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Abstract

In this paper we present some algorithms for computing an irreducible decomposition of an ideal
in apolynomial ringR = K[Xq, ..., Xn] whereK is an arbitary effective field.
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1. Introduction

In this paper we present some algorithms for computing an irreducible decomposition
of an ideal in a polynomial rindR = K|[Xxy, ..., Xy] whereK is an arbitrary effective
field. Some of the earliest proofs of primary decomposition were based on the existence
of an irreducible decomposition, using the fdwt every irreducible ideal is primary, even
though not every primary ideal is irreducible. Although the isolated primary components
of an ideal are unique, the irreducible components are not. However the number of irre-
ducible components in an irredundant depasition is uniquely determined. In fact in
Grobner(1934 it is shown thain zerodimensional local rings #re is a special ideal, the
socle, such that the minimal number of its generators is precisely the minimal number of
irreducible components of the zero ideabrieach generator of the socle, Grobner shows
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that the largest ideal in the local ring whidloes not contain that generator must be irre-
dudble and the set of these ideals gives a minimal decomposition of the zero ideal. This is
an important characterization of irreducible decompositions, but does not directly lead to
a mnstructive algorithm.

Given a primary ideal, we can localize to reduce to the zero-dimensional case. If we then
form the quotient ring modulo that zero-dimensional ideal, we get a finite-dimensional
algebra. We will show how to exploit the relationship between this algebra and its dual
module in order to find the irreducible components of the zero ideal using linear algebra.

Our discussion of dual modules is in the same context as that containddiihet al.
(2002; we do not necessarily assume that the zeros of our ideal are contained in the ground
field, unlike for instancéMarinari et al.(1993 andMourrain (1997. Thus we do not use
techniques such as inverse systems; instgadise an xplicit presentation of the dual
module as the dual vector space of our finite-dimensional algebra.

We then examine the situation when the algebra is isomorphic to its dual module.
Such algebras are Gorenstein ringd &ave leen intensively studied e.g. Bass(1963,
Buchstaum and Eisenbud1977% and Huneke (1999. In this case one can compute
irreducible components of primary ideals simply using ideal quotients. If we extract
the abideal generated by the monic elements in a Grébner basis of our original ideal,
we obtain a complete intersection. The quotialgebra formed using this subideal is
isomorphic to its dual module. Thus exploitirftetrelationship between our original ideal
and the constructed complete intersection subideal, we obtain a simple, direct approach to
determining its irreducible components.

We next extend our construction to the non-local case. We show how to express
any zero-dimensional ideal as an intersection of ideals whose primary components are
irreducible, i.e. whose quotient rings are locally Gorenstein. If we want to minimize the
number of components in this representation, we need to be able to find a minimal set
of generators for finitely generated moduleser zero-dimensional rings. We present
an algorithm for finding these minimal generators without first performing a primary
decomposition as was donelifeil? et al.(20029).

This decomposition of ideals into cgunents whose quotient rings are locally
Gorenstein is interesting from both a nuneatiand an algebraic point of view. As observed
in Becker et al(1996, these Gorenstein rings (also called Frobenius algebras) have the
propeaty that the eigenspaces associated with the linear operator of multiplication by a
generic element are all one-dimensionahu¥ fixed-point techniques converging to the
eigenspace can be used, leading to numbyistable algorithms fofinding the zeros of
the ariginal polynomial idealBecker et al(1996 have alsmoted that Frobenius algebras
possess non-degenerate bilinear forms, which have been uséaliyain and Pai§1999
to develop asymptotically fast algorithms for solving polynomial systems.

2. Duality

In this section we assume thatis a finite-dimensionak -algebra. Recall tha =
Homk (A, K) has a natural structure of damodule using the map x A — A given by
(a, f) — a- f wherea- f istheK-linear map defined bga- f)(x) = f(ax) Vx € A. We
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will denote by(qgs, . . ., gt) the A-module generated by, ..., gt € Aand by(as, ..., as)
the ideal ofA generated by, ..., as € A.

