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Abstract—Reconfigurable Intelligent Surfaces (RIS) are one of
the emerging technologies aimed at meeting the expectations of
next-generations wireless systems. In this field, the use of multi-
port network models for the characterization and optimization
of RIS has emerged in recent years. These models take into
account aspects traditionally not considered in communication
theory, such as mutual coupling of RIS elements and the presence
of structural scattering. In this work, we refer to this model
and focus on the problem of maximizing the average achievable
rate in a multi-user uplink scenario by leveraging statistical
Channel State Information (CSI). This approach significantly
reduces the computational burden and communication overhead
in CSI estimation compared to schemes requiring instantaneous
CSI estimation. These benefits are achieved with performance
that, in many cases, is reasonably close to that of the perfect
CSI scenario. This is one of the outcomes achievable with the
proposed optimization scheme. Moreover, it is shown how in
multi-user scenarios, namely in the presence of interference, the
use of inadequate models to characterize RIS can lead to very
poor performances. For example, models that do not consider
structural scattering may fail to account for interference caused
by RIS.

Index Terms—Reconfigurable intelligent surface, Multi-user
uplink communications, structural scattering, mutual coupling,
statistical CSI, optimization.

I. INTRODUCTION

Reconfigurable Intelligent Surfaces (RIS) are considered
a promising technology in the context of next-generation
wireless systems, particularly those operating at mmWave
frequencies or even higher [1]-[3]. The use of RIS for
supporting communications in a cellular scenario primarily
aims to boost system capacity or to aid communications with
nodes in poor connection conditions with the base station
(BS). This issue is well known in cellular systems and can
traditionally be addressed through the aid of additional BSs
deployed specifically to increase system capacity, for example,
mounted on UAVs, or through the use of Coordinated mul-
tipoint (CoMP) transmissions, where two BSs coordinate to
transmit to a single unlucky’ user, positioned, for example, at
the cell edge [4]-[7]. The fundamental difference between the
two approaches is that RIS are essentially passive structures
that can only reflect a signal transmitted by another transmitter
and cannot perform beamforming towards a node themselves.
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In this sense, RIS are more properly seen as part of the
propagation environment, realizing the concept of a smart
radio environment. In this case, the wireless system goes
beyond conventional communication device parameters, with
the environment itself, e.g., the channel, becoming a variable
that can be optimized. Besides the undeniable advantages in
terms of cost and power consumption, RIS introduce a series
of new challenges compared to traditional MIMO systems,
such as the problem of channel estimation.

Indeed, in RIS-aided communications, estimation of the cas-
caded channel from the User Equipment (UE) to RIS and
from the RIS to the BS, is essential for effective phase-shift
design and harnessing the benefits offered by RIS technology.
However, this task is complex, mainly due to the passive
characteristics of the RIS and the complexities posed by high-
dimensional channels [8]-[10]. Indeed, since all RIS elements
are passive and cannot transmit, receive, or process any pilot
signals, Channel State Information (CSI) estimation must be
performed by a central controller, such as the BS. This incurs
significant overhead compared to standard MIMO systems, as
it requires substantial resources to estimate the channel.
Another aspect that differentiates RIS from traditional MIMO
systems is the structural limitation that they are only capable
of reflecting an incident signal. To this respect, in the majority
of works addressing RIS optimization for communications
and/or CSI estimation, a RIS is characterized as a planar array
comprising a given number of reflective elements strategically
positioned at sub-wavelength intervals. The impedance of
each element can be finely adjusted to introduce a con-
trollable phase-shift to the incident wave before reflecting
it. By optimizing the phase-shift pattern across the RIS,
it becomes possible to manipulate the reflected wavefront,
directing it into a beam aimed at the intended receiver. These
models are not always electromagnetically consistent, since
they do not consider several aspects that play an important
role in characterizing the operation of a realistic RIS [11],
[12]. Recent results highlight, in fact, the critical need of
using realistic reradiation models, which result in a strong
interplay between the surface-level optimization of RISs and
the element-level design of the RIS elements [13]. In this
context, multiport network theory has been proved to be
a suitable approach for modeling and optimizing RIS-aided
channels [14]-[19]. In two recent works [20], [21], an easily
applicable MP network model is proposed, based on the S
and Z parameters representation of the network. This model
reveals the approximations inherently considered in classical
RIS models used in communication theory that assume the
RIS as an ideal scatterer.



Specifically, the classical RIS models overlook the effects
of: (i) electromagnetic mutual coupling between scattering
elements; (ii) correlation between the phase and amplitude
of the reflection coefficient; (iii) the presence of a structural
scattering component, leading to an unwanted specular com-
ponent of the reflected wavefront. Multi-port network models,
on the other hand, allow these aspects to be incorporated into
an easily manageable end-to-end model. This model enables
optimizations that account for all scattering components. For
example, with regard to the structural scattering component,
disregarding it may result in unwanted interference, which a
multi-port network model-based optimizer can easily elimi-
nate. This effect, in particular, will be demonstrated in the
results presented in this work, along with showing the effect of
mutual coupling in the characterization of the RIS’s response.
In all these works dealing with multiport network models,
the channel is assumed to be perfectly known at the central
controller, and RIS optimization is carried out accordingly.
On the other hand, many works in the literature consider the
channel estimation problem when RIS are characterized with
classical models where each element is a pure phase shifter.
Specifically, research in this field has so far pursued two
main approaches. On one hand, known as Single time-scale
CSI and RIS optimization, methods have been developed to
facilitate instantaneous channel estimation. This is achieved
by transmitting pilot signals and subsequently configuring the
RIS based on predetermined patterns at a timescale matching
the channel coherence time. In this vein, approaches such
as those in [22]-[25] aim to minimize the number of pilot
symbols, while approaches in [26], [27] address the same
problem in the presence of electromagnetic interference. A
diagram summarizing this type of approaches is shown in Fig.
1 (a). In this case, the necessity to configure the RIS multiple
times before obtaining reliable CSI could greatly diminish
their advantages. This is particularly true if the number of
individually reconfigurable elements is excessively large or
if an inefficient channel estimation algorithm is employed
[28], [29]. Furthermore, considering the dynamic nature of the
wireless channel and user mobility, optimizing a RIS within
a timescale aligned with the coherence time of the channel
can be challenging. This is especially true in highly dynamic
environments [2].

