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Some Results in the Elementary Theory of Numbers.

By C. LEUDESDORF, M.A.

[Read March Uth, 1889.]

It is well known that if p is a prime number, all the coefficients of
the equation

(a?-l)(>-2)(a:-3) ... (x-p+l) + l = 0

are divisible by p, and that consequently the sum S^ of the /uth powers
of the numbers 1, 2, 3, ... p—l is divisible by p unless fi is a multiple
of p — 1 (see, e.g., Serret, Algebre Supnrieure, Vol. II., p. 46). And it
is clenr in the same way that if 8.^ the sum of the inverse j * t h powers
of the same numbers, be formed, the result of the addition will be a
fraction whose numerator is divisible by p unless /t is a multiple of
p—l. Since all the factors of the denominator of such fraction are
prime to /;, we may, for shortness, say that £>_„ is divisible by p
unless \x is a multiple ofjp —1.

But this does not exhaust the whole truth. In fact, if /i is odd, S,,
and $_,. are both divisible by p2 with certain exceptions. In particular
the sum of the reciprocals of 1, 2, 3, ... p — 1 is a fraction whoso
numerator is always divisible by \? except whon p = 2 or p = 3.*
Results similar in character hold when p is replaced by any coniposito
number N, and the numbers I <o p — l by the numbers less than N
and prime to it. The object of t-he present paper is to prove the fore-
going .statements, and to examine into the divisibility by the various
prime factors of any number iV of the sum of the t̂th powers of tho
numbers less than .Wand primo to it. I confine myself chiefly to tho
inverse powers, as the results whon p. is positive are of less interest
and present loss difficulty, since the actual value of 8,, can be found
by summing the scries.

1. Here, and in all that follows, ft will be supposed to be an odd
number.

Using M (2') to denote a multiple of p, and ^ (p) to represent

* Tho remark that if tho reciprocals of 1, 2, 3, .../;—1 aro added together, tho
numerator of the resulting traction is generally divisible not only hy p, but by
p7, when p is a prime, was madu to mo somo littlo time MMCO by Mr. J . M. Dyer,
M.A., of Eton Collego ; and it in this remark which first led me to tho subject of tho
present paper. I desiro also to record my indebtedness to Mr. Morgan Jenkins,
M.A., for Bomo omendations and suggestions, especially in connection with $ 2,
which have proved very useful.
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what has been hitherto called S.^, we have

2" ' 3" (? - ! )*

12 ( — + -— ] from «B = 1 to a; = » - l
2 (as* (|>-aj)") ^

1 fr-*)*-wj>-*rt»+-..+*t-1
 since i8 odd

Therefore (excluding only the case p = 2) it is seen that yp^ip) is

if —• ^+i(p) is M(p), which is the case unlessjx + l=ilf(^ —1)

and at the same time n is not M (p). JSTow if p + 1 = M (p—1) and
/i = M(p) at the same time, JU mast be of the form p [(p-l)t-l^.
The conclusion is, therefore, that if p is odd, •»/>,, (p) is in general
divisible byp2; but if fi + 1 = M (p — 1). then î a (p) is only divisible
byp, except in the cases where /* is of the form p {(p—1) t—l],
when xpp (p) is divisible by p* as in general.

Exceptions.—If p = 2, i/̂  (̂ ?) reduces to 1 and is not divisible by p
at all, as is indeed shown by the formula at once.

And if p = 3, /i + 1, beii:g even, must be M(p-l); therefore
^ (3) is only divisible by 32 when f.i is an odd multiple of 3, and in
all other cases i//,. (3) is divisible by 3, but not by 3s.

2. Let now N be any number, and let / , (N, n) denote the sum of
the inverse fith powers of the numbers, prime to N, which lie between
nN and (n + 1) N, where /u is odd as before-. Then, since if nN + x
is such a number, (n + 1) N — x is another,

the summatioh taking place for every positive integral value of x less
than N and prime to N; and the coefficient ^ being required because
vN+x and nN+N—z are repeated and interchanged when x is
changed to N—x. Since fx is odd, fh (N, u) is evidently divisible by
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nN+x + nN+N— x, that is, by (2w + l) N. So

201

therefore

x)-* x-»+(N—x)'*

2n+l

1 — t m — + r v r - -—£ w"—r— ...
L * » 1.2 a;51 J

The constant term inside the brackets vanishes, as also does the

coefficient of — ; the coefficient of the general term I — J being

1.2.3... (m + 1) 2n + l

It is easily seen that this coefficient is always divisible by n (n +1),
and that ( «+ l ) m t l - ( -w) m + 1 is always divisible by 2n + l.

