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Abstract

In this paper, we introduced the concept of Laplacian minimum dominating color energy of
a graph LEP(G) and compute the Laplacian minimum dominating color energy LEP (GQ) of few
families of graphs. Further, the upper and lower bounds for LEP (G) are established.
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1 Introduction

Let G = (V, E) be a graph with n vertices and m edges and let A = (a; ;) be the adjacency matrix

of the graph. The eigen values of graph G are the eigenvalues of its adjancey matrix A(G), denoted
by A1 > Ay >,...,> \,. A graph G is said to be singular if at least one of its eigenvalues is equal
to zero. For singular graphs, evidently, detA = 0. A graph is nonsingular if all its eigenvalues are
different from zero. Then, detA > 0. A graph G is said to be k-regular graph if every vertex in G
has degree k.
The concept of energy of a graph was introduced by I.Gutman [7]. Initially, the graph energy con-
cept did not attract any noteworthy attention of mathematicians, but later they did realize its value
and worldwide mathematical research of graph energy started. Nowadays, in connection with graph
energy, energy like quantities were considered also for other matrices. The energy E(G) of G is
defined to be the sum of the absolute values of the eigenvalues of G. i.e.,

B(G) =3 il

I.Gutman and B.Zhou [8] defined the Laplacian energy of a graph G in the year 2006. Let G be
a graph with n vertices and m edges. The Laplacian matrix of the graph G, denoted by L = (L;;),
is a square matrix of order n. The elements of the Laplacian matrix are defined as

-1, if v;andv;areadjacent,
Lij; =4q 0, if v;andv;arenotadjacent,
d;, if i=j.
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where d; is the degree of the vertex v;.

Let A1, A2, ..., A, be the eigen values of Laplacian matrix G. Laplacian energy of G is defined as
- 2m
LE(G) = A — —|.
@)=y ;

i=1

The basic properties Laplacian energy including various upper and lower bounds have been estab-
lished in [13][14],[16],[17] and it has found that remarkable chemical application, high resolution
satellite image classification and segmentation using Laplacian graph energy and finding semantic
structures in image hierarchies using Laplacian graph energy.

Prof.Chandrashekara Adiga et al.[2] have defined color energy E.(G) of a graph G. P.Siva Kota
Reddy et al.[9] have defined the Minimum Dominating Color Energy of a Graph. Motivated by
these two papers, we introduced the concept of Laplacian minimum dominating color energy EP(G)
of a graph G and computed Laplacian minimum dominating chromatic energies of some standard
graphs are computed. Upper and lower bounds for EP(G) are also established.

2 Coloring and Color Energy

A coloring of graph G is a coloring of its vertices such that no two adjacent vertices receive the same
color. The minimum number of colors needed for coloring of a graph G is called chromatic number
and is denoted by x(G) [11].

Consider the vertex colored graph. Then entries of the matrix A.(G) are as follows. If ¢(v;) is
the color of v;, then

1, if if v; and v; are adjacent with c(v;) # c(v;),
a;; =< —1, if if v; and v; are non — adjacent with c¢(v;) = c(v;),
0, otherwise.

The characteristic polynomial of A.(G) is denoted by f,.(G,p) and is defined by f,(G,p) =
det(pl — A.(G)). The color eigenvalues of the graph G are the eigenvalues of A.(G). Since A.(G)
ie real and symmetric, its eigen values are real numbers and are labelled in non-increasing order
p1 = p2 = -+ = pn. The color energy of G is defined as

3 Minimum Dominating Color Energy of a Graph

Let G be a simple grpah of order n with the vertex set V' = {v1,va,...,v,} and edge set E. Let D
be the minimum dominating set of a graph G. The minimum dominating color matrix of G is the
n x n matrix defined by AP (G) = (a;;). where

1, if if v; and v; are adjacent with c(v;) # c(v;) or ifi=j andv; € D
a;;j =< —1, if if v; and v;j are non — adjacent with c(v;) = c(v;)
0, otherwise.