To address these open research issues, another approach
proposed in the literature does not strictly depend on perfect
CSI knowledge for RIS optimization. See, for example, [28],
[30]-[33]. In particular, the RIS is optimized based on the
statistical CSI of all links, which operates on a long time-
scale, effectively reducing the CSI overhead. Estimation of
the statistical CSI can be conducted through large time-scale
sensing, as proposed in [30], or by leveraging localization
information, as suggested in [31]. These approaches can be
referred to as Two-time-scale CSI and RIS optimization and
are summarized in Fig. 1 (b). These schemes involve a two-
phase optimization process. The first phase is offline, which
is long-term and sporadic. The second phase is online, which
is short-term and more frequent. During the online phase,
communication between the BS and the UEs is optimized
without interaction with the RISs. The key advantage of this

approach is that the RIS can be optimized without the need
for repeated reconfigurations with predetermined patterns.
Furthermore, the information necessary for RIS optimization
can be obtained sporadically. This information may be known
beforehand, such as knowledge of UEs confined to a specific
area. It can also be learned occasionally during system oper-
ation, using a localization infrastructure.

A. Contribution

We consider a MP network model for RIS that addresses

several factors often overlooked by traditional RIS models
in communication theory. These include the mutual coupling
among scattering elements and the presence of structural
scattering.
The MP model, which allows for a more realistic character-
ization of the RIS in a communication system compared to
traditional models, does indeed have the drawback of featuring
a nonlinear transfer function. Previous studies enhancing the
MP model have assumed perfect knowledge of the channel
at the central controller, and RIS optimization has been
conducted accordingly. In contrast, this paper addresses the
CSI problem and considers a scenario where RIS optimization
is performed solely based on second-order CSI statistics, as
outlined in the scheme shown in Figure 1 (b). In this context,
to solve the problem, we proceed as follows:

« First, we establish the equivalence between the problem
of maximizing the mean rate subject to interference,
which is our primary problem, and an LMMSE estima-
tion problem, which we define as the dual problem.

o The dual problem involves the introduction of an aux-
iliary variable in the primal problem, leading to its
decomposition into multiple manageable subproblems.

« We leverage the linearization of the transfer function of
the RIS to address the RIS optimization sub-problem.

« Finally, we employ an alternating optimization approach
to obtain a local maximum of the primal problem.

To the best of our knowledge, this is the first work in which
the MP network model is used in a multi-user scenario where
there is no perfect CSI.

The analysis and RIS optimization strategy proposed in this
paper are general and do not depend on a specific approach
for channel correlation estimation. Nevertheless, in the Results
Section, we present results for a case in which the correlation
matrix is estimated from location information.

The RIS optimization proposed in this paper is carried out
assuming that in the channel between the BS and the RIS, the
presence of natural scattering can be neglected and that the BS
and the RIS are positioned in fixed and known locations. The
first assumption arises from the consideration that the BS and
the RIS can, in many cases, be optimally deployed to have a
very strong Line-of-Sight (LOS) component. However, in the
model considered for simulations, we will take into account
the presence of multipath also in the BS-RIS link.

In the Results section, we will demonstrate the validity of
the proposed approach. It will be shown that, although the
absence of perfect CSI inevitably results in performance
degradation compared to the ideal perfect CSI case, the
performance gap is often not substantial. This justifies the
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Fig. 1: Possible approaches for RIS optimization.

adoption of approaches based on statistical CSI due to their
reduced complexity and overhead. Moreover, it is shown
how in multi-user scenarios, particularly in the presence of
interference, the use of inadequate models to characterize RIS
can lead to very poor performance. For example, models that
do not consider structural scattering may fail to account for
interference caused by RIS.

B. Paper Outline and Notation

The rest of this paper is organized as follows. In Section II,
we introduce the model adopted for the system. In Section
III, the MP network model for the RIS characterization is
proposed. In Section IV, we provide an iterative algorithm
with provable convergence that allows carrying out the RIS
optimization. Numerical results are presented in Section V,
while conclusions are drawn in Section VI.

Notation: Unless otherwise specified, matrices are denoted
by bold uppercase letters (i.e., X), vectors are represented by
bold lowercase letters (i.e., x), and scalars are denoted by
normal font (i.e., ). (:)T, (-)¥ and (-)~! stand for the trans-
pose, Hermitian transpose and inverse of the matrices. The
symbol ® represents the Hadamard (element-wise) product
while with diag (x) we mean the diagonal matrix obtained
from the element of vector x and with diag (X) the vector
obtained from the diagonal matrix of X. The notation ||x||
signifies the Euclidean norm of the vector x, || X]|| is the
Frobenius norm of the matrix X, and E{-} represents the
statistical expectation. Finally, I,, indicates the identity matrix
of dimension n.

II. SYSTEM MODEL

We consider a wireless scenario where a single-antenna UE
must establish a communication link with an N-element BS.
The BS antennas are arranged in a uniform planar array (UPA)
with Ny rows and Ny columns, resulting in N = Ny Ny . In
this environment, a RIS is present with the goal of supporting
the communication of the intended UE, while N,, — 1 users
are also present and act as interfereres for that node. We
are particularly interested in studying the capabilities of the
RIS to improve the link quality of the intended UE while
simultaneously limiting the interference from other UEs. This
analysis is conducted with only statistical knowledge of the
channel to all the involved nodes. The reference scenario
is, for example, one in which the interfering nodes are
communicating with another BS or with the same BS without
the aid of the RIS, or with the aid of a different RIS.

The RIS is equipped with M passive reconfigurable elements,
forming a UPA with My rows and My columns, where
M = Mg My,. Without loss of generality, we assume that the
first UE serves as the reference user. Hence, in the considered
scenario, the objective of the RIS is to maximize the rate of the
first UE, while users ¢, where ¢ = 2, ..., N, act as interferers.
A graphical representation of the scenario is shown in Fig.
2. The channels connecting the UE ¢ with the RIS and the
BS are denoted by t; € CM*! and p; € CV*1, respectively.
Additionally, S € CN*M represents the channel between the
RIS and the BS. For the direct links p;, we assume that only
the Non-Line-Of-Sight (NLOS) components due to natural
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Fig. 2: RIS-aided communication system.

scattering are received at the BS, which is the situation where
the use of RIS can be beneficial. We can express the received
vector y € CN*! as follows:

Ny Ny,
i=1 =1

Here, A(z) € CM*M jg the RIS reflecting matrix, dependent
on a vector z € CM*1 of tunable parameters, s; represents
the transmitted symbol by UE 7 with transmitted power
E (|s;]*) = ¢Z, and n € CN¥*! is the thermal noise with
variance 2.

The BS estimates the transmitted signal s; by using the
combining vector v € CV*! to obtain §; = vy.