We have then

1.2.3.4
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3. Next, let ^ (N) denote the sum of the inverse fi"* powers of all
the numbers less than N, and prime to it [so that ^ (N) is the same
thing a s / . (N, 0)]. Further, let ft, b, c, ... be the prime factors of N,
BO that N = a?bmcn ... s&y, whereZ, m, n, ... are supposed each greater

than unity; and write — for a*'1!/" cn ... . Thenf since any number
a
Nprime to N is prime to —,

* o)-(.-i,.tte«Us±S)^[,„ (» o)

1))' equation (1) of § 2 ;

- ( 1 . 2 . 3 + 2 . 3 . 5 + . . . + i i ^ T . <7=1. a ) i'Sll± 1)(/ '
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X i a""1 b*m cin ... ^ 4 8 c4n ...

Similarly,

x I a8*-* 6^ c8"... <k+8 ( ~ ) + ^ M (a41-9 bim c*"...)

atid so oh, until finally

from whicb, by multiplying by 1, as, a*,... a**"4, and addiug

X ( M (a"+1 6

Similarly,

a2I+J bim c4"...)

X $M(a* &2m+1c8"...) + ^" - 3 M (a4 62m+3 c4"...)

and by proceeding in the same manner we finally arrive at
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If .No be written for the number abc ... , this last result is

(4).

The determination of the divisibility of i/̂  (N) by the prime factors
of N is therefore reduced to the determination of the same thing with
regard to ^ (JV0).

4. lietp be a prime, and JV any number prime to^j. To obtain the
nnmbers less than Np and prime to it we must deduct from the
numbers less than Np and prime to N those which are multiples of p.
But these last are justjp multiplied by the numbers less than JVand
prime to JV; accordingly ^ (Np) is equal to

iV, 1)+/, (N, 2) + . . .+ / ( f f , J » - l ) - l / l , ( t f , 0).

Making use of equation (1) of § 2 to transform the expression on the
right-hand side, by a method similar to that of § 3, we obtain

'*•+-?if (N')} (5).

By means of this formula we can reduce the determination of the
divisibility of </̂  (abc ... k) to the determination of the same thing with
regard to ^ (6c ... k), and so, by successive applications of the formula,
to the determination of it with regard to ^ (k), which question ^ a s been
solved in § 1. By means therefore of (3) or (4) and (5), it can be found
how many times each of the prime factors of iV divides »//,. (N). It will
be seen presently that i/^+3 (2V), where p + 3 is an even number, is in
general a multiple of 2V, so that in (5) we may often write M(N) for
Vv+a (-̂ 0 » bufc there are several exceptions to this (see below, §6). If
N is a prime number it hats been seen in § 1 that ^ + 3 (iV) is a multiple
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of .N" unless fi + Z = M (N— 1) ; thus, if a and b are two primes,

a') (6),

unless /i + 3 = Jlf (a—1), when Jlf(a8) must be substituted in place
of M (a4)-

5. In any case, whether i/^+3 (JV) is or is not divisible by N, we
have always

~ 1) M

... fc) = a - ^ i ^ (5e ... fc)^ ^ Q i ± I K i i ± 2 ) jyr (63C3 _

so that, if a, 6, c ... & are prime numbers,

24

a^b" 24

= &c.

(7).
But by (3)

M ^ ^ ^ ) (g)p

Combining this with (7), after interchanging in the latter formula
a and k for convenience,

where a is any one of the prime factors of N.
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Having regard to what has been proved in § 1 as to ^ ( a ) , and
remembering that fi (/u + 1)(^ +2) is always divisible by 6, we deduce
from (8) the following conclusions:—

If a is any prime except 2 or 3, i/̂  (N) is in general divisible by
a2'; but if /* + ! = M(IQL—1), then only by a2'"1, unless at the same
time fj. = M (a), when i//,, (N) is divisible by an as in general.

If a is 3, <£„ (N) is divisible by a'-'1 when ft is an odd multiple of 3,
but in all other cases only by ail'\

If a is 2, ip,.(N) is divisible by a2'"1, except when the number of
prime factors of N is less than 2 (i.e., when N = a' simply), in which
case ^ (N) is divisiblo by a"'"2 only. This follows sinci; f*-\-2 is odd,
and therefore ft**2—1, c**"2—1, &c. are each divisible by 2.

