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BeedeHue

B cbopHuke mamepuasnos KoHgepeHyuu, nNOCBAWEHHbIX pOJaU HAYKU,
06pa3zoeaHusi U npou3eodcmea 8 3Noxy 2/106a4u3ayuu, dKmMya/abHbIM Npo6/emam
g3aumodelicmausi 3mux Npoyeccos, 0m3swvl8am 06 UxX peuleHusix, bblau npedcmas/ieHbl
3pesible cheyuaaucmsl 0mpacau.

Kpome mozo, npedcmasseHbl uccaedo8aHusi HA HAyYHO-NPAKMu4eckyo memy,
npogodumble 8 061acmMu 3KOHOMUKU, MOYHbIX HAYK, €CmMeCmeeHHbIX U COYUA/IbHO-
2YMAHUMAPHbBIX HAYK 8 nepuod 2106a1u3ayuu, npedcmasieHd UHPHOPMAYus 8 HAY4HO-
npakmuy4eckoll cgepe, komopas 6K/aw4aem 8 cebsi Hogelilue UHHOBAYUOHHbIE
mexHo/102uuU 8 cghepax npouzeodcmaa.

MoxcHo ymeepxucdams, umo 3mom COOPHUK s18455emcsi  O0HUM U3
cheyuguveckux nepekpecmkos co8peMeHHbIX MblCaell U UHHOBAYUOHHbIX udell 8 Mupe
Hayku. B amoill HayuyHo-npakmuyeckoli KOHhepeHYyuu NpuHsaIuU aKmugHoe yyacmue
npogeccopa u HayyHble COMPYOHUKU, 3AHUMAOWUECS HAYYHbIMU UCCAE008AHUSIMU 8
Y36ekucmaHe u 3apy6excHbIX cmpaHax. 3HaYUmMe 1bHbIll 8K/A1a0 8 N08blWEHUe NO3UYUll
HAY4YHO-NpaKmu4eckol KOH@epeHYuu e6Hec/au npogeccopa u npenodasamenu
ome4ecmeeHHbIX U 3apy6exrcHbIX 8bICUIUX YHEOHbIX 3a8edeHULL.

IIpogpeccopa u npenodasamenu 3apybexcHbIX BblCUIUX YYEeOHbIX 3asedeHull,
aKmueHo yyacmeosasuiue 8 pabome KoH@epeHyuu, eHecau 00CMOUHbIU 8KAa0 8
8bICOKUUl ypoBeHb 83aumodelicmeusi C Y4YyeHbIMU Hauwell cmpaHbl. I[Ipoyeccol
MeNHCAYHAPOOHO020 cOMpYyOHU1EeCcmada ¢ 3apybeicHbIMU CMPAHAMU U 06MEHA C HUMU 8
0b/1acmu HAayKu 8 3noxy 2/7106a/41u3ayuu 0Ka3bl8arwm NOA0XUMEAbHOE 8/UsIHUE HA
paszsumue 8bicwezo obpa3osaHusi, chep Hayku u npoudsodcmea. Mamepuasbl s3moii
KoHbepeHYyuu 0CO6eHHbl meM, Ymo 8K/A4Yarwm 8 cebss WUpoKuli cnekmp
uccsedosaHull, om meopemu4eckux pa3pabomok do npakmuyeckux peweHul,
deMoHCMpuUpywux pa3Hoobpasue nodxodos u Hanpas/eHull 8 Imoli obaacmu.

B 3akawueHue cnedyem ommemumb, ymo O0aHHAsl HAYYHO-NpaKmMu4eckas
KOH(epeHyusi cmaHem oO4YeHb NO/E3HbIM COOpaHueM 0151 8cex, Kmo UHmepecyemcs
COBPEMEHHbIMU UCCAeJ08AHUAMU 8 06sacmu 0ajbHelluezo paszeumusl B8blCUIE20
06pa3zoeaHusi, HAyKu, eocnumame/bHOU pabombsbl U npou3godcmea 8 3INoXy
ano0b6anuzayuu. Aemopsbl Hecym omeemcmeeHHOCMb 3a COo0epxicaHue U Kavyecmeo
cmamell U me3ucos, 8K/1I0YEHHbIX 8 COOPHUK.
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Abstract

This paper explores the concept of Hilbert spaces and their applications in
quantum mechanics. First, the definition and properties of Hilbert spaces are
analyzed, followed by an explanation of their use in quantum mechanics.
Additionally, fundamental concepts of quantum mechanics, including wave
functions and expectation value operators, are described in terms of Hilbert spaces.
The paper also presents mathematical solutions to key applications of Hilbert spaces
in quantum mechanics.

Keywords: Hilbert spaces, quantum mechanics, Schrodinger equation,
Fourier series, spectral properties, quantum harmonic oscillator, spin-1/2 systems,
quantum teleportation, Pauli matrices, wave functions.

1.Introduction

Hilbert spaces are a crucial part of functional analysis, and their application in
quantum mechanics is of great importance. Quantum mechanics incorporates
elements of probability and linear algebra to describe natural phenomena. Hilbert
spaces are infinite-dimensional spaces used as state spaces in quantum mechanics.
These spaces are equipped with an inner product, allowing quantum states to be
treated as vectors. This paper discusses the fundamental properties of Hilbert spaces
and their significance in quantum mechanics.

Main Content

2. Definition and Fundamental Properties of Hilbert Spaces

A Hilbert space is a complex or real vector space that satisfies the following
properties:

. Existence of an Inner Product: An inner product is defined for any
two vectors.

. Completeness Property: Any Cauchy sequence in the space converges
within the space.

