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1. Identify spin liquid states of the insulator, describing
the dynamics and symmetries of its anyons.

2. Work with metallic states in which the low energy
anyons are essentially the same as those of the in-
sulator, along with a ‘trivial’ fermion with the same
quantum numbers as the electron.



1. Square lattice spin liquids 

2. Spin liquids on the Kondo lattice: 
non-Luttinger volume Fermi surfaces (FL*) 

3. Doping square lattice spin liquids for t >> J: 
FL* in a single-band model 

4. FL* theory of the pseudogap metal of the cuprates 

5. Nodal fermionic quasiparticles in d-wave SC 

6. Quantum oscillations in hole-doped cuprates 
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Insulating 
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Electrons form 
entangled pairs,  

and the pairs 
entangle across 

the entire sample 

Spin liquid
P.W. Anderson (1973)

G. Baskaran, Z. Zou, P.W. Anderson,  
Solid State Comm. 63, 973 (1987) 

S.A. Kivelson, D.S. Rokhsar and J.P. Sethna,  
Phys. Rev. B 35, 8865 (1987)

D. Rokhsar and S. A. Kivelson,  
Phys. Rev. Lett. 61, 2376 (1988)
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Spin liquid

Fractionalized 
spinon 

excitations 
with spin S=1/2 
and charge 0. 
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Vison excitation
with S = 0.

Spinons and visons are
mutual semions.

The topological
structure of the Z2 spin
liquid is identical to
Kitaev’s toric code,

discovered later (spinons
and visons correspond to
the e and m particles).

N. Read and S. Sachdev, Phys. Rev. Lett. 66 (1991) 1773
X. G. Wen, Phys. Rev. B 44 (1991) 2664 
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Mean-field spin liquid
with gapped bosonic spinons.

Low energy CP1 U(1) gauge theory

D.P. Arovas and A. Auerbach, Phys. Rev. B 38, 316 (1988)
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Valence bond solid (VBS)

N. Read and S. Sachdev, Phys. Rev. Lett. 62, 1694 (1989) 
N. Read and S. Sachdev, Phys. Rev. B 42, 4568 (1990)
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Schwinger bosons
<latexit sha1_base64="OvNMfyo5yCtzCLcyZblCoDc4Zsc="></latexit>

Si =
1

2
b†i↵�↵�bi� ,

N=2X

↵=1

b†i↵bi↵ = nb = 2S

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991) 
S. Sachdev and N. Read, Int. J. Mod. Phys. B 5, 219 (1991)

<latexit sha1_base64="h9B6W8OkQt1JEcd3rcUW+svmgAw=">AAAB8HicdVDLSgNBEOyNrxhfUY9eBoPoQcJuhKi3oBdPEsHEQLKE2UknGTM7u8zMCmHJP3hUL+LV//Hg3zh5CFG0oKGo6qa7K4gF18Z1P53MwuLS8kp2Nbe2vrG5ld/eqesoUQxrLBKRagRUo+ASa4YbgY1YIQ0DgXfB4HLs3z2g0jySt2YYox/SnuRdzqixUv26dYgo2vmCV3QnIO4cOT9xXY98WwWYodrOf7Q6EUtClIYJqnXTc2Pjp1QZzgSOcq1EY0zZgPawaamkIWo/nVw7IgdW6ZBupGxJQybq/ERKQ62HYWA7Q2r6+rc3Fo+D8C+7mZjumZ9yGScGJZvu6iaCmIiMvycdrpAZMbSEMsXtuYT1qaLM2Ixy8zn8T+qlolculm9KhcrFLJEs7ME+HIEHp1CBK6hCDRjcwyM8w4ujnCfn1Xmbtmac2cwu/IDz/gUGro/h</latexit>

Néel

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="qHazRLitf1FYKey+5LDxpMvVi2U=">AAACC3icdVDLSgMxFM3UVx1fVZcuDBbBhZSZClV3pW5cVrQP6Awlk962oZnMkGSEMnTp0i9xqW7ErZ/gwr8xfUEVPXDhcM49JPcEMWdKO86XlVlaXlldy67bG5tb2zu53b26ihJJoUYjHslmQBRwJqCmmebQjCWQMODQCAZXY79xD1KxSNzpYQx+SHqCdRkl2kjt3KEXQI+JlILQIEd2vXJreyA6c6Gdy7sFZwLsLJDLM8dx8dzKoxmq7dyn14loEpo45USpluvE2k+J1IxyGNleoiAmdEB60DJUkBCUn04OGeFjo3RwN5JmhMYTdTGRklCpYRiYzZDovvrtjcXTIPzLbiW6e+GnTMSJBkGnb3UTjnWEx8XgDpNANR8aQqhk5ruY9okk1NSg7MUe/if1YsEtFUo3xXy5Mmskiw7QETpBLjpHZXSNqqiGKHpAT+gFvVqP1rP1Zr1PVzPWLLOPfsD6+AbeK5rq</latexit>

VBS

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="zFzpJhtvlfOJQDSUQR63ZC5Q+KQ=">AAACDnicdVDLSgMxFM3UVx1foy7dhBbBhZSZClV3RTcuK9oHdIaSSW/b0ExmSDJCGbp36Ze4VDfi1h9w4d+YPoQqeuDC4Zx7SO4JE86Udt1PK7e0vLK6ll+3Nza3tnec3b2GilNJoU5jHstWSBRwJqCumebQSiSQKOTQDIeXE795B1KxWNzqUQJBRPqC9Rgl2kgdp+CH0GcioyA0yLF9kzBJuO2D6H5rHafoldwpsLtAzk9c18PfVhHNUes4H343pmlk4pQTpdqem+ggI1IzymFs+6mChNAh6UPbUEEiUEE2vWWMD43Sxb1YmhEaT9XFREYipUZRaDYjogfqtzcRj8PoL7ud6t5ZkDGRpBoEnb3VSznWMZ50g7tMAtV8ZAihkpnvYjogklBTg7IXe/ifNMolr1KqXJeL1Yt5I3l0gAroCHnoFFXRFaqhOqLoHj2iZ/RiPVhP1qv1NlvNWfPMPvoB6/0LwsGciA==</latexit>

Spiral

<latexit sha1_base64="Cq5OA6EMnSkwXp5x8pR7lsAr2tk=">AAACInicdVDLSgMxFM34dnxVXboJtoILKTMVqu6Kblwq2Ad2SkkytzWYyYxJRihD/8SlX+JS3Yi4EPwY0xdU0QOBwznncm8OTQTXxvM+nZnZufmFxaVld2V1bX0jt7lV03GqGFRZLGLVoESD4BKqhhsBjUQBiaiAOr09G/j1e1Cax/LK9BJoRaQreYczYqzUzpUDCl0uMwbSgOq7hSAi5obS7LrfLhWwTrjEgt+lPHQDkOEk187l/aI3BPamyMmh5/l4YuXRGBft3EcQxiyN7DgTROum7yWmlRFlOBPQd4NUQ0LYLelC01JJItCtbPi/Pt6zSog7sbJPGjxUpycyEmndi6hNDq7Xv72BeECjv+xmajrHrYzLJDUg2WhXJxXYxHjQFw65AmZEzxLCFLfnYnZDFGG2Bu1O9/A/qZWKfrlYvizlK6fjRpbQDtpF+8hHR6iCztEFqiKGHtATekGvzqPz7Lw576PojDOe2UY/4Hx9A7F6pFw=</latexit>Z2 spin liquid
(first sighting)



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions

I. Affleck and J.B. Marston, PRB 37, 3774 (1988)

<latexit sha1_base64="NyFE/bDdH9Xkejt8orEmIdkRW50="></latexit>

⇡-flux mean-field theory

with gapless spinons at 2 Dirac points.

Low energy theory of Nf = 2

Dirac fermions  s coupled to

an emergent SU(2)N gauge field.

Confining order parameters

are Néel and VBS states,

with a global SO(5)f symmetry!

Dual to CP1
U(1) gauge theory.

-flux Spin liquidπ

<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1

<latexit sha1_base64="pZy2pKy9zimfVgaRlKBqI8AOmH0="></latexit>

Hf = iJ

X

hiji

eij

⇣
f
†
i↵fj↵ � f

†
j↵fi↵

⌘
, "k = 2J

q
sin2(kx) + sin2(ky)



Insulating S=1/2 antiferromagnet <latexit sha1_base64="8ed0GZGhTgVKrmos80Tkrf4/uPE="></latexit>

H =
X

i<j

JijSi · Sj

<latexit sha1_base64="4umhIWyCWP0bNIpyE/QUI3k+XfM="></latexit>

Si =
1

2
f†
i↵�↵�fi� ,

X

↵=",#
f†
i↵fi↵ = 1

<latexit sha1_base64="kUdVKvNjBzPk7NWjwprsQZ8wFRs=">AAAB/nicdZBNSwMxEIaz9bt+rXr0EiyCBynZorbeil48Klot1FKy6WwbmmSXJKuWRfCXeFQv4tU/4sF/Y7pWUNE5vTzvDDPzhongxhLy7hUmJqemZ2bnivMLi0vL/srquYlTzaDBYhHrZkgNCK6gYbkV0Ew0UBkKuAgHhyP/4gq04bE6s8ME2pL2FI84o9ahjr96yvrXXPVA4wi0dMx0/BIpE0J2CMG5ILnYr9ZqAcHBmJTQuI47/ttlN2apBGWZoMa0ApLYdka15UzAbfEyNZBQNqA9aDmpqATTzvLbb/GmI10cxW5/rCzO6feJjEpjhjJ0nZLavvntjeB2KP+yW6mNau2MqyS1oNjnrigV2MZ4lAXucg3MiqETlGnuzsWsTzVl1iVWdDl8PYv/F+eVcrBX3j2plOoH40Rm0TraQFsoQFVUR0foGDUQQzfoHj2iJ+/Oe/CevZfP1oI3nllDP8p7/QBwa5XG</latexit>

Schwinger fermions

I. Affleck and J.B. Marston, PRB 37, 3774 (1988)

<latexit sha1_base64="NyFE/bDdH9Xkejt8orEmIdkRW50="></latexit>

⇡-flux mean-field theory

with gapless spinons at 2 Dirac points.

Low energy theory of Nf = 2

Dirac fermions  s coupled to

an emergent SU(2)N gauge field.

Confining order parameters

are Néel and VBS states,

with a global SO(5)f symmetry!

Dual to CP1
U(1) gauge theory.

<latexit sha1_base64="pZy2pKy9zimfVgaRlKBqI8AOmH0="></latexit>

Hf = iJ

X

hiji

eij

⇣
f
†
i↵fj↵ � f

†
j↵fi↵

⌘
, "k = 2J

q
sin2(kx) + sin2(ky)

<latexit sha1_base64="04pv7BDem6/misZk/jTI3KgklU0="></latexit>

SU(2)N QCD with Nf = 2 massless fermions; L = i s�µDµ s + . . .