Should any of the expressions b1"3— 1, c*+2—1, Ac, or /* C/i +1) (^ -f 2)
be a multiple of a, or of a power of a, then 4v(^O m a v ^e divisible
by a higher power of a than that given above; and this
f requently be the case.

6. By proceeding exactly as in § 1, it is seen that

Thus the divisibility of «/v»i(N), where /" + 1 is even, by any prime
factor a of N, depends on tho divisibility of «/>„ (N) by a, and this has
been determined in § 5.

In particular, let n = 3 ; then

Now by § 5, ^j (N) will be divisible in general by a71, and this wijU
,be so even if a = 3 ; but if a = 5 it is divisible by a21"1 ouly, and if
,a = 2 by a2'"1 in all cases except where j^.is equal merely to a!, when
;T//3 (N) will be divisible only by a""2.

Accordingly, \pt (N) is in general divisible by a1, the exceptions
ibeing when a is 2, 3, or 5.

If a = 5, rpt (N) is divisible by a'"1.
If a = 3, fa (N) is divisible by a1"1.
If a = 2, i/̂  (iV) follows the rule of [being divisible by a' u,nless

*N = a' merely, in which case i/̂  (N) is divisible only by alx.

The conclusion is therefore that ^ (N) = ;(— AF. (N) \\\ e.very ca^c

(except w.hcre N is simply a power of 2, when
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7. I pi'oceed to consider in somewhat greater detail the oase of
fx = 1, i.e., that of the,sura of the reciprocals of the Dum'bers less than
a number N and prime to it. When N is a prime number, p suppose,
the result corresponding to that of § 1 may be proved conveniently
as follows:—

The congrnenee

J
(mod. p),

is satisfied by p—1 values of x, viz., 1, 2, 3 ... p—1. For x* + r (p—r)
becomes pr when x = r and p(p — r) when x = p—r, so that it is
divisible by p in either ease ; and xp~l— 1 is divisible by p when x has
any one of the stated values, iby Format's theorem. Now, since the
congruence is only of degi'ee p — 3, it must .be identical; therefore the

numbers l(p-l) , 2(j>-2), 3 0,-3), ... (^=1) (£±I)

are such that itheir sum, product two and two, ... *• •- and ^ ~ •
.2 2

•together, are all divisible iby p. The last of these gives

•divisible by p ; so that

is divisible by p1.
Since th • congruence is of degree p—3, p must be greater than 3,

and the argument does not hold fur p = 2 (Or p = 3. In fact, if
p = 3, \f/t (/<) is .divisible only by p ; and if p z= 2, ̂ , (p) reduces to 1

':and is nottd('.visible by p at all.
8. Fur the case of /* = 1 the .formula .(5) becomes

which in accordance with what has been proved in § G may be written,,

^ ~ <^=ll (11),
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unless N is simply a power of 2, say 2", in which case

8

or ft (2"p) = P — f t (2")-y ( / - I ) 3f (21-') (12).
P

9. Writing in (9), N = a, p = b, where a and 6 are primes,

Again, writing N = aft, p = c, where a, b, c are primes,

^ +• ( « » ) - "' ( g ~ 1 } ^ ( a ' V )

Then, writing N= dbc, p = d, where «, b, c, d are primes,

and by proceeding in the same manner we obtain

where h stands for any of the prime factors of N = abed ...7c. From
this formula conclasions may be drawn with regard to fa (N) in the
s.»me manner as has been done in § 5 with regard to i/̂  (N). It may
be noticed that the numerator of fa (N) is divisible by k—1, and so
by each of the numbers a—I, 6 — 1, &c.; bat the denominator of
fa (N) will not in general be prime to these numbers. In working
out any numerical case in practice the best method will be to make
use of (8) and of successive applications of (9) or (10).