III. RIS MODELS
A. MP Model

By referring to the MP Z-parameters representation of an
end-to-end channel matrix involving an RIS as presented in
[20], we obtain:

Ayp(z) = —2Yy(Zss + roly + Zg) ™. )

Here, Zgs € CM*M denotes the matrix of self and mutual
impedances of the RIS, Zr = diag(z), where z = jb are
tunable impedances connected at the RIS ports, ry represents
a small parasitic resistance, I, stands for the identity matrix,
and Yj is a reference admittance defined as:

Zy
(Zo + Zrr)(Zo + Z7T)

In (3), Zj is the reference impedance across which the trans-
mitter and receiver ports are terminated, while Zrr and Zp
denote the self-impedances of the receiver and transmitter
ports. For simplicity, it is assumed that Zj is uniform across all
ports and equals to Zy = 50 2. Note that (2) has dimensions
of 272, consistent with the Z-parameter representation of the
multiport, where S and t; in (1) denote impedance matrices
with dimensions of €). The values of Zgg, Zrgr, and Zpr
can be analytically computed as demonstrated in [15], or
determined using full-wave simulators as shown in [20], [21];
nevertheless, they can be assumed to be known since they rely

Yo = (©))

on the structural characteristics of the RIS, such as the length
and spacing between dipoles (in the case of RIS composed of
dipoles).

B. Communication Theory (CT) Model

In order to characterize a RIS within a communication
system, including UEs and BSs, it is customary to represent it
as surfaces composed of ideal scatterers capable of imparting
a phase shift on the impinging signal. This model, which
we will refer to as the Communication Theory model (CT)
hereafter, can be represented by a diagonal reflection matrix
with elements:

[ACT]m’m = Jol'm 4)

where Jy is a constant depending on the geometry of the
scatterer, and I',, = e/®m is the load reflection coefficient
with 0 < ¢, < 27.

C. Comparison between CT and MP models

The CT model in (4) can be seen as a particular case of the
more general MP model in (2), as broadly discussed in [20]. It
is indeed straightforward to derive the CT model from the MP
one by making the following assumptions. First we neglect
the parasitic resistance g and impose Zgsgs = ZoIys. In this
manner, beyond ignoring the mutual coupling, the scattering
matrix of the RIS becomes zero, and the effect of the RIS is
solely to introduce a pure phase shift to the incident signal.
This simplified model is denoted by ideal Multi-Port (iMP)
which, from (2), yields a diagonal RIS reflection matrix with
elements:

(Birtp(B)]y = =2Y0(Z0 +30m) ™" (5)

Hence, it is easy to verify that:
Yy

Aivp(b) =Acr — 711\4, 6)
0
when Jy = % and
— jbm - ZO (7)
" me + ZO

in (4). The above equation allows to shed light on a third
important approximation which is inherent in the CT model, in
which Ag = —)Z/—(;I M 1s not considered. This term corresponds
to the scattered signal obtained when the the RIS is terminated
with impedances z,, = Zj, i.e., when the load reflection
coefficient is zero, and hence the CT model would entails zero
scattered energy. This structural component causes the RIS
to behave like a scatterer that does not introduce any phase
shift on the incident signal, thereby introducing a specular
component that, as we will see, cannot be ignored without
significantly deteriorating performance in certain situations.

IV. RIS OPTIMIZATION
A. Problem Formulation

For RIS optimization purposes, we do not consider the
direct links p; between the UEs and the BS, as these links
are not under the control of the RIS. On the other hand, as
discussed in most previous works on RIS (e.g., see [28], [34],



[35]), in the presence of a strong BS-UE direct link, the impact
and contribution of the RIS are usually not very significant.
Hence, optimizing the RIS to account for this possibility
typically provides no significant benefit. It should also be
noted that in the presence of a direct link, the optimization
of the RIS should be able to coherently combine its reflected
contribution with the direct one at the receiver, which can
only be done with a perfect channel estimation. Therefore, in
the scenario of only statistical channel knowledge, the RIS
can be optimized considering only the contribution of the
reflected path. The presence of the direct path will nonetheless
be considered in the Results section.

To elaborate, since z = jb, for simplicity, we denote A(z)
as A(b) from now on, and with ® = SA(b). In line with
the approach described in Fig. 1 (b), the channels t; are not
known to the BS. For this reason, the optimization of the
RIS requires either a direct estimation or prior knowledge
of certain statistical parameters characterizing these channels.
In particular, we assume t; ~ N (0,Ry,), where Ry, are
the correlation matrices, with + = 1,..., N,. Concerning
the matrix S, it is assumed to be perfectly known from the
network deployment. This knowledge can be either because
the BS and RIS are in fixed positions with a strong LOS
component or because the BS is stationary, allowing the
channel to be known through offline estimation techniques.
In essence, we are considering a scenario where the RIS and
the BS cannot be mounted on mobile nodes, such as UAVs or
vehicles. In a scenario where the RIS and the BS can move,
the problem of channel estimation becomes more complex,
and the link S between the BS and the RIS can also be
uncertain. However, if the channel is significantly influenced
by a strong LOS component, which is the only case where
RIS can be beneficial as discussed above, the channel depends
only on the positions. Therefore, the approach proposed in
this paper remains valid, provided that sufficiently detailed
information about the positions of the BS and the RIS is
available. In the model considered for simulations, we will
take into account the presence of a certain amount of multipath
in the BS-RIS link, which results in a slight uncertainty in S.
We will demonstrate that this presence does not have any
substantial impact.

We denote by x = t;s;, the intended signal, and by w; =
t;s;, with ¢ > 1 the interfering users. Then we introduce:

R, =E (xx) = oRy,
Ry, =E(wyw/) =0iRy, i=2,....N,.  (8)

i

Then, emphasizing the effect of the intended UE with respect
to the others, neglecting the direct links p;, we can rewrite
(1) as follows:

Ny
yz@x—&—@ZWi—Fn. )

i=2
For the purpose of optimizing the RIS, we consider the
worst-case bound presented in [36] to evaluate the ergodic
achievable uplink rate in the presence of interference, based
on the assumption of uncorrelated additive interference and
noise. Accordingly, we can write the following expression for

the ergodic uplink rate:
R =Ry, [log, (1+7(x,®,v))] (10)
where E¢, is the expectation with respect to t; and

ovHet tH ey

Y

v(x, ®,v) =

P
i

Ew, (22 vidw,wHPHvy + VHVO'%)
i=

_ vEpxxHPpHy
N’lb ’
vH <<I> > Ry, PH + O',QLIN) v

=2

To elaborate from (11), we consider the upper bound Ry > R
derived from the concavity of the logarithm function, where:

Ry =log, {1 + Ex [y (x,®,V)]}. (12)
From (11) we have:
vEPR, PHv
Ex [’7 (X7 @, V)] = N, (13)
vH (‘I> > Ry, ®H + U?LIN> V.
i=2

To further elaborate, we are then in the position to formulate
the optimal RIS design as:

H H
(b*,v*) = arg max thI>(b)thI>(b) v
Y VHB(b) S Ry, ®(b)Hv + vivo?
=2

(14)
st. be RM v eCN.

