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27.

De resolutione algebraica aequationis X' =1, sive de
divisione circuli per bisectionem anguli seplies repetitam

in partes 257 inter se aequales commentatio coronata. -
(Cont. Diss. Vol. IX. Fasc. 1., 2. et 3.)
(Auct. Richelot, Doct. phil. Regiom.)

T XIL

Transeamus ad hoc ultimum negotium, nimirum ad valores func-
tionum f ex functionibus I determinandos. Numerus functionum f est
=128, inter quas una est determinata semper eadem :

Jis = poF P F pat ete. A+ pr = frum = —1.

Iam vero ad ceteras 127 determinandas functiones f, inter eas ipsas

hanc aequationem generalem constare, clarum este
fx'f:v = FIRx-fzx = Fx’fzx’
si loco ipsius F*R* signum hec F introducitur brevitatis causa. Ibi pro
a sensim numeris 1, 2, 4, 8, 16, 32, 64, 128 aubstltutxs, oriuntur hae
aequationes :
26 fi=F.f, ff=Fh.fiy ff=F.f, f=7F.f,

) fuz)—- Fm-.ﬂn’ fgé—Fszofsn fﬁle:FM O_fnsy f1228=Fus'fm'
His vero aequationibus adhibitis fit '
27, L= (]“1)64 (Fz . (Fal 10 (Fs)s (Fm)4 (Fa2)2 Fm-Fpa-

Quae aequatio centlSlml vigesimi octavi ordinis totidem secum fert valores
quantitatis determinandae ﬂ tales:

z, zR, zR?, zR’ etc. s R™,
est una posxtwa realis radix aequationis (27 ), sive:
‘/(F“ Fsz Fxs FS F‘ F’ ) i
Sed functionem f1 128 valoribus dxversns uth debere, ex mmo artlcuh hmus
facile mtelhmtur. Ibi invenitur:

oo f‘-‘-‘"- %‘FP:R +I’LR*’+“ -etay- +PmR Py !

ubx quantitates. 1::.0 o ' e b

Pos Pry Payiete.d Joes= [?, 1]” ..-—:.*{2 B]’ :::[1,, 3’], m‘ sl

adhuc in 128 suppositionibug stire petuerunt, prout fuit: ‘ ‘
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338 12, Richelot, de resolutione algebraica aequationis X% =1,

25 2n _ 4n 4n
¢ = €08 5=k + isin—— 557 2 vel = cos— 257 -+ + isin %7 etc,
— eos 07 | ;i 296m
vel = eos == 557 & +1 in 3=,

quippe quorum 128 vaforum, ¢ indeterminatum quemlibet habente, etiam’
quinam 128 suorum valorum functioni f; tribuatur, prorsus arbitrio nostro
permitti posse, concluditur.

Ponamus igitur fi=2z. Inde derivantur, aequationibus (26.)
rursus adhibitis, neec non theorematibus (6.) et (7.) revocatis:

128
(fi = V(IS FR.FC FE P F2.257),

2 64

=L = V@R ESEL . T 057),

fi {v = J(I'® F3. F2 . F2 . 257),

Il

3 fs .
b | 5= =VaE T,
. < 2 "8
fo= jz}s = y(FL.F2.257),

fo= L2 = 7 (#,.257),

16

fo=F = v(57),
tfl23= —.ZP‘—“i = —1’

ubi signum radicale y"a semper unam realem positivam radicem aequatio-
nis X" = a significat.
Ut ceterae 120 functiones adhue indeterminatae, definiantur,primum
earum numerus quam minimus reddatur. Quam ob rem theoremate (19.)
revocato: S fras—x = 257;
iam colligitur, nonnisi funetiones f; usque ad f;; remanere determinandas.
In aequationibus (28.), prima excepta s R looo ipsius R posito,
mvemmus has:’

A Soneny fu y
28.  frongy = 1,( =, ﬂ(2n+1) 22040 | ete.
(2n41) 2(2n+1)
Functione igitur f;,4, determinata, -omnes functionum formae fghm ) sine

ulla ambiguitate inde derivantur. Itaque reductus est numerus determinan-
darum functionum ad 31 ; nempe- remanserunt functiones

"-fa')fffs.:,;f;ﬁs' ﬁu ete. . fa

determinandae.
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Hae vero functiones, licet eadem ratione ac f, determinabiles, tamen
non eidem arbitrio subiici possuat.

Ex aequatione (27.) enim quxdem deduci potest, ubique A"+ pro
4% posito, haec:
28", (12?,1-1) = 1{1621+1)’1(123(‘;n+1)‘ ¥ '41((;;-*.1) F:(2n+1) F :ﬁ(2n+x)f F:z(zuu)‘Fﬂ(ml)‘ 12'8(2n+1)}'
Tamen inter 128 valores functionis f;,41y, binc ortos, is est eligendus,
(ui cum suppositione antea de [, facta congruat; arbitrium enim inter
valores functionum f, a quantitate ¢ dependens, ea nunc tali posita, qua-
lis conditioni f; = = satisfaciat, prorsus tollitur. Ad aliud igitur bie con-
fugiendum fuit, artificium novum, nunc exponendum.