10. Formulae similar in character to the foregoing may in the same
way be proved for the sum [say ^ (N)~\ of the /*** powers of the num-
bers less than N and prime to it, /u being a positive odd integer. For
the reasons explained at the beginning of the paper it may be
sufficient to give a statement of the results for this case, merely
working out the formula corresponding to (1).
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If F^ (N, n) denote the sum of the /jth.powers of the numbers prime
to N which lie between nN and (w + l)'jy,. then exactly as in §2,
using a similar notation,

2n + l

(nN + z)*+
2iH-l

Y \

the coefficient of the general term ft..m.i(N) being

j
2 1.2... (m+1) ( 2 » + l

This is the formula corresponding in this case to (1). Corresponding
to the results of § 1, we have^precisely similar ones with /u—1 written
in plaee of the f» + l which occurs there. Corresponding to (2), (3),
(5), (7), (9), respectively, we find

(20 = a"~* *

VOL. xx.—NO. 356.
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and fc, (aW...) = &2'V"... (l-a"-2)(l-6"-2)(l-c"-2)...a2i-V/.(a)

If therefore — ̂  be written for /u in the conclusions as to ^ (N) given
in § 5, these will apply in the case of ^

11. It is necessary in applying the foregoing formulae to bear in
mind their precise meaning1, as otherwise wrong conclusions may
easily be drawn from them. Such a formula as (11), for instance,
shows that, it" iV = 2"3''411u'&l"c" ..., the numerator of tho expression

is divisible by 24-a3w-15*»-Ia4W"1c«" ... in any case, and by any further
})o\ver of any prime factor of N which may happen to be contained in
p'1 — 1. The formula must not be interpreted as allirming anything
concerning the divisibility of the numerator of the above-mentioned
expression by p3 ov p*—l, because £>2 and p2 —1 need not be prime to
8, 4, or 5, nor to the denominator of the expression denoted in (11)
by iV(iV4). For example, if N — 22 and p = 3, formula (12) shows
that

f M4)-iM12)=

and the conclusion is that the expression on the left-hand side is
divisiblo by 28, which is correct, since it is equal to

3 U + 3/ \l + b + 7 +ll

_ 35072
1155

_2 8 .137
1155 '

But it would be wrong to infer that tho expression is divisible by 9,
as in fact can be seen at once on going back to formula (10) from
which (12) was deduced. For i^.t(iV), which occurs on the right-

1 1 82
hand side of (10), is in this case 1—- or - - , and so involves a

1 ol ol
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power of 9 in its denominator which cancels against the 9 arising
from the factor^9 — 1.

12. I add a few numerical examples of the application of the
• formula).

Ex.1 . N=21, f.i = 1 .

By (11), ft (21) = §|? ft (3) - ^ i * M (3«) = M (33),

and ft (21) = | ft ( 7 ) - ^ M (7*) = M (72),

therefore ^ (21) = ili"(33. 72),

and then, by (8),

*>, (3l . 7"') = 32'-a. 72m*2 ̂  (21) -

Ex.2. JV=5O5, /LX = 1.

By (11),

1030300, / r , 10201.10200

and ft (505) = ^ ft (101) - ? i ^ ill(1014) = it(101*),

therefore ft (505) = M (5*. 1012).

Ex.3. iV= 78, ii- 1.

Here ft (78) = Q ^ (20) - ^ f JIf (2C«),
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by (11). Therefore

ft ( 6 ) = If (2), ft ( 6 ) = AT (3), ft(26)=ilf(133);

and ft (78) = M (2s. 33. 133) = 3/(783).

Ex.4. 2V=28, n = 13.

By (3),

ft3(28) = 2 V 1 3 ( 1 4 ) - 1 3 - ^ - 1 5 { J / ( 2 V 7') + 8il/(25.78)}

= 22ft3(14)-il/(22.73),

and, by (6),

*» (14) = — - 1 ^:8 (7) - ^ 2 * ^ 4 . 3 M (7*) = If (7s),

*» (14) = ^ ft, ( 2 ) - 1 8 - ^ 1 5 • 49.48if (2s) = M (2),

therefore ft3 (28) = M (2s .7S)-M (2s. 73)

= M (22.7S).

Ex. 5. ^"=56, ^ = 11.

By (3),

ft, (56) = 2Vn d4) - n - ^ 1 3 {iW (27. 7') + 7ilT (28. 7*)},

and, by (6),

^ f 2 ^ i ( 2 ) - 1 1 ^ 1 3 49. 48 Jf (23).

Now ^ n (7) is divisible by 7 (not by 7s), since 11 + 1 = M (6) ; and
218—1 = 8191, which is a prime number ; therefore ft, (14) = If (7).
Again, 718-1 is divisible by 2 (not by 22) ; .". ^ u (14) = M (2).

Therefore ft, (56) = M (25. 7) -\M(27. 78)