. Existence of an Orthonormal Basis: Every Hilbert space can be
expressed in terms of an orthonormal basis.

3. Hilbert Spaces in Quantum Mechanics

In quantum mechanics, every state is represented as a vector in a Hilbert
space. If a quantum system's state is represented by|i|, its physical quantities are
determined using observable operators.
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. Wave Function: The state of a particle in quantum mechanics is
represented by the complex-valued wave function (x), which belongs to the
L? space of square-integrable functions.

. Expectation Value and Operators: The expectation value of an
observable is given by: |A| = (l/)lAA |1/))rangle where A"is the observable operator.

. Spectral Analysis: In quantum mechanics, operators are decomposed
using spectral analysis, and their eigenvalues correspond to possible measurable
quantities.

4. Applications of Hilbert Spaces in Quantum Mechanics

4.1.Example : Schrodinger Equation for a Quantum Particle

The time-dependent Schrodinger equation is given by: ih%l/)(x, t) =

Hy(x,t) where H is the Hamiltonian operator. In a simple case of a free particle,
2 2

the Hamiltonian is given by: H = — Zh_m% Solving this equation using separation
iEt
of wvariables: Y(x,t) = ¢p(x)e rleads to the time-independent Schrodinger

2 2

: h? d : : . .
equation:———-—— = E¢(x) which admits solutions in the Hilbert space of square-

integrable functions.

4.2.Example : Orthonormal Bases and Fourier Series

In Hilbert spaces, wave functions can be expressed as a sum over an
orthonormal basis: Y(x) = )., ¢,¢,,(x) where ¢, (x) are basis functions and c,
are Fourier coefficients:c,, = (¥|¢,,) This decomposition is fundamental in solving
quantum systems such as the particle in a box.

4.3.Example : Spectral Properties of Operators

The momentum operator is defined as:P ¥ (x) = —ih%gb(x) Solving ,
. x| :
P ) = py we obtain eigenfunctions:,(x) = e = which form a complete set in the
Hilbert space of wave functions.
4.4.Example : Quantum Harmonic Oscillator

. 2
The Hamiltonian for a quantum harmonic oscillator is given by:H = ;—m +

1 .2 : :
Ema)ZX Using ladder operators, solutions take the form: ¢y, =

mwxz

H,(x)e 2rn where H, (x) are Hermite polynomials, forming an orthonormal basis
in Hilbert space.

4.5.Example : Spin-1/2 Systems

Spin states are represented using Pauli matrices:

01 0 —i oo
“x_[1 0l’ Gy_[i 0]' “Z_[o —1]
Solving det (g, — AI) = 0 yields eigenvalues A = +1 with eigenvectors:| +

| = [(1)], | == [(1)] which form an orthonormal basis in spin Hilbert space.

4.6.Example : Quantum Teleportation
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Entangled states used in teleportation are given by: |®¥| =\/%(|00| +

|11]) which are essential for quantum communication and computing applications.
7.Software solution:
Examples of HILBERT spaces and their applications in quantum mechanics
are demonstrated by the following C# code process:
using System;
using System.Numerics;

class QuantumMechanics
{
// Example 1: Discretized Schrodinger Equation (Simple Free Particle)

public static Complex[] SchrodingerEvolution(Complex[] psi, double dt,
double dx, double hbar, double m)

{
int N = psi.Length;
Complex[] newPsi = new Complex[N];
double coeff = -hbar * dt/ (2 * m * dx * dx);

for(inti=1;1<N-1; i++)
{

newPsi[i] = psi[i] + coeff * (psi[1+ 1] - 2 * psi[i] + psi[i- 1]);
b

return newPsi;

b

// Example 2: Fourier Series Representation (Orthonormal Basis
Expansion)

public static double FourierCoefficient(double[] psi, int n, int N)

{

double sum = 0;
for (inti=0; 1 <N; i++)

{

sum += psi[i] * Math.Cos(n * Math.PI * 1/ N); // Basis function
h
return sum / N;

b

// Example 3: Momentum Operator in Hilbert Space

public static Complex MomentumOperator(Complex[] psi, double dx,
double hbar, int index)

{
if (index == 0 || index == psi.Length - 1)
return O;
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return -Complex.ImaginaryOne * hbar * (psi[index + 1] - psi[index - 1])
/(2 * dx);
b

// Example 5: Spin-1/2 Representation with Pauli Matrices

public static Complex[,] PauliX={ { 0,1}, {1,0} };

public static Complex[,] Pauli¥Y = { { 0, -Complex.ImaginaryOne }, {
Complex.ImaginaryOne, 0 } };

public static Complex[,] PauliZ={ { 1,0}, {0,-1} };

public static Complex[] ApplyPauliMatrix(Complex[,] matrix, Complex|]

spinor)
{
return new Complex|]
{
matrix[0, 0] * spinor[0] + matrix[0, 1] * spinor|[1],
matrix[ 1, 0] * spinor[0] + matrix[1, 1] * spinor[1]
s
b
static void Main()
{
// Example: Spin-1/2 System with Pauli Matrices
Complex[] spinUp={1,0 };
Complex[] spinDown = { 0, 1 };
Complex[] result = ApplyPauliMatrix(PauliX, spinUp);
Console.WriteLine($"Pauli X on spin up: [ {result[0]}, {result[1]}]");
b
b

8. Conclusion

Hilbert spaces provide the fundamental mathematical framework for
describing quantum mechanical states. All wave functions in quantum mechanics
reside within infinite-dimensional Hilbert spaces, and their physical properties are
characterized using operators.
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