Determinentur enim functionum f;, f;, fis, fou, fi potestates, ad-
hibitis solis aequationibus (28.) et (19.). Exempli causa in aequat. (28.)
pro R, R’, R°, R", R*, R posito, habemus respective

fP=F f,

ﬁ;’ = F; fnu
fﬁ == Fn./:zu
o= Fyfs, :
: _— 257 F,
.j;s = l'mfou = —7—48—@
1
Inde derivatur: o
g = BOEFL BLE, 957
- fu *
Similiter fiunt~
f_u J— F: F:c Fzs F“.257 f,& — F:; Ens'257
Jji = 7, ) 31 = —“f‘-""'""’
Y] 4
f"ﬁ — F:: F:ol.‘oo'?‘_sj, j;‘:; = Fu'257.
Js Ji

Ex his theorcmatibus coniunetis eum prima aequationum (28.) struantur
hae quantitates:

a3

(fl, ,)"’ .F\*F, . F,°F,F;, F,, F

FFRFLF,
(LL f) FFy F\F) B}, 3, F,
L
| (£1) _ FRE, B FF.,
29. \\A ) R,
fnfu) F:FQ_F:I Fu
o o
flfﬂl) vt F 1;'
Jea t T

43+
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Jam si théorema (16.), unde aequationes Fy;=F,;, F,, = FS, I’m._ Iv’;,
l'(,o-— F, sequuntur, adhibeamus nec non in universum per y'a, yv'6, yc,
f d, ff unam realem positivam radicem respeetive aequationum:
X?=q, X%=p, X=¢, X'=d, X’=f
significemus, omnes igitur radices respective per
V@RS, @R, V(ORh, V@R, V(e

exprimamus, ubi e, unus est numerorum 0, 1, 2, . . . . . 31,

I, = = - = 01,600 00..15,
EE - - - - 01,0000 000 7,
L, - = - - 0,1,2 3,

m e .- - - 0,1,

hae derivantur aequationes:

0. L5 = YRR R

n L = J(EEEELL) e,
32. f}i‘n p— ( F}?’i gf: F:o) Rmh,

34. Lf’f- = V' (F,Fg) R%™.

Ex quinque ultimis aequationibus, alias veras derivari ubique in functioni-
bus f et F, R™' pre R positis, ex utriusque functionis natura elucet,
Nullo mede vero potestas illa ipsius 22 eidem substitutioni subiicitur, quippe
qua substitutione proprie in aequationibus (29.) introducenda, ad novas
aequationes puras ordinum 32, 16, 8, 4, 2 respective inter quarum ra-
dices verae sunt eligendae, venimus.

Hanc ob rem numeri €u,i1ys ‘gitys Fanttys dondiys Mangsys (UOS
pumeros e, I, k,, 2, m,, in aequationibus (30.), (31.), (32.), (33.), (34.)
R+ loco ipsius R posito, fieri ponamus, prorsus segregato calculo deter-
minandi videntur.

Iam vero inter aequationes, hac substitutione ortas, eas quibus ad
sequentia utamur, proponamus.

Primum ex aequatione (34.) invenimus, si 4z -4-1<64 est, 16 ae-
quationes huius formae:
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ﬁ4n+1) ﬁ3(4n+1) — Rde“,, 0 (F r
. . ﬂ4(4n+f) f( (4n41) ¢ b3(4n-|-l))
sive quia

nec non

fas(4n+n =f64—(4n+l) et F 63(ant1) =— F, 64—(4n41) 9

f64(2n+l) = fos
esse per se clarum est:

. » 2 64 m
35, o “)}:’T—WM = V(Fingr o Famnpn) B0,
Ex aequatione (33.) invenimus, R**! pro R substituto, ubi 4241 <732
sit Iy quia rursus ‘f_;;(4,,+1) =ﬁ32—(4n+[)) nee non f;;g= f;g‘4n+1) ponere licet,
octo aequationes huius formae:
. 3
36 Soantny Sy ]/(F(“"'H) Foant1) Faggangr) R32l(4n+1)
° ﬁz F. 32
Ex aequatione (32.), pro R respective R’, %, R" posms hae aequationes

oriuntur;

Lo fis V(F‘ 10 F;, F,, Rioks,

Fuo
3. (LS = V(P?pr mr, +) Rook,
fifor }/(F‘ F By B B v,

Ex aequatione (31.), pro R, R" posito, haec oritur:
. 55 = (EEE R e
Loco ipsarum functionum f hanc formam: y~ (237) (eo8w -} isinw) intro-
ducere licere, clarum est, unde ex theorem. 19. sequitwr haec aequatio:
39. oy = 360"—w,.
Itaque in omnibus his expressionibus (28.), (30.), (31.), (32.), (33.), (34.),
(35.), (36.), (37.), (38.) reducantur formae quantitatum f, , R per angu-

los w, 3 et — expressae; nec non anguli 7, z, x, A, g attrahantur. ui-
63 &P 3 t

bus factis, nanciscimur adhibitis aequat. (39.), (22.), (23.), (24.), (25.)
has aequationes:
ex aequat. (28.)
= 22169, +soﬁ;;.40 +29, 48

_ 169,480, 449,429, 49,
Wy = 32
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o = 3O AR 20, +5,
, =

16 ’
o o 929,46,
g = 8 4 ]
v = 2t
Yy
W = 2%
Wer — O,
ex aequat. (30.)
83, +49,4+84, 4 49,42%,,+&,,—68,—3%,—3, ,—F,, ,
Wy +w3—'w4= 'x+ L 1 B : -1'-6 . : 2 +el'1% =M
ex aequat. (31.)
48,428, +9, +46, +28,,+48,,—39, —28,,— 3, .
b —any = T H20 4O 140, 420,40, 4, D=,
44,424 ,,+ 9,144,428, —2,,—35,,— 2%, ,+F, .
Wy T g— Wy == + ALTL AT 8 ) 10t 'l"w%-':‘lo,
ex aequat. (32.) et (37.):
2’9'1 ﬂz ‘9'5 26{5 -'9:0—2‘9'10—“9:2
Wy ws— g = — +9, 49, + 2 + -+ £ %="n
2 g v : —28 —& °
w5+(&)43"—w53= ‘9’5+ xo+ zo+2‘9'u;"032 28’1\ u+90 +ks %______,‘5’

99, 4, +,,~42 —of
w0+w7—w15= °+ “+ "+2041 +0|3 219‘1, &

= +b9 ‘Z"="9’
24,4+, +4,,+24, 4+ —28,—%,,—90°
Ok PurtP b2, 40,20 B OOy y 1

w3t tg— ey =

ex aequat. (33.) et (36.)
‘ &+, +9,,—9,,
0y Wy — Wi = s }i_ +4 -;:)\1,
'9'5 810 ‘9'11'_"‘9‘;1 .
s _: + % g =A;,