Definition 2.1. (1) For any ideal of A, denote byl the sibmodule ofA
It =(feA|f(x)=0Vxel).
(2) For any submodulél of A, denote byH * the ideal ofA
Ht ={xe Alhx) =0Vh e H}.
Itis immediate that:

Proposition 2.2. For any ideds I, |2 of A and for any submodulesiHH of A, we
have

(@liCly, = It ltand H € Hy = Hit D Hpt
(b) (11 + 12)+ = I3 NIt and (Hy + Ho)t = Hit N Hot
() I+t =lpand HH = H;y

(d) (11N 1)t =11+ + 12t and(H1 N Hp) - = Hit 4 Hat.

Thus we have a 1-1 order reversing correspondence between the lattice of id&als of
and the lattice of submodules 8f This dudity also gives us a natural way to decompose
ideals:

Corollary 2.3. Given an ideal | ofA and generatorggs, . .., gk} of I+ as an A-module,
we have that

k

=@

i=1

A set of generators for an ideal (resp. for a submodule of a module) will be called
irredundantf no proper subset of it generates the same ideal (resp. submodule). Note that
if the set ofgenerator$gs, . . ., gk} in the previous corollary is irredundant, then by duality
the induced decomposition bfis irredundant, meaning that rig; )~ can be dropped.

Recall that an ideal is calledreducibleif it is not the intersection of two strictly larger
ideals. WhenA is a local ring, Nakayama's Lemma guarantees that the components of
the decomposition obtained i@orollary 2.3 are irreducible as shown in the following
proposition:

Proposition 2.4. If A is a zero-dimensional local ring, then, for any & A, (fylis an
irreducible ideal of A.

Proof. Assume that f)* is not irreducible, say )= = 11 N Io with 14, I, ideals of A
properly containing f)-. Then(f) = (f)X+ = (11N l)t = I+ 1t If g1, ..., 0s
generatelll andgs+1, ..., 0t generatelzl, then, by Nakayama’s Lemma, there exigts
suchthatg; generate$;" + |5 If, for instancegj € I, thenls- € 155 hercely € I
which is impossible. [J

Proposition 2.5. Let | be an ideal of A. If | is irreducible, then there exist$gf0: such
that 1+ = (g).
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Proof. Let hy, ..., hm be generators of -, so thatl+ = (hy) + --- + (hy). Then
| = 1+ = O, (hi)*. Sincel is irreducible, there existssuchthat| = (h;)* and
hencel + = (hj)1+ = (hy). O

3. Irreducible decomposition of primary ideals

Definition 3.1. Let | be an ideal ofR. A set of rreducilde ideals{Q;}i=1,.. s is called
an irredundant irreducible decomposition (for short, an IID) df | = (°_; Qi and

Q2 ﬂ#i Qj foralli.

As is well known, any ideal irR can be expressed as the intersection of finitely many
irreducible ideals; although the irreducitldemponents are not unique, their number is
independent of the irredundant representation choseiN@ether 1921).

Since every irreducible ideal is primary, in this section we will describe an effective
procedure for computing an irredund@reducible decomposition ofR-primary idealQ
of R.

Wefirstobserve that all the irreducible components &-arimary ideal aré?-primary:

Lemma3.2. Let Q be a P-primgy ideal and let Q = (7_; Qi be an irredundant
irreducible decomposition of Q. Then, for alli,; @ a P-primary ideal.