-flux Spin liquidπ

<latexit sha1_base64="/21A24a7ilEklEoXDYP/EaHJ0+A=">AAACDHicdVDJSgNBEO2JW4xb1KOXxiB4CjOi0YsQ9OIxglkwCaGnU0lae3qG7ho1DPkFT171K7yJV//Bj/Af7CxC3B4UPN6roqqeH0lh0HXfndTM7Nz8Qnoxs7S8srqWXd+omDDWHMo8lKGu+cyAFArKKFBCLdLAAl9C1b8+HfrVG9BGhOoC+xE0A9ZVoiM4QytdQisRVwN6TL1WNufl3RGo+4t8WTkyQamV/Wi0Qx4HoJBLZkzdcyNsJkyj4BIGmUZsIGL8mnWhbqliAZhmMrp4QHes0qadUNtSSEfq9ETCAmP6gW87A4Y989Mbin959Rg7R81EqChGUHy8qBNLiiEdvk/bQgNH2beEcS3srZT3mGYcbUiZhgGboOpiL2kg3OGtaNs9SUGowXQ+/5PKXt4r5A/O93PFk0lSabJFtsku8cghKZIzUiJlwokiD+SRPDn3zrPz4ryOW1POZGaTfIPz9glPlpww</latexit>

eij = 1

<latexit sha1_base64="G2b2YOsMUj1x9iAcBK8MaOk5qH4=">AAACDXicbVDLSgNBEJz1GeMr6tHLYBC8GHZ9RD0IQS8eIxgVsiHMTjrJmNnZZaZXDct+gyev+hXexKvf4Ef4D05iEF8FDUVVN91dQSyFQdd9c8bGJyanpnMz+dm5+YXFwtLyuYkSzaHGIxnpy4AZkEJBDQVKuIw1sDCQcBH0jgf+xTVoIyJ1hv0YGiHrKNEWnKGV6tBMxVVGD+mm1ywU3ZI7BHVLO+7ugbdNvxRvRIpkhGqz8O63Ip6EoJBLZkzdc2NspEyj4BKyvJ8YiBnvsQ7ULVUsBNNIhydndN0qLdqOtC2FdKh+n0hZaEw/DGxnyLBrfnsD8T+vnmB7v5EKFScIin8uaieSYkQH/9OW0MBR9i1hXAt7K+VdphlHm1LeN2AjVB3spj7CLd6Ilt2TloXKbD7e7zT+kvOtklcu7Z7uFCtHo6RyZJWskQ3ikT1SISekSmqEk4jckwfy6Nw5T86z8/LZOuaMZlbIDzivH+FgnHw=</latexit>

eij = �1



Towards a final phase diagram

[1] L. Wang and A.W. Sandvik, Phys. Rev. Lett. 121, 107202 (2018)

[2] F. Ferrari, F. Becca, Phys. Rev. B 102, 014417 (2020)

[3] Y. Nomura and M. Imada, arXiv:2005.14142

[4] W.-Y. Liu, S.-S. Gong, Y.-B. Li, D. Poilblanc, W.-Q. Chen, Z.-C. Gu, arXiv:2009.01821
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<latexit sha1_base64="H9M+xueahruX5AuQzrG2vD6OksQ=">AAACEnicdVDLSsNAFJ3Ud3xFXboZLIJuSipWzU5048KFon1AE8pkcluHTiZxZiKU0G9w46+4caGIW1fu/BsntYKKHhg4nHMPd+4JU86Udt13qzQxOTU9Mztnzy8sLi07K6sNlWSSQp0mPJGtkCjgTEBdM82hlUogccihGfaPC795A1KxRFzqQQpBTHqCdRkl2kgdZ9sPocdETkFokEP7ImXC9+1Tdp2xyPZBRF9Wxym7Fe+g5nk17FbcEQrieW5tF1fHShmNcdZx3vwooVls4pQTpdpVN9VBTqRmlMPQ9jMFKaF90oO2oYLEoIJ8dNIQbxolwt1Emic0HqnfEzmJlRrEoZmMib5Sv71C/MtrZ7p7EORMpJkGQT8XdTOOdYKLfnDEJFDNB4YQKpn5K6ZXRBJqOlC2KeHrUvw/aexUqnsV93ynfHg0rmMWraMNtIWqaB8dohN0huqIolt0jx7Rk3VnPVjP1svnaMkaZ9bQD1ivH/Wunk4=</latexit>

Spin
Liquid

<latexit sha1_base64="pKwMskRqAaVkjg5CkHcESxwvrds=">AAAB7XicdVBNSwMxEM36WetX1aOXYBE9lWyxtseiF09SwX5Au5RsOtvGZrNLkhXK0v/gxYMiXv0/3vw3pu0KKvpg4PHeDDPz/FhwbQj5cJaWV1bX1nMb+c2t7Z3dwt5+S0eJYtBkkYhUx6caBJfQNNwI6MQKaOgLaPvjy5nfvgeleSRvzSQGL6RDyQPOqLFS67p3AiD6hSIpEUIqFRfPiYUl1VqlVj3DbqYUUYZGv/DeG0QsCUEaJqjWXZfExkupMpwJmOZ7iYaYsjEdQtdSSUPQXjq/doqPrTLAQaRsSYPn6veJlIZaT0LfdobUjPRvbyb+5XUTE9S8lMs4MSDZYlGQCGwiPHsdD7gCZsTEEsoUt7diNqKKMmMDytsQvj7F/5NWueSel8hNuVi/yOLIoUN0hE6Ri6qojq5QAzURQ3foAT2hZydyHp0X53XRuuRkMwfoB5y3T0i1jvI=</latexit>

Néel

<latexit sha1_base64="XkBi82enggKB+HoJNbDifR3CLZw=">AAACDXicdVDLSgMxFM3UVx1fVZduglVwVWZG7dRd0Y3LCvYBbSmZ9LYNzWSGJCOUoT/gxl9x40IRt+7d+TemL1DRA4HDOfdwc08Qc6a043xamaXlldW17Lq9sbm1vZPb3aupKJEUqjTikWwERAFnAqqaaQ6NWAIJAw71YHg18et3IBWLxK0exdAOSV+wHqNEG6mTO2oF0GcipSA0yLFtEkkoiLRbILoLtZPLOwXPd32/iA0pnZa80oT4ZxfnHnYLzhR5NEelk/todSOahCZOOVGq6TqxbqdEakY5jO1WoiAmdEj60DRUkBBUO51eM8bHRuniXiTNExpP1e+JlIRKjcLATIZED9RvbyL+5TUT3Su1UybiRIOgs0W9hGMd4Uk1uMskUM1HhhAqmfkrpgMiCTUdKNuUsLgU/09qXsEtFpwbL1++nNeRRQfoEJ0gF/mojK5RBVURRffoET2jF+vBerJerbfZaMaaZ/bRD1jvX8eCnKs=</latexit>

Columnar

<latexit sha1_base64="dKFRFZDDWJkSwAfBT4kyQDBZDYk=">AAAB6nicdVDLTgIxFO3gC/GFunTTSExcTVpABncENy4xCJLAhHRKgYZOZ9J2TMiET3DjQmPc+kXu/BvLw0SNnuQmJ+fcm3vvCWLBtUHow8msrW9sbmW3czu7e/sH+cOjto4SRVmLRiJSnYBoJrhkLcONYJ1YMRIGgt0Fk6u5f3fPlOaRvDXTmPkhGUk+5JQYKzXb9WY/X0AuxrhU9iByvVK5clGyBKPqpedB7KIFCmCFRj//3htENAmZNFQQrbsYxcZPiTKcCjbL9RLNYkInZMS6lkoSMu2ni1Nn8MwqAziMlC1p4EL9PpGSUOtpGNjOkJix/u3Nxb+8bmKGVT/lMk4Mk3S5aJgIaCI4/xsOuGLUiKklhCpub4V0TBShxqaTsyF8fQr/J+2iiysuuikWavVVHFlwAk7BOcDAAzVwDRqgBSgYgQfwBJ4d4Tw6L87rsjXjrGaOwQ84b59PIo3T</latexit>

VBS
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Ref. 10

FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the square lattice, from the numerical results

of Refs. [7–10], all of which agree that the spin liquid is gapless. Each ellipse in the valence bond solid

(VBS) represents a singlet pair of electrons. Lower part of figure adapted from Ref. [11].

are the nature of the quantum phases of the model, and of the quantum phase transitions between

them, as a function of increasing J2/J1 after the Néel order vanishes at a critical value of J2/J1.

These questions are also the focus of our attention here.

An early proposal [5, 6, 12, 13] was that there was a direct transition from the Néel state to

a valence bond solid (VBS) (see Fig. 1) which restores spin rotation symmetry but breaks lattice

symmetries (followed by a first order transition at larger J2/J1 to a ‘columnar’ state which breaks

spin rotation symmetry, and which we do not address in the present paper). A theory of ‘deconfined

criticality’ was developed [14–16] showing that a continuous Néel-VBS transition was possible, even

though it was not allowed in the Landau-Ginzburg-Wilson framework because distinct symmetries

were broken in the two phases. Evidence has since accumulated for the presence of a VBS phase in

the J1-J2 model, but the nature of the Néel-VBS transition in this model has remained a question
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SU(2)N gauge theory of Nf = 2

fundamental, massless, Dirac fermions.

Obtained from a saddle-point of

fermionic spinons moving in ⇡-flux.
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1. Identify spin liquid states of the insulator, describing
the dynamics and symmetries of its anyons.

2. Work with metallic states in which the low energy
anyons are essentially the same as those of the in-
sulator, along with a ‘trivial’ fermion with the same
quantum numbers as the electron.



1. Square lattice spin liquids 

2. Spin liquids on the Kondo lattice: 
non-Luttinger volume Fermi surfaces (FL*) 

3. Doping square lattice spin liquids for t >> J: 
FL* in a single-band model 

4. FL* theory of the pseudogap metal of the cuprates 

5. Nodal fermionic quasiparticles in d-wave SC 

6. Quantum oscillations in hole-doped cuprates 
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<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

FL*

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

N. Andrei and P. Coleman, PRL 62, 595 (1989);  S. Burdin, D. R. Grempel, and A. Georges, PRB 66, 045111 (2002); 
T. Senthil, M. Vojta, and S. Sachdev, PRB 69, 035111 (2004);  A. Paramekanti and A. Vishwanath, PRB 70, 245118 (2004)

<latexit sha1_base64="ZFIPXDZ0t1POUmIreBnJFyshxAU=">AAACDnicdZDLSgNBEEV7fMb4irp00xgEFxJmdEjiLujGpYKJQhKkp6eSNPb0DN010TDkC9y40F9xJ279Bf/EpZ2HoKIFBZd7q6jiBIkUBl333ZmZnZtfWMwt5ZdXVtfWCxubDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEg4TK4ORnll33QRsTqAgcJtCPWVaIjOENrnbvXhaJb8r3yUblC3ZI7Lit8/6B66FNv6hTJtM6uCx+tMOZpBAq5ZMY0PTfBdsY0Ci5hmG+lBhLGb1gXmlYqFoHZD/siMWPZzsY/D+muDUPaibVthXTsfl/OWGTMIArsZMSwZ35nI/OvrJlip9rOhEpSBMUnhzqppBjTEQAaCg0c5cAKxrWwb1PeY5pxtJjyLQOWoepiL2sh3OGtCO2dzBdqaFF98aD/i8ZBySuXyud+sXY8hZYj22SH7BGPVEiNnJIzUiecALknj+TJeXCenRfndTI640x3tsiPct4+AZ3cnak=</latexit>

0

<latexit sha1_base64="Uo1P1ADCevwPfdCo5CyIFT/prs4="></latexit>

Spin liquid structure and Fermi surface size
are stable for a finite range of JK

Note: nevertheless, density of f electrons may change
with JK in an Anderson lattice model!