'9" 19'1: 0‘,-——-0” g
+ -|2- : +10’§=7\95

s 7
> +113§‘=7\13"

l' 4
+117'2— =My,

W; Wy — W3, =

Wy =+ Wyy— Wy =

"ﬁ 3 ‘9'24 19'19'_0
W3 F Wi — w3 = — * +
l7+030+&l‘

Wy W5 — Wy, ==

3, +F 0“ &,

Wy F Wy — Wy = ”—L— oke % 'g‘ =Ny
& .+ Y -

w25+w1 ___w”= h+ u't 1 i3 +125 2 o )\25,

u+"9' +'9' _{}”+l

Wog + Wy — W3y == 0G =Ay.
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Aequatio vero (35.) theoremate (24.) determinatur, unde sequitur:

3n
Prand1y == Weantty F Boa - angpry == Fansery + 5
et ‘

— ' —_ 3 12
angsy = Wangs) + wes— (4n43) = ~(an43) + g

In ceteris vero aequationibus nunc allatis, si substituantur valores angulo-
rum 3, #, s %, A, g, facillime eliciuntur valores numerorum e, i, &, /, m.
Inde etiam clarum fit, angulos #, 4, %, A, £ non tam stricte fuisse compu~
tandos, adeo suffecisse in quonam quadranto sint anguli £, determinare.

Invenimus vero hac in via progredientes, has aequationes:
—_ 8&1+4&2+8&=+43e+2&12—05‘4&—6&4_‘363-0\ e—f_z_z + 3..1’
- 16 8’

I w, 4w, —w,
= 146" 22’ 30, 37.

49 429, +9, + 3, 428, 448, —38, —29,,—%,, , 31
II. w 4w, —w = + i T 8+ + 5

= 235° 3’ 8,80,
4’9'5 2'9,10 ﬁ'zo 4ﬁx 9""'9'1: 26‘2’6-.—3624‘_-2’9‘I6- "9'35 37
L o, fwe—t = + 9t 8 + + + ‘2—77
= 54" 9 49" 61.
IV, ) Fwy—w,= 2%, +2&w+0,+3;i0+&‘— 2910 2 + =,
= 19° 25’ 5“,35. '
v W, +(}*'4s"'wss= 2&5+ﬂno+@zo+#sz+23l-n _2&1'1—"9’35 + _g;’
* 4
= 39° 53¢ 54,4,
29 249 y J 1923—219’!6-—.&8’ 3
VL o o —wge = 22eF2 b Pt St T +5
= 310" 0’ 13",07. ‘ '
VH w13+w48‘w51 =1 26‘11 +‘9'2-c+'3’1:3+ &o»+2 &1.6.-2 &a— &:s + ?27_',
* 4 i «
= 110" 53/ 45,41,
- &, 4-& I
VIIL  w; Fwy—twze=—* + "’j’&’ 1 +?lg, »
= 173° 55° 7' 44,
'9;5 ‘9‘31 "931:0'_ sz
IX. s +w27._w32 = + 92 i + -g-,
= 91" 38' 374,43,
, O 4O AP, —,, 3T
Xc %+w23—w32= + 1 "2- I+_2_’_F’ ‘
| = 31° 39‘ 54",08.
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XL

XIIL

XIIL

XIV,

XV.

XVL
XVIL
XVIIL
XIX.
XX,
XXIL
XXIL
XXIIL

27. Richelot, de resolutione algebraica aeguationis X%'=1.

Wizt Wg— W =
= 348" 31 7,48,
J 9 I, —
Wiyt Wis— w3y = nt ”-;_ 0= s

= 151° 47' 42",74,

Way = W= W32 ==
= 34" 35 317,74,

wzs+ Wy =W =
= 118° 47’ 30",09.

wzs+ W3 ==W3 =
= 139° 57/ 41”, 59,

wFwp=u =9 +§2f, XXIV.
wpb wy =pa=9+5,  XXV.
wtwo=p =9+, XXVL
wptwy = =9t 5, XXVIL

Wy - wss = iy =-99+§;, XXVII.

Wy Wiy = g3 = '933+ "’;" ’ XXIX,

wist wo = s = S5 §2_7_z, XXX,
Wiot Wis = o = S0 g , XXXI,

0zo+0s +0¢ _&z’
) —_—

01:+‘9‘19+050—033 3n
n
+3
0:1 +0n+‘9'n'—'9u b
2 +§'!

'9'25 +0‘1 +’9'14_i; + 3n
2 2

3n
2?

Wit Wey = Py =_9'x7+ %7 ’
it wie = s = s+ 5 5
Wt gy = Moy = St §2—,'z9
Wi wss = py = Sut %,
Was W30 == s = S5} %ﬁt ’
W Fwa=w =%+ ;',
Wt W35 == fhag == S+ %’“‘:

W3 w5y = iy =3 +-’2’-.

Ad quas aequationes triginta et unam adiiciamus adhuc has, quae ex ane
tecedentibus, theoremate (14.) adhibito facillime derivari possunt:

X.X.X.IIc W, =2w1—‘91’

XXXIII.

r.d, == 2(02‘-""92,

XXXIV. Wy = 20)4 '—_8'4 3 XXXV. Wi =— 2(08 _'93 9
XXXVI. W3y = 2 Wie™ 915 ’ XXXVII. Wps =— 2‘("‘)32—' 32
XXXVHI- W = 2(»;—33, o XXXIXO w12=2wﬁ_86’

XL, wy= 2wi— I ’

’ XLI. w,;s = 20024— ’924 [



27. Riohelot, de resolutione algebraica aequationis X»7 =1, 345

XLII. wlg=2(£}5'—"95 [y X)IJII'I. wggrfgwlo—’ 09 . X[AIV- w.w:-—-gwgg_' 20 ¢
XLV- Wiy — Qflh — '9_7 3 XLVL Wy = 29)14— '9'“ Py XLVII. W36 — 20)23"—' '9';3 .