Proof. Up to reodering, we can assume thi, . ={i|JQ = P}lIfk =5s
we are done. Otherwise, we can wri@ = ﬂlk 1 Q| n ﬂl —k+1 Qu, Whereﬂlk 1 Qi
is a P-primary ideal, Wh|leﬂI 1 Qi ¢ PoIfx e N o1 Qi \ P, we have that

Q=(Q:x)= (ﬂ|=1 Q :x)N (ﬂ|=k+1 Q :x) = ﬂ.=1 Qi, which contradicts
the fact that the decomposition was irredundariil

Now we reduce to the case whe is zerodimensional. If, up to reordering,
{X1,..., Xd} is a maximal set of variables such th@tN K[xi, ..., xd] = (0), then the
|deal QR C R = K(X1, -+ s Xd)[Xd+1, - - - Xn] is zer0d|men5|onal PR- prlmary and
QRﬂ R = Q. So, |fQR ﬂl 1QI LsanIIDfor QR then, by Lemma 3. 2QI is PR-
primary for alli. Herce Q = ﬂ _1(Qi N Ry is anlID for Q, sincethere exsts a 1-1
correspondence betwe@nprimary ideals inR and P R- -primary ideals inR.

Thus, from now on we will assume that the ide@l ¢ KJxy,..., Xn] is zero-
dimensional and primary. Moreover it is sufficient to solve the problerA iz R/Q =
7 (R), which is a local ring in addition to being a finite-dimensioalvector space: if
(0) = N, Qi is anlID for the ideal(0), thenQ = (7_; 7 ~1(Q;) is anlID for Q.

In order to find an 11D for the ideal0) in a local finite-dimensiondK -algebraA with
maximal idealP, by Corollary 2.3andProposition 2.4t is suficient to find an irredundant
set of generators for0)+ = A. Observe tht, sinceA is local, by Nakayama’'s Lemma any
irredundant set of generators of an ideafiirs aminimd basisof the ideal, that is a set of
generators of minimal cardinality in the family of all sets of generators.

It will be helpful to consider the ideal

=(0:P)={xe A|xP=(0)},
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called thesocleof A. SinceP S = (0), theideal Sis also anA/P-vector space, and, by
Nakayama’'s Lemmaany basis ofS as anA/P-vector space is a minimal basis 8fs an
ideal.

Another useful property of the socle is the following:

Proposition 3.3. For any ideal 1 (0) of A, we have & | # (0).

Proof. There exists € N suchthatP" = (0). Letn € N be the ninimal integer such that
P"l = (0). Then(0) # P11 c sSnI. O

We can use the socle to find a minimal set of generator§for = A

Theorem 3.4. Let {us, ..., Us} be a minimal set of generators for the socle S and let
{c1 = 1,¢c,...,¢} be a K-vector space basis for/R. Considerthe sr elements
{ug,CoUy...,CrU, ..., Ug, ..., crus}Avvhich form a K-vector space basis for the socle
S. Deote ly U = {03,...,0s} C A a set oflinear mapssuchthat Gj(uj) = 1 and
Gi(ujek) = Ofori # jandvk=1,...,r. Then U is a miimal set of generators foh as

an A-module.

Proof. To prove thatthe elements of) generate&\, it is enough to show thal = (U)* is
the ideal(0) in A.

Using Proposition 2.2ve see thatl = (U)+ = ﬂiszl(L/J\i)L. If on the contraryJ is
non-zero, then) N Sis also non-zero. Let be a non-zero element df N S and write
v=>Y7 ,au witha € A. Sincev # 0, we can assume for instance thati; # O; thus
a1 € P becausé? S= (0).

For alla € A we can writea € A/P asa = Zi':lrici with ri € K; herce
a=>_;rici + pforsomep € P. Thusau; = Y i_; riciuj and soAu; is generated as
aK-vector space bycyuj, ..., cruj}. Sinceti(ciuj) = 0foralli =1,...,r and for all
j =2,...,s then(AG1)(uj) = Gi(Auj) = 0 andthusu; € (1)t Vj =2,...,s. This
implies thataju; = v — Y7, & Ui € (01)*. The eementa is invertible because; ¢ P,
so we would getu; € (G1)* which is acontradiction asiy (ur) = 1.

