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Some Results in the Elementary Theory of Numbers.
By C. Leupesporr, M.A,

[Read March 14th, 1889.]

Tt is well known that if p is & prime number, all the coefficionts of

the equation .
(=1 (z-2)(z—3) ... (@—p+1)+1 =0

are divisible by p, and that consequently the sum 8, of the p®™ powers
of the numbers 1, 2, 3, ... p—1 is divisible by p unless ¢ is & multiple
of p—1 (see, e.g., Serret, Algébre Supirieure, Vol. 11, p. 46). And it
is clear in the same way that if S_,, the sum of the inverse u*™ powers
of the same numbers, be formed, the result of the addition will be a
fraction whose nnmerator is divisible by p unless u is a multiple of
p—1. Since all the factors of the denominator of sucl:’fl'nction are
prime to p, we may, for shortness, say that S_, is divisible by p
unless p is & multiple of p—1.

But this does not exhanst the whole truth. In fact, if u is odd, S,
and S_, are both divisible by p® with certain exceptions. In particular
the sum of the reciprocals of 1, 2,3, ... p—1 is o fraction whoso
numerator is always divisible by »? except when p =2 or p = 3.*
Results similar in character hold when p is replaced by any composito
nuinber N, and the numbers 1 to p—1 by the numbers less than N
and prime to it. The object of the present paperis to prove the fore-
going gtatements, and to examine into the divisibility by the various
prime factors of any mumber N of the sum of the p* powers of tho
numbers less than N and prime to it. T confine myself chiefly to the
inverse powers, as the results when p is positive arve of less interest
and present less diffienlty, since the actual value of S, can be found
by summing the serices.

1. Here, and in all that follows, x will be snpposed to be an odd
number,

Using M (p) to denote a multiple of p, and ¢, (p) to represent

* Tho remark that if tho reciproeals of 1, 2, 3,...p—1 are added together, the
numerator of the resulting fraction i8 generally divisible not only by p, but hy
2% when p is a prime, was mads to mo gomo littlo time since by Mr. J. M. Dyer,
M.A., of Eton College ; and it is this remark which first led me to the subject of the
present paper. I desiro also to record my indebtedness to Mr. Morgan Jenkins,
M.A., for some emendations and suggestions, especially in conneetion with § 2,
which have proved very uscful.
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what has been hitherto called S_,, we have

1,11 v
W =gyt ettt oo
1
=12{ Zﬁom.z—l to =p-—1
: (p— )" ) P
=€ 3t (p=2)” 1-(12 w);; 2t 27 ince p is odd
a* p_ »
= P f ; - 53 ' l}
2 (M(p) 2 ".’p

= 3 (1) = B2 (o).

Thercfore (excluding only the case p = 2) it is seen that y,(p) is
M(p%) if -% V.41 (p) is M (p,, which is the case unless p+1=M(p—1)

and at the same time p is not M (p). Now if u+1 = M (p—1) and
p = M (p) at the same time, 4 must be of the form p {(p—1)t—1}.
The conclusion is, therefore, that if p is odd, y, (p) is in general
divisible by p*; but if u4+1 = M (p—1). then ¥, (p) is only divisible
by p, except in the cases where u is of the form p {(p—1) t—1},
when ¢, (p) is divisible by p* as in general.

Ezceptioms—1f p =2, ¢, (p) reduces to 1 and is not divisible by p
at all, as is indeed shown by the formula at once.