XLVII wg = 2wy — 39, XLVIX., wy = 2w;g— 5.
L. w, = 2uw,— 30, LI wy = 2w,— 3.

LI s = 2w;;— 943, LIII. w, = 2uy— 9.

N LAV wy = us— G5, LV. wyp = 2wi— 3.
LVIL wy = 25— 947 LX., wy = 2wy— 9.«
LVIL s = 2w— 3. LXE wy == 2wy~ 3.
CLVIL  we = 2wy— & LXII. ;g == 2wy = a0 e
CLVIX. 0 = 2w;— 9. LXIIL gy == 20y — 3.

Habemus igitur sexaginta et tres aequationes, in gquibus determinandae sunt
Wey W3, W, etc. Wes
quantitates, anguli antem &,, 3,, 9,, .... 9, nec non angulus w, quan-
titates cognitae sunt, ita ut illae inde possint determinari. Adhuc vero
adiiciendum est, omnes illos angulos w ipses ex aequaftionibus propositis
prodire posse ullo coefficiente caventes, unde fit, ut angulus quisque w sine
ulla ambiguitate nounisi une positivo valore gaudeat, ‘
Quos valores ita invenimus,

Habemus:

w, = 323, +1619 +806;|—4f3,+219,,+0,, = 139° 36/ 39,09,

quo valore in aequat. XXXII. usque ad XXXVHI, adhibito, fiunt:

w, = 169, +804+4;29 +2ﬂ9‘,,+19',, = 214° 34’ 36,45,
= 88,445,429, 49, = 176° 29’ 15",67,
1b Ly p— A
wy = 2t 2%et Sy, = 147° 32 59,19,
wem et e = 193° 3’ 45,94,
- %_, = 46° 47" 17,40,
Wse = 0, = 0’

hisque valorjbus in aequationibus 1., H., 1V., VHI., XVI. substitutis inde
emergunt hi valores:
— 32 +16"9' +8‘9‘u+4‘9'u+20u‘_"u + = 183° 15’ 6”,96,

Cralle's Journal d. M. BA IX. Hft. 4. 44
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3297 41169, 489, 449, - 23, ,~- &

w, = 2 2 3% — a0 594 284,91,
- 32.9h,+16a,.,+8,964—4,9,_-2,9,.’ sow o= 752 12420,
o, = 200169, -—819;);-40,—2.9,,,—4,, +3 s 5 a5,
oy BRI TI09 80 4920000 4 37 150 o iy,
unde ex aequationibus XXXVIIL, XXXIX., XL., XLI. sequuntur:
G L L LTy SINCS SO T = 21> 5 58420,
= 2at 300k 2O By | 22 = 21° 20" 34,52,
= Ttz 4, = 331° 11/ 18,21,
wg= 2 Pun = 146° 16 28", 54,
ex aequat. XLV., XLVI., XLVIL:
iy = B2t BTt 30, — 200ty | 32 = 42" 41 2,45,
IRl e = 221° 52/ 55,53,
= 2228w P = 314 29’ 13,25,

Valore anguli w, supposito, atque in aequationibus XXXIL usque ad
XXXVI1H. substituto. inde sensim sensimque emergunt:

W, w4’ Wgy Wiy Wiy Wy
quibus valoribus in aequat. L. , II., 1V., VIIL, XVL substitutis proveniunt :

W; 4 w;, Wisy Wiy Wpse
Unde ex aequationibus XXXVliL, XXXIX., XL., XLIL, XLV., XLVIL,
XXVIL, LIV., LV. et LXIll.. sequuntur:
Wos Winy [ Uagy Wiy Wy Wigy Wiey Wi, W ©€F Wy,

ex valoribus w; et w;, et aequat. XV. et XX[., XXX, et LXIL:

’ Wy Wiy Wisy Wsgy.
ex w; et aequat. VL, XIV., XXIX. sequuntur::

Wyy Uhsy Wiy

unde per aeqnat. XLVIL, XLXIX., XXVIIL. et LX., XX., X., LVI.

et XXI.:
Wig o wwr Wy UWsgy Wssy Wasy Wiey Wipo
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Ex ws, w, et aequat. X1, XXV., XXX, LVL, XXIV. flutnt:
Wy79 Wiy Wize Wiy Wy
Ex w,; et aequat. VII, tum’vero LII., LALL, XXII, X1., LVIL 8uaunt:
Wysy Wiy Ws2g Wiy Wy Wige
Ex w,, et aequat. 11., XLIL , XLIIL, XLIV. et XXIII. ﬂuunt\.
. gy Wiy Wy ww, Wys.e
Ex w, et aequat. V., XVIL, IX., LX1., XIX. deducuntur;
Wszy Wsgy Wiy 0’54., Wiy
Ex ws; et agquat. XXVIIL., L., L.l., XHL, I:rVH_l-;,;XXVL‘ sequuntur:.
Wity Wray Wiy Wy @.;,ag 0430
Yalores vero ipsi angulorum w hi sunt:
Angulus: ;= 0.
Angulus: w3,='—%2-:46" 47" 17,40,
Anguli formae:  tyganty
wg = 22oak s — 4030 30 450,08, iy = TP — 1460 16+ 287,58,
Anguh formae: wyan4ay

4.{'. +2‘§.|5+‘7’9'33 = ‘14’79 32’ 59”’19»5

3 =

g = S 3 997 13,35,

i = 2220 H P 4 o = 3300 114 18,2,

&
..fzzi'_"ig.*.'__z = 184 54’ 49",67,

Anguli formae: wyan)

w, = 221 120A T o 4760 297 154,67,

ww —_ Sﬁ" — 46. 1‘;“ 20“'—"0!! 280 56[ ‘.6‘“,48’

Gb\n — 80.;?‘43’:;1"25‘26'13. n + == - 21‘0 20! 344‘ 5%

8012_4‘934-2010'}'&::_’_ g = 50.) 91 16’