Thus we have shown that = (0) and that the elements &f generate/A\. To show
that these generators are minimal, it is enough to observe that if we exgjudem our
set of geerators, then the elemeuj is contained in all the otheik)L and hence their
intersection is non-zero. [

Note that the map§; are not uniquely determined by the conditions requested in the
previous statement; any such set of maps will do the job.

Corollary 3.5. The idals Q = (Gj)*, i = 1,...,s, give an irredundant irreducible
decomposition of0). In particular the number of irreducible components coincides with
the dimension of S as an/R-vector space.

To méake this decomposition effective we will also need to compute the kernels

of the principal submodules gem¢ed by each of the functionaldy, ..., Us. Let
{ui,...,Us, Ust1, ..., Up} be a basis ofA as aK-vector space. Recall that e (@)t
if and only if, for all j = 1,..., p, we have(u; - G))(x) = Gi(xuj) = 0. If we write

X = Zﬁzl brhun in terms of the linear basigiy, .. ., up} with coefficientso, € K, we get
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thatx e (G)* if andonly if Gi (xuj) = G (X F_; baunuj) = SF_; bnGi(upuj) = 0 for
all j, and so thd,’s are the soltions of this linear system.

By Theorem 3.4if we know a minimal set of generators for the so8eandhence
in particular a basis 0§ as anA/P-vector space, we get an IID ¢0). We can extract
a minmal basis ofS from a set of generators using the modleof syzygies ofS and
Gaussian elimination (se@reuel and Pfister2002. Namely, & elements in a set of
generators is redundant if and only if there exists a syzygy in which the coefficient
of sis invertible, i.e. it does not belong 1. Once we ha® renoved this elenent, we can
find the sygygies among the remaining generators by Gaussian elimination.

An alternative approadis based o the fdlowing:

Proposition 3.6. It is possible to compute a minimal set of generators for any ideal L of a
local finite-dimensional K -algebréA, P).

Proof. Consider first the case whenis an A/P-vector space. Lefuy, ..., um} be any
set of gewerators for the ideal and compute a basig; = 1,¢p,...,¢} of A/P as
a K-vector space. We can assume that# 0. Forj = 2,..., m remove uj from
the list of generators itij; € Span,p(us, ..., uj—1), which wecan test by checking if
uj € Spark (Cius, ..., CrUg, ..., ClUj_1,..., G Uj_1). The sef{uy, ..., us} we get athe
end of this process is a basis lofas anA/P-vector space and therefore, by Nakayama’s
Lemma, a minimal set of generators foas an ideal.

In the case of a general idehl we note thatL = L/PL is an A/P-vector space.
Represntatives inL of an A/ P-vector space basis &f, whichcan be computed as before,
will be a minimal basis fot.. [

In Grobner(1934 it is proved tha, if {b, ..., bs} is a minimal basis for the sockeand
L; is a maximal ideal imMA not containingy;, then{Lq, ..., Ls} is anlID of (0). Using the
previous results, we can give a constructive version of Grobner’s theorem.

4. Principal dual modules

In this section we will consider the case whéris generated by one single functional
over A, sayA = (¢). If g1, ..., gk are generators of a submoduleAfthen eachy; is a
multiple of ¢, i.e.gi = aj¢ for somea; € A. Thus the submodule oﬁ\\generated by the
gi's can also be represented by operatingpowith the ideal inA generated by the;’s,
and we have:

Lemmad.l. If A = (¢), then there is a one-to-one correspondence between ideals of A
and submodules d&:

(I S A) < ((19) C A).
Lemma4.2. If A= (¢) and | is an ideal of A such that(l) = 0, then | = (0).

Proof. If ¢(1) = 0, then also(Ag)(1) = ¢(1A) = ¢(1) = 0, sol is contained in
()t =A=(0). O

Using the previous properties, we can express orthogonals in terms of quotients:
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Proposition 4.3. If A= (¢), then brany ideal | € A and for any A submodulgl¢) < A
wehave

I+ =(0:1)¢)
(Jp)- = (0:J).