Regarding the variable b in (14), assuming b € RM,
corresponds to assuming that it is possible to implement a
circuit at the ports of the RIS with any reactance value,
meaning that the phases of the reflection coefficient (7) can
take any value in the interval [0,2r]. As for the combining
vector v* resulting from the solution of problem (14) is
indefinite in its magnitude, in the sense that given a v*, any
av” is still optimal for all o > 0. This indeterminacy will not
be present in the dual problem that we will define later and
which will be considered for the iterative computation of v.
It’s worth noting that problem (14) is not convex in Vv
and ®, and a further difficulty arises from the complicated
relationship between ® and b entailed by MP models due to
the matrix inversion in (2). Hence, we provide an alternative
formulation of the same problem in the following, which
allows us to find a local optimum.

The proposed approach is based on alternating optimization
(AO). The AO algorithm, known for breaking down opti-
mization tasks into smaller, more manageable subproblems,
simplifies the optimization process. This approach proves
particularly useful when dealing with intricate interactions
or dependencies among variables. Specifically, a three-steps
algorithm is proposed in which, in addition to the two
variables v and b present in (14), there is an auxiliary
variable A that will be introduced later. These variables
are alternately optimized, i.e., one of the three variables is



optimized assuming the other two fixed. To start, let’s consider
being at iteration k of the AO algorithm, and we denote by
v(*) and b®) the values of v and b found at iteration k.
Then, a method is derived for computing b*+1) with the
precoder fixed to v(¥), which for simplicity of notation is
simply denoted as v.

B. RIS optimization

Given the precoding vector v, we formulate problem (14)
as follows:

He(b)Rx®(b)H
b* = argmax (b) (b)

i (15)

vE®(b) Y Ry, ®(b)7v + vHvo2
i=2

s.t. b e RM.

Problem (15) remains non-convex in ®.
To elaborate, consider the eigen-decomposition Ry =
UDU?¥. Since Ry is positive semidefinite, the diagonal
matrix D has real non-negative entries. Then, we introduce
the auxiliary variable vector A € CM*1 and the error function
(16). In Appendix A, we will provide an interpretation of the
meaning of these terms within the context of an LMMSE
estimation problem. The estimation problem can be seen as a
dual problem, which, as we will see, is formally identical to
the primary problem defined in (14). Therefore, the estimator
A will simply represent an auxiliary variable of the original
problem, allowing us to reformulate the objective function
in (15) in such a way as to decompose it into two convex
subproblems.

Going along with the interpretation of the dual estimation
problem, the optimal estimator A from equation (16) can be

defined as:
A (P, v)= argrr}&né'r (A, ®@,v) a7

DY2UHPHy

N,
H (@quﬂ + @5 Ry, ® + U%IN) v

i=2
Substituting (17) into (16) yields:

EX(®,v) =tr (IM - A*(«p,v)qu>UD1/2) . as)

Denoting s = DY/2UH & v, from (17), (18) can be written
as:

Thus, problem (15) is equivalent to:

b* = arg min [mj{né}(A,@,v) . (20)

st.beRM

To verify this result, it suffices to note that the minimum of &,
in (20) corresponds to £ calculated in (19), which depends
on the inverse of Ey [y (x, ®, v)]. Therefore, minimizing this
term is equivalent to maximizing Ex [y (x, @, v)], which is the
original problem in (15). To solve problem (20), following the
AO approach, the two minimization problems are computed
separately. Specifically, we proceed as follows:

1) With & = ®&(b®), we compute A*+1) as (17):

A* (@(b<k>),v) .

2) The RIS phase-shift matrix is computed as the solution
of the minimization

b(k+1) = arg mbin 5r (A(k+1)7 (I)(b),v)

st. beRM,

A(k+1) _ (1)

(22)

C. Solution of (22)

To elaborate, for the sake of notation convenience, let us
introduce @@ and q € CM*1! as:

Ny
Q=vt <<I>(b) (Rx +) Rwi> & (b) + U§IN> v

i=2
q=vi®b)UDY2 (23)

It is then easy to show that:
& (A%, @(b),v) = HA(M)H 24)

—23%2[ Ak+D } M.

The proposed approach to RIS optimization utilizes the Neu-
mann series approximation to linearize the matrix inverses for
small variations of the solution, similar to traditional Z-matrix-
based approaches (see, e.g., [16]). However, as demonstrated

sHg in [21], working with the phase of the reflection coefficients
E(®,v) =M — N rather than directly with the tunable reactances b leads to
vH {‘E’ (Rx + > Rwi> PH U%IN:| v better performance in terms of algorithm convergence. For
=2 further clarification, when neglecting the parasitic resistance
=M—-1+ 1 ) (19) 7o, the reflection coefficient I'y, of the m-th port of the RIS
Ex [y (x,®,v)] +1 becomes a pure phase shift, i.e., I',, = /=, and we can
Ny
E (A, ®,v)=tr {A v <<I> (Rx + ZRwi> o1 + 031N> v| A% 2R [AchpUDl/z] +1M} : (16)
i=2




express it as:

o =20, Zylteln
m jbm + ZO m 1 — ej(bﬂl
db,, eI dm
=927 = 25
ddm *(eiom — 1) 25)
27, ibm — Zo _ W+ 7
(jbm + Zo) (L’"_ZO — 1)2 22y
m Jbm+Zo

Hence, denoting by B(*) = diag (b(*)) and ¢ the tunable
reactances matrices and the corresponding reflection coeffi-
cient phase vector at iteration k of the iterative algorithm and
considering small variations of ¢(¥) for evaluating the solution
at next step, i.e., ¢t = p(*) + §, with § € C'*M and

Om << 1, we have:
B*+D ~ B®) 4 F(*F)diag (6) (26)

where F(?) ¢ CM*M j5 3 diagonal matrix with entries

gy _ ()47

m,m — 27,

1) Solution for the MP model: Since ® = SA(b), from
(2) and (23) we have:

Q = 4y2vH {S(Zss + 79+ jB)7! (Rx + %R%)
= (27)
% [S(Zss + 1o +jB) 1" + aiIN} v
q = —2YyvS(Zss + 1o + jB)"'UDY2
From (26) we have:
S(Zss + 1o + jBFH 71
~ S(Zss + 1o + jB™ + jFFdiag (8))7".

(28)

We then introduce the following terms:

-1
A® = (Zgs + 70+ jBY)
GF) = jSAMF®F)

(29)

Invoking the Neumann series approximation for matrix inver-
sion, we have:

S(Zss + 1o+ jB*) 1 ~ SA® — GMdiag (6) A®)
(30)

where the approximation holds when:

—1
HFUf)diag(&) (zss + 70 —|—jB(k)> H <e (31

with € << 1. Denoting by P = F(*) A(%), condition (31) can
be expressed as:

M
> on0n, <€

m=1

(32)

where 6,,, represents the entries of the main diagonal of PP
Then:

N,
Q ~ 4y2v {(SA("') — G®diag (6) AR (Rx +> Rwi>
=2
(33)
H
X [SAW — G diag (8) AW} + aglN} v

q~ —2YvH (SA(’“) — GWdiag (6) A<’f>) UD!/2.