<latexit sha1_base64="6jjN9DStEa4suySPaYRahFZvZK8="></latexit>

Small Fermi surface of size p

|FL⇤i = [Projection onto one f per site]
./ |Slater determinant of fi

⌦ |Slater determinant of ci

<latexit sha1_base64="66rAQDyhpVXiGH1mAw2R8pFMsJE="></latexit>

Large Fermi surface of size 1 + p

|HFLi = [Projection onto one f per site]

./ |Slater determinant of (c, f)i

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

FL* FL

Coleman, Read, Newns, Millis, P.A. Lee, Auerbach, Levin

<latexit sha1_base64="WYCwDZkDeF4zsFHvq1n4NX1dnIE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqRAga2ChbFI9CE1UeW4t61Vxwm2g1RFHVj4FRYGEGLlI9j4G9w2A7Qc6UrH59wr33uCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJoU4jHslWQBRwJqCumebQiiWQMODQDIbXE7/5AFKxSNzpUQx+SPqC9Rgl2kgdu+BxIvocsFcbMOzJ7CHgHjsdu+iUnHLl8uwEGzIFdudJEWWodewvrxvRJAShKSdKtV0n1n5KpGaUwzjvJQpiQoekD21DBQlB+en0iDE+MkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/CT5mIEw2Czj7qJRzrCE8SwV0mgWo+MoRQycyumA6IJFSb3PImhIWTF0mjXHIrpcrtabF6lcWRQwV0iI6Ri85RFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gBlUJdP</latexit>

h�i 6= 0
<latexit sha1_base64="uOthc3vWR8MWqpZUNsKDRjc9UkY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZqlUXQtGNywq2FjpDyaR32tBMZkgyQhnqxl9x40IRt/6FO//G9LHQ1gMXTs65l9x7goQzpR3n28otLC4tr+RXC2vrG5tb9vZOQ8WppFCnMY9lMyAKOBNQ10xzaCYSSBRwuA/61yP//gGkYrG404ME/Ih0BQsZJdpIbXvP40R0OWCv1mPYk5PHJXbadtEpOeXKxekxNmQM7M6SIpqi1ra/vE5M0wiEppwo1XKdRPsZkZpRDsOClypICO2TLrQMFSQC5WfjC4b40CgdHMbSlNB4rP6eyEik1CAKTGdEdE/NeiPxP6+V6vDcz5hIUg2CTj4KU451jEdx4A6TQDUfGEKoZGZXTHtEEqpNaAUTwtzJ86RRLrmVUuX2pFi9msaRR/voAB0hF52hKrpBNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG/4JXO</latexit>

h�i = 0
<latexit sha1_base64="ZFIPXDZ0t1POUmIreBnJFyshxAU=">AAACDnicdZDLSgNBEEV7fMb4irp00xgEFxJmdEjiLujGpYKJQhKkp6eSNPb0DN010TDkC9y40F9xJ279Bf/EpZ2HoKIFBZd7q6jiBIkUBl333ZmZnZtfWMwt5ZdXVtfWCxubDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEg4TK4ORnll33QRsTqAgcJtCPWVaIjOENrnbvXhaJb8r3yUblC3ZI7Lit8/6B66FNv6hTJtM6uCx+tMOZpBAq5ZMY0PTfBdsY0Ci5hmG+lBhLGb1gXmlYqFoHZD/siMWPZzsY/D+muDUPaibVthXTsfl/OWGTMIArsZMSwZ35nI/OvrJlip9rOhEpSBMUnhzqppBjTEQAaCg0c5cAKxrWwb1PeY5pxtJjyLQOWoepiL2sh3OGtCO2dzBdqaFF98aD/i8ZBySuXyud+sXY8hZYj22SH7BGPVEiNnJIzUiecALknj+TJeXCenRfndTI640x3tsiPct4+AZ3cnak=</latexit>

0

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

}<latexit sha1_base64="MK/1Ro5gb0sc32reyrVCb+sAEcw="></latexit>

Higgs boson

� ⇠ f†
�c�

condenses.



JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

FL* FL

<latexit sha1_base64="6VzXIll5CkBrjdSTjWurXcvJEWg="></latexit>

Hmf = �
X

i,j

tijc
†
i�cj� �

X

i,j

t1,ijf
†
i�fj� �

X

i

� (c†i�fi� + f
†
i�ci�)

<latexit sha1_base64="WYCwDZkDeF4zsFHvq1n4NX1dnIE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqRAga2ChbFI9CE1UeW4t61Vxwm2g1RFHVj4FRYGEGLlI9j4G9w2A7Qc6UrH59wr33uCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJoU4jHslWQBRwJqCumebQiiWQMODQDIbXE7/5AFKxSNzpUQx+SPqC9Rgl2kgdu+BxIvocsFcbMOzJ7CHgHjsdu+iUnHLl8uwEGzIFdudJEWWodewvrxvRJAShKSdKtV0n1n5KpGaUwzjvJQpiQoekD21DBQlB+en0iDE+MkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/CT5mIEw2Czj7qJRzrCE8SwV0mgWo+MoRQycyumA6IJFSb3PImhIWTF0mjXHIrpcrtabF6lcWRQwV0iI6Ri85RFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gBlUJdP</latexit>

h�i 6= 0
<latexit sha1_base64="uOthc3vWR8MWqpZUNsKDRjc9UkY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZqlUXQtGNywq2FjpDyaR32tBMZkgyQhnqxl9x40IRt/6FO//G9LHQ1gMXTs65l9x7goQzpR3n28otLC4tr+RXC2vrG5tb9vZOQ8WppFCnMY9lMyAKOBNQ10xzaCYSSBRwuA/61yP//gGkYrG404ME/Ih0BQsZJdpIbXvP40R0OWCv1mPYk5PHJXbadtEpOeXKxekxNmQM7M6SIpqi1ra/vE5M0wiEppwo1XKdRPsZkZpRDsOClypICO2TLrQMFSQC5WfjC4b40CgdHMbSlNB4rP6eyEik1CAKTGdEdE/NeiPxP6+V6vDcz5hIUg2CTj4KU451jEdx4A6TQDUfGEKoZGZXTHtEEqpNaAUTwtzJ86RRLrmVUuX2pFi9msaRR/voAB0hF52hKrpBNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG/4JXO</latexit>

h�i = 0
<latexit sha1_base64="ZFIPXDZ0t1POUmIreBnJFyshxAU=">AAACDnicdZDLSgNBEEV7fMb4irp00xgEFxJmdEjiLujGpYKJQhKkp6eSNPb0DN010TDkC9y40F9xJ279Bf/EpZ2HoKIFBZd7q6jiBIkUBl333ZmZnZtfWMwt5ZdXVtfWCxubDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEg4TK4ORnll33QRsTqAgcJtCPWVaIjOENrnbvXhaJb8r3yUblC3ZI7Lit8/6B66FNv6hTJtM6uCx+tMOZpBAq5ZMY0PTfBdsY0Ci5hmG+lBhLGb1gXmlYqFoHZD/siMWPZzsY/D+muDUPaibVthXTsfl/OWGTMIArsZMSwZ35nI/OvrJlip9rOhEpSBMUnhzqppBjTEQAaCg0c5cAKxrWwb1PeY5pxtJjyLQOWoepiL2sh3OGtCO2dzBdqaFF98aD/i8ZBySuXyud+sXY8hZYj22SH7BGPVEiNnJIzUiecALknj+TJeXCenRfndTI640x3tsiPct4+AZ3cnak=</latexit>

0

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

}<latexit sha1_base64="MK/1Ro5gb0sc32reyrVCb+sAEcw="></latexit>

Higgs boson

� ⇠ f†
�c�

condenses.
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JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

<latexit sha1_base64="JqC9S1Geh1zuOZhkiYitC1e/ygk="></latexit>

HKL =
X

p

"pc
†
p�cp� +

X

i

JK c†
i�

⌧��0

2
ci�0 · Si +

X

hiji

JH Si · Sj

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

JK

<latexit sha1_base64="8zsY1Y08u3stjvBgld/McerDLas="></latexit>

c

<latexit sha1_base64="rTemXoZhYo2Wfr7vtZG3pmwYDps=">AAACB3icdVDLSgNBEJyN7/iKevQyGAVPYTcmaG6iF4+KRgPZJcxOOsmQ2dllplcNSz7Ag1f9DG/i1c/wK/wFJzGCihY0FFXddHeFiRQGXffNyU1Nz8zOzS/kF5eWV1YLa+uXJk41hzqPZawbITMghYI6CpTQSDSwKJRwFfaPR/7VNWgjYnWBgwSCiHWV6AjO0Ern23y7VSi6JbdcqXo1askYltRqB2W3Qr2JUiQTnLYK73475mkECrlkxjQ9N8EgYxoFlzDM+6mBhPE+60LTUsUiMEE2PnVId6zSpp1Y21JIx+r3iYxFxgyi0HZGDHvmtzcS//KaKXYOgkyoJEVQ/HNRJ5UUYzr6m7aFBo5yYAnjWthbKe8xzTjadPK+ARud6mIv8xFu8Ua07Z5sr1QVamgT+oqB/k8uyyWvUqqdlYuHR5Os5skm2SK7xCP75JCckFNSJ5x0yT15II/OnfPkPDsvn605ZzKzQX7Aef0Aoz+Z+A==</latexit>

<latexit sha1_base64="WezP1KpmfMrcZ03SNdZgZ+bljNk="></latexit>

JH
f

<latexit sha1_base64="7iJmU22d8xuzeKn2xYc7RdPo8MM=">AAACB3icdVDLTgJBEJzFF+IL9ehlIpp4IrsIEW5ELx4xipoAMbNDL0yYnd3M9Kpkwwd48Kqf4c149TP8Cn/BATFRo5V0UqnqTneXH0th0HXfnMzM7Nz8QnYxt7S8srqWX984N1GiOTR5JCN96TMDUihookAJl7EGFvoSLvzB0di/uAZtRKTOcBhDJ2Q9JQLBGVrpdCfYucoX3KJbKle8GrVkAktqtWrJLVNvqhTIFI2r/Hu7G/EkBIVcMmNanhtjJ2UaBZcwyrUTAzHjA9aDlqWKhWA66eTUEd21SpcGkbalkE7U7xMpC40Zhr7tDBn2zW9vLP7ltRIMqp1UqDhBUPxzUZBIihEd/027QgNHObSEcS3srZT3mWYcbTq5tgEbnephP20j3OKN6No96X6xItTIJvQVA/2fnJeKXrlYOykV6ofTrLJki2yTPeKRA1Inx6RBmoSTHrknD+TRuXOenGfn5bM140xnNskPOK8fqCWZ+w==</latexit>