W2 = — 16
ww 8'9"'""479"‘16 28!0+ 0‘3 +.§_ .H-J 2,650 20’ 47”’ 34’.‘

wua 84 so” 46‘&*2&"““9"+ . okt 80“ 25’ 57' 67,
44*
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Weg = 83, +49, —23,,— 9., +,n, = 2219 59’ 55//,53,'

16
g = LR AR It Fun g =267 23¢ 424,20,

Anguli formae: Gnqry
wy = 208 8% £ 20 A Fis — 2140 304 367,45,
e = 1202 =80 R0 =2 m P L = 2180 51 20,78,
wy = 260 A8t 2t 200 P 37 g0 5 581,00,
gy = 0% =820t P L % 390 45% 234,68,

Wy == 16‘9‘1‘0+8020+§j‘14‘_2316_"9.:3 +_5_it - 70" 43/ 2// -

Wsy = 16&10_8020‘—320144'21916—‘9':2 +74 —_— 34500 22/ 3"// 37
69, 48 49, 29, 4%, , 3 ,
wu= 16'9'u+ 193."""32 8 + lc+ +2_9‘5 —_ 420 41/ 24'11,45,
— 0 "‘"419' 2'9' 6 79':2 3 2 «) /
Wy = 16 4,,—89,, = s 29,4 _l_%‘ = 0" 48 28,91,
P 1619.“_'_819.“___40 +2‘9'1¢+19'u+ — ) 15/ 29// 65
2 a—— ~\.

W = 16‘9'1("804;."‘;2‘9';—‘2'9'1«_19'" +3__7f = 297% 51/ 47//’37’

Wy = 16"9'12"“8‘9'20"";2'9’24‘}'20'1:«'—"3'31 +3_;_”_ — 266“ 511 1011’12,

g = TPk A0 200 ik Dy 60 5 12745,
e = WPat 8% 20 20t Fs 4 57 9860 270 97,72,
g = 15&20—8‘0i;+§3u+20;;-‘332.+7£_ = 56" 17" 53,41,
g = 00k 20 =20 Pur  g510 407 1475,
g == 108080, 443, +"’"w+"'= | = 302 43¢ 45,27,
+ Angiili formag: w0 - ‘ '
o = 26, +8&6;-|-419 +2&,,+ — 399 36’ 397,09,
sy 2 RO 80 9, 228,59, 127 1050 2 a0,

H
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w, =328 109, +80;;+40“+2‘9'”“"" + %" = 18315’ 6,96,

399, —169, —8%,,—4F,,— 28,43, , =,
ooy = ’ 1 tPap 2= 320 9 8,76,

398, 4 169,483,449, —28 A&, , 5= ,
=3 + 1090t 8% 45, %2 1 3% — 3460490 84,38,

5

W = 32‘9'5 _"16‘9'xo—8082_4‘9'24+20ﬁ—'&32 + Zsit —_— 1860 5! 4511’78’

, o 32 169, 80,6;&- 49, =29 =94 4 %" = 242° 59 28,91,
329, — 70“—8{)'2(;;— 49, +20,4 0, 1;’3 = 200" 18' 4,43,
" =3Q,9_'9 4169, + 83?;4—— 4%, 428, ,+,, + f_igf_t = 260° 4 304,10,
329, — 1‘60,..—8026:-40. —2 =P 683 = 144° 49 0,45,

H

Ws7

Ws5

a G .y X _
wyy = 320 ,+ 1602¢+ 819'%04 4 24+20w Gy, + 38_7_z = 269° 4% 53”,00,

RO 1080k AWk B T o041 43088,
Wy = 32'9'1.3"}'16010"*'80'62;4024-_ 2&1o+011 + !_g_g - 3560 46/ 25II’63"

H) — . ) . ' -
Wy = 3"19'13 1619'25 801(;:—4&“-*-20” 19'32 + %75 —_ 3_/‘_00 19/ 1311,91,

i

Ws3

' N g, 8 45 . o ) . )
W — 3201 s+1()8so+ 1?'464 408 2015 "9‘3'3 + %’_‘ P 120 52I 12//,20’

Wyo == 32‘&15— 166’30—8'9%;1"4’93 +2'9~n+ 0:1 +£§_’F= 110 121 10N’45’

wn — 3201 1+ 16'93 [ 8'9.46._1:'_ 401 + 20‘»«+ 011 + %1‘ —_— 1.250 42! 4711,94_,

Wyy == 32'9'1-1" 16'9"30‘*‘ 8@%; 43} - 2010'—' ‘9';:' — 920- 591 2./‘/’ 7,

32¢ 169, ,— 8%, ,+ 4%, 428, ,— F, |, 107 __ . i
0y = 32¢,,4-169,, 64"*‘ + R = 38% 31! 59,25,
329, . — 169, ,4- 8%, ,— 49, ,— 20,4+, 57 A
- 23, -+ - + z+ __5_‘ = 79014 5“,84,
329 169,,— 8%, .4 49,,— 24, ,+%,, v .
p— n+ 3 (:!; X + + —8—,' — 1-710 391 5611’14,

Wy

g == 328, — 16:%,,4- 819:60;' 43, 429, ,— 19'" + 1;“ = 7534 43",6‘-9,
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w0y == 3280t 160, — 80,().;4- 49, =20y =0y 4 981‘ = 178° 2% 41%,38,

g == B0 D00k B0 20 200t Pua 1 10 = 330° 307 547,01,

i = B0k 109,80, 49, + 200k 9 4 68 _ 0350 150158,
wm='323"_16&*“+8"’é‘4+43‘ —28,,—&,, + %g’ = 191° 46’

i B2 E 109,080, 49, 4 20, 0 4 157 154036 46,5
= B0 160, B0t 90,20k 0y 4 9% 960 1 101,59,
320,,-[—16& ——8&164 49,,—28,,+ 3., + ?_8"_5 = 3°20’ 52,03,
iy B0 109, 809,k 200— 00y 4 3T _ g0 ay 935

o D0 E 109, =80, —49, 29,0y 4 0 gy 05075,

g == 20016, 4800 449, 200, 9 4 B8 _ gy50 o 94097,

Priusquam angulos w relinquamus, haud erit inutile generalem eo-
rum formam afferre, quae et valoribus nunc expositis, et ex theoremati-
bus (28.) et (28.) deduci potest,