And if p=3, p+1, being even. must be M(p—-1); therefore
¥, (3) is only divisible by 3® when p is an odd multiple of 3, and in
all other cases y, (3) is divisible by 3, but not by 3%

2. Let now N be any number, and let f, (N, n) denote the sum of
the inverse u™ powers of the numbers, prime to N, which lie between
nN and (n+1) N, where p is odd as before. Then, since if nN+=
is such & number, (n+1) N —z is another,

1s ( 1 1
Jo (o) = E((nN+m)”+(nN+N—-w)’}'

the summation taking place for every positive integral value of z less
than N and prime to N ; and the coefficient { being required because
nN+z and nN+N—2z are repeated and interchanged when « is
chunged to N—w. Since p is odd, f, (N, ) is evidently divisible by
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nN+2z+nN+ N—z, that is, by (2n+1) N. So

Fa0 =33 { St

therefore mfp (N,n)—f£.(N,0)
{("N-Hv) *+(nN+N—2z)™* "“+(N—w)‘”}
2n+1 1
e 7
’ 2n+1 1

[1 pn——+'u(f;-1) ’1:;’ ]

—[1+p(n+1)g+ﬂﬂf—l-) (n+1)’1wl:+...:|

— N1,k 1.2
=3 2n+1
N, ulut+tl) N?
-1 N plut+tl) N ]
+[1+Fz+ 1.2 :c’+

The constant term inside the brackets vanishes, as also does the

. N . N m+1 .
coeficient of —; the coefficient of the general term (;) being
- :

B M ICOLIY:
1.2.3... (m+1) 2n+1

It is easily seen that this coefficient is always divisible by = (n+ 1),
and that (n+1)™*'—(—n)"*! is always divisible by 2n+1.

‘We have then

f. (N, m)—f, (N, o)-—-zx-»{ﬂ__(w{; .-;+2 )N )

;4(,u+l)(p+2)(p+8)N
+ 1.2.3.4 2 n)+.. }

3
= — @_Vé_ (W3 +n) l‘_L]‘Fl;%i@ {gz-waj+ "—'2"§N2z“""+... }

£+1

—— N_2_’ (nt4n) E_(L"_IG)JF_‘F_?‘) {f,.a (N, 0)

+“—+3’ (N, 0) ... } cevreresener (1)
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3. Next, let ¢, (N) denote the sum of the inverse u™ powers of all
the numbers less than N, and prime to it [so that , (N) is the same
thing as f, (N, 0)]. Further, let a, b, ¢, ... be the prime factora of N,
so that N = ¢'b™¢" ... say, wherel,m, n, ... are supposed each greater

than unity; and write N for a1pmer ... Then, since any number
«@

prime to N is prime to —IY-,
a

v, (V) =f.(§,0)+f,( )+f,(— 2)+..+f, (X N am1)

~5,(%0)
+3[fp (%0) 1 gt (et (n+1)z(p+2) N’{ o)
P () ()]

+5 [f, (_Ma 0) —9.3 l'_ﬁli_‘.).(#_ﬂl N {fm (1{ 0)

+ &e.

e [ (0] (2
‘ +"+; N'f,.u (7 )+M(J—Z-)}]

by equation (1) of §2;

=(14+3+5+...+2a—1)y, (N)

—(1.2.342.3. 5+ .. +T=T.a=1.a)l" ('l+}3("+2)

[ o ()3 ()]

=y, (V) - kDD ooy (82, (V)

p+3 (N } 9);
+13 M(“,) .................. 2);
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e (D =aty, (V)= -l DNet2) oy

x {aatfl B . Yy (;ZZ) + p+3 M (-3 bm i

2
Similarly,
" (1{{)_“";"‘(%):—&_(&2%—(& (a'—1)

2

% {a&-l B Y (1_\_7) +4 +3 M (a0 bt v,

ahd so oh, until finally
N 3 N +1 2 :
¥ ( )-—a .pp(‘;__l)=_li_(i__2_l§l‘_t_)(as_.1)

» al-?

X { ab bam f‘a"... l’ln.a (i) + L;E;.M- (dﬁ A G‘n.‘-

al-l

from which, by multiplying by 1, &, ¢, ... ®~*, and adding
. N 1 2
¢, (N)—a¥?y, (F_‘) =— L‘_(fiigi_(ﬁ_‘t_) (a-1)

% {M(azh—l B ™)+ %ﬁ M (a4 b ..