FL* FL
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<latexit sha1_base64="WYCwDZkDeF4zsFHvq1n4NX1dnIE=">AAACBHicbVC7TsMwFHV4lvIKMHaxqJCYqqRAga2ChbFI9CE1UeW4t61Vxwm2g1RFHVj4FRYGEGLlI9j4G9w2A7Qc6UrH59wr33uCmDOlHefbWlpeWV1bz23kN7e2d3btvf2GihJJoU4jHslWQBRwJqCumebQiiWQMODQDIbXE7/5AFKxSNzpUQx+SPqC9Rgl2kgdu+BxIvocsFcbMOzJ7CHgHjsdu+iUnHLl8uwEGzIFdudJEWWodewvrxvRJAShKSdKtV0n1n5KpGaUwzjvJQpiQoekD21DBQlB+en0iDE+MkoX9yJpSmg8VX9PpCRUahQGpjMkeqDmvYn4n9dOdO/CT5mIEw2Czj7qJRzrCE8SwV0mgWo+MoRQycyumA6IJFSb3PImhIWTF0mjXHIrpcrtabF6lcWRQwV0iI6Ri85RFd2gGqojih7RM3pFb9aT9WK9Wx+z1iUrmzlAf2B9/gBlUJdP</latexit>

h�i 6= 0
<latexit sha1_base64="uOthc3vWR8MWqpZUNsKDRjc9UkY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJWZqlUXQtGNywq2FjpDyaR32tBMZkgyQhnqxl9x40IRt/6FO//G9LHQ1gMXTs65l9x7goQzpR3n28otLC4tr+RXC2vrG5tb9vZOQ8WppFCnMY9lMyAKOBNQ10xzaCYSSBRwuA/61yP//gGkYrG404ME/Ih0BQsZJdpIbXvP40R0OWCv1mPYk5PHJXbadtEpOeXKxekxNmQM7M6SIpqi1ra/vE5M0wiEppwo1XKdRPsZkZpRDsOClypICO2TLrQMFSQC5WfjC4b40CgdHMbSlNB4rP6eyEik1CAKTGdEdE/NeiPxP6+V6vDcz5hIUg2CTj4KU451jEdx4A6TQDUfGEKoZGZXTHtEEqpNaAUTwtzJ86RRLrmVUuX2pFi9msaRR/voAB0hF52hKrpBNVRHFD2iZ/SK3qwn68V6tz4mrTlrOrOL/sD6/AG/4JXO</latexit>

h�i = 0
<latexit sha1_base64="h31h4+apmCfWv2BQFtE+NAEl9i8="></latexit>

E↵ective action for �: L[�] = s|�|2 + . . . with s ⇠ 1

JK
� �fc.

No singularity in �fc because Fermi surfaces do not match.
) FL* is stable for small JK

<latexit sha1_base64="ZFIPXDZ0t1POUmIreBnJFyshxAU=">AAACDnicdZDLSgNBEEV7fMb4irp00xgEFxJmdEjiLujGpYKJQhKkp6eSNPb0DN010TDkC9y40F9xJ279Bf/EpZ2HoKIFBZd7q6jiBIkUBl333ZmZnZtfWMwt5ZdXVtfWCxubDROnmkOdxzLWVwEzIIWCOgqUcJVoYFEg4TK4ORnll33QRsTqAgcJtCPWVaIjOENrnbvXhaJb8r3yUblC3ZI7Lit8/6B66FNv6hTJtM6uCx+tMOZpBAq5ZMY0PTfBdsY0Ci5hmG+lBhLGb1gXmlYqFoHZD/siMWPZzsY/D+muDUPaibVthXTsfl/OWGTMIArsZMSwZ35nI/OvrJlip9rOhEpSBMUnhzqppBjTEQAaCg0c5cAKxrWwb1PeY5pxtJjyLQOWoepiL2sh3OGtCO2dzBdqaFF98aD/i8ZBySuXyud+sXY8hZYj22SH7BGPVEiNnJIzUiecALknj+TJeXCenRfndTI640x3tsiPct4+AZ3cnak=</latexit>

0

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

e�

<latexit sha1_base64="W+eB5sn97o0LL6GKiSwL6jZqzFo=">AAACEHicdZDPSsNAEMY3/rf+q3r0slgED1oSKTbeRC8eFW0rtFU2m2m7dLMJu5NqCX0ELx70VbyJV9/AN/HotlZQ0YGBH983wwxfkEhh0HXfnInJqemZ2bn53MLi0vJKfnWtauJUc6jwWMb6MmAGpFBQQYESLhMNLAok1ILu8dCv9UAbEasL7CfQjFhbiZbgDK10Dle71/mCW3R919v3qIVRWSj7vu+51BsrBTKu0+v8eyOMeRqBQi6ZMXXPTbCZMY2CSxjkGqmBhPEua0PdomIRmJ2wJxIzwmY2+npAt6wZ0lasbSukI/X7csYiY/pRYCcjhh3z2xuKf3n1FFt+MxMqSREU/zzUSiXFmA4joKHQwFH2LTCuhX2b8g7TjKMNKtcwYFNUbexkDYRbvBGhvZOVhBrYqL7yoP9Dda/olYoHZ6XC4dE4tDmyQTbJNvFImRySE3JKKoSTNrkjD+TRuXeenGfn5XN0whnvrJMf5bx+ABhnnnQ=</latexit>

}<latexit sha1_base64="MK/1Ro5gb0sc32reyrVCb+sAEcw="></latexit>

Higgs boson

� ⇠ f†
�c�

condenses.

<latexit sha1_base64="+qqeNhg7gs2baKY/L31S1IZaCLI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqhP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBzoOM9Q==</latexit>

f
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FIG. 2. dHvA oscillations in 0.09% Sn-substituted CeCoIn5 and comparison to DFT

calculations (a) DFT calculated Fermi surface sheets of CeCoIn5 with localized and delocal-

ized f -electron models. Predicted dHvA orbits for H k[001] are drawn in black and red. Red

orbits are unique to the delocalized f -electron model. (b) Characteristic Fourier spectrum of

dHvA oscillations (µ0H = 13 - 17 T) with the magnetic field 5o away from [001] of a crystal of

CeCo(In0.9991Sn0.0009)5. The inset shows raw oscillations after background subtraction. (c) Funda-

mental dHvA oscillation frequencies plotted as a function of angle tilting the magnetic field from

the crystallographic [001] to [100] directions. Black points are taken from dHvA measurements of

the 0.09% Sn-substituted sample with black lines as guides to the eye. Light green points are DFT

calculated frequencies of the localized and delocalized f -electron models respectively.
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Evidence for a delocalization quantum phase transition without  
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1. Square lattice spin liquids 

2. Spin liquids on the Kondo lattice: 
non-Luttinger volume Fermi surfaces (FL*) 

3. Doping square lattice spin liquids for t >> J: 
FL* in a single-band model 

4. FL* theory of the pseudogap metal of the cuprates 

5. Nodal fermionic quasiparticles in d-wave SC 

6. Quantum oscillations in hole-doped cuprates 
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<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?
Ancilla qubits 
in a “trivial”  

gapped insulator  

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK
Free holes of  

density 
1+p

Ya-Hui Zhang

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

(Luttinger-Oshikawa anomalies for dummies      ) 
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

Ya-Hui Zhang and S. Sachdev, PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. Sachdev, and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="xAm2Qvfd5gT+4WR6Ym3DgHtUCpk="></latexit>

U (HHubbard +Htrivial insulator)U
�1 = Hancilla



Hubbard  
model of 

hole density 
1+p

Ancilla theory of the Hubbard model 

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?
Ancilla qubits 
in a “trivial”  

gapped insulator  

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK
Free holes of  

density 
1+p

Ya-Hui Zhang

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

(Luttinger-Oshikawa anomalies for dummies      ) 
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="Rrh16xQnS4Bsgo2CFJaPQHsDCZQ="></latexit>

Schrie↵er-Wol↵ transformation at large J? yields U =
3J2

K

8J?
+

3J3
K

16J2
?

+ . . .

Ya-Hui Zhang and S. Sachdev, PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. Sachdev, and Ya-Hui Zhang, PRB 103, 235138 (2021) 



Hubbard  
model of 

hole density 
1+p

Ancilla theory of the Hubbard model 

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?
Ancilla qubits 
in a “trivial”  

gapped insulator  

<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK
Free holes of  

density 
1+p

Ya-Hui Zhang

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

(Luttinger-Oshikawa anomalies for dummies      ) 
<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

Ya-Hui Zhang and S. Sachdev, PRR 2, 023172 (2020) 
A. Nikolaenko, M. Tikhanovskaya, S. Sachdev, and Ya-Hui Zhang, PRB 103, 235138 (2021) 

<latexit sha1_base64="svhvL4KetNMAJ+h4boZMHtAzGtc=">AAAB/HicdVDLSsNAFJ3UV62vqEs3g63gQsKkmtZl0Y3LCvYBTSiT6bQdOnkwMwmUUL/EpboRt/6JC//GaRtBRQ9cOJxzL/fe48ecSYXQh1FYWV1b3yhulra2d3b3zP2DtowSQWiLRDwSXR9LyllIW4opTruxoDjwOe34k+u530mpkCwK79Q0pl6ARyEbMoKVlvqmWXFTSjI3xSIes1kF9s0yshynbiMEkYUW0MSxzy+cOrRzpQxyNPvmuzuISBLQUBGOpezZKFZehoVihNNZyU0kjTGZ4BHtaRrigEovW1w+gydaGcBhJHSFCi7U7xMZDqScBr7uDLAay9/eXDzzg7/sXqKGl17GwjhRNCTLXcOEQxXBeRJwwAQlik81wUQwfS4kYywwUTqvks7h61n4P2lXLbtm1W6r5cZVnkgRHIFjcApsUAcNcAOaoAUISMEDeALPxr3xaLwYr8vWgpHPHIIfMN4+ASS8lGw=</latexit>

~'

<latexit sha1_base64="+A8/ympUmrJaazr1MS/tgwxufpo="></latexit>

Hubbard-Stratonovich transformation:

Paramagnon ~' fractionalized into a pair of S = 1/2 spins, S1 and S2.



<latexit sha1_base64="NKkfjRK5abTq7yxe9DIpKPFto/c="></latexit>

Antiferromagnetic Kondo JK
<latexit sha1_base64="oFBTFjNvIwQmnOAc423KrvZJv9w=">AAAB/3icbVA9T8MwEL3wWcpXgZHFokJiqhJAwFjBwlgE/UBtVDmu01q1nch2kKooA7+BFWY2xMpPYeSf4LYZaMuTTnp6705394KYM21c99tZWl5ZXVsvbBQ3t7Z3dkt7+w0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HN2G8+UaVZJB/MKKa+wH3JQkawsdJj2gkEus+6XrdUdivuBGiReDkpQ45at/TT6UUkEVQawrHWbc+NjZ9iZRjhNCt2Ek1jTIa4T9uWSiyo9tPJwRk6tkoPhZGyJQ2aqH8nUiy0HonAdgpsBnreG4v/ee3EhFd+ymScGCrJdFGYcGQiNP4e9ZiixPCRJZgoZm9FZIAVJsZmNLMlEJnNxJtPYJE0TiveReXs7rxcvc7TKcAhHMEJeHAJVbiFGtSBgIAXeIU359l5dz6cz2nrkpPPHMAMnK9f+4WWmA==</latexit>

S1

<latexit sha1_base64="HVT3ni3pZLbKVXc0/wRx5ptWq/M=">AAAB/3icbVA9TwJBEJ3DL8Qv1NJmIzGxIndo1JJoY4lRPgxcyN6ywIbdvcvungm5XOFvsNXaztj6Uyz9Jy5whYAvmeTlvZnMzAsizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6jBWhdRLyULUCrClnktYNM5y2IkWxCDhtBqObid98okqzUD6YcUR9gQeS9RnBxkqPSScQ6D7tVrrFklt2p0DLxMtICTLUusWfTi8ksaDSEI61bntuZPwEK8MIp2mhE2saYTLCA9q2VGJBtZ9MD07RiVV6qB8qW9Kgqfp3IsFC67EIbKfAZqgXvYn4n9eOTf/KT5iMYkMlmS3qxxyZEE2+Rz2mKDF8bAkmitlbERlihYmxGc1tCURqM/EWE1gmjUrZuyif3Z2XqtdZOnk4gmM4BQ8uoQq3UIM6EBDwAq/w5jw7786H8zlrzTnZzCHMwfn6Bf0Ylpk=</latexit>