Inde enin sequuntur, eadem siynificatione signi radicalis ac antca
adhibita hae aequationes;:

.’Y‘(zn+;)-' (i 2 16 4
ﬁ?n-{-l) =R f{F (2n41)* F:('lnsl—l) F 4(2n4-1) rtgznu) . F, 16(2n41) ° 32(2n+l) ?57}

3
— f @ntl) 2y (2nsft) 32 16 s g
f?("n+l)"""' F‘————(zn +) H f{F 2(2ne44) °. F “«2n41) * & 8(2n41) * ¥ 16(2n43) * 32(2n+1) 257 }
fmn+l) 4y (2n43) 16 4 2 ~
Sianpy= Faansn) =K f{F a2ty * F:mm F, 16(2n41) ¢ g 32(2n41) $R57 i

__f-t(tn+lz p— Y an) s 2 -
Soang= Fyangry Re ’r{ wm)‘F 16¢2m42) * ¥, amw»"s" ’

fﬁ(2n+l) — Y (angny
flG(’)n-H)"‘"‘ F8!2n+l) H‘ f{lfmu +l) 32('2n+1)

.257),

.flh(?n-]-l) 2y )
— 00t (new) 7T
Jaxnany Fiseansn Ra f{ 200 '.I}.Q57),

S s20nt) — RO4Y (anga) Jrmpain
Sorgny= Franty Y Q57)y



27. Richelot, de resolutione algebraica aeguutionis X7 = 1. 351

ubi numerus integer y adhuc determinetur necesse est, inter numeros
2, 4, 6, ete. 128.
Hinc deducuntur -hae generales formae angulorum w=

— 329(2@)4‘163'2(2n+1)+8-9mn+1)+4-98(»2n+n.-.|-'23m<w1)+352(2n+n 4 Yondn. 2
Wnpr) = 64 64 2

1632(zn+x)+3194g2n+1)+408(7:.44)+20m(2n+1)+332(2n+1) 92nd)
Waant1) = 32 + 32 r

— 8%ty +4Fsenin 2 100n+ 1) Fs22nq) J’m+v
Wy(ang1) = 16 +

4""'8 2n4-1 2!"1 2 I ’ o
We(2np1) = (2n+ ):t ﬁé n1) = F3202m1) +Y(2n.g%) .

40.

23 16(2n42)FF3202n41) 4 Y(nd1)- T
4

Wi6(2n41) =— 4 ¥

' e | Yanan. T
Wean )= ——5—— F =5 —»

ubique multiplis ipsius 2 7 omissis.

Quas formas- in tribus et sexaginta angulis allatis reperimus, simu-
lac revocemus theoremata de angulis 3: (22.) et (23.):

'SmH-x = 3, Fogor =—3ry Fyse= N > 3&4-—(23:“) = 7"+'9(Qx-|-l) y

multiplis ipsius 27 desumtis.

Iam inde elarum fit, in antecedentibus nonnisi numeros y esse de-
terminatos, ita ut haec tabula: valorum ipsius y,.44, ad angulos w ipsos:
cognoscendos,. suficiat:

yr = 0, yir== 96, Yo = 64, ¥ = 32,
yy = 21, yu=120, y,=104, Y == Sy,
ys = 40, Y= 8, Yo = 88, i3 =120,
¥y, = 44, Yis = 48, ¥ == 80, Y= &0,
¥, = 48, Y == 48, Y= 16, Y= N0y
Yu= 24, Y =120,  y,= 40, ¥y == 72,
¥ =104, Y= T2y ya= 88, ¥i-= 30,

Y= 64, Y= 96, Y= 0, Y= 96,
(ui numeris pro- ¥ .41y in formulis substituti, ibi- ubique introductis avqua-
tionibus Jpsp. =&, Hizs_ = veros angulorum w valores ex angulis
9, usque ad J; compositos efficiunt..

Quae omnia cum ita sint, quomotlo- anguli w' adhibeantur, ut osten-
datur restat. Quem’ ad finem: in iis aequationibus, quas in articulo EX.
attulimus . = 128, ponentes, nec mon loco quantitatum:-

Byy Loy €10 L, has: Pyy Piy Pay Pay €10 P,
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jatroducentes, habemus:
h=po+p R +p. R4 p; R® 4 ete. 4 py,y R,
fi = potpl+ P R4 p; R® + ete.  + pyy, R,

fi=po+ B+ p B+ p; B +ete. -+ pyy; R,
etc.
' f. = poFpB +p.B""+p, R™ 4 ete. F py, RV,
etc.

fm = Do + P R 4 P2 R 4 3 113 - ete. + Pur . R m

fis = potpu + 7. , +ps +ete. ~+p,o;.
Introducamus in sequentibus brevitatis eausa hoc signum:

=R f,) = B fit B fd- B fit-ete. B,

Quo adhibito, theorematibusque idoneis de quantitatibus R, R?, R’ etc.
revocatis, facile derivantur hae aequatienes:

St Sos = Qpo+2p+2pAete. +2p1y)

= 2{[L,1]+[2,3°] +[2,3"] +-ete.  +[2,3"]} = 2[128,1 j,

atque in universum;
SO (R™f,) = 2[128,3"],
ﬂz"l‘fm‘*‘f%""fns = 4(po+pi+ps+ete. pu,)
_ = 4{[%1] 12,374 [2,3° +ete. {23} =4164,1],
atque in universum: ~
2(4) (Rszn faz) — 4[64, 3n]9
=Z®(fie) = S(potpstete. 4 puy)
= 8{B 11+ ¥ tete. +[23%] = 832,1],

atque:
S® (R fi) = 8(32,3"),
= (f) = 16(po+ pis -+ P32+ Pas -+ Pos = Poo+ pos F pusa)