Similarly, .
N
b (). )=

X {M(aa meolcau.“)_*_H_:z"_ﬁ Z‘[(“lb?nuﬂ cdu”'

o, (N)—-a,"‘"b’”‘"lh (__E__)=_E(E+l)(p+2)

al-lbm-l 24

% {M(a‘uﬂ Pt ) 4 53‘_311[(”’2“2 prmed gin

and by proceeding in the same manner we finally arrive at
)

‘#’ (N)_au_z bz...-zczu-z s ‘l"’n (

208

)}

—-_ I ([l +;.2(I"+2) {]‘I(“ﬂol b2m+lc'ln'l.“)+ fi_'%‘_sM(aRHZ bmn’.'caun'”)}

sseessisnane

i(8).
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If N, be written for the number abc ..., this last result is
_N p(u+1)(u+2) p+3
4, () = T () — KD ar PNy + £ e

e (4).

The determination of the divisibility of y, (N) by the prime factors
of N is therefore reduced to the determination of the same thing with
regard to Y, (N,).

4. Let p be a prime, and N any number prime to p. To obtain the
nnmbers less than Np and prime to it we must deduct from the
numbers less than Np and prime to N those which are multiples of p.
But these last are just p multiplied by the numbers less than N and
prime to N; accordingly ¢, (Np) is equal to

Jo (N, 0+, (N, 1)+, (N, 2)+ -~-+f(N,P—1)‘Z-)17fp v, 0).

Making use of equation (1) of § 2 to transform the expression on the
right-hand side, by a method similar to that of § 3, we obtain

b (Np) =7y, () — L D0ED) g1 oy
x{ v+ an} - 2o @, 0)

=2y, (- et D) g oy

X { Nogs (M) + F;-??M(N*)} eevenesennes (5):

By means of this formula we can reduce the determination of the
divisibility of ¢, (abe ... k) to the determination of the same thing with
regard to ¥, (bc ... k), and so, by successive applications of the formula,
to the determination of it with regard to ¥, (k), which question has been
solvedin § 1. By means therefore of (3) or (4) and (5), it can be found
how many times each of the prime factors of N divides ¢, (N). It will
be seen presently that ,.,; (N), where p+3 is an even number, is in
general a multiple of N, so that in (5) we may often write M (N) for
V.es (N) ; but there ave s:veral exceptions to this (see below, §6). If
N isa prime number it hias been seen in § 1 that ¢,,; (V) is a multiple
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of N unless p+3 = M (N—1); thaus, if ¢ and b are two primes,

b (ab) = ULy, () £EEDEED 1) u()......6),

unless p+3 = M (a—1), when M («*) must be substituted in place
of M (a).

5. In any case, whether ¢, () is or is not divisible by N, we
have always

b, ) =E=2y, an) - Lt DD 1y @),

so that, if a, b, ¢ ... k are prime numbers,

v, (abo... B = T =Ly, (o = L ERDEER) 3o

al‘

LTSI,y et o )

al‘

_u (n +;i§“+2)M(b°cs k“’)

G (ass M RAMORIAC.2) CLaIF TaEIN )

a*b*
= &c.
— (”’“z_ 1)(b“:z;"‘1)(c"+2_1) oy (k)— [ (F+12§,‘_‘+2) M(ks)
a*btct... 24
But by (3)
¥, (@*b"c"...) = a® ™2y, (abe ... k)
ks <P+]2<I‘+2) 2%+1 32m 41 ym+l
54 M (a®*'b ™) e (8).

Combining this with (7), after interchanging in the latter formula
« and % for conveniénce,

Y (a'bmen...) = bmeesigindest (2 —1)(o**2=1)...a"Y, (a)
(u+1) (e +2)
_%M(a ) IR ()}

where a is any one of the prime factors of N.
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Having regard 4o what has been proved in §1 as to ¥, (a), and
remembering that p (u+1) (4 +2) is always divisible by 6, we deduce
from (8) the following conclusions:—

If @ is any prime except 2 or 3, y, (N) is in general divisible by
a®; but if p+1 = M(a—1), then only by «”-', unless at the same
time p = M (a), when ¢, (N) is divisible by «¥ as in genoral.

