PRISMS-PF Application Formulation:
precipitateEvolution

1 Variational formulation

The total free energy of the system (neglecting boundary terms) is of the form,

H(Cv 7717772777376) = /Qf(ca N, M2, 13, 6) av (1)

where c is the concentration of the § phase, 7, are the structural order parameters and € is the small strain
tensor. f, the free energy density is given by

fle,m,m2,m3,€) = fenem(c,m1,m2,m3) + fgraa(M; 12, 13) + fetastic(C, M1, 2,13, €) (2)

where
fenem(c,m,m2,m3) = fa(€) (1 = H(m) — H(nz2) — H(nz)) + fs(c) (H(m) + H(nz) + H(nz)))  (3)

3
1
foraa(n1,m2,m3) = B Z RZ"np,mp,j (4)
p=1
1

felastic(C; M1, M2, M3, €) = icijkl(nhn%n?)) (Eij - E?j(C, 7717772,773)) (Ekl - 521(07 77177727773)) (5)
e%(c,m,m2,1) = H(m)ey, () + H(mz)en, () + H(ns)ep, () (6)
C(m,n2,n3) = H(m)Cry + H(12)Cy + H(13)Crs + (1 = H(m) — H(n2) — H(13)) Ca (7)
Here sgp are the composition dependent stress free strain transformation tensor corresponding to each

structural order parameter.

2 Required inputs

e fa(c), fz(c) - Homogeneous chemical free energy of the components of the binary system, example
form given in Appendix I

e H(np) - Interpolation function for connecting the a phase and the p'" orientation variant of the f3
phase, example form given in Appendix I

e k7 - gradient penalty tensor for the p!* orientation variant of the 5 phase

e C,, - fourth order elasticity tensor (or its equivalent second order Voigt representation) for the pth
orientation variant of the 8 phase

e C, - fourth order elasticity tensor (or its equivalent second order Voigt representation) for the «

phase
° egp - stress free strain transformation tensor for the p'* orientation variant of the 3 phase

In addition, to drive the kinetics, we need:
e M - mobility value for the concentration field

e [ - mobility value for the structural order parameter field



3 Variational treatment

From the variational derivatives given in Appendix II, we obtain the chemical potentials for the concen-
tration and the structural order parameters:

pie = fae (1= H(m) — H(n2) — H(n3)) + fs.c (H(m) + H(n2) + H(n3)) + Cijri(—€ly.) (e —€ly)  (8)

1
iy = (f5 = Jo)H(p) iy = i 0pij + Cijra(—€sy,) (er1 = €ha) + 5 Clijhtm, (€15 — €35) (e —pa) - (9)

4 Kinetics

Now the PDE for Cahn-Hilliard dynamics is given by:

dc

o= V- (MVp) (10)

and the PDE for Allen-Cahn dynamics is given by:

Inp

where M and L are the constant mobilities.
5 Mechanics
Considering variations on the displacement u of the from u + ew, we have
G 11 = / Vw: C(ni,m2,m3) : (€ = €(¢,m,n2,1m3)) dV =0 (12)
Q
(13)
where o = C(n1,12,13) : (s —&%ec,m1,mo, 773)) is the stress tensor.
Now consider
R= / Vw: C(n1,n2,m3) : (e — (e, n1,m2,m3)) dV =0 (14)
Q
We solve for R = 0 using a gradient scheme which involves the following linearization:
0R
0R
= < Au=-R|, (16)

This is the linear system Az = b which we solve implicitly using the Conjugate Gradient scheme. For
clarity, here in the left hand side (LHS) A = 9% 2 = Au and the right hand side (RHS) is b = —R |,,.

— ou?

6 Time discretization
Using forward Euler explicit time stepping, equations 10 and 11 become:

A =" 4 ALV - (M V)] (17)
772'*'1 =, — AtLuy, (18)



7 Weak formulation and residual expressions

7.1 The Cahn-Hillard and Allen-Cahn equations

Writing equations 10 and 11 in the weak form, with the arbirary variation given by w yields:
/ w1V = / wc™ + wAt[V - (MV )] dV (19)
Q 0
/ wandV / wn, — wAtLuy,dV (20)
Q

The gradient of p. is:

3 3
Vye =Ve foz,cc + Z H(np)(fﬂ,cc - foz,cc) + Z VUPH(UP),% (f/a’,c - fa,c)

p=1 p=1

3
+ Z CZkl zykl Van(np)vnP (_E(i)j,c)(eij - G?j)
p=1

(21)
3
(0]
— Cigit | D Hp)., €32 Vp + H(np)e Ve | (e — €y)
p=1
+ Cijkl(—e%c Veij — ZH p mpekzpvnp +H(77p)€kzpvc
Applying the divergence theorem to equation 19, one can derive the residual terms r. and 7.;:
wc"Hav = / w " +Vw- (=AtMVpuc)dV 22
i [0 v (AT (22)

¢ Tex

Expanding pi,, in equation 20 and applying the divergence theorem yields the residual terms r;, and

Tppa:

n+1
wny T dV =
I

/Qw{ np — ALL [(fﬁ = J)H (1), = Cijha (H(Wp),an?;‘?p> (ext — €py)

Tnp

é [(CZM C?jkl)H(np)mp} (i — €y) (en — €i) } }

(23)

np cont.