Proof. Let1+ = (L¢) for someideal € A. Theng(IL) = L¢(1) = 0; hencd L = (0)
and thereford. € (0 : 1). Since((0 : 1)¢)(1) = 0, then{(0 : 1)¢) C I+ and hence
O:1)C L. ThusL =(0:1).

The second identity is proved similarly

Corollary 4.4. If A= (¢)yand | C A, then
©O:0:1)=1.

We have thus obtained a well known duality for ideals in zero-dimensional Gorenstein
rings, that already appeared@6bner(1934.

Corollary 4.5. Let | C Abeanidaelandlet(0: 1) = (a1, ..., a). If A= (@), then:

(1) | =N, 0: a).
(2) The decomposition above is irredundant if and only the generating set is irredundant.
(3) If we also assume that A is local, then any ideal of the f@ma) is irreducible.

Proof. (1) I+ = ((0 : 1)¢) = (a1, ..., ae); herce we havel = ﬁ!‘zl(a;qb)l =

M1 0: a).
(2) and (3) easily follow from the results 8ection 2 [

In particular we remark that the computation of the previous decompositioh fmes
not require the knowledge of a specific generatoAof

The previous results suggest a second strategy for computing an irreducible
decomposition of a zero-dimensional primary ideal. The key observation we will use is
that, if a zero-dinensional ideal € R=KI[Xx,...,Xn] is a conplete intersection, then
A = R/I is Gorenstein and hend@= A (see e.gKunz 1985or Eisenbug199§.

Lemma4.6. Let Q be a zero-dimensional P-primary ideal in R and considgr.q. , gn,
with g € K[X, ..., Xn], the polynomials in the reduced lex Grébner basis for Q such that
each g is monic in . Then he ideal J= (qy, ..., On) is P-primary.

Proof. The thesis immediately follows from the structure theorem for Grébner bases for
primary zero-dimensional ideals faianni et al.(1988. The theorem asserts thatdfis
the reduced lex Grobner basis fQ, thenG = {q11, ..., O1s,, . - - , On1} Where

() Gij € K[Xi, ..., Xnl,
(ii) gi1is monicinx; andgi1 = h; (mod/Q N K[Xj+1, ..., Xn]) With h; anirreducible
polynomial,
(i) gj =0 (mody/Q N K[Xj41,...,xa])forall j > 1.

Then/J = (h1,...,hy) = P and hence the zero-dimensional idehlis P-
primary. O
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Thus, byLemma 4.6 the ideal J generated by the monic elements in the reduced
lex Grobner basis for the zero-dimensional primary id€als primary. Since it is also
a conplete intersection, thetA = R/J is zerodimensional, local and Gorenstein.
ConsiderQ = Q/J and, using the method given above, compute a minimal basis of
generatorsfy, ..., fs for the ideal(0 : Q) in A. Then{(0 : fi)}i=1....s is an irredundant
irreducible decomposition fo@ in A and{(J : fi)}i=1.._s is an irredundant irreducible
decomposition foiQ in R. This shows:

Proposition 4.7. Let Q be a zero-dimensional primary ideal in R and denote by J the ideal
of R generated by the monic elements in the reduced Grébner basis for Q in lex order. Let
f1,..., fs be a minimal set of generators for the ide@l: Q/J). Then Q= ﬂiszl(J - i)

isan lID for Q.

Remark 4.8. Note that to computéJ : fj) we can exploit the fact thal is zero-
dimensional and therefore one can use algorithms based on linear algelrak'seman
1990andMéller and Tenberg?2007).

5. Decomposition of zero-dimensional ideals

In this section we will obtain decomposition into locallyrfeducible components for a
zero-dimensional ideal dR, not necessarily primary. First of all observe that:

Proposition 5.1. Let | be a zero-dimensional ideal in R and denote by J the ideal of R
generated by the monic elements in a reduced Grdbner basis for | (with respect to any fixed
monomial ordering). Let 4, ..., fs be any set of generators for the idgdl : 1). Then

@1 =N_.J: )
(b) The omponentgJ : f;) are locally irreducible (i.e. their primary components are
irreducible).