If @ is 3, ¥, (N) is divisible by «* when p is an odd multiple of 3,
but in all other eases only by u*-.

If a is 2, y, (N) is divisible by a¥-!, except when the number of
prime factors of N is Jess than 2 (<.e., when N = a! simply), in which
case Y, (N) is divisible by a*-* only. This follows since p+2 is odd,
and therefore b*'?—1, ¢**?—1, &e. ave euch divisible by 2.

Should any of the expressions b*"*—1, ¢***—1, &ec.,or u (p+1) (1 +2)
be a multiple of @, or of a power of a, then Y, (N) may be divisible
by a higher power of a than that given above; and this wijll
frequently be the case.

6. By proceeding exactly as in § 1, it is seen that
b (V) = 327 (V) — B g, ()

Thus the divisibility of ¥,.,(N), where p+1 is even, by any prime
factor a of N, depends on the divisibility of Y, (N) by a, and this hag
been determined in § 5.

In particular, let 4 = 3; then

B = 3 ()= 2o g ().

Now by § 5, y, (N) will be divisible in general by a?, and this will
be so even if a =3 ; but if @ = § it is divisible by a®-! ouly, and if
@ = 2 by a®" in all cases except where N is equal merely to @', whon
Ay (V) will be divisible.only by a®-2,

Accordingly, ¢, (N) is in general divisible by a’, the exceptions
lbeing when a is 2, 3, or 5.

If a = 5, Y, (N) is divisible by a'"*,

If a = 8, ¢, (N) is divisible by &',

Ifa =2, ¢ (N) follows the rule of jheing divisible by o' unless
N = ¢ mercly, in which case ¢, (N) is divisible only by e‘-'.

The conglusion is thercfore that ¢, (N) = ;}—15- AL (N) ip eyery case

except where N is simply u power of 2, when ¢, (N) = LM (W),
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7. T proceed to cousider in somewhat greater detail the case of
u =1, i.e., that of the sum of the reciprocals of the mumbers less than
a number N and prime to it. When N is a prime number, p suppose,
the result corresponding to that of § 1 may be proved conveniently
as follows :—

The congruenee

{(2+1(p=1)} {#+2 (9=2)} ... {z’+%l L:-l} — (@ =1)=0

| (mod. ),
is satisfied by p—1 values of 2, viz.,, 1,2,3 ... p—1. Fora'+7(p—7)
becomes pr when 2 =7 and p (p—r) when z =p—r, so that it is
divisible by p in either ease; and z*~'~1 is divisible by p when « has
any one of the stated values, by Fermat's theorem. Now, since the
congruence is only of .degree p—3, it must be identical ; therefore the

mumbers 1(p—1), 2(p—2), 3(p—3), ... (?:l)(]ﬂ)

2 2
are such that their sum, product two and two, ... P—%E and P_;_3
together, are all divisible by p. The last of these gives
1 1 1
-1 + + ...
L{l(p—i) 2 (p—9) +<7)+1)<z)___l)}y
2 2
1 1 1 1 1 1 1
or  o-lpcl E‘ tooitet s +'"+2—_—1+,T+‘1E.
2 2

divisible by p; so that

1
R
is divisible by p’

Since th: congraence is of degree p—38, p must be greater than 3,
and the argument does not held fur p =2 wr p=38. In fact, if
P =3, ¢, () is.divisible only by p; and if p =2, y, (p) vedaces to 1
-and i8 not.divisible by p at all.

