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ABSTRACT

Ultrafine or colloidal particles are widely used in industry as aerogels, coatings, filtration aids or films and require

a defined particle size. In this case, tubular centrifuges are suitable for particle classification due to the high g-
forces. Yet, the design and optimization of tubular centrifuges requires numerous pilot experiments, which is time-
consuming and costly. Altogether, design of an efficient centrifuge is a challenging task. To handle this limitation,

this study presents a dynamic model for the real-time simulation of the dynamic behavior during particle classifi-
cation for a pilot-scale tubular centrifuge. First, we discuss the new continuous mathematical model of a previously
published multi-compartment model by Winkler et al. [1]. The coupled PDE-ODE model not only provides a better
interpretation and fine-grained details of the dynamics but also provides tools for numerically stable algos. The

latter is especially crucial for control synthesis tasks for which model predictive control method is commonly used.
We validate the model by quantitatively comparing simulation results for product loss and qualitatively comparing
grade efficiency, and sediment build-up with experimental data collected from pilot-scale experiments.
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INTRODUCTION

The classification of colloidal and nano particles is becoming
increasingly important in various sectors of the process industry.
Examples include the semiconductor industry, catalyst production,
production of active pharmaceutical ingredients, separating pro-
teins or the pigment industry [2,3]. Compared to established meth-
ods such as microfiltration or field-flow fractionation, tubular cen-
trifuges are particularly suitable for separating large quantities of
nanoparticles in diluted slurries by semi-continuous centrifugation
[4-6]. Conventional pilot-scale tubular centrifuges achieve ex-
tremely high g-forces up to C = 80,000g

The design of tubular centrifuges is mostly based on the
sigma theory which is a stationary black-box model to predict cut-
size of particles dependent on process conditions and centrifuge
geometry [7]. This approach disregards separation and the real
flow behavior, which influences the centrifuge operation signifi-
cantly [8]. Consequently, it is necessary to carry out numerous
tests with machines on a pilot-scale. The outcome of the time- and
cost-intensive procedure serves as input for a basic centrifuge de-
sign. However, there are often problems with the design of centri-
fuges, because products are currently not in stock or not available
in large quantities, which is usually the case for the synthesis of

ultrafine particles.

The computing power available today allows the simulation
of tubular centrifuges on different time and length scales, which
results in a very detailed process understanding [9]. Difficulties in
realistic simulation of tubular centrifuges arise from the properties
of the disperse and liquid phases. In particular, the sedimentation
and rheological behavior have a decisive influence on the separa-
tion result.

However, CFD simulations are time-consuming and require
high computing power. In contrast to that, multi-compartment
models are used for real-time process simulation of tubular centri-
fuges. It is therefore possible to extend this type of model and in-
tegrate it into advanced control strategies such as model predic-
tive or stochastic control. The driving force is to reduce develop-
ment time, respond to growing customer demands, and conserve
resources and energy.

This study presents a new mathematical formulation of a
previously presented multi-compartment model [1] to simulate
particle separation and sediment build-up in tubular centrifuges.
The contribution firstly introduces a continuous model for predict-
ing the dynamics sedimentation in a tubular bowl centrifuge and
mathematically prove the wellposedness of the model. Subse-



quently, we validate the model predictions with the experimen-
tally obtained data. Here we formulate an optimal design problem
and solve it using suitable neural network implementation.

PROCESS DESCRIPTION

Tubular centrifuges are semi-continuously operating solid
bowl centrifuges. Figure 1 schematically shows the tubular centri-
fuge design and physical behavior of the separation process in the
rotor. Main parts of the centrifuge are a slim cylindrical rotor and
afeed nozzle. A direct drive at the top generates the rotor rotation.
The suspended solids are pumped axially into the rotor via the inlet
nozzle at the bottom of the rotor. An overflow weir forms a rotat-
ing liquid pool. The difference in density between the solid and the
liquid causes a phase separation. Solid particles have a larger den-
sity compared to the liquid and settle towards the inner wall of the
rotor and accumulate there as a saturated sediment. The machine
can be used for classification if the process conditions of volume
flow and speed are selected so that only some of the particles are
deposited in the rotor.
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Figure 1. Schematic representation of a tubular centrifuge with
feed, overflow and different states of the solid-liquid mixture
along the radial position of the rotor.