From (24) and (33), problem (22) is then a convex problem in
4 with solution 6* that can be evaluated as shown in Appendix
B. Finally, we can evaluate

B*+1) = B®) 4 (k) djag (6%)
b*+D — diag (B(k+1))
and go to the next iteration of the AO algorithm.
2) Solution for the CT model: In the CT case, it is
necessary to use (4) instead of (2). This firstly entails using
a diagonal Zgg with entries Zj, which is trivial and does not

lead to differences regarding the solution of problem (22).
Secondly, it is necessary to subtract Ag in (30), resulting in:

S(Zss + 1o + jBEFD) 71 (35)
~SA® — GFdiag (§) AP — Ag.

(34)

From this point onwards, the optimization can proceed
straightforwardly in the same manner as described above for
the MP case.

D. Combiner optimization

For the computation of the combiner v(*+1) another step
of AO is performed. Specifically, with the RIS tunable vector
fixed to b*+1) which for simplicity of notation is denoted
as b, we have:

v+ — argmin &, (A(Hl)’ <I>(b)7v) ' 36)

Note that the computation of v in (36) is not indeterminate in
magnitude, as it is effectively a vector that minimizes a mean
squared error. From (24) and (23), introducing

Ny
W = &(b) <Rx + Z Rwi> &7 (b)+ 21y (37)
=2
we get:
2
Er (A<k+1),(l>(b),v) =vi HAUH'I)H Wyv

=20 (AH)V B (b)UDY2) 4 1.
(38)
The problem in (36) is convex and can be solved by setting
the gradient to zero. To elaborate, we can evaluate the gradient

as:
V. [er (A<k+1>, @(b),v)] (39)

—2 HAU““) H2 Wv — 28(b)UDY/2A K+



Algorithm 1: Proposed Optimization Algorithm

Input: S, Ry, i=1,...,Ny, 02, Zgs, Zo =508, g > 0;
Initialize:
Generate the initial values of v(®) and b(®) and evaluate
0 =SA (b(o)) and A according to (17);

Set an arbitrarily small value n > 0, p > n, k < 0;
while p > n do

Compute b(5t1) according to (34);

Compute v(k+1) according to (40);

Compute A*+2) according to (17);

p e [b*+D — b

k< k+1.

Accordingly, we obtain:

-1
YD) [HAU““)HQW} &(b)UDY2A®+D (40)
The complete algorithm for the proposed is summarized in
Algorithm 1.

E. Convergence of Algorithm 1

The AO approach guarantees that at each iteration:

g, (A(k+2)’ b(k+1)7v(k+1)) (%) g, (A(k—&-l)’ b(k+1)7v(l~c+1))

(2 & (A(’““),b(k“),v(k)) (2 & (A(k-&-l)’ b(k)7v(k))

41)
where (a) follows from A*+2) = A* (®(bk+1) v(k+1))
(21), (b), and (c) follow from (36) and (22), respectively.
From (41) and (19), we have then:

By [y (x @40, v )] > B, [ (x, @0, v
(42)
i.e., the objective function in (14) increases at each iteration
which guarantees the convergence of Algorithm 1.

FE. Computational Complexity

The computational complexity of Algorithm 1 depends on
the complexity of evaluating the terms b**1 y(+1) and
A+2) " as well as on the number of iterations required
to achieve convergence, which is analyzed in the Results
Section. Regarding the complexity of evaluating the terms in
the main body of Algorithm 1, we assume that the number of
elements in the RIS is significantly greater than the number
of antennas at the BS, i.e., M > N. Moving forward, we
adopt the customary assumption that the computational cost
of computing the inverse of a matrix depends on the cube of
the number of its elements. Additionally, for simplicity, we
assume that the product of an n X p matrix by a p X ¢ matrix
entails a number of operations proportional to npq, neglecting
the potential optimization from specialized algorithms for
matrix multiplication.

Accordingly, it can be demonstrated that the complexity of
evaluating v(*+1) is O(NM?) due to the evaluation of W
in (52). Similarly, the computation of A®*+?) also incurs
a complexity of O(NM?) due to the evaluation of the
denominator in (17). Finally, the evaluation of b(k+1) has

a complexity of O(M?3), stemming from the evaluation of
A® in (29) and the matrix inversion in (56). Therefore,
considering only the most significant terms, the complexity
of each iteration of Algorithm 1 is O(M?3). Thus, the total
complexity turns out to be O(N;M?), with Nj being the
number of iterations of the algorithm. Despite this number
potentially being high, as shown in Fig. 5, it should be
noted that the proposed statistical CSI scenario allows for
a considerable relaxation of complexity constraints. This is
because RIS optimization can be performed over relatively
long timescales on the order of seconds or even longer,
depending on the user’s mobility. Given the computing power
of modern multi-GPU tera-flops processors, it can reasonably
be assumed that the proposed algorithm is compatible with
real-time implementation, particularly for low-mobility users.
In calculating the complexity, it should be considered that we
evaluate the complexity of a single RIS serving one node,
which is the scenario of interest. If we wanted the same
RIS to serve multiple nodes, or multiple RISs located in
different places to serve multiple nodes, the complexity would
obviously increase with the number of nodes. The analysis of
this scenario is beyond the scope of the present work and
could be the subject of further study.

V. NUMERICAL RESULTS

We present some numerical results to assess the effective-
ness of the proposed optimization algorithms. Considering the
scenario depicted in Fig. 2, we assume the carrier frequency
is fo = 30 GHz, the RIS is centered at position P = (0,0, 3)
m, and the BS is positioned at Pgs = (—7,7,2) m, corre-
sponding to an angle of —m/4 with respect to the RIS. The
N, UEs are situated at positions P; = (X;,Y;,0) m, with
X;,Y; > 0 indicating that they are located on the opposite
side of the room from the BS. Specifically, F, is the position
of the user of interest and F;, ¢ > 0 are the positions of the
interfering users.