Proof. Since J is a conplete intersectionR/J is Gorenstein. As & observed before,
this implies thatR/J is a principalR/J-module and the decomposition Gbrollary 4.5
applies. O

Remark 5.2. A similar decomposition (computed without Grébner bases) was used in
Dickenstein and Ses9d99]) to reduce the problem of ideal membership to complete
intersection ideals.

The construction used Rroposition 5.1also allows us to obtain a presentatiorRyfl
as anR/I-module that does not require the knedde of a primary decomposition for
unlike Heif3 et al(2002. Namely:

Corollary 5.3. Let | and J be as ifProposition5.1 ThenR/1 = (J : 1)/J.

Proof. Let A = R/J. ThenR/l = A/(1/J) and thereforeR/l = A/(1/J). Thus, as
an R/l-module, R/I is isomophic to{f € A| f(1/J) = 0} = (1/J)*. On theother
hand, sinceA = A = (¢), we hae also thatl /1)t = ((0: (1/I)¢) = (J:1)/J as an
R/I-module. O
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Proposition 5.1gives a decomposition of any zero-dimensional ideal into components
(J : fj) suchthatR/(J : fj) is Gorenstein. Note that this decomposition does not require
polynomial factorization and could be used to produce simpler components of ideals as
a preliminary step to primary decomposition. In the case of polynomial rings in two
variables, these components are complete intersectionsEiseabud 1996; properties
of Gorenstein rings in three variables were exploreBuchstaum and Eisenbu@.977).

Example. Let | = (x2y? + x2y, y* + 2y3 + y2, x3 — xy? — xy) be an ideal given by its

Grobner basis under graded reverse lex ordering. In this dase(y* + 2y + y?, x3 —
xy? — xy) and hencgJ : |) = (y? +y, X). So wecan decomposkas

l=J:¥?+y)yNnJ:x)
=0V +ynyr+ 2 +yE x2—y2—y) = 11N,

The idealsl; and I, are complete intersections and their primary components are
irreducible, sincd; = (x3, y+1)N(x3, y) andls = (Y2+2y+1, x24+y+1)N(x3—y, y?).

From the preious results we also get the following characterization of zero-dimensional
Gorenste rings:

Corollary 5.4. Let | and J be as ifProposition5.1 Then R| is Gorerstein ifand only if
there exists fe R suchhat | = (J: f).

If the dements f1,..., fs in Proposition 5.1are chosen to be a minimal set of
generators of0 : 1 /J), then thedecomposition given ifProposition 5.1s minimal among
the decompasons of that form.

We now presst an algorithm for computing a minimal set of generators for a finitely
generated?/J-module; we can apply this algorithm @ : 1/J) to obtain a shortest
decomposition inProposition 5.1 This will also construct the required polynomiélin
Corollay 5.4in the case whelR/I is Gorenstein.

Let A be a finite-dimensionaK -algebra andV a finitely generatedA-module. The
problem of finding a minimal basis foM is, by Nakayama’'s Lemma, equivalent to solving
the sane poblem for the(A/+/A)-module M/ AM = (A/V/A) ®a M, where /A
denotes the Jacobson radicalffSo wecan assume thatl A = (0).

Observe also that, ih = K[xq, ..., xn]/L, thenA/v/ A= K[Xq, ..., Xn]/+/L.

Denote by Py, ..., P the prime (and therefore maximal) ideals 8f and T =
{1,...,t}. Inour sittation A = (0) = (7 Pi- In paticular

A ]‘[ A/P = ]‘[ Ap.
ieT ieT

Any basis ofM projects onto a set of generatord\dg, for alli; if the basis is ale minimal,
as an easy consequence of the Chinese Remainder Algorithm there exists at least one index
i such that its projection is a basis bfp as anAp -vector space. Hence any minimal
basis must contain as many elements as the maximal dimension of the localizations of
M.