The characteristic polynomial of AP (G) is denoted by f,,(G, A) and is defined by f,,(G,\) = det(A] —
AP(@)). The minimum dominating eigenvalues of the graph G are the eigenvalues of the matrix
AP(G). We note that these eigenvalues are real numbers since AP (G) is real and symmetric. So, we
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can label them in the non-increasing order A\; > Ay > --- > A,,. The minimum dominating energy
of G is defined to be the sum of the absolute eigenvalues of AP (G). In symbols, we write

= ZW\-
=1

If the color used is minimum then the energy is called minimum dominating chromatic energy and
it is denoted by EL(G). For more details about Minimum Dominating Color Energy of a Graph
refer [9].

4 The Laplacian Minimum Dominating Color Energy of a
Graph

Let D(G) be the diagonal matrix of vertex degrees of the graph G. Then the Laplacian minimum
dominating color matrix of G is denoted by LEP(G) and is defined as follows LEP (G) = D(G) —
AP(G). Let A1, A2,..., A\, be the eigen values LE,.(G) arranged in non increasing order. These
eigen values are called Laplacian minimum dominating color eigen values of G. The Laplacian
minimum dominating energy of a graph G is defined as

n

LEP(G

where m is the number of edges of G and % is the average degree of G.

In this paper, we are interested in studying mathematical aspects of the Laplacian minimum dom-
inating color energy of a graph. We are considering in this paper may have some applications in
chemistry and computer science.

Example 4.1. Let G be a graph on 6 vertices as showm in the Figure 1. The chromatic number of
the graph G is 3, i.e., x(G) = 3. The possible minimum dominating sets are:

(’L)Dl = {’1)1,’[)5} (’LZ)DQ = {1}2,’05} (’LZ’L)Dg = {’UQ,’UG}
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V3 V4
Black Black
V1 Vo Vs Vg
@ L
Blue Green Blue Green

Figure 1: A Simple Graph with 6 Vertices

If the dominating set is D1 = {v1,v5}, then
1 1 0 0 -1 0 1 0 0 0 0 O
1 0 1 1 1 -1 04 0 0 0 O
0 1 0 -1 1 0 0O 0 2 0 0 O
D _ _
ADUG) = o 1 4 ¢ 1 o |™DGE=|4 9920 0
-1 1 1 1 1 1 00 0 0 4 0
0 -1 0 0 1 0 00 0 0 0 1

0o -1 2 1 -1
0o -1 1 2 -1
1 -1 -1 -1 3 -1

0 1 o 0 -1 1

The characteristic polynomial is given by

Fn(Gy ) = A6 — 12)\5 4450 — 5303 + 9\ + 17\ — 7 = 0.

The Laplacian minimum dominating color eigen values are A\; = —0.5508, Ao = 0.6377, A3 = 0.7823,
Ay =1, A5 = 4.6405, )\6—54903

Average degree of the graph =<2 = T7 %

Hence, Laplacian minimum dommatmg color energy, LEP(G) ~ 12.898.

Note that the Laplacian minimum dominating color energy of the graph G depends on its minimum
dominating set.

O O = O

LE?(G) = D(G) — A?D:1(G) =
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5 Laplacian Minimum Dominating Color Energy of Some
Standard Graphs

Theorem 5.1. For n > 2, the Laplacian minimum dominating color energy of a complete graph

K, is (n—2)4++vn?—2n+5.