+Vw- (- Athangz)dV
———

Tnpz

The above values of ¢, 7cz, Ty,, and ry ;are used to define the residuals in the following input file:
applications/precipitate Evolution/equations.h

7.2 The mechanical equilbrium equation

In PRISMS-PF, two sets of residuals are required for elliptic PDEs (such as this one), one for the left-hand
side of the equation (LHS) and one for the right-hand side of the equation (RHS). We solve R = §,II by



casting this in a form that can be solved as a matrix inversion problem. This will involve a brief detour
into the discretized form of the equation. First we derive an expression for the solution, given an initial
guess, ug:

0= R(u) = R(up + Au) (24)
where Au = u — ug. Then, applying the discretization that v = >, w'U?, we can write the following
linearization: 5R(w)

——AU =—-R 25
i () (25)

The discretized form of this equatlon can be written as a matrix inversion problem. However, in PRISMS-
PF, we only care about the product ( LIOYN 4 Taking the variational derivative of R(u) yields:

oR d
(51(7 = da/ng Ot [e(u+ aw) — €°] dV . (26)
= [ Vw:C:-— [V(u+ aw) + V(u+ aw)" — €] dV (27)
o) 2 do a=0
= [ Vw:C: o [V(u+ aw) — EO} av (due to the symmetry of C) (28)
Q Q a=0
= [ Vw:C:VwdV (29)
Q
In its SR ATT i
OR(u) i , -
s = ZZ/QVN . C: VNIV AUY (30)
i
Moving back to the non-discretized form yields:
0R
QN / Vuw: C: V(Au)dV (31)
ou QO
Thus, the full equation relating ug and Aw is:
/Vw C:V(Au)d /Vw o, dV (32)
TLHS
The above values of 275 and r,, are used to define the residuals in the following input file:
applications/precipitate Evolution/equations.h
8 Appendix I: Example functions for f,, fz, H(np)
falc) = Agal® + AL ac+ Aga (33)
fﬁ(c) = AQ,BCQ + ALﬁC + Aoﬂ (34)
H(np) = 1003 — 1503 + 61 (35)

9 Appendix II: Variational Derivatives

Variational derivative of IT with respect to 7, (where 7, and 7, correspond to the structural order parameters
for the other two orientational variants):

d
517PH = % |:/Q fchem(ca Np + aw, ng, nr) + fgrad(ﬁp + aw, ng, 777“) + fel(ca Np + aw, Ng, Ny, G)dV (36)

a=0



Breaking up each of these terms yields:

78H(77p + aw) d(np + ozw)]
a=0

d
@ [fchem(ca Mp + aw, Ng> 777“)]04:0 = fa(C) |: a(np + aw) o Lo’

OH (ny + aw) d(n, + aw)
+Isle) [ Amp+aw) Do Lo (37)
_ 0H (np) O0H (np)
= fa(c) [— i, w] + fa(c) [ any w}
% [forad(Tp + 0w, 1, )] g = % {m?;’(np +aw) i (1, + aw) ; + K77 (1) i (0g) 5 + HZT(WT)J(UT)J} —o
(38)

= RijW.illp,j

acz‘jkl(np + aw,ng,nr) A(np + aw)
80y + aw) a

: (G’L] - 6?] (Cu np + aw, T]qu 771”)) (Ekl - 62[(0’ 77p + aw, HQ) 777’))

86% (Ca Np + aw, Ng, 777“) 8(7]10 + aw)
A(np + aw) da

d 1
% [fel(c7 np + awan(pnﬁ 6)]a:0 = 5 |:

+ C’L]kl(np + aw, Ure 171”) < -

(et — epg(c,mp + aw, ng, ny))
+ Ciji(np + 0w, g, mr) (€35 — €5 (¢, mp + aw, ng,my))

e ey (¢, mp + aw, g, nr) A(np + aw)
A(np + aw) Ja a=0

1 aC"kl Tlps Tlgs M)
_ [ ij ( ps 'lq T)U)(Eij _ e?j(c, 77p777Q777T>) (Ekz - 621(67 77p777(1?77T))

2 onp
ae(i)'(Ca 77 9 7] 9 nT)
+ Cijkl(npa Tlg» 777") ( - J af] ? w) (€kl — 621(67 Tips Mg nr))
p
(39)
Putting the terms back together yields:
OH (np) OH (1p)
1) H—/fac [—pw + f3(c) | —22w
Np Q ( ) 8771) B( ) anp
+ K W,iNp,j
1[0C81(np, 0> M) (40)
|: . e w(elj - E?j(cv npanqul?"))(ﬁkl - 62[(67 np777q7777'))
2 8(7710)
66?‘(67 77 9 77 9 nT)
+ Cz'jk’l(nP? Ng> 777“) < - ! 8?]7) : w> (ekl - 62[(@ Mps g 777’)) av
p
Variational derivative of II with respect to ¢ :
d
0.1l = % chhem(c+awanpanqanr) +fgrad(77p777q7777“) +fel(c+aw777p777(17777“76)dv (41)
a=0



Breaking up each of these terms yields:

3
d Fonom(c & 00, Ty gy 1)y — {(‘Ua(c + aw) d(c + aw) (1 _ Z H(%))

do d(c + aw) Oa =
O0fg(c+ aw) d(c+ aw) 5
+ d(c+ aw) O (pz; H(T]p)) (42)
3 3
= 2, (1 - ZH(W) 4 29, (Z H<np>)
p=1 p=1
% [fgrad(npa Ng> nr)]a:() =0 (43)

e (¢ + aw, np, g, 0r) H(c + aw)

1
% [fel(c + aw, Mps Mg N 6)]a:0 = 7Cijkl(77p7 Ng> 777“) [ -

2 d(c+ aw) da
€V (¢ + aw, ny, Mg, Mr) A(c+ aw)
. o