S2

<latexit sha1_base64="RN2yjk3EYDyCVjh9OpI3o2M4tI8="></latexit>

0

<latexit sha1_base64="Zcjpn7pcgKgArvXOqPQ4UFGSaM0="></latexit>

JK
Kondo 

RG

Ancilla 
qubits

Free  
holes of  

density 1+p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="GEAfOVUZkzxm1ZvP3dfKaj+E6cg="></latexit>

Ferromagnetic
Kondo eJK

Ancilla theory of the Hubbard model Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

Ya-Hui Zhang

<latexit sha1_base64="0DL+Vl4Uze4Yn9mmWjMuufUzQ2s=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RzAOTJcxOZpMh81hmZoWw5C+8eFDEq3/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTv3WE9WGKflgxwkNBR5IFjOCrZMeSS/rGjYQeNIrV/yqPwNaJkFOKpCj3it/dfuKpIJKSzg2phP4iQ0zrC0jnE5K3dTQBJMRHtCOoxILasJsdvEEnTilj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfF1mDGZpJZKMl8UpxxZhabvoz7TlFg+dgQTzdytiAyxxsS6kEouhGDx5WXSPKsGl9Xz+4tK7SaPowhHcAynEMAV1OAO6tAAAhKe4RXePOO9eO/ex7y14OUzh/AH3ucP3RGRDQ==</latexit>c�

<latexit sha1_base64="mEvnfBAtePAEgd98UQlIYb2wi3s="></latexit>

Hancilla =
X

p

"pc
†
p�cp� + JK

X

i

c†i�
⌧��0

2
ci�0 · S1i + J?

X

i

S1i · S2i



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="ebnBBKbSYIN50U9D2By63bf7j2Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoivpZFNy4r2ge0MUymk3boTBJmJkIJ2foNbnXtTtz6Hy79E6dtFrb1wIXDOfdyLsePOVPatr+twtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKchbShmea0HUuKhc9pyx/ejP3WE5WKReGDHsXUFbgfsoARrI30mHZ9ge4zzzlBgYe9csWu2hOgReLkpAI56l75p9uLSCJoqAnHSnUcO9ZuiqVmhNOs1E0UjTEZ4j7tGBpiQZWbTr7O0JFReiiIpJlQo4n69yLFQqmR8M2mwHqg5r2x+J/XSXRw5aYsjBNNQzINChKOdITGFaAek5RoPjIEE8nMr4gMsMREm6JmUnyRmU6c+QYWSfO06lxUz+/OKrXrvJ0iHMAhHIMDl1CDW6hDAwhIeIFXeLOerXfrw/qcrhas/GYfZmB9/QIN95g+</latexit>

S1, fa

Ancilla theory of the Hubbard model 

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

Ya-Hui Zhang

<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p{

{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1

<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0

<latexit sha1_base64="BejCP5QUrNvFpQ+FJ3vFTqCtiy4=">AAACgnicdVFdaxNBFJ2sVdP1K+qjL6OJUG2Ju0lN86BQFETwpVLTFjIhzM7eJEPnY525GxuX+D/7T3zTSRpBRQ8MHM65d+7l3KxQ0mOSXNaia1vXb9ysb8e3bt+5e69x/8GJt6UTMBBWWXeWcQ9KGhigRAVnhQOuMwWn2fnblX86B+elNZ9wUcBI86mREyk4Bmnc8MxYaXIwGH+wJrdUcUQpgM6AzxeM0XfgtKRKfi5l3mYsPp ZfgbbS3WI3bQW79br4xnRmL6odbXPaebZsraoqJpEea64Ue7Hc/OFLN+ECHsfjRjNpJ91ukvZoIGsEctDvv+zt03SjNMkGR+PGd5ZbUeqwpVDc+2GaFDiquAubKljGrPRQcHHOpzAM1HANfi+fy8Kv6aha57SkT4OZ04l14Rmka/X35opr7xc6C5Wa48z/7a3Ef3nDEif9USVNUSIYcTVoUiqKlq5Cp7l0IFAtAuHCybA2FTPuuMBwmph5CHczU5xVDOECv8g8zKn2pVmGqH7lQf9PTjrttNfufew0D99sQquTR+QJ2SEpOSCH5D05IgMiyCX5UavXtqOt6HmURt2r0qi26XlI/kD06icc9cHx</latexit>

Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

Ya-Hui 
Zhang

<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�

<latexit sha1_base64="GV+Oa42uaJ1IbdV3w7CAacHn8Rc="></latexit>

Fractionalized excitations of layer S1 confined

by condensation of Higgs boson � ⇠ f†
1�c�.

Frationalized excitations of layer S2 remain deconfined

<latexit sha1_base64="Z5pyMpbLQpZv0HJgBaKn74zNSvM="></latexit>

h�i = 0

<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="p/xVw2bkUUD+Sfs1V84Rs6znlSw="></latexit>

Pseudogap metal =

Kondo Lattice Heavy

Fermi Liquid

�
Spin Liquid

Ya-Hui 
Zhang

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
{<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0

<latexit sha1_base64="BejCP5QUrNvFpQ+FJ3vFTqCtiy4=">AAACgnicdVFdaxNBFJ2sVdP1K+qjL6OJUG2Ju0lN86BQFETwpVLTFjIhzM7eJEPnY525GxuX+D/7T3zTSRpBRQ8MHM65d+7l3KxQ0mOSXNaia1vXb9ysb8e3bt+5e69x/8GJt6UTMBBWWXeWcQ9KGhigRAVnhQOuMwWn2fnblX86B+elNZ9wUcBI86mREyk4Bmnc8MxYaXIwGH+wJrdUcUQpgM6AzxeM0XfgtKRKfi5l3mYsPp ZfgbbS3WI3bQW79br4xnRmL6odbXPaebZsraoqJpEea64Ue7Hc/OFLN+ECHsfjRjNpJ91ukvZoIGsEctDvv+zt03SjNMkGR+PGd5ZbUeqwpVDc+2GaFDiquAubKljGrPRQcHHOpzAM1HANfi+fy8Kv6aha57SkT4OZ04l14Rmka/X35opr7xc6C5Wa48z/7a3Ef3nDEif9USVNUSIYcTVoUiqKlq5Cp7l0IFAtAuHCybA2FTPuuMBwmph5CHczU5xVDOECv8g8zKn2pVmGqH7lQf9PTjrttNfufew0D99sQquTR+QJ2SEpOSCH5D05IgMiyCX5UavXtqOt6HmURt2r0qi26XlI/kD06icc9cHx</latexit>

Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�

<latexit sha1_base64="JMh/HtkkBBsRSrQpw6Al2C+2fYo="></latexit>

Hmf =�
X

i,j

tijc
†
i�cj� �

X

i,j

t1,ijf
†
1i�f1j�

�
X

i

� (c†i�f1i� + f
†
1i�ci�)

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL
<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0
<latexit sha1_base64="Z5pyMpbLQpZv0HJgBaKn74zNSvM="></latexit>

h�i = 0



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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1+p mobile holes in a filled band of 2 electrons per site

tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Photoemission expts at small p

are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one
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Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
nominal of doping level xn, as shown in the inset. (b) The Fermi
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mined for the Tc ¼ 45 K sample at three different temperatures.
The triangles indicate measurements at a sample temperature of
140 K, the circles measurements at 90 K, and the diamonds
measurements at 60 K. (b) The measured arc lengths in (a)
plotted as a function of temperature. We note that rather than
cycling the temperatures on the same sample, the data in (a) are
measured on different samples cut from the same crystal.
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are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one

 Tc65K@140K
 Tc45K@140K
 Tc0K@30K

(0,0) (π,0)

(0,π) (π,π)

(a)

kx

ky

(0,0) (π,0)

(0,π) (π,π)

(b) x = 0.03
x = 0.12
x = 0.14

kx

ky

0.2

0.1

0.0
x A

R
P

E
S

0.100.00 xn

FIG. 2 (color online). (a) The pseudopockets determined for
three different doping levels. The black data correspond to the
Tc ¼ 65 K sample, the blue data correspond to the Tc ¼ 45 K
sample, and the red data correspond to the nonsuperconducting
Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
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FIG. 3 (color online). (a) The Fermi surface crossings deter-
mined for the Tc ¼ 45 K sample at three different temperatures.
The triangles indicate measurements at a sample temperature of
140 K, the circles measurements at 90 K, and the diamonds
measurements at 60 K. (b) The measured arc lengths in (a)
plotted as a function of temperature. We note that rather than
cycling the temperatures on the same sample, the data in (a) are
measured on different samples cut from the same crystal.
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are larger than the presumed doping levels, 0.11, 0.085, and
<0:05, respectively, it is clear that the pocket size scales
qualitatively with the doping level as predicted theoreti-
cally [6,10]. Interestingly, two fluid models of the pseudo-
gap state do predict the observed discrepancy between the
pocket size and carrier concentration or doping level [22].
The finding of a finite nodal FS rather than a ‘‘nodal’’ point
at low T for the Tc ¼ 0 K sample is at variance with
recently reported findings under the same conditions
[23]. The measured Fermi pockets are, however, in
good agreement with those predicted by the YRZ
ansatz. In Fig. 2(b) we show the spectral function calcu-

lated at EF as a function of doping, where Að ~k; 0Þ ¼
$ð1=!Þ ImGYRZð ~k; 0Þ and where GYRZð ~k; 0Þ is Green’s
function taken from Ref. [6]. The experimental observa-
tions are remarkably well reproduced by this model with
the doping level as the only adjustable parameter.

Turning to the question of whether the pocket areas are
temperature dependent, we show in Fig. 3(a) the observed
Fermi arc for the Tc ¼ 45 K sample measured at three
different temperatures: 60, 90, and 140 K, all in the normal
state but well below T%. The measured FS crossings in
the figure are determined by the same method used in
Figs. 1 and 2 rather than from the spectral weight at the
Fermi level. In Fig. 3(b) we show the measured arc length
as a function of temperature. It is clear that any changewith
temperature is minimal and certainly not consistent with an
increase by more than a factor of 2 between the data taken
at 140 and 60 K as would be expected by a T=T% scaling of
the arc length [21]. The discrepancy arises because pre-
vious experiments have not fully determined whether or
not a band actually crosses the Fermi level.

The picture of the low energy excitations of the normal
state emerging from the present study is of a nodal FS
characterized by a Fermi ‘‘pocket’’ that, at temperatures
above Tc, shows a minimal temperature dependence and an
area proportional only to the doping level. We now turn our
attention to the antinodal pseudogap itself.