Proof. Let K, be the complete graph with the vertex set V' = {v1,va,...,v,}. Clearly, D={v1} is
a minimum dominating set of K,,. Then

1 1 1 11
1 0 1 11
1 1 0 1 1
ACD(Kn) =
1 11 0 1
1 1 1 1 0
and
n—1 0 0 0 0
0 n—1 0 0 0
0 0 n—1 0 0
D(Kn) =
0 0 0 n—1 0
0 0 0 0 n—1
n—2 -1 -1 -1 -1
-1 n-1 1 -1 -1
-1 -1 n-1 -1 -1
LED (Ky) = AP (Ky) =
-1 -1 -1 ... n—-1 -1
-1 -1 -1 ... -1 n-1

The characteristic polynomial of LEP (K,,) is given by,
A=n)"2(XN - (n—1)A—1)=0.
The Laplacian minimum dominating color eigen values are:

A=n [ (n-2) times], A = {n=DEvni-2ntd ;LM [one time each)].

Average degree of K,,= 277” =2—2—=n-—1.

n
Hence, the Laplacian minimum dominating color energy of K, is

LEP(K,)=|n—(n—1)|(n—2)+ (n=2)+vn?-2n+5 v2”2—2n+5 —(n—1)|+ (n=1)—vn?—2n+5 vznz—?”+5 —(n—1)
— 14+v/n2—2n+5 —n+1—vn2—2n+5
LE?(KH) = (n - 2) + ’ bt 2L o)+ ‘ ot 2n =
Therefore, LEP (K,,) = (n — 2) + v/n? — 2n + 5. O

PAGE NO : 80



Zhuzao/Foundry[ISSN:1001-4977] VOLUME 28 ISSUE 3

LAPLACIAN MINIMUM DOMINATING COLOR ENERGY OF A GRAPH 6

Definition 5.1. The cocktail party graph, denoted by K,x2, is graph having vertex set V =
U?zl{ui,vi} and edge set E = {u;uj,v;v;,uv;,v,u; : 1 < i@ < j < n}. This graph is also called
as complete n-partite graph

Theorem 5.2. Forn > 2, the Laplacian minimum dominating color energy of a cocktail party graph

K2 is (4n — 5) + v/4n? — 8n + 21.

Proof. Let K,x2 be a cocktail party graph with the vertex set V. The set D = {v1,v9,} is the
minimum dominating set of cocktail party graph. Then,

1 1 1 ... 1 -1
1 o 1 .. -1 1
1 1 0 1 1
AP (Knx2) =
1 -1 1 0 1
-1 1 1 1 1
and
2(n—1) 0 0 0 0
0 2(n—1) 0 0 0
0 0 2(n—1) 0 0
D(KnXQ) - ’
0 0 0 2(n—1) 0
0 0 0 0 2(n—1)
2n—3 -1 -1 —1 -1
-1 2n — 2 0 0 0
-1 0 2n — 2 0 0
LECD(an) = D(Knx2) - Ag)(Knxz) =
-1 0 0 e 2n—2 0
-1 0 0 0 2n — 3

The characteristic polynomial of LEP (K, «2) is given by,

fn(Kpxo,A) = (A= (2n—4)(A—(2n —3))" 1A — (2n+1))"2(A%2 — 2n+ )A + (3n + 5))

The Laplacian minimum dominating color eigen values are:

A= (2n—4) [ 1 time], A = (2n —3) [ (n-1) time], A = (2n+ 1) [ (n-2) time], A = (2"+1)i‘§"2_8"+21
[one time each].

Average degree of K, 2 :% =2(n—1).

PAGE NO : 81



Zhuzao/Foundry[ISSN:1001-4977] VOLUME 28 ISSUE 3

LAPLACIAN MINIMUM DOMINATING COLOR ENERGY OF A GRAPH 7

Hence, the Laplacian minimum dominating color energy is

LEP(K,s) = ‘(Qn—él) —o(n— 1)‘ + ‘(271—3) —o(n— 1)‘(71— 1)+ ‘(271—1—1) —2(n— 1)’(11—2)