EXPERIMENT SETUP

Here we shall describe the experimental step and the procedure
for obtaining the data. The tests were carried out on a Z11 tubular
centrifuge from Carl Padberg Zentrifugenbau GmbH. Please refer
to Table 1 for the geometric dimensions. Hydrophilic fumed silica
particles named Aerosil 200 from Evonik were used as the test
product. The average particle diameter is in the range of 100 nm.
For the tests, the suspension was stirred and dispersed with a
sonotrode. The rotational speed was set to 40,000 rpm.
Using this setup, 3 experiments were performed by varying the
feed rate i.e. volume flow, namely for Vo € {0.1,0.5,1} ﬁ
Based on this, for each experiment, the product loss (or relative
solids mass) Poue(t) = P(t, Leyr) at the end point of the centrifuge
bowl (cylinder) at different time points is measured. The product
loss @oye Which describes the ratio of the solids mass of the cen-
trate to the solids mass of the feed, thus taking values between 0

and 1, serves a key indicator for the performance of the bowl cen-
trifuge and thus is suitable for model validation. The raw measured
datay = {yLy%y%}, y' = (Y{i:k}) amounts up to roughly 100 data
points in total and is temporally sparse. As a preprocessing step we
interpolate each sequence separately to obtain a dense continu-
ous representation. Both the measured and the interpolated data
are shown in Figure 2.
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Figure 2. Measured solids mass (relative to ¢;;,) at the cylinder
endpoint L¢yifor varying input flow rates. The starred markers are
the raw data while the line depicts the interpolated values.

MATHEMATICAL MODEL

The dynamic model is based on a set of partial differential
equations aimed to calculate the behavior of sedimentation and
sediment build-up within the investigated tubular bowl centrifuge.
It is specified as follows

9:¢ = v(6,0) 0 +v(6,x) - e — $), £ > 0,x € (0, L] (1.1)

$(0,x) = ¢po(x),x € [0, Ley], ¢¢(t,0) = ¢y, t =0 (1.2)
atVSEd(tl x) = ¢ . Vﬂow ) E, t > 0' Vx (13)
Vsea(0) = Vo (1.4)
oY(tx) =—-E-¢, x>0, Vvt (1.5)
Pe(0) = ¢(t,0)- (1 -E(t,0)), vt (1.6)
0,q(t,x,¥)=q-P(E,T), x>0, Vt (1.7)
q(t,0,4) = qin - (P(E(t,0),T(t,0,4)) + 1) (1.8)
where the coupling variables are defined as
E-T
PET = () (1.9)
1
Rs(Vsea) = (R(zi = Vsea(t) rr_fd) (1.10)
V(Vsea) = £qm (ng(vsed) - R\%v) (1.11)
— Vilow
VVsea) = 50,2 (1.12)
22w?(RE-RE))ey
RE(Vse () —
(¢, Vsea) = RsZ(VEed)i)Ra, [1 - e( Viiow )] (1.13)
a(gp) = 2£LE@D (1.14)
Ne
E(t,x) = [," T q-dt (1.15)



Here, R4, Ry, ps and n, are the fixed model parameters. These
variables have the following application relevant interpretation R,
is the max or weir radius, pg is the density difference between solid
and liquid phase and 7, is the dynamic viscosity of liquid. The in-
puts, i.e., the control variables of the system are the fluid flow rate
Viiow and the drum angular velocity w. Finally, the two main ob-
served or the measure quantities of the process are the solids frac-
tion ¢ at the boundary point Ly, for all times t 2 0. Altogether, the
introduced model is a novel adaptation of the compartmental
model introduced in [1].