Several theories of the pseudogap phase propose the
formation of preformed singlet pairs above Tc in the anti-
nodal region of the Brillouin zone [24]. The YRZ spin
liquid based on the RVB picture is one such model as it
recognizes the formation of resonating pairs of spin sin-
glets along the copper-oxygen bonds of the square lattice
as the lowest energy configuration. Figures 4(a)–4(d) show
a series of spectral plots along the straight sector of the
LDA FS in the antinodal region at a temperature of 140 K
for the Tc ¼ 65 K sample at the locations indicated in
Fig. 4(e). Figure 4(f) shows intensity cuts through these
plots along the horizontal lines indicated in Figs. 4(a)–4(d).
It is evident that a symmetric gap exists at all points along
this line. The particle-hole symmetry in binding energy
observed here is in marked contrast to the particle-hole
symmetry breaking predicted in the presence of density
wave order and is a necessary condition for the formation
of Cooper pairs. Thus the present observations add support
to the hypothesis that the normal state is characterized by
pair states forming along the copper-oxygen bonds and is
consistent with earlier studies.
The combination of Figs. 2 and 4 points to a more

complete picture of the low energy excitations in the nor-
mal state of the underdoped cuprates. For Tc < T < T%, a
Fermi pocket exists in the nodal region with an area pro-
portional to the doping level. One does not need to invoke
discontinuous Fermi arcs to describe the FS of underdoped
Bi2212, and Luttinger’s sum rule, properly understood, is
seen to still approximately stand. However, as is evident in
the inset of Fig. 2(a), the area of the hole pockets would
appear to be larger than assumed doping level at the higher
doping levels. This may reflect the presence of electron
pockets at the higher doping level or it may reflect the
presence of a bilayer splitting, even though the latter is
not observed in the present study. We note that the splitting
will be smaller in the underdoped region and in the nodal
region. Although not verified in the present study, one
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Tc ¼ 0 K sample. The area of the pockets xARPES scales with the
nominal of doping level xn, as shown in the inset. (b) The Fermi
pockets derived from YRZ ansatz with different doping level.
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FIG. 3 (color online). (a) The Fermi surface crossings deter-
mined for the Tc ¼ 45 K sample at three different temperatures.
The triangles indicate measurements at a sample temperature of
140 K, the circles measurements at 90 K, and the diamonds
measurements at 60 K. (b) The measured arc lengths in (a)
plotted as a function of temperature. We note that rather than
cycling the temperatures on the same sample, the data in (a) are
measured on different samples cut from the same crystal.
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YBa2Cu3O6+x
tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1
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2 "cos2kx ' cos2ky# ' t4
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cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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<latexit sha1_base64="oKsUhKGEWJpGITrLIf/9cGqpL4g="> R/0EwnVarGOxCUM/lHIpBsIOJoa12NTFraZHXpooiQ42qqDdLE9cdLK14xKsJPOJ3NtY7Xctsrm2uW4k/U604M9ofLH0LIsny1LbEEqr1se9lpl/OpmWbyDVmlJ3QER5bVtAUdb+sxzGBB1YSgV0A+4SBWvqnR0lTrcdpaC0tqLH+W1cJ/6U7zs1wo19ykeXG3sA00TBPqoari/q9gRGn9mhsrcBiapfb2MV2A432KMXIxGVg8Nyc8cjmKdfIEy4mFqE5DPB/5n2H+F3SfdtZ2dqeYbXo3HPuO6uO7zx1tpw9Z985dFjjU+Nr43vjx8KX5rXmUvPO1LRxaeZz17lAzXs/AY3LaNM=</latexit>

Early work described the emergence of nodal d-wave super-
conductivity from a spin liquid with spinons with a Dirac

dispersion: in this approach, the spinons of the spin liquid

are directly transformed into the nodal Bogoliubov quasi-

particles of the d-wave superconductor.

F.C. Zhang, C. Gros, T.M. Rice and H. Shiba,

Superconductor Sci. Tech. 1 (1988) 36

[cond-mat/0311604].

D. A. Ivanov, T. Senthil, PRB 66, 115111 (2002).

This leads to a d-wave superconductor with vF ⇡ v�, in
contrast to observations.



<latexit sha1_base64="cmJElYm2AxrODxEycW5VbgVVPR0="></latexit>

Adding d-wave pairing
to the hole pockets

leads to 8 nodal points???

<latexit sha1_base64="Z9bg3eN06DWXNjMYbiduk3aN3pw="></latexit>

BCS/Bogoliubov quasiparticles
in a d-wave superconductor

Ek =
�
"2k +�2

k

�1/2

�k = �0 (cos kx � cos ky)

4 nodal points where

Ek0+q =
⇣
v2F q

2
? + v2�q

2
k

⌘1/2

with vF � v�.

FL*   dSC*



FL*   dSC*

<latexit sha1_base64="jAaKwKhxCGTM4MQeVGcbIervFqY="></latexit>

8 nodal points of
Bogoliubov quasiparticles
from the Fermi pockets

and
4 nodal points of
spinons from

the ⇡-flux spin liquid



Shubhayu Chatterjee and S. Sachdev,  
PRB 94, 205117 (2016) 

Maine Christos and S.Sachdev, 
npj Quantum Materials 9, 4 (2024)

FL*   dSC
<latexit sha1_base64="NdDpvLBaiEU9oSAPSvt980YyWd4="></latexit>

A B Higgs condensate

allows spinons and

Bogoliubov quasiparticles

to hybridize:

8 nodal points annihilate

each other, leaving

4 nodal points

with anisotropic velocities,

just as in a BCS d-wave state.



Shubhayu Chatterjee and S. Sachdev,  
PRB 94, 205117 (2016) 

Maine Christos and S.Sachdev, 
npj Quantum Materials 9, 4 (2024)

FL*   dSC

<latexit sha1_base64="KVXNEuTO4ovujIw0Uc7JgXRQuwM="></latexit>

The spinons do not become the
Bogoliubov quasiparticles,

they annihilate the unwanted
Bogoliubov quasiparticles.

This leads to a d-wave superconductor
with 4 nodal Bogoliubov quasiparticles,

with vF � v�,
consistent with observations.



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

{<latexit sha1_base64="U6Yue7B12tNdGrOfQBxAgHXgXi0="></latexit>

Spin liquid

<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

{<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0

<latexit sha1_base64="BejCP5QUrNvFpQ+FJ3vFTqCtiy4=">AAACgnicdVFdaxNBFJ2sVdP1K+qjL6OJUG2Ju0lN86BQFETwpVLTFjIhzM7eJEPnY525GxuX+D/7T3zTSRpBRQ8MHM65d+7l3KxQ0mOSXNaia1vXb9ysb8e3bt+5e69x/8GJt6UTMBBWWXeWcQ9KGhigRAVnhQOuMwWn2fnblX86B+elNZ9wUcBI86mREyk4Bmnc8MxYaXIwGH+wJrdUcUQpgM6AzxeM0XfgtKRKfi5l3mYsPp ZfgbbS3WI3bQW79br4xnRmL6odbXPaebZsraoqJpEea64Ue7Hc/OFLN+ECHsfjRjNpJ91ukvZoIGsEctDvv+zt03SjNMkGR+PGd5ZbUeqwpVDc+2GaFDiquAubKljGrPRQcHHOpzAM1HANfi+fy8Kv6aha57SkT4OZ04l14Rmka/X35opr7xc6C5Wa48z/7a3Ef3nDEif9USVNUSIYcTVoUiqKlq5Cp7l0IFAtAuHCybA2FTPuuMBwmph5CHczU5xVDOECv8g8zKn2pVmGqH7lQf9PTjrttNfufew0D99sQquTR+QJ2SEpOSCH5D05IgMiyCX5UavXtqOt6HmURt2r0qi26XlI/kD06icc9cHx</latexit>

Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

<latexit sha1_base64="5Qv7jV1Ex5Wbh7taVGqffBcFEVo="></latexit>

1. Choose Néel-VBS DQCP spin liquid: f� spinons moving in ⇡-flux
coupled to SU(2)N gauge field. Note � ⇠ f†

1�c� is condensed.

2. Confine spin liquid by condensing charge e,
SU(2)N fundamental, Higgs boson

B ⇠
✓

f†
1�f�

"��0f†
1�f

†
�0

◆

<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

{
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p

<latexit sha1_base64="40iBAFM7nTMgJo51LrEN/YYeLJA=">AAACCXicdVDLSgNBEJz1bXxFPXoZDIKnsBvzOga9iCcFYwLZEGYnnWTI7Owy06uGJV/gyat+hTfx6lf4Ef6DkxhBRQsaiqpuuruCWAqDrvvmzM0vLC4tr6xm1tY3Nrey2ztXJko0hzqPZKSbATMghYI6CpTQjDWwMJDQCIYnE79xDdqISF3iKIZ2yPpK9ARnaKXGWcePQcedbM7Nu+VqsVSmlkxhSaVwVPVc6s2UHJnhvJN997sRT0JQyCUzpuW5MbZTplFwCeOMnxiIGR+yPrQsVSwE006n547pgVW6tBdpWwrpVP0+kbLQmFEY2M6Q4cD89ibiX14rwV61nQoVJwiKfy7qJZJiRCe/067QwFGOLGFcC3sr5QOmGUebUMY3YONTfRykPsIt3oiu3ZOWhBrbfL5CoP+Tq0LeK+eLF8Vc7XiW1ArZI/vkkHikQmrklJyTOuFkSO7JA3l07pwn59l5+Wydc2Yzu+QHnNcPUP2bwA==</latexit>

J?

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>

FL

}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 

<latexit sha1_base64="95XpI8jB5C2p7//WgFbhyRMk82Q=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3bisaB/QxjCZTtqhM0mYmQglZOs3uNW1O3Hrf7j0T5y2WdjWAxcO59zLuRw/5kxp2/62Ciura+sbxc3S1vbO7l55/6ClokQS2iQRj2THx4pyFtKmZprTTiwpFj6nbX90M/HbT1QqFoUPehxTV+BByAJGsDbSY9rzBbrPPOcMBZ7jlSt21Z4CLRMnJxXI0fDKP71+RBJBQ004Vqrr2LF2Uyw1I5xmpV6iaIzJCA9o19AQC6rcdPp1hk6M0kdBJM2EGk3VvxcpFkqNhW82BdZDtehNxP+8bqKDKzdlYZxoGpJZUJBwpCM0qQD1maRE87EhmEhmfkVkiCUm2hQ1l+KLzHTiLDawTFrnVeeiWrurVerXeTtFOIJjOAUHLqEOt9CAJhCQ8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gXCBpgN</latexit>

S1, f1
<latexit sha1_base64="ckOvILXfgkviHncuhUFaQ00oW5Q=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgQkpSfC2LblxWtA9oQplMJ+3QmSTMTIQSsvMb3Oranbj1R1z6J07bLGzrgQuHc+7lXI4fc6a0bX9bhZXVtfWN4mZpa3tnd6+8f9BSUSIJbZKIR7LjY0U5C2lTM81pJ5YUC5/Ttj+6nfjtJyoVi8JHPY6pJ/AgZAEjWBvJTV1foIesVztDQa9csav2FGiZODmpQI5Gr/zj9iOSCBpqwrFSXceOtZdiqRnhNCu5iaIxJiM8oF1DQyyo8tLpzxk6MUofBZE0E2o0Vf9epFgoNRa+2RRYD9WiNxH/87qJDq69lIVxomlIZkFBwpGO0KQA1GeSEs3HhmAimfkVkSGWmGhT01yKLzLTibPYwDJp1arOZfXi/rxSv8nbKcIRHMMpOHAFdbiDBjSBQAwv8Apv1rP1bn1Yn7PVgpXfHMIcrK9fjwyXaw==</latexit>

S2, f

<latexit sha1_base64="pqkYYTFavTUVx/hSF1+2u+J3EBs="></latexit>

Boson with same quantum numbers in X.-G. Wen and P.A. Lee, PRL 76, 503 (1996)