8. For the case of u =1 the formula (§) becomes

*—1 )
e (Np) = B2, () =" (P 0) (N (V) + 20 (N ..(10),
which in accordance with what has heen proved in § 6 may be written,

iy =E2R g 0= =Dy ),
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unless N is simply a power of 2, say 2", in which case

b (p) = E=1y, () - 2=l ar v,

or b (@) = By 0 —pr (P =1y M (@m0 (12).

9. Writing in (9), N = a, p = b, where a and b are primes,
51 b6 —=1) 4,
v (ab) =Xy (@)= =D oy ),
b 60
Again, writing N = ab, p = ¢, where a, b, ¢ are pries,
2
¥ (abe) = T=L g, (ab) — =D pr ()
(V)
5 1V(nad_ 3 /P2 s_ 4209
=(b l)gc 1) " (a)—b (b 1')§c 1) M (a.)_bc (660 l)M(a‘)
_uﬂc_q, (a)— 1) M (a).

Then, writing N = ab¢, p = d, where a, b, ¢, d are primes,

¥ (abod) = E=DE=DE=D g, (o) - 2= b1 (o)

and by proceeding in the same manner we obtain

L W—1)(P =) (E=1)...(F—1) =1 .,
¥u (abed ... k) = bod .. e ¥ () + a1 @

where % stauds for any of the prime factors of N = abed...k. From
this formula conclusions may be drawn with regard to ¢, (N) in the
same manner as has been doune in § 5 with regurd to , (N). It may
be noticed that the numerator of y, (N) is divisible by k—1, and so
by each of the numbers a—1, b—1, &c.; but the denominator of
Y, (N) will not in general be prime to these numbers. In working
out any numerical case in practice the best method will be to make
use of (8) and of successive applications of (9) or (10).

10. Formule similar in character to the foregoing may in the same
way be proved for the sum [say ¢, (N)] of the u** powers of the num-
bers less than N and prime to it, u being a positive odd integer. For
the reasons explained at the beginning of the paper it may be
sufficient to give a stutement of the results for this case, merely
working out the formula corresponding to"(1).
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If F, (N, n) denote the sam of the u*™ powers of the numbers prime
to N which lie between nN and (n+1) N, then exactly as in §2,
using a similar notation,

1
n+1

{ (nN42)*+ (N4 N—2z)* z“+(N—:.v)“,}
2n +1 1

nN R nN+N “
- }Em“g(l+ z ) (2:_3-1( T ) _1+(_1),(1_%)ug

F, (N,n)—F., (N, 0)

=—1§271 (n”-{-n)"_(“;lGM {%-s(N)— P_;3¢p_‘ (N)+... }.,

the coefficient of the general term ¢,_,,_, (V) being

Nop(u=1)..(u=m) {(n-{-l)"‘ﬂ_(._n)mn_l}
2 1.2..(m+1) Stl :

This is the formula corresponding in this cage to (1). Corresponding
to the results of § 1, we have\precisely similar ones with u—1 written
in place of the p+1 which occurs there. Corresponding to (2), (3),
(8), (7), (9), respectively, we find

5. =a, (¥)

4 Be= 1)(p 2) {s%-s(N) l‘_i'_?’M(E)

2 at ’

1

)
¢” (N) o 21-2 b2m-2 02"4...'?,, (;ﬁ#)

+ M !E—12)4(i;4-—2) {M(azulbamnozuﬂ“.)_ I-'_;’_3 M(azlnbamwcmﬂm)}’

$. (Np) = = p' (p7"—=1) 6. (V)

+ “—(ﬁ—%‘f“—?)p @*~1) {N"P»-B(N)_N_?M(N‘)} ’

¢, (abe...) = a®b’c’ ... (14 ) (1=t (1 —c*) ... ¢, (k)
4+ B (P_12_)1,(“ ~2) M,(k’_),

YOL. XX.—NO. 356. P



210 Mr. C. Leudesdorf on some Results . [March 14,
and ¢, (a'h"c"...) = b2, (l—a"'z)(l—b"'ﬂ)(l _c,..-ﬂ)mau-'z% (a)

+ L(&lz?f’;n M (a®*).