Obviously, a necessary condition for an elemen&é M to belong to a minimal basis
for every lacalizationMp, of M is thatmp, # O for alli; in su acasem cannot be a
zero-divisor inM, that is(0 : m) = (0).
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It will therefore be helpful to consider some properties®f m), the anihilator of m,
in our situation:

Proposition 5.5. For allm € M wehave

©:m=PR

iETl
where T ={i € T | mp # 0}.
Proof. Observe that ifnp, # 0 then(P; : m) = B; else(P; : m) = (1). Herce

(0:m)=ﬂ(P.:m):ﬂP|. O

ieT ieTy
Corollary 5.6. For allm € M wehave

(1) ©:m)=(0) ifandonlyif mp = Oforalli.
(2) ©:(0:m) =©O: (Nier, P =Nier\1, P+
(3) (0:m)+(0:(0:m)) = (1).

(4) 0: m)N(0: (0: m)) = (0).

(5) 0:m)=(1) inA/©O:©O:m)).

The previous results suggest a method for computing a minimal set of gend3dtors
the moduleM starting from any geof gereratoramy, ..., my.

Let Ny = (0: my).

If N1 = (1), thenm; is redundant and we discard it.

If N; = (0), then we nsertm; in B and continue the computation working i/ (mj)
withmg, ..., Mk as generators.

Finally, if (0) # N1 # (1), we denoteN2 = (0 : (0 : mp)) and, fori = 1,2, we
consider theAj-moduleM; = A; ® A M whereA; = A/N;. Then wecan continue our
search for minimal generators working independentlyvin and inMy: over A; we have
(0 : mp) = (0), andhencem; can belong to a minimal basis for the localizatidvis at all
primesP in Aj; instead, byCorollary 5.6, step (5) over A2 we have(0 : m;) = (1), and
hencem; is redundant and we can discard it.

If we know two minimal base#; = {m(ll), . ..,ml((i)} and By = {mgz), el ml(é)}
respectively forM; and M2, we can reconstruct a minimal basis fibt over A using the
following procedure, based on the Chinese Remainder Algorithm, that we will denote by
CRA-M(B1, B2, N1, Np). First of dl, if, say, B> has fewer elements thdh, we extend3;
by zero elements until it has as many element8as\ext we @mputen; € N; suchthat
ny+nz = 1. Thenthe sefm;}i=1, .. k,, Wherem; = nzmi(l) + nlmi(z), is a set of gnerators
for M; moreover they are also aimimal basis since, by construction, they are a minimal
basis in at least one localizatidp, .

The previous procedures can be implemented by the following algorithm:
MIN-GEN(M, N, M, B)

Input :
N azero-dimensional radical ideal &f[x, ..., Xn], A= K[X1, ..., Xn]/N,
M an A-module,
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B, aminimal set of generators of a submodule\df
M ={mg, ..., mg}, elements oM suchthat M U B generated/.
Output : a minimal set of generators fdvl.

M= = B
—— basic ecursive step

m:=my
N1 := ((B) : m)
M= M\ {m}

——case 1misredundant

N1=(1 = MIN-GEN(M, N, M, B)

——case 2misagood element in all localizations

N1 c N = MIN-GEN(M, N, M, BU {m})

——case 3mis agood element for the localizations at a proper subset of
——primes; we select them, split the modileand reconstruct a minimal
— — basis via Cimese Remainder Theorem

N2 := (N : Np)

M1 := A/N1 ®a M

M2 := A/No ®a M

CRA-M(MIN-GEN(M1, N1, M, BU {m}), MIN-GEN(M2, N2, M, B),N1, N2)

Corollary5.7. If L is a zero-dimensional radical ideal of R= K[x1,...,Xn], A =
R/L and M is the A-module generated by the elements.m, my, then MIN-
GEN(M, L, {my, ..., m}, ¥) is a minimal set of gnerators for M.
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