{<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0

<latexit sha1_base64="BejCP5QUrNvFpQ+FJ3vFTqCtiy4=">AAACgnicdVFdaxNBFJ2sVdP1K+qjL6OJUG2Ju0lN86BQFETwpVLTFjIhzM7eJEPnY525GxuX+D/7T3zTSRpBRQ8MHM65d+7l3KxQ0mOSXNaia1vXb9ysb8e3bt+5e69x/8GJt6UTMBBWWXeWcQ9KGhigRAVnhQOuMwWn2fnblX86B+elNZ9wUcBI86mREyk4Bmnc8MxYaXIwGH+wJrdUcUQpgM6AzxeM0XfgtKRKfi5l3mYsPp ZfgbbS3WI3bQW79br4xnRmL6odbXPaebZsraoqJpEea64Ue7Hc/OFLN+ECHsfjRjNpJ91ukvZoIGsEctDvv+zt03SjNMkGR+PGd5ZbUeqwpVDc+2GaFDiquAubKljGrPRQcHHOpzAM1HANfi+fy8Kv6aha57SkT4OZ04l14Rmka/X35opr7xc6C5Wa48z/7a3Ef3nDEif9USVNUSIYcTVoUiqKlq5Cp7l0IFAtAuHCybA2FTPuuMBwmph5CHczU5xVDOECv8g8zKn2pVmGqH7lQf9PTjrttNfufew0D99sQquTR+QJ2SEpOSCH5D05IgMiyCX5UavXtqOt6HmURt2r0qi26XlI/kD06icc9cHx</latexit>

Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

<latexit sha1_base64="MbWn4yuO+dNdMs88bFOEK0D6vCc="></latexit>

1. Choose Néel-VBS DQCP spin liquid: f↵ spinons moving in ⇡-flux
coupled to SU(2)N gauge field.
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SU(2)N fundamental, Higgs boson
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coupled to SU(2)N gauge field. Note � ⇠ f†
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1. Choose Néel-VBS DQCP spin liquid: f� spinons moving in ⇡-flux
coupled to SU(2)N gauge field. Note � ⇠ f†

1�c� is condensed.

2. Confine spin liquid by condensing charge e,
SU(2)N fundamental, Higgs boson
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✓
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<latexit sha1_base64="Vu1xx7y0i2hZ4OQQxPJw7RKfI8g=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAcmS5idzCZD5rHMzAphyV948aCIV//Gm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWyc9kn7WM2wo8LRfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OIpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs3eRwOmKbF84ggmmrlbERlhjYl1IZVcCMHyy6ukdVENatXa/WWlfpPHUYQTOIVzCOAK6nAHDWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH3geREA==</latexit>c�



<latexit sha1_base64="oZskno4Nz+a5h61PNaHbs13ptoA="></latexit>

Large
Fermi surface.
Size: 1 + p

{
<latexit sha1_base64="Ls79LYO0aI/44QY0M77SreWMdTA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi+ilov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aPXBwOO9GWbmBYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrqZ+6xGV5rF8MOME/YgOJA85o8ZK9ze921654lbdGchf4uWkAjnqvfJntx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZqRNyZJU+CWNlSxoyU39OZDTSehwFtjOiZqgXvan4n9dJTXjhZ1wmqUHJ5ovCVBATk+nfpM8VMiPGllCmuL2VsCFVlBmbTsmG4C2+/Jc0T6reWdW9O63ULvM4inAAh3AMHpxDDa6hDg1gMIAneIFXRzjPzpvzPm8tOPnMPvyC8/EN7keNkA==</latexit>

JK

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="if6sHtWd1ylC4M4Sa0RkncN10pQ="></latexit>

doping p
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J?

<latexit sha1_base64="JpArXxOXas+5kAYCOamuhSRcCMk="></latexit>
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}

}
<latexit sha1_base64="sWCk05WgIZPn4bpCPxOwJzckIrs=">AAACEHicdZDPSsNAEMY39V+t/6oevSwWQVBKIkVzFL14rGi10Nay2UzbpZtN2J2oJfQRvHjQV/EmXn0D38Sj21pBRQcGfnzfDDN8QSKFQdd9c3JT0zOzc/n5wsLi0vJKcXXtwsSp5lDjsYx1PWAGpFBQQ4ES6okGFgUSLoP+8ci/vAZtRKzOcZBAK2JdJTqCM7TSGVzttIslt+z6rrfvUQvjsnDg+77nUm+ilMikqu3iezOMeRqBQi6ZMQ3PTbCVMY2CSxgWmqmBhPE+60LDomIRmN3wWiRmjK1s/PWQblkzpJ1Y21ZIx+r35YxFxgyiwE5GDHvmtzcS//IaKXb8ViZUkiIo/nmok0qKMR1FQEOhgaMcWGBcC/s25T2mGUcbVKFpwKaoutjLmgi3eCNCeyerCDW0UX3lQf+Hi72yt1+unFZKh0eT0PJkg2ySbeKRA3JITkiV1AgnXXJHHsijc+88Oc/Oy+dozpnsrJMf5bx+ABQhnm8=</latexit>

e+

<latexit sha1_base64="vHAtGA2AOYVQGvVSrFl4wPA0UvA="></latexit>

Trivial
insulator

<latexit sha1_base64="KBnGJC4K0xjNWkLLPa5apXmvMF4="></latexit>

JK

Ancilla theory of the Hubbard model 

<latexit sha1_base64="zC0ApIRDYMIKaDwtBO4WTQ+K7k0="></latexit>

FL*

Ya-Hui Zhang and S. Sachdev, 
Phys. Rev. Res. 2, 023172 (2020) 
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S1, f1
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S2, f

{<latexit sha1_base64="kmgtD4LPN2HUHAlGVC23TH8/d6M="></latexit>

h�i 6= 0
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Kondo lattice heavy
Fermi liquid.
Size 1 + p+ 1
= p (mod 2).
Small Fermi surface!

<latexit sha1_base64="MbWn4yuO+dNdMs88bFOEK0D6vCc="></latexit>

1. Choose Néel-VBS DQCP spin liquid: f↵ spinons moving in ⇡-flux
coupled to SU(2)N gauge field.

2. Confine spin liquid by condensing charge e,
SU(2)N fundamental, Higgs boson
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FIG. 5: Spectral density in superconductor for electron-doped normal state with only electron pockets |
Evolution of spectral density of c electrons (a,d), dispersion along a diagonal cut through the Brillouin zone (b,e), and
dispersion along a vertical cut through the (0, ⇡) (c,f) for B = 0 (top row) and B > 0 (bottom row). All plots are computed
at electron doping p = .15. We note the nodes which for finite b along the diagonal which were not previously present in the c
electron density in the normal state.

with larger � gapping out the hole pockets. For our com-
putations of a normal state with both electron and hole
pockets like that of Fig. 7, we take t

f1
1,1 = �.06 eV and

t
f1
0,2 = .02 eV and all other parameters the same as above.

1. Number of nodes

We will discuss the number of nodes separately for the
two types of Fermi surfaces mentioned above, beginning
first with the normal state where the only Fermi surfaces
are electron pockets at the anti-node. Naively, it might
be expected for this case that the d-wave superconductor
which will be inherited by the c electrons when B con-
denses will be fully gapped; however, this is not what we
observe. For any finite b, the electron pockets of the nor-
mal state which appeared in the anti-nodal region will
become fully gapped as shown in the rightmost column
of Fig. 5, but nodes will re-appear along the diagonal in
the nodal region of the Brillouin zone as shown in the
central column of Fig. 5. These nodes which at b = 0
were associated with the Dirac points of the ⇡-flux spin
liquid will hybridize with the c and f1 bands but cannot
be gapped unless an additional symmetry such as spin ro-
tation symmetry is strongly broken. If the above scenario
is excluded, there will always be 4 nodes on the diagonal
when B is condensed for a normal state with only elec-

tron pockets, assuming a positive spin liquid hopping in
the gauge we have chosen. We note that for small b, the
normal state Fermi surfaces at the anti-node have a gap
which may be very small and the node which appears for
small b initially has a low c electron spectral weight.

For the case of a normal state which has both electron
pockets at the anti-node and hole pockets at the node,
we observe the same transition from 4 to 12 nodes as b

is increased as we observed in the hole-doped case.
In all of our analysis on the electron-doped side of the

phase diagram, we have assumed t
f2 = .14. However,

changing the sign of t
f2 will result in qualitatively dif-

ferent behavior in the number of nodes similar to the
hole-doped case as shown in the Supplement [56]. How-
ever, as was shown in Appendix 3 of [27], only the former
sign of t

f2 corresponds to a chargon potential which fa-
vors the continuum superconductor ansatz we have taken
here.

2. Velocities of node

We also show how vF and v� of the superconductor
nodes on the Brillouin zone diagonal evolve for positive
electron doping as a function of b and for different values
of � in Fig. 6 for the choice of normal state with only elec-
tron pockets. For this choice of normal state, we study a
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at electron doping p = .15. We note the nodes which for finite b along the diagonal which were not previously present in the c
electron density in the normal state.

with larger � gapping out the hole pockets. For our com-
putations of a normal state with both electron and hole
pockets like that of Fig. 7, we take t

f1
1,1 = �.06 eV and

t
f1
0,2 = .02 eV and all other parameters the same as above.

1. Number of nodes

We will discuss the number of nodes separately for the
two types of Fermi surfaces mentioned above, beginning
first with the normal state where the only Fermi surfaces
are electron pockets at the anti-node. Naively, it might
be expected for this case that the d-wave superconductor
which will be inherited by the c electrons when B con-
denses will be fully gapped; however, this is not what we
observe. For any finite b, the electron pockets of the nor-
mal state which appeared in the anti-nodal region will
become fully gapped as shown in the rightmost column
of Fig. 5, but nodes will re-appear along the diagonal in
the nodal region of the Brillouin zone as shown in the
central column of Fig. 5. These nodes which at b = 0
were associated with the Dirac points of the ⇡-flux spin
liquid will hybridize with the c and f1 bands but cannot
be gapped unless an additional symmetry such as spin ro-
tation symmetry is strongly broken. If the above scenario
is excluded, there will always be 4 nodes on the diagonal
when B is condensed for a normal state with only elec-

tron pockets, assuming a positive spin liquid hopping in
the gauge we have chosen. We note that for small b, the
normal state Fermi surfaces at the anti-node have a gap
which may be very small and the node which appears for
small b initially has a low c electron spectral weight.

For the case of a normal state which has both electron
pockets at the anti-node and hole pockets at the node,
we observe the same transition from 4 to 12 nodes as b

is increased as we observed in the hole-doped case.
In all of our analysis on the electron-doped side of the

phase diagram, we have assumed t
f2 = .14. However,

changing the sign of t
f2 will result in qualitatively dif-

ferent behavior in the number of nodes similar to the
hole-doped case as shown in the Supplement [56]. How-
ever, as was shown in Appendix 3 of [27], only the former
sign of t

f2 corresponds to a chargon potential which fa-
vors the continuum superconductor ansatz we have taken
here.