2 1 4n? — 21 2 1 4n? — 21
+’(TL+ )+\/2n 8n + _2(n_1)'+‘(n+ )+\/2n 8n + —2(n—1)’
-2 5) 4+ v4n? —8 21
=24 | 1] (n—1) +3(n —2) | 20D LT B0
(—2n+5) — vV4n? —8n+21
+| |
2
=(4n—-5)+ V4n? —8n+21
Therefore, LEP (K, x2) = (4n — 5) + v4n2 — 8n + 21. O

Theorem 5.3. For n > 4, the Laplacian minimum dominating color energy of a star graph is

2(n717)L(n72) + \/m

Proof. Let K ,—1 be a star graph with the vertex set V' = {v1,v9,...,v,} having the vertex v; at
the center. The set D = {1} is the minimum dominating set of star graph. Then,

1

1

1

1

1

1 0 -1 -1 -1
1 -1 0 -1 -1
AP (Ky o) =
1 -1 -1 0 -1
1 -1 -1 -1 0
and
n—1 0 0 0 0
0 1 0 0 0
0 1 0 0
D(Kl,n—l):
0 0 0 1 0
0 0 0 0 1
n-2 -1 -1 .. -1 -1
-1 1 1 1 1
-1 1 1 1 1
LEP(K;,-1) = D(K1 1) — AP (K1 n1) =
-1 1 1 1 1
-1 1 1 1 1
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The characteristic polynomial of LEP (K7 ,,_1) is given by,
fro(Kin—1,2) = (AN 2(A% = (2n — 3)A + (n? — 4n + 3))
The Laplacian minimum dominating color eigen values are:

A =0 [(n-2)times], A = % VAn=3 Tone time each].
Average degree of K ,,_1 :%.

Hence, the Laplacian minimum dominating color energy is

LEP(K1n_1) —’O 2(n—1) (n—2)+ '(2n—3)+\/4n—3 _2(n— 1)‘
n 2 n
Jr‘(271—3)—\/4n—3 B Q(n—l)‘
2 n
|2(n—1)(n—2) N (2n% —Tn+4) +V4n =3 n (2n? —Tn+4) —/4n -3
B n 2 2 '
2(n —1)(n — 2
IR -
Therefore, LEP (K1 1) = 2(n_1T)L(n_2) + v4n — 3. O

Definition 5.2. The friendship graph, denoted by F?En), is the graph obtained by taking n copies of
the cycle graph Cs with a vertex in common.

Theorem 5.4. For n > 2, the Laplacian minimum dominating color energy of a friendship graph
F?En) is at most %21‘?? +vn?+6n+1.

Proof. Let Fé") be a friendship graph with the vertex set V(Fén)) = {vo,v1, V2, ..., U }. The mini-
mum dominating set is D = {vg}. Then

0 1 -1 0 1
1 1 1 1 1
-1 1 0 0
AD(FY) =
0O 0 O 0 -1
1 1 0 —1 0
and
2 0 0 0 0
0 2n O 0 0
0O 0 2 0 0
D(Fy") =
0O 0 O 2 0
0 0 O 0 2

PAGE NO : 83



Zhuzao/Foundry[ISSN:1001-4977] VOLUME 28 ISSUE 3

LAPLACIAN MINIMUM DOMINATING COLOR ENERGY OF A GRAPH 9
2 -1 1 0 -1
-1 2n-1 -1 0 0
1 -1 2 0 0

The characteristic polynomial of LEP (FPE”)) is given by

Fa(F5 ) =(A = 0/ D (A= 2)" V(A = (n +2))(A? = (3n.— A+ (2n? — 3n))

The Laplacian minimum dominating color eigen values are:

A =0, [(n-1)times], A = 2, [(n-1)times], A = (n + 2), [1 time],A = Gn)tyni+ontl W [1 time].
Average degree of LEP (Fén)) zgffi =zt

Hence, the Laplacian minimum domlnatmg color energy is

3n—1 \/72+6 +1 n
LEPF(" ‘0_2n+1 (n—1) +‘2 T (n—1)+‘(”+2) TniT ‘(n Fhgton — i)+
‘(Sn 1)—vn24+6n+l _  6n
2 2n+1