If therefore —u be written for p in the conclusions as to ¢, (N) given
iu § 5, these will apply in the case of ¢, (N).

11. It is necessary in applying the foregoing formulms to bear in
mind their precise meuning, as otherwise wrong conclusions may
easily be drawn from them. Such a formula as (11), for instance,
shows that, if N = 23/ ka'l"¢" ..., the numerator of the expression

E=dg 0 =4 ()

is divisible by 21e=231-15h=-1g8}Im e in any case, and by any further
power of any prime factor of N which may happen to be contained in
p*—1. The tormuly must not be interpreted as allirming anything
concerning the divisibility of the numerator of the above-moentioned
expression by p* or p*—1, becaunse p? and p’—1 nced not be prime to
3, 4, or 5, nor to the denominator of the expression denoted in (11)
by 3 (N*). For example, if N = 2! and p = 3, formula (12) shows
that
200, (4) =, (12) = 9.8 (2)

= 9.M (2%,

and the conclusion is that the expression on the left-hand side is
divisible by 2% which is correct, since it is equal to

TE3)-(3r5rTn)
35072

1155

— 25,137
1155 °

But it would be wrong to infer that tho expression is divisible by 9,
as in fact can be seen at once on going back to formula (10) from
which (12) was deduced. Yor y, (N), which occurs on the right-

82 .
==, and so involves a

hand side of (10), is in this case %+ é or 2
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power of 9 in its denominator which cancels against the 9 arising
from the factor p*—1.

12. T add a few numerical examples of the application of the
-formulsw.
Ex.1. N=21, u =1

By (1), wi(2) =22y, @)- LB @y =n @),
_26 o
and hED =3 v (7)—__ M (7%) = M (7Y,
therefore P, (2l) = M(38.7),

and then, by (8),
Yy (81, 7) = 323, 7mm-2y, (21) — LM (B4, 7o)
= M (84", 7).

Ex. 2. N=505, pu=1.

By (11),
41 (505) = 1_(3%8@ o (5)— 102016.01 0200 37 5oy — a1 (50,
and ¢, (505) = 1%’ ¥, (101)— 24’ 2’ M (101%) = M(101%),
thercforo ¥y (505) = M (5*. 101%).

Bx.3. N=178 p=1.

Here wn (78) = 24 20) - T2 0 20,
b (8) = 250y, (@)= 19 1B (),
heo) = Ly.an-Rram,

% (6) = 2y, @)-9.802), by (12),

vz
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by (11). Therefore
i (6) =M (2), ¢, (6) =M (8), % (26)=M(13");
and ¥, (78) = M (2. 3. 18%) = M(78°).
Ex. 4. N=28, u =18
By (3),

Vs (28) = 24, (14) — 13—';‘%'—15 ((2*. T +8 (2°. 7%}
= 2%, (14) =D (2°. 7%),
and, by (6),
e (14) = E5 g (= By g vy = e (7,
b (14) = =Ly 9y 13—-%& L4948 21 (2°) = M (2),
therefore Y (28) = M (2. 7%)—M (2. 7%)
= M (2.7
Ex. 5. N=56, p=11.
By (3),
¥y (56) = 2',, (14) — 1-11——2—]3 {M(2.7%)+7M (2.7},
and, by (6),
o () =E22y, (-T2 B4 3arr,
¥ (14) = z ‘l\p“ (2)—M49 48 M (2Y).

Now ¢, (7) is divisible by 7 (not by 7*), since 11+1 = M (6); and
21 = 8191, which is a prime number ; therefore y,, (14) = M (7).
Again, 7*—1 is divisible by 2 (not by 2%); .. y, (14) = M (2).

- Therefore ¥y, (56) = M (2°.7)—3M (2. 79
=M(©2.7).