Following the RIS structure proposed in [21], the scatterers
of the RIS consist of identical metallic dipoles with a radius
of A/500 and a length of L = 0.46A. The dipoles are
configured as a uniform planar array (UPA) with My elements
along the x axis and My elements along the z axis. The
spacing between the elements is set to d, = A/Q in the
x direction, where () is an integer determining the dipole
density. Conversely, the spacing between elements in the z
direction is d, = 3/4\. We then choose My = 16)/d, and
My = 4, resulting in an RIS forming a rectangle with an
area of 50\%. Regarding the BS, it is equipped with N = 16
antennas arranged in two linear arrays along the z axis,
with each array containing 8 antennas along the x axis. The
antennas at the BS are separated by A\ /2 in the x-axis and 3\ /4
in the z-axis. Similar to the RIS, these antennas are metallic
dipoles with a radius of A/500 and a length of L = 0.46\.
Regarding the noise, the variance o2 is calculated to achieve
a signal-to-noise ratio of -20 dB in the case where the RIS is
configured randomly and for a transmitted power P, = 20
dBm. Then, the UEs are equipped with single dipole antennas
having the same characteristics. Finally, regarding the value



of € defined in (31), it is set equal to 0.005 which has been
experimentally shown to guarantee always convergence of the
iterative algorithm.

In the next two sections, we describe how the channel models
for RIS optimization and simulations are generated. The two
models are generated independently to reflect the fact that,
in a scenario like the one considered, the RIS is optimized
using a priori information that can reasonably be assumed to
be known but does not perfectly reflect the real situation, i.e.,
there can be a mismatch.

A. Model considered for RIS optimization

Given the potential presence of both Line of Sight (LOS)
and non-Line of Sight (NLOS) components in practical chan-
nels, we characterize the RIS-UE channel using a generalized
spatially correlated Rician fading model [37]. This approach
is widely used in the literature to account for the presence of
multipath fading in RIS-aided communications, as shown, for
example, in [38] for a MP network model using S-parameters.
As for the LOS scenario, it is assumed that the prior positions
of the nodes are known with circular uncertainty, meaning
that the nodes are uniformly distributed within a circle of
radius o around the actual position, where o represents
the localization error. The correlation matrices of the LOS
components are then computed using a classical model for
correlation calculation based on the angular spread with which
the signal can arrive given the known localization error. For
simplicity, consider a planar geometry where the arrival angle
depends only on the angle of arrival (AOA) ¢, and assume
knowledge of the range A; of possible arrival angles for the
signal from ¢-th UE, given its uncertainty region (see the
illustrative example in Fig. 3). Denoting by z,, the  location
of the m-th dipole of the RIS, with m = 1,..., M, when a
plane-wave impinges on the RIS from the AOA ¢, the array

response vector can be written as [39]
43)

T
P27 : 27 :
j2Exy sin @ j2Ex s sin g
a(gp)—[e A e, €N

where )\ is the wavelength. Hence, the channel correlation
matrices R; are evaluated as:

R ! TN Hp)dp (44
S L] M GEN O C T
where K is the Ricean factor, f(p;, A;) is the spatial scatter-
ing distribution function, which is derived from the uniform
distribution assumption within the circle and is evaluated
numerically, 3; represents the channel gain considering the
center of the nodes’ uncertainty region, which is evaluated
assuming a line-of-sight (LOS) propagation model. It is im-
portant to note that this model is equivalent to the spatial
correlation matrix model proposed in [39], [40]. However, in
this case, this model is considered only for RIS optimization
purposes and does not reflect the model generated in the
simulations, as explained below. The same model is assumed
for the non-line-of-sight (NLOS) component. Specifically,
considering a uniform angular distribution and and an angular
spread A,,, the correlation matrix of the NLOS part is given

Fig. 3: Angle spread for correlation evaluation

by:

B/, Pi+Am /2
: / a(p)a (¢)dep. (45)
%}

[ Ki+1 A /2

Hence, making the reasonable assumption that the LOS and
NLOS components are uncorrelated, we evaluate Ry = R+
‘W, and Rwi =R, +W,;, withi>1 L

To summarize, the only information known a priori for RIS
optimization are:

o The uncertainty in the positions of the nodes;
o The Ricean factor;
o The angular spread of the multipath components.

B. Model considered for Simulations

Given the estimated positions of the nodes, the true posi-
tions are generated according to the uncertainty model, which
selects a random point within the circle of the uncertainty
region. Note that, as demonstrated in [31], the assumption of
Gaussian correlation of the channels previously made holds
reasonably well when the channel uncertainty is due to uncer-
tainty in the node’s position, although there may be a certain
degree of mismatch with the model. Meanwhile, the BS is
positioned at a fixed location. Subsequently, the Line of Sight
(LOS) components of the matrices S and the vectors t;, along
with the matrix Zgg, are derived from the MP network model
introduced in [15], utilizing the nodes’ positions. This model’s
accuracy has been confirmed in [21] through comparison with
a full-wave numerical simulator. Subsequently, following the
Ricean channel model outlined earlier, a Gaussian NLOS
component is incorporated. Specifically, if S and t; represent
the terms computed by the model [15], the actual S(¢) and tge)
are determined by introducing multipath effects in the form of
additive Gaussian noise with a covariance matrix calculated
as in (45). Notably, we generate the NLOS for the :-th RIS-
UE channels, taking into account the angle spreading A,,, and
the Ricean factor K. For the BS-RIS channel, we consider
the angle spreading Asf %) and a Ricean factor K. It’s worth
mentioning that although we include the NLOS component
in the BS-RIS channel in the simulations, this effect is not

INLOS depends on the presence of natural scatterers in the environment,
which introduce attenuation and phase shifts entirely different from those of
LOS (Line-of-Sight).



accounted for in the analysis, assuming that K can be very
high. Regarding the direct path BS-UE, it is assumed that only
an NLOS component may be present with power lower than
that reflected by the RIS, which is the situation of interest for
RIS-aided communications. In particular, to stay general, it is
assumed that the direct path BS-UE is modeled through an
NLOS multipath channel generated according to a Rayleigh
distribution with a power Kpp times lower than the signal
received from the RIS. The direct channels between the BS
and the ith UE are denoted by pl(.e) e CNx1,

C. Performance evaluation

During actual transmission, the RIS becomes an integral
part of the environment, and communication follows stan-
dard end-to-end channel estimation strategies, which can be
conducted with pilot sequences and receiver CSI estimation.
Specifically, the end-to-end channels are h!” = p!® +
3©t! where ®© = S(©A(b) depends on the RIS
configuration b optimized offline. Accordingly, the rate for
each channel instance is computed as:
U%thge) (hge))H v

R.=1log, | 1+ N I
> avahge) (hg”) v+ vHvg2
i=2
(46)
where the combining vector v is evaluated according to
the MMSE criterion, which is known to optimize Shannon
capacity.