LEP(F{™) < 82230 4 /n? £ 6n + 1.
Therefore, Laplacian minimum dominating color energy of a friendship graph FS(") is at most

Gr—Sn |V +6n + 1. 0

6 Properties of Laplacian Minimum Dominating Color Eigen
Values of a Graph

Theorem 6.1. If D is a minimum dominating set of a graph G and A1, A2, ..., A\, are the eigen
values of LEP(G) then
n

(i) ZAi =2m—| D|.
1, ifv; €D
2 _ 2 - ) ) )
(zz)Z)\ =2(m + m,) —|—Zd ¢;)?  where ¢; { 0, ifvi ¢ D.
and mc s the number of pazrs of non-adjacent vertices receiving the same color in G.
Proof. (i) By definition, the sum of the principal diagonal elements of LEP(G) is equal to
> di—|D|=2m—|D]|

i=1
Also the sum of eigen values of LEP(G) is trace of LEP(G).
(ii) The sum of squares of eigen values of LEP (G) is the trace of LEP(G)?
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n

Therefore Z M= ZZZ”ZW :Z(lij)Q + zn:(lﬂ)Z

i=1j=1 i=1 j=1
n
2 2
=23 (li)* + ()
1<j i=1

—_

= ifv; € D
=2(m+m.) + Z(dz — ci)2 where ¢; = { 0’ ;z ; D
i=1 ’ '

RS 2
= 2N, where N = (m+m.) + gg(dz —¢)

7 Upper and Lower Bounds

Theorem 7.1. If G be a graph with n vertices, m edges and D is a minimum dominating set of a
graph G. Then LEP(G) < v2Nn + 2m.

Proof. Let G be a graph with n vertices and m edges and A1, Az, ..., A, be the eigen values of G.
By using Cauchy’s - Schwarz inequality

Put a; = 1, bl = )\1 then,

3 (im)gm

Vi=1,2,...,n

By Triangle inequality | | 42

2
= < |+— Vi
n
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( n
i=1

=2 = (00) + (2 3)
<V2Nn+2m
- LEP(G) < V2Nn +2m
O

Theorem 7.2. Let G be a graph with n vertices and m edges and D be a minimum dominating set
of G. Then LEP < \/2Nn +4m(| D | —m)

Proof. By using Cauchy’s - Schwarz inequality

Puta; =1, b, = )\i—— then,

ie.,[LEP(GQ)? =n ZAQ Z; o ZA]

4 4
—n 2N+ﬂ ——m(zm—w\)]
4 2 8m? 4 D
_pfon 4 A 8mE m | |}
L n n n

=2Nn+4m(| D | —m)
. LEP(G) < \/2Nn +4m(] D | —m)

O

Theorem 7.3. Let G be a graph with n vertices and m edges and D is a minimum dominating set
of G. If D =| detLEP (G) | then

LEP(G) > \/2N +n(n—1)D% — 2m.

Proof. Consider
[iw |}2=(im |).(iw— )
—ZM S BIPIPYY

i#]
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n

X = () =Y (71)

i#j i=1

Applying Arithmtic and Geometric means for n(n — 1) terms, we have

)IRUIEY 1
ey (Tl

i#]

i#j i#£j

Using (7.1) we get,

(iIm)2 iu k >nn71)[

n

(Z|)" \)2—2N2n(n—1)[

=1 7

(iui |)222N+n(n—1)[ﬁui|}

| A [P }ﬁ

E: i z:

Il
-

|>\i|ﬁ

3o

i=1
Y I \/2N+n(nf 1)D= (7.2)
=1
‘We know that
2
| A | —‘ m‘ <
2m

ZIAI—Z*<

1=

(@)

i.e., LEP(G) >

> \/2N +n(n— I)D% —2m  (from7.2)

. LEP(G) > \/2N +n(n—1)D? — 2m
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