Assumption (A). In order to show wellposedness of the proposed
model (1.1) - (1.15) we shall make the following assumptions:
1.T,E€[0,1],Rs — Ry =Rit>0,0 < h(p,t) <k
2.05v<k),0 < Vo, VSky IT < kr, | E < kg,

3. 00(x) = P Vx < 0,v(t,x) =Y(tx) = 0,Vx < 0,t =0,
4.v € C1(R) such that

fvig <k, (2.1)
NveD) —v®) ller <ky IvE—v2 e '
5.T € C'(R?; R) such that
ITler <krp
ITELVY — T2 v?) e <kpp 19t —p2lle 22
+ kry v =v2 |l
6. E € C1(R3; R) such that
IEller < kg
I E(vhr) —E@3v412) ler < kpp I pt —p% N (23)
thry IV =v2 itk 71 =72 2
7. P € C'(R3; R) such that
Pl <kp 0.4

I Pt et) — P(t%eX) ller <kpr Il pt —p? llc
+ kpe v —v2 I

Theorem 1. Let T;,: C* - C* be an evolution operator defined as

Toof = e7tsif (x = s (), pse(@) = [[v (r,x) dr, ¥f, veC?

Then under the Assumption (A), the solution to system of equa-
tions (1.1) - (1.4) is given by ¢, Vseq taking the following form:
t
B(t,x0) = Ty eo(x) + fy Tse[(v )(5,2)] ds (2.5)
t

Vsea (t‘ x) = Vo + Vaow fO E(Sr x) ¢(5‘ x) ds (2.6)
Correspondingly, the solution to equations (1.5) - (1.8) is given by
y, q which takes the following form:

qC,x) = Go-,0,)elo PrI y (., x,) = o (- ,0)e™ o FON D,
Proof. First let us consider the system (1.1)-(1.4). Then, for a fixed
b0, din, v and P as per (A.3), we first observe that (2.5) satisfies
(1.1). Thenfor t,s € [0, T], using (2.1) and letting II-ll :=lI-llcx we
get that

t
I pge —u2 i Sf vt —v2 |l dr <t —s| vt =v2I
S

NTef = T3f I = We™ef (x = ) = e™Hef (x — o) |
< lemRe] I f(x — ke () = fx =12 () | +
I f Qe = p2e () Il e~Hse — e e ||
SUF e+ DI gy — w2l
SUfF g+ D) IvE—=v2 i |t —s].
Consequently, we get that

t
I — @21l < 1 T o — T2 |l +f 17 — 7292 | ds
0

< ((kgyky + 1) + (kg + Dk, T+ krky ) v = v2 I T
< kgl I Vg = V24 I T

Next, we see that for fixed ¢p and E (2.6) satisfies (1.3)-(1.4). Then
following similarly as above we get that V., (¢) satisfies

I Veea = Viea I< kv ke 1 97 — @211 T
Combining the two, via Picard’s successive approximation we ob-
tain a sequence (¢™),ey such that

I ™+ — ¢ I T kghyky ks 1| 9™ — " 1.

Now, taking

0<T < k¢kvkvﬂowk5
we obtain that the mapping ¢™ ~ ¢™*! is a contraction mapping
in C1. Thus, applying Banach’s fixed point theorem we obtain the
existence of a unique local solution on [0, T]. Thus, for fixed (g, y)
we get a unique solution ¢, Vieq € C to (1.1) - (1.4) on [0, T].
The situation is similar with the inequalities

NEY—E21 <kellgt—q?I
I fql —fqz I <kpll E'—E2I< kpko Il g — g2 Il.
for (1, q) we have that
gt —q' Il < TekT | fq1 - qz II

=20 < kol ¢* — g2 .
Now using the same argument as above, we obtain that the map-
ping g — g™ forms a contraction mapping for small enough
T > 0.Thusq™ — qin C! asn — . Consequently, the sequence
(W™)nen oObtained via the mapping g™ — y™ is also convergent
with ™ — ¥ in C* as n - . Thus, for fixed (¢, Vseq) We obtain
alocal solution (g, 1) to (1.5) - (1.8) on [0, T], T > 0. Finally, using
the inequalities (2.1) - (2.4) from (A) we can also obtain that the
mapping