= 16 {[2,1] 4+[2,3"] +etc. +[2,3'"*]} = 16]16,1]
atque: | \' ’

=0 (Refy) = 16[16,3'],
SO0 (f) == 32( o+ Paa-tPostPs)
= 32{[2)1] 4 [ 3"] {2, 3%] 412, 3"}} = 32[8,1],
atque:

=R f) = 32[8,37],
2 (f2) = 64 (po+ Pes)

= 64{[2,1] 4 [2,3%]} = 64[4,1],
atque: ‘
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W (R fy) = 64[4,37],

=M (f) = 128p, = 128{2,1] = 128.200s 22{;7ﬂ ’
atque:

2
= (R f,) = 128[2,3"] = 128.2¢08 52"

In quibus aequationibus si valores quantitatum f et potestatum ipsius Z,

per angulos expressi, introducantur, agregataque inde erta computentur,
nanciscimurz

{r28,1) = =1LV @D

[64,1] = —-1+V'(257£)&(1+2mw”),
[32,1] = —14-v7(257) g1+2z' 08 0,,)
41, { [16,1] = —1+V (257)1(;+22’ os@,)
{8,1] = _1+V.(257)(1+22“c9g9’~),
[4,1] = —1+V(25‘7) (1423 cosw,)
[2,1] = 1+V(257)1(218 4234 cos w‘)

ubi rursus haec sighiﬁcatio adhibita est geueralis:
=W cos(w +( )“)

cos (1o + ")+cos(wm+—)+cos(u»3m+3"")+etc- + coa{uoat 27),
Eadem significatione utentes habemus has formulas generales:
42, [128,3] = TAEY N

~14+V7(257) {l + 2 cos (w,,-lv(n) }

3. [64,3] =

4 '
—1 V(@57 {1 £23 con (0.4 ("’“)}
a4, [32,3] = -
147257 {1 £237 cos (0, 3 L7
45, (16,3"] = ‘ { - cos(w + 8 )}, ’
(n)n ’
—1 V(7)1 E223" cos |0, )5
46. [8, 3"] — { - COS( 16 )}’

Crelle’s Jouraal 4. M. BLIX. Hft 4. 45
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—_ L (n)n\
o - Rl )

-—1+V‘(257){1+2z"cos( A+ 20
8. [2,3] = o ,

ubi signa supenora , 8i 7 est numerus par, inferiora, si 7 est nnpar, qma
B f, dllic = +4y(257), hic =—'y(257) esse constat, ponantur. ’

Ut cognoscamus, quanam radice aequationis —)ﬁi-_. 0, = sup-
posita, quantitates [128, 1], [64, 1] etc. [2 1] valeant, ulnma formularum (41.)
computetur necesse est. ; g

Tam vero facile i mvemmus'
coswy, = 0,684698, - ' = .
cosws =—0,974123, cosw, =—0,831708.
coswy =—0,843858, cosw,y = 0,876209, €08 Wy = —0,996325,
coswy, = 0,700748. ‘
cosw, =—0,998121, - cos we= 0,931419, €0s w,, = —0,081130,
Coswy,y =—0,744520, = cosw; =—0, 045449, cosw,, = 0,166206,
cosws, = 0,640719," " coswgm= 0,875145,
cosw, =—0,82338, cosw; ==—0,48329, COS Wy = 0,330‘23,,
COS Wy 0,73504,  coswg= 0,90440, €08 Wy, =—0,06071,
coswy,; = 0,28323, €08 w;, =—0,88020," coswy, = 0,54066,
€085y == 10,55487, cosw, = - 0,99438, coswy; =  0,46736,
008 Wso 0,99990,  cosw;, = 0,9676Q, cos w;s = - 0,76878,
coswe = 0,7B707. - .. = oo
cosw, =—0,76166, cosw; =—0,99839, cosw; = 0,97366,

I

cosw;, ——0,45412, cosw, =—0,17236, “c08 wy; =—0,00498,
cosw;; = 0,99841, ' cosws;= 0,29454, cosw,; = —0,58373,
coswo = 0,78224, €08ty = — 0,98944, €08 Uy = —0,99961,
coswy = . 0,21795,  €osw, =—0,87975, coswy = 0,99814,
coswy, = 0,15478, cosw = 0,68209, 008w =—0,59144,
cos w;; =—0,23792, €08 Wy = —0,97893, cosw, = 0,87048,
coswy = 0,24905, . . cosw;; = 030511,  cosw,; =—0,05206,
COS Wyy = . (),98()94 cosw;,, = 0,94159, COS Wg; ==— 0,05574,
cos wgs = —0,81732, cosw;; = 0,34695, cos w; =— 0,99433,
coswy = 0,84664, co8 wg; = — 0,96579, - -

7
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Quorum cosinuum summa est == 2,97671. .Uude sequitur:

[0,1] = —1w(2§7)1[218+2(2 07670] — 0,863044.

Ope vero logarithmorum sinuum et cosinuum tabula invenitur:

0,863044 = 2 cos 64° 26/, 8,87 = zcos4‘;527”.

