possible that such an architecture could surpass LSTM
performance, especially in trials of much longer durations with longer-range dependen-
cies. Additionally, the effects of DKF application on neural network or LSTM regression
are not entirely clear, and could stand to be elucidated in future works.
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