(¢n‘ Vsréd' qn'd}n) - (¢n+1‘ Vsréﬁl, qn+1‘¢n+1)

is a contraction for a small enough T > 0. |

Let X = [¢,Vsea,¥,q]T denote the state vector, let { =

[d)o, Vo, Qins Dins Viows @, Rq, Ru, pg,r)g]T denote the given fixed
parameters of the model and let 8 = [k, h] be the free unknown
model parameter vector that needs to be estimated. Then based
on the Theorem 1 we have that for every given ({, 6) there exists
amapping (¢, 0) = S({,0) such that S({,0) = X? solves the sys-
tem (1.1) - (1.15). This is to say that §({, 8) is the solution operator
of the system, which is dependent on the parameter tuple (¢, 8).
Let y = (Vx)keny be the set of measurements and let Y, =
HX? = ¢ou(t) = ¢(t, Ley) be the measurement model. In or-
der to validate the model, we formulate the following optimal de-
sign problem (ODP) provides the mechanism to find a suitable 6
that fits the data

0* = argminj(0;{,y) (4)
ez
s.t. XG = S((rg)
where, J(6; {,y) = Yl HXE‘;( — v I?



Table 1: Fixed model parameters

Constant Value Constant Value
Viiow 0.1,0.5,1 1) 4187 st
Ry, 0.0093 m Leyi 0.18m
Ps 1202 kg/m3 L omin 1x1078m
Ne 9.98107* Pas do 0.0
a, 0 a, 1
qo(®) e ) ) 0.0063 m
1 + (£/as)®
R, 0.0215m Vo 0.0m3
bin 0.005 as 7.68 x 1078
L max 5%X1077 m £y 0.4070 m

IMPLEMENTATION

To solve the ODP (4) requires providing certain input & = ({,y)
based on which a 87, i.e. a solution, is obtained as output. Thus,
the algorithm for solving the ODP (4) can be seen as a mapping
& 07(&). Let X denote the input space for the ODP (4), with
X 3 &, our task in this section is to create a map & » W(&) such
that W(¢) =~ 6* (&) to the ODP. We represent W(§) as parameter-
ized estimator R? 3 J - ‘P(f; 19), q > 0, such that ‘{’(f; 9) =
0*(§) for nearly every & € X. A weaker criterion is to attain
EX[¥(&9)] = EX[6*(£) ]. This leads to the statistical optimiza-
tion problem (SP)

9 = argmin EX[J(¥(§9); &)] (5)
ERA

Since evaluating the expectation in (5) is difficult, we consider
empirical measure over a finite set of input samples given as X’ ©
X= {{k}k={1.4.M}. Consequently, the SP takes the following dis-
crete SP takes the following form

M J(W(EF;9);€F).

Further considering after temporal discretization of the objective
function J we get

9M = argmin —Z Z Il HXE —y*, I?
YERT

k=1 i=
= argmin L(J; X) (6)
YERT

Since each input sample &¥ involves a sequence data, the pre-
dicted output of the model W is also a sequence. This means for a
sample &¥ involve a sequence of length N obtained at time t;,

!
WS 9) = 01 0 ]

ter .

3 . 1
9M = argmin —
vers M

fk ten-1 [
and
Xek — Xk(eé(k:tk+N_1) =X (111({",19)) — le(fk;ﬁ)

is the predicted state of the process under the parameter Hfimiw_l.
Following this, the parameterized optimal design function W(-;9)
is implemented as a deep neural network (DNN) whose internal
parameter 9 is determines the solution to SP (6). Obtaining 9 in-
volves the algorithmic step called learning which uses stochastic
approximation schemes to computationally determine the appro-
priate minimizer 9 of the SP (6). Prior to discussing about the train-
ing procedure, we shall next discuss about the network architec-
ture for the ¥ followed by a short discussion about dataset gener-
ation.