Unde seqmtur radicem ¢ supposxtam esse:

0'._-00846 n+l . 46.2n

257 257 °
Si vero signa (2,), (4,), (8,) etc. in articulis primis adhibita pro
. . e XPT—1 2n . .
radice aequationis =T =0, g.—cosm + zsm2 3 valere, in articulo

VI. inventum esse revocemus, tabula secunda apte adhibita nanciscimur:
1] = (246) = (2,3%),
[4,1] = 4,46) = (4,35) = 4,39,
[8,1] = (8,46) = (§,35) = (5,37,
49. [16,1] = (16,46) = (15,35) = (16,3"),
[32,1] = (32,46) =(32,81) = (32, 3),
[04,1] = (64,406) = (64,1),
A[128,1] =(128,1),
quae aequationes etiam’ comprobantur computatione. Inde vero prodeunt
has aequationes:
(2’ 3") —_— (2, 31‘28—+x)
4,39 = (4,3

—

@, 37G+52.+x)‘ = [2, 352+x] ,

(4,3215%%) = [4,3%+7],
(8,3 = (83" (8, 31H0x) == [8,3%+~],
(16,3%) = (16,3"*) = (16,3"+*+*) = [16,3*],
(32,3%) = (32,3°%) = (32,3"*"%) = [32,3"¥],
(64, 3%) =, [64,3%],

(128,3%) = [128 3. ‘ ‘
ftaquo in formulis (48.), (47.), (46 (45.), (48.), (83.), (12 ¢ respentivo
posito n=2-x =4tz =44 =4t+r =04x =524+ =524
hae generales proveniunt formulae: ’

0. (128,3) = __;_i*’;f‘(257) |

. \ L
=14V BN {2 e0s (0, - 20
51. (64’33) = _ﬁ)+ (25 ){ 4%08 (w J,+ 9 )}’

45*

NN
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52,

53.

4.

55,

56’.

27.

Richelot,

32,3y =

(16,3%) =

(8,30 =

(4': I =

(2,3) =

de resolutione algebraica aequationis X*7=1{.

— 1;!—_V‘(257){1i220)co. (o, + EE27) ,

—1:+v7(257) {1 +23cos ¢ 4;“) ”)’}

+

(
—1+ V@57 {1 + 23053 cos (w,

420+ (20-|-x)n }

e
—1+V(257) {1 + 936D cos ( +(52 +x) n)}
{122

—1+v@sn i 2(53)cos(

128

(52+x)n)}

superiori signo rursus pro numero pari x, inferiore pro impare x valente,
Inde haec totius problematis fluit solutio:

4 Si quaeritur formula quantitatem 2 cos — 2tm

957 sive (2,f) exprimens; ex

s tabula quarta facillime quaeratur is index 7 quantitatis p sive ea po-
s»testas 7 radicis primitivae 3, quae ad ¢ pertinet, qua loco ipsius x

7. (239=02)=13

(4:')=§1i

y»ild formula (56.) substituta invenitur:

| / cos (w‘ +(52+r)~z) +oo (

—xy@sn|ize

(52+’)”)+ cos (w 62—

cos (wm

\

yyubi anguﬁ w valoribus antea expositis utuntur.

2(52+t)n) 1 ete.

+ cos( ut 31(52+t)“) +co (wsz'l" ’—)

2(52-]-1)7:

)+etc

+ cos (w” 31(52+t)n)
Sin quantitates (4,¢),

9 (8y1), (16,2), (32,t), (64,¢), (128,¢) quaerantur, substituatur nume-
yprus idem 7 in formulis (55.), (54.), (53.), (52.), (51.), (50.), loco

,,numem x unde prodeunt hae formulae:

&_2%_:_)_5_:) + etc,
-} cos (ww+ -1-25—21_1—)7-!) -} cos (wn"‘l' %‘)

f' Fcossn (w2 + (6247 )“) +co (w,,
—11v(257) '1i2<m( — O 4,
{ - cos (\wﬂ— 15(5323-1)5);

~

( 2
26 3'2|'T)n)'~+ etc.
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( cos (w4 + (204—1)9:) +¢o (ws + 2(20—}-3)7:) + ete. ‘w
+cos (w23+ 7(20+1)") + cos(wn-{-Tz-

cos (w (20+T)n)+ cos (wsﬁ—- 2(201’57)”) - etc.

N SR =" )

( cos( + (4+t)n) _'_cm(m16 + 2(4+r)n)

oo ot X5 st )
o ) . on )
\ | +cos(wm-—3—'£igi-”) j} A |

(40m) zaRY/
(32’[).__:_;;._“_[(257) 142 _COS(wm-I- y) )+GOS(UJ32+ 2)2

I G P ()

64, 6y=¢ [—12v @57 (12 2 cosum+ F)],

-

(8 ) = 55| —1£V(257)| 142

(16, 6y = o | —12y(257)| 1£2

| =

(128, 5)=5 [—12y @57,

»sin quibus omnibus formulis signum superius pro + formae 2/, in«
sy ferius pro 7 formae 2% -4~1 valet.”

Ut denique exemplo omnia illustrémus, ponamus f==1. Nume-~
rus v ad £==1 pertinens e tabula quarta invenitur = @, quo valore in
formula (57.) substitute, invenimus:
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» 2 -
256 cos -2-5’—:.> = —1 4 y(257) X

Q(cos(w“*— ?g)—}-cos(w, ,—-‘ %zzb—)-}- ms(m"—— %—) -+ co;(w“-l- J

\ teos{onurt 75) eos(int 5 ) cor(wt 5)
(enler =) o4 bl ) o ) bt 2) )|
o )+ ) et D)
<2(“’S(w +3) oos{o— ) eos(on,— ) Heor (k) eos(00 =)
\ teos(ust 5 ) eoslont ) Heos(on— 5 )
(ol —52) e § )l ) et )
32(m<w.a+%f)+m<w5.+-:;>+m<w —2) oo 2)
gg(«o«w.+;>+cos<wz.+é;>) _{_32 S
| 2(“°’("'“'f 'g‘) +°°‘“(“’*°" %)) 2 (cos (‘f)"“ift)) ’

Quia vero anguli w ex angulis 9 componuntur, quippe qui bisectione

peripheriae septies repetita construi possunt, iam etiam anguli =§5”-7- con-
structionem, ad bisectionem circuli septies repetitam reductam esse, clarum est.
Haecce fuerunt quae de problemate proposito scribenda mihi vide-

bauntur.
Scripsi Regiomonti, nonis Decembribus 1830.