2. Velocities of node

We also show how vF and v� of the superconductor
nodes on the Brillouin zone diagonal evolve for positive
electron doping as a function of b and for different values
of � in Fig. 6 for the choice of normal state with only elec-
tron pockets. For this choice of normal state, we study a
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Fig. 3 | Momentum dependence of Bogoliubov quasiparticles. a, Momentum dependence of the 
kF spectra along an arc on the large Fermi surface. Red dots track the peak feature related to AF 
pseudogap, and blue dots track the low energy Bogoliubov quasiparticle peak. Numbers to the 
right indicate angle away from the Brillouin zone diagonal, with the angle θ defined in the inset of 
c. Blue curves overlaying the EDC data in the symmetrized part above EF are the 
phenomenological fits of the superconducting gap (see methods section IV). A second order 
background was used to capture the normal state background spectral weight. Curves near θ = 0 
were not fitted as the large size of the AF pseudogap overshadows any small superconducting gap 
that may be present within. b, (top) Momentum dependence of ΔSC and corresponding 2ΔSC/kBTc 
ratios measured at 7 K. The black vertical arrow indicates the approximate location of the hot spot. 
Gap data near the Brillouin zone diagonal is not available due to the dominance of the AF 
pseudogap. Red background highlights the dominance of AF on the low energy spectra near θ = 0, 
and the blue background highlight the dominance of superconductivity near θ = 45. (bottom) 
Integrated spectral weight in the range [-30, 0] meV. Intensity values are normalized by the angular 
dependent photoemission matrix element extracted from overdoped NCCO spectra. c, EDCs at the 
hot spot (black) and Brillouin zone boundary (grey) at 7 K for the same sample, normalized by the 
respective spectra at 40 K. Brillouin zone location of EDCs shown in the inset. The Brillouin zone 
boundary curve is offset vertically by 0.2 for clarity. 
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tion (LDA), which are in good agreement with previous
calculations [11,12], and a tight-binding fit of the experi-
mentally determined FS. The spectra in Figs. 1(b) and 1(c)
were measured along momentum space directions near the
nodal and antinodal regions of the BZ, as indicated by the
arrows in Fig. 1(a). Dispersive features are clearly observ-
able, with a behavior which is ubiquitous among the cup-
rates [1]. Close to the nodal direction the QP peak exhibits
a pronounced dispersion that can be followed over
!250 meV below EF; near "!; 0#, on the other hand, the
band is much shallower with a van Hove singularity
!39 meV below EF. By integrating over a $5 meV win-
dow about EF the ARPES spectra normalized at high
binding energies, one obtains an estimate for the normal-
state FS [Fig. 1(d); the EF-intensity map across two BZs
was downfolded to the reduced zone scheme and symme-
trized with respect to the BZ diagonal, taking an average
for equivalent k points, and then fourfolded]. As discussed
later, at T % 10 K a d-wave SC gap is open along the FS;
thus this procedure returns the loci of minimum excitation
energy across the gap, which, however, still correspond to
the underlying normal-state FS crossings [1].

The FS of Tl2201-OD30 [Fig. 1(d)] consists of a large
hole-pocket centered at "!;!#, which, as suggested by the
low binding energy of the van Hove singularity [Fig. 1(c)],
appears to be approaching a topological transition from
hole to electronlike. The FS volume, counting holes, is
63$ 2% of the BZ corresponding to a carrier concentra-
tion of 1:26$ 0:04 hole=Cu atom, in very good agreement
with Hall-coefficient [13] and AMRO [6] experiments,
which found 1.30 and 1.24 itinerant holes, respectively,
in slightly more overdoped samples. These measurements
all indicate that the low-energy electronic structure of very

overdoped Tl2201 is dominated by a single CuO band. In
both ARPES and AMRO data there is no evidence for the
TlO band that in LDA calculations crosses EF and gives
rise to a small electron pocket centered at k % "0; 0# for
nonoxygenated (i.e., " % 0) Tl2201 [Fig. 1(a), dashed FS].
This, however, is no surprise even within the indepen-
dent particle picture. In fact, adjusting the chemical po-
tential in the calculations in a rigid-band-like fashion to
match the doping level of our Tl2201-OD30 sample (as
determined by the total FS volume), the TlO band is
emptied of its electrons and the LDA FS reduces to the
single CuO pocket [Fig. 1(a), solid FS]. Since full deple-
tion of the TlO band takes place for !EF ’ &0:159 eV,
corresponding to the removal of 0.024 electrons from
the TlO band (as well as 0.109 from the CuO band), already
the deviation of the Tl3' and Cu2' content of our samples
from the stoichiometric ratio 2:1, which contributes
!0:14 hole=formula unit, would be sufficient to empty
the TlO band even in the nonoxygenated " % 0 case. In
this sense, the Tl-Cu nonstoichiometry and the presence of
the TlO band cooperate in pushing the " % 0 system away
from half filling, which may help explain why nonoxygen-
ated Tl2201 is not a charge transfer insulator like undoped
(i.e., x % 0) LSCO [12]. As for the detailed shape of the
FS, which in LDA calculations is more square than in
ARPES and AMRO results, better agreement would re-
quire the inclusion in the calculations of correlation ef-
fects and/or O-doping beyond a rigid-band picture. Alter-
natively, the ARPES data can be modeled by the tight-
binding dispersion #k%$' t1

2 "coskx'cosky#' t2 coskx(
cosky ' t3

2 "cos2kx ' cos2ky# ' t4
2 "cos2kxcosky ' coskx(

cos2ky#' t5 cos2kxcos2ky, as in Ref. [14] (setting a % 1
for the lattice constant). With parameters $ % 0:2438,
t1 % &0:725, t2 % 0:302, t3 % 0:0159, t4 % &0:0805,
and t5 % 0:0034, all expressed in eV, this dispersion re-
produces both the FS shape [Fig. 1(d)] and the QP energy
at "0; 0# and especially near "!; 0# [Figs. 2(f) and 2(g)].

The analysis of the ARPES spectra in Fig. 2 indicates a
SC gap consistent with a dx2&y2 form. Because of the lack
of normal-state data, the opening of the gap for this
Tl2201-OD30 sample could not be followed via the shift
of the leading edge midpoint (LEM) across Tc, as is
commonly done (this was, however, possible in subsequent
temperature dependent experiments on a less overdoped
Tc % 74 K sample). In the present case, the existence of a
gap can be most easily visualized by the comparison of
nodal and antinodal symmetrized spectra [15], in particu-
lar, by the presence of a peak at EF along the nodal di-
rection [signature of a FS crossing; bold line in Fig. 2(a)]
and by the lack thereof along the antinodal [Fig. 2(b)]. For
a more quantitative analysis, we performed a fit of the
spectra along different k-space cuts intersecting the under-
lying normal-state FS [Fig. 2(d); as line shape we used a
Lorentzian QP peak plus a steplike background identified
by the ARPES intensity at k ) kF, all multiplied by a
Fermi function and convoluted with the instrumental en-
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FIG. 1 (color online). (a) LDA FS for two different doping
levels corresponding to a volume, counting holes, of 50% (cyan,
dashed line) and 63% (blue, solid line) of the BZ. (b),(c) ARPES
spectra taken at T % 10 K on Tl2201-OD30 along the directions
marked by arrows in (a). (d) ARPES FS of Tl2201-OD30 along
with a tight-binding fit of the data (black lines).
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Figure 4

Quantum oscillations in cuprates. a) Underdoped YBCO (p = 0.11, Tc = 62 K) (black (22))
and Hg1201 (p ' 0.1, Tc = 72 K) (red (33), ⇥50). b) Overdoped Tl2201 (p ' 0.3, Tc ⇡ 10 K) (28).

than in YBCO, with a maximal value of 60-70 T. The peak position is at p ' 0.17, close

to p
? ' 0.18 � 0.19. In Nd-LSCO, Hc2 is lower still, with a maximal value of ' 15 T, for

a maximal Tc of 20 K. The peak position is now at p ' 0.22, close to p
? ' 0.23. Because

of their lower e↵ective mass m
?, electron-doped cuprates have a much lower Hc2 / (m?)2,

with a peak value of Hc2 ' 10 T for a maximal Tc ' 20 K (15). Unless otherwise stated, the

data shown in the figures and discussed in the text are taken in magnetic fields su�ciently

high to suppress superconductivity.

3. FERMI LIQUID AT HIGH DOPING

FL: Fermi liquid

WF:
Wiedemann-Franz
law

pFS: Lifshitz
transition, where the
Fermi surface
changes topology
from hole-like to
electron-like

The properties of strongly overdoped cuprates are those of a Fermi liquid: they obey

the Wiedemann-Franz (WF) law (23) and, beyond the superconducting dome (Fig. 1a),

their resistivity goes as ⇢ ⇠ T
2 in the limit T ! 0, as seen in Tl2201 (24) and LSCO (25).

The Fermi surface of overdoped Tl2201 has been fully characterized. It is a single large

hole-like cylinder (Fig. 3d), as first determined experimentally by ADMR (26) and ARPES

(27), and then by quantum oscillations detected in c-axis resistance (Fig. 4b) and torque

measurements (28). The oscillation frequency, F = 18100 T, converts to a FS area AF

in excellent agreement with the k-space area deduced from ADMR and ARPES. In 2D,

the Luttinger sum rule requires that the carrier density n = 2AF /(2⇡)
2 = F/�0, where

�0 = h/2e is the flux quantum. The frequency measured in Tl2201 corresponds to a carrier

density (per Cu atom) of n = 1.3 = 1 + p, in good agreement with the Hall number

nH ' 1.3 obtained from Hall e↵ect measurements at low temperature (29), and with band

structure calculations. Note that at high p, hole-doped cuprates eventually undergo a

Lifshitz transition, at pFS, where their FS becomes electron-like. In LSCO and Nd-LSCO,

pFS ' 0.18 and 0.23, respectively.

QO measurements in Tl2201 at p ' 0.3 yield an e↵ective mass m
? = 5.2 ± 0.4 m0

(30), where m0 is the free electron mass. Band structure calculations for Tl2201 obtain a

bare band mass of 1.2 m0 (31), implying that electron-electron interactions are significant

when superconductivity first emerges (Fig. 1a). For a quasi-2D FS, m? is directly related

6 Proust & Taillefer
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27. Platé M, et al. 2005. Phys. Rev. Lett. 95:077001

28. Vignolle B, et al. 2008. Nature 455:952–955

29. Mackenzie AP, et al. 1996. Phys. Rev. B 53:5848–5855

30. Bangura AF, et al. 2010. Phys. Rev. B 82:140501

31. Singh DJ, Pickett WE. 1992. Physica C 203:193–199

32. Harrison N, Sebastian SE. 2012. New J. Phys. 14:095023

33. Barisic N, et al. 2013. Nat. Phys. 9:761–764

34. LeBoeuf D, et al. 2011. Phys. Rev. B 83:054506

35. Tranquada JM, et al. 1995. Nature 375:561–563

36. Ho↵man JE, et al. 2002. Science 295:466–469

37. Hanaguri T, et al. 2004. Nature 430:1001–1005

38. Wise WD, et al. 2008. Nat. Physics 4:696–699

39. Doiron-Leyraud N, et al. 2007. Nature 447:565–569

40. LeBoeuf D, et al. 2007. Nature 450:533–537

41. Jaudet C, et al. 2008. Phys. Rev. Lett. 100:187005
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Ancilla theory of pseudogap metal with hole pockets and
underlying ⇡-flux spin liquid yields:

• Theory for Fermi arcs in hole-doped pseudogap metal.

• ADMR in pseudogap.

• Anti-nodal and nodal electronic dispersion.

• d-wave superconductor with 4 nodal points in both electron-
and hole-doped cuprates.

• Near-equality of dSC and charge order onset temperatures

• Multipoint correlators measured by cold atom experiments

• Theory for strange metal in the crossover from FL* to FL