NETWORK ARCHITECTURE

Since determining 9 requires predicting the states X*(-) for ran-
dom time intervals [ty, ty.n] € [0, T], it is necessary to incorpo-
rate suitable solvers that is able to perform discrete numerical in-
tegration of the system (1.1)-(1.15). This motivates us to imple-
ment W as a NeuralODE [10]. This means, that a suitably parame-
terized discrete numerical integrator (solver) is considered as a
neural network and thus represents W. Consequently, the core
component of the network is the solver module, which we call as
SysSolver. Due to the non-linear coupling of the system we im-
plemented SysSolver using finite difference scheme using Pytorch
library. Accordingly, the PDE (1.1)-(1.2) is discretized using Lax-
Wenderhof method while the rest of the temporal and spatial
ODEs are solved using Euler discretization method. Here, the time,
space and particle size intervals are discretized in N, M and L steps
respectively. Furthermore, for each time step t, firstly the spatial
ODEs (1.5) - (1.7) are solved for the known quantities ¢ and Vseq
at time t to obtain g and . The latter are then used to solve for ¢
and Vgeq. Thus, given ¢ and 6, SysSolver provides the solution X
for the required time point T. Now in order to make SysSolver
learnable, the free model parameter 6 is obtained using a neural
network. Since 6 is composed of k¥ and h which are both time de-
pendent and the latter additionally also being space dependent,
the neural network I' used to generate 6 is implemented using two
different methods namely- using Gated-Recurrent-Units (GRU)
and using Convolutional Neural Network (CNN). Accordingly, the
input to I is given as ¥ = (Y, Pin, 90, Vaiow» @) and is obtained via
the components of the & vector. Letting M = L and considering
the initial value ¢p¢ and g, which are space and size dependent the
input to ' is of the shape (b, 5, N, M) and the output is of shape (b,
2, N, M). Based on this the GRU based network I is implemented
in a two-layered stacked bidirectional model. The feature size of
the hidden state is taken to be of the size 128. The hidden states
at the output layer of the GRU (sub)-network are lastly passed
through a fully connected linear layer followed by a RELU activa-
tion to obtain the final output. On the contrary the CNN implemen-
tation consists of five hidden convolutional layers with channel
sizes 16, 32, 64, 32, 16, respectively. Each convolution layer is fol-
lowed by a ReLU activation unit. Both the GRU and CNN implemen-
tations are inherently designed to handle variable-length input se-
quences. The GRU, by its recurrent structure, accommodates var-
ying input lengths, while the CNN, being exclusively composed of
convolutional layers, i.e. lacking fully connected layers, is also able
to handle varying input sequence lengths. Following this ap-
proach,¥ is implemented as W(&;9) = SysSolver({,I'(x;9)).
Accordingly, the GRU based implementation of ¥ constitutes of
roughly 13K parameters amounting to approximately 15MB of
VRAM space, while the CNN based constitutes to roughly 47K pa-
rameters amounting to roughly 55MB of VRAM space.

Next, we shall briefly describe the procedure for both implemen-
tations of the network which is followed by results and conclusion
sections.
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Figure 3. Training and validation plots for two different implemen-
tations of W, namely GRU (left) and CNN (right) based.
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NETWORK TRAINING

To train the model, we firstly generate a dataset using the experi-
mental data ¢y = $(t,Lcyl) = @ (¢, Ley1)/ din for roughly 10-15
different time points. Since, these are temporally sparse, we inter-
polate the experimental data to obtain continuous representation
as shown in Figure 2. Consequently, based on the different se-
quence lengths N, a k™ sample yfk:rkw at random time point t €
[0, TT drawn from experiment performed with parameter values
¢¥*. In order to obtain ¢* for different t;, which requires knowing
V;, and ¢, we used a novel bootstrapping method. In this
method, first we used samples solely t; = 0 to obtain an estimate
of ko = .05 and hy = 1. Using this we then simulated the pro-
cess for the entire time interval [0, T], thereby yielding us V;, and
¢, for different values of t. This results in a dataset X = (e,
&k = (yé‘k:tkﬂv, {%). since, both the GRU and CNN implementa-
tions allows inputs of varying sequence lengths, we took N €
{6,12,24,48} and trained them for 100 epochs with batch size of
50. The training was performed using Ryzen 7 CPU and GeForce
RTX 5070 GPU. The obtained results are as show in Figure 3.