D. Results

In the following figures, we present the results obtained
from simulations to validate the optimization approach pro-
posed in Section IV. The results are obtained for three
different schemes, namely:

e OPT-NoCSI - Optimal RIS design with MP model for

RIS and statistical CSI;

e CT-CSI - Optimal RIS design with CT model for RIS

and statistical CSI;

e OPT-CSI - Optimal RIS design with MP model and

instantaneous CSI;

In all cases, the results are calculated by averaging the effec-
tive rate computation reported in (46) over a certain number
of channel instances generated according to the procedure
described in Section V-B. Regarding the OPT-CSI case, it
refers to the scenario in which the RIS is optimized based on
the exact knowledge of the channel of the intended user. To
this aim, in place of the ergodic rate defined in (10), we refer
to the instantaneous uplink rate:

R = log, (1 +y(t, @, v)) 47)
where

H
J%VH<I>t§e) (tge)) oy
"Y(tgav (1)7 V) =
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Fig. 4: Simulation scenarios: (a) Scenario adopted for the results in
fig. 5; (b) Scenario adopted for the results in figs. 6-9.

Hence, the optimization probler}rll can be written as in (14)
() (£) " . With this modification, Al-
gorithm 1 allows for maximizing the instantaneous rate instead
of the average rate. OPT-CSI thus provides a performance
benchmark that could be achieved in the case of ideal CSI
between the intended node and the RIS. Finally, in all cases
the angular spread A, of the multipath components is set to
10° for the RIS-UE links and 5° for the RIS-BS link.

In Fig. 5, the convergence behavior for the OPT-
NoCSI algorithm is depicted for the case illustrated in
Fig. 4 (a), where N, = 3, with positions F, =
(10cosm/8,10sin7/8,0), P, = (10cos7/4,10sin7/4,0),
and P> = (10cos3n/8,10sin37/8,0), and for three values
of dipoles’ distances: d, = \/2, d, = \/4, and d, = \/8.
Specifically, the rate value (12) expressed in bit/s/Hz is
plotted against the iteration index k. In other words, the node
positions are assumed such that the two interfering nodes are
located at the same distance of 10 meters from the useful node,
corresponding to the case where the signal-to-interference
ratio (SIR) is equal to 1, with angles between the nodes
differing by 7/8. Note that assuming that all nodes are at
the same distance serves to consider a scenario of consistent
but non-degenerative interference. It is also worth noting that,
with the parameters considered, the propagation conditions
correspond to the far-field case. The Ricean factors K and
K, for the BS-RIS and RIS-UEs links are set to Ky = 20
and K; = 10, respectively. Figure 5 (a), (b), (c) and (d) report
the results for four different position uncertainty: o = 0 m,
0=0.1m, 0 =0.5mand o =1 m, respectively.

It can be observed that the proposed algorithm allows for an
increasing rate R, with iterations, thus enabling convergence
to a local optimum in all cases. In this regard, it is noted
that when the dipoles are spaced by \/2, convergence is
faster, which can be explained by the lesser effect of the
non-diagonals of the Z matrix. However, it is observed that
the improvement in going from A/4 to A\/8 is negligible at
the expense of a further increase in the number of iterations
needed for convergence. It is noted that this improvement is
achieved for the same RIS aperture of 50\2. Finally, it is
observed that increasing position uncertainty results in only
a slightly perceptible performance degradation. For example,

considering Ry = 07t
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Fig. 5: Convergence behavior for the OPT-NoCSI algorithm for the
case where N,, = 3 and for three values of dipoles’ distances: d, =
A/2, de = A/4, and d, = A/8. The node positions are assumed
such that the two interfering nodes are located at the same distance
of 10 meters from the useful node, with angles between the nodes
differing by /8. The results for four different position uncertainty,
namely 0 =0m, 0 = 0.1 m, 0 = 0.5 m and ¢ = 1 m, are reported
in Figs. (a), (b), (c) and (d), respectively.

in the case of A\/8, the rate decreases from approximately 6.5
to 6. It should be emphasized that this is not the actual rate
measured by the simulations and reported in the subsequent
graphs, but only the rate used in the objective function to
optimize the RIS in the offline phase.

In Figs. 6-8, the rate R. in (46) evaluated through sev-
eral simulations is reported for Kpp = oo (i.e., the di-
rect link is not generated), N, = 2 for the case illus-
trated in Fig. 4 (b) with the intended UE positioned at
Py, = (10cos7/8,10sin7/8,0) while the interfering UE
is positioned at 15 different possible positions P, = T; =
[10 cos(i x m/32),10sin(i x 7/32)] with ¢ = 1,2,...,15.
Accordingly, the interfering user is at the same distance from
the RIS as the useful user but with different angles. In Figs.
6-8(a), the case d, = \/2 is considered, whereas in 6-8(b)
d, = M\/4 is reported. Furthermore, the three figures 6, 7,
and 8 refer to the values of 0 = 0.1,0.5,1 m, respectively.
The curves correspond to the OPT-NoCSI, OPT-CT, and OPT-
CSI cases described earlier. It is noted that at position T},
the interfering user is on average in the same position as the
intended UE, thus an average rate equal to one is expected
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Fig. 6: Rate R in (10) evaluated through simulations with-
out direct link in the case of N, = 2, with the intended
UE positioned at Py = 10 (cos ,sin %,0) while the interfer-
ing user is positioned at 12 possible different positions, P; =
10 {cos[r/8 + (i — 1)« /32|, sin[r/8 + (i — 1)w/32],0}, with ¢ =
1,...,12. The case (a) refers to dy, = %, while the case (b) reports

the case d, = %

since SIR = 1 and the interference cannot be removed, as
indeed happens in all considered cases. It is also noted
that at position T3, the interfering user is at an angle 7/4,
corresponding to the specular position of the RIS with respect
to the BS. In this case, it is evident that the CT model
fails, as the RIS is optimized without considering the specular
component, which in this case produces strong interference.
In Fig. 9, the results obtained are for the same setting as in
Fig. 7, except that in this case Kpp = 4, i.e., we include a
direct link that is 6 dB weaker than the path reflected from
the RIS. Note that our RIS optimization algorithm is based
on the assumption that the direct path is not present. Thus,
the OPT-CSI case refers to this scenario, meaning it assumes
exact knowledge of the channel tge) but not of the direct
path. Nonetheless, the performance generally improves due
to the presence of the direct path for both the OPT-NoCSI
and OPT-CSI cases. This improvement is especially notable at
position Ty when the interferer is located in the same position
as the reference node. In this case, the interference from the
direct path can be spatially filtered out thanks to the full-
rank model chosen for the direct path channel. It is noted
that the optimizer OPT-NoCSI, in many cases, manages to
achieve performance reasonably close to the OPT-CSI case.
This is observed in scenarios where the uncertainty in the
node position is small, e.g., 0.1 m and 0.5 m. In cases where
the uncertainty in the node positions is increased to 1 m,
the distance between the two cases obviously increases, as
expected. In any case, the performance of the OPT-noCSI
case is encouraging considering the significant reduction of
RIS configuration overhead.