RESULTS

Based on the training and validation curves shown in Figure 3, both
models, CNN and GRU, were able to perform the data fitting suffi-
ciently well with training loss exhibiting significant reduction and
in parallel to the validation loss. Subsequently, we tested both the
models on the test set and observed that CNN model produces a
smoother qualitative result while the GRU model shows signs of
non-smoothness as depicted in Figure 4. and Figure 5.

Based on this we opted the CNN model to further investigate the
predictions of the model. Firstly, we compared the estimated
product loss with measured product loss for all three varying flow
rates. Based on the top left subplot of Figure 5, we see that the
estimates follow closely the measured data for lower flow rates
while at higher flow rates it is over-estimating the product loss.

Next, we also checked other unobserved qualitative metrics such
VSE
Vd'
ticle sizes at the cylinder end, separation efficiency E(t, x) along
the cylinder length, cake height H. 4. (x) along the cylinder length
and finally the particle size density g, (t, £) at the cylinder end.
The plots for these functions are shown as different subplots in
Figure 6 for different time points. From plot for Us;;; (top center)

as filling level Usy; = grade efficiency T(t, Leyts t’) along par-

we can infer that the fill rate of the centrifuge increases with the

increase feed rate of the centrate. Next from the efficiency plot
E (x) (top right) we can infer that separation efficiency decreases
with time for each constant feed rate (Vg oy ) and the spatial profile
suggests hat the efficiency is relatively higher at the cylinder end
compared to the beginning. Furthermore, at higher feed rates the
efficiency is relative lower compared to the efficiency at lower
feed rate. This is directly correlated to the increase in cake height
H_ake, Which is much faster for higher values of feed rates and is
higher at the starting section of the cylinder. Observe that the
trendline with respect to time (marked in gray) indicates that effi-
ciency decreases with increasing time which is due to increase in
cake height w.r.t time. Next looking at the separation rates
T(t, Ley1, £) we see that separation rate decreases more quickly
(with respect to time) for smaller particles compared to the larger
ones. This difference is even more drastic for higher feed rates
which is due to the lesser residence time of smaller particles.
Lastly, the plot for gou¢ (¢, £) (bottom right) also indicates that par-
ticle density for smaller sizes increase over time at the cylinder end
(seen as shift of the logistic curve to the left). Furthermore, this
shift is more pronounced for smaller feed rates which can again
be attributed to higher residence time of the particles.

t [min] # [mmin]

de(t,.r)

q(t, Ley1, )

¢ [m]

t [min] 60 0
Figure 4. Plots of the state variable obtained via the predicted
parameters from CNN based ¥ for Vg = 0.1.
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t [min] t [min]
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Figure 5. Plots of the state variable obtained via the predicted
parameters from CNN based W for Vo, = 0.1.
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vs. time. Top right. Separation efficiency vs. axial position of the rotor. Bottom left: Sediment height vs. axial position of the rotor. Bottom
center: Grade efficiency vs. particle diameter. Bottom right. Density distribution function at the centrate vs. particle diameter.

The estimated values for the free parameters are h(t,x) =
1.1 and k(t,x) = .01. Thus, the model predicts the free parame-
ters as constants whose values are in close agreement with the
bootstrapping values obtained in the pre-training phase. Alto-
gether, these observations indicate that, based on the sensor data,
W is able to produce parameters that qualitatively and quantita-
tively mimics the behavior of a tubular centrifuge thereby validat-
ing the dynamical behavior of the mathematical model (1.1) -
(1.19).

CONCLUSION

In this work we have proposed a novel continuous mathematical
model for the dynamics of tubular bowl centrifuge. Based on that
we first showed the wellposedness of the model which then paved
way for simulations followed by experimental validation. For the
validation of the model, we made use of NeuralODE approach
where the solver is an integral part of the network. The free model
variables are obtained via the parameterized part of the network
which was implemented as GRU and CNN, among which the latter
showed good qualitative and quantitative results, thus serving as
the basis for building a DNN based observer.
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