In the last two figures, namely Figs. 10 and 11, we
present the scenario where there is only one transmitting
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Fig. 8: Rate R in (10) evaluated through simulations considering
o = 1 m for the same setting of Fig. 6.

node positioned at a distance of 10 m and at all possible
angular positions ¢ from 0 to 90 degrees. In this setting,
we depict the power received at the BS (in dBW) in the
absence of direct link as a function of the angle ¢. The RIS
is optimized using the OPT-NoCSI and CT approaches for
the case N, = 2, where the central position of the reference
node is Py = (10 cos g, 10sin 570), corresponding to an
angle of 22.5 degrees, and that of the interfering node is
Py = (10cos Z,10sin %, 0), corresponding to the specular
position at 45 degrees. In 10 (a), (b), (c), the cases d, = \/2
and ¢ = 0.5,1,2 m are depicted, respectively. In 11 (a),
(b), (c), the same cases are illustrated for d, = A\/4. The
objective of these figures is to showcase the type of beam
created by the RIS in the direction of the useful node and
its ability to reject interference. Note how the OPT-NoCSI
case takes into account the presence of the interfering node

Y
I
5.5 i
T
il i
®4.5¢ Y
al | —OPT-NoGS!
| ~+OPT-CT
350 i OPT-CSI
! L
3 L | . Y | Seecularposition L
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Interfering position index
8 ——— %
I
7 1
i
6 i
=5 i
' ——OPT-NoCSI
4 ! ~~OPT-CT
3 ! OPT-CSI

I I __ Speculr positon, L
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Interfering position index

Fig. 9: Rate R in (10) evaluated through simulations with direct
link characterized by Kpp = 4, in the case of N, = 2, with
the intended UE positioned at Py = 10 (cos Z,sin %,0) while the
interfering user is positioned at 12 possible different positions, P; =
10 {cos[r/8 + (¢ — 1) /32],sin[r/8 + (i — 1)w/32],0}, with ¢ =
1,...,12. The case (a) refers to d, = %5, while the case (b) reports
the case dy = %
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Fig. 10: Power received at the BS (in dBW) as a function of the angle
¢ of the transmitting node. The RIS characterized by d, = A/2 and
it is optimized using the OPT-NoCSI and CT approaches for the case
N, = 2, where the reference node at an angle of 22.5 degrees, and
the interfering node is at 45 degrees (specular direction).

in the specular component and creates a strong attenuation
in that direction, thus significantly attenuating its effect. This
behavior does not occur in the CT case, as the model in this
scenario does not consider the interference coming from the
specular direction.
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Fig. 11: Power received at the BS (in dBW) as a function of the
angle ¢ of the transmitting node for d, = A\/4 and the same setting
as Fig. 10.

VI. CONCLUSION

In this paper, we address the challenge of optimizing
RISs for uplink communication systems in the presence of
interfering users relying on statistical CSI. Specifically, our
proposed approach utilizes knowledge of the channel cor-
relation matrices to maximize the average achievable rate.
To account for practical considerations often overlooked in
traditional RIS models, we consider a MP network model
that incorporates factors such as mutual coupling among
scattering elements and the presence of structural scattering.
Through simulations, we demonstrate the effectiveness of
our approach, showing that in many cases, it manages to
achieve performance reasonably close to the those achievable
with perfect CSI. This is observed in scenarios where the
uncertainty in the node position is small, e.g., 0.1 m and 0.5
m. In any case, the performance of the considered scheme
is encouraging considering the significant reduction of RIS
configuration overhead. Moreover, it is shown how in multi-
user scenarios, namely in the presence of interference, the use
of inadequate models to characterize RIS, which for example
do not consider structural scattering, can lead to very poor
performances due to the presence of interference caused by
RIS not accounted for by the models.

APPENDIX A — INTERPRETATION OF PROBLEM (16)

Let us denote by r € CM*1 a random vector of i.i.d. zero

mean uncorrelated Gaussian random variables with correlation
R, = I,,. Then, consider:
Ny
y=®UD"’r+ &) w;+n.
i=2

(48)

It’s easy to verify that the function defined in (16) corresponds
to the LMSE estimation of r from vy, namely:

& (A, @) =E{[Av/y — x|’} (49)

where the average is computed with respect to all the random
variables involved, namely, the channels and the noise and
A € CM*1 g the linear filter. Accordingly, (17) is the optimal
LMSE filter and (18) is the LMMSE.

APPENDIX B — SOLUTION OF PROBLEM (22)

Introduce the terms:
N.

R=Ry+) R,
=2

Oy = AV2vHISAWR [AU“)} Tty
Oy = 402 Y2vHSAW Ry
d = —2Y,v?SAMuUD!/? (50)
which allows us to reformulate the expression of @) and q as:
Q=C;+Cs

H
_oR {4Y02VHG(k)diag(6) AR {A(’“)} SHV} (51)

+4Y2vH G W diag (5) AWR {A(’“)} " diag (8) {G(k)} -
a~d+ 2Yyv?GWdiag (6) AW UDY2.
It is now convenient to introduce the terms:
Ry = AMR [A(k)}H c CMxM
f; =4y2viG® e c¥M
f, = RaS"v e CM*!
f3= {G(k)}HV e cMx1
£, = 2vov G ¢ c1xM
f; = ABOUDY2A K+ ¢ cMx1
F; = diag(f;) € CM*M
F3 = diag(f3) € CM*M
fio=f ©f, eCM*!
f15="f ©f; e CM*L

(52)

Accordingly, by considering only the terms in (24) that depend
on the optimization variable &, we can approximate the MSE
(24) as:

R 2

é, (A<k+1>, B(9), v) - HA(’““) H SF RF367 (53)

Y [HA(’““)HZ R (Fo) + R (Frs)| -



We are now in a position to define the problem for finding
the optimal § as:

6" = argmin £, (A<k+1>, ®(9), v) . (54)

M
sty 0200 <€
m=1

The problem in (54) is now convex and can be easily solved in
the Lagrangian domain. First, from (53) we derive the gradient
of the Lagrangian:

M
Vs | & (A(’“H)7 'I>(5),V) +u Z 6202 — €
m=1

— 25 HA("’“) H2 R (F,RF;) (55)

~ 9 HA<'<+1>H2 R (F12) — R (Fr5) + 200

where 1 > 0 is a Lagrange multiplier and ¥ € CM*1

is a vector with entries 0,2n. Accordingly, denoting by
2 2

M = [|[AFFD]" R (F1RF;3) and v = ||[AFTD||"R (f15) +

R (f4,5), we finally obtain:

6" = [M + u x diag (®)] ' v (56)

where p is set to satisfy the constraint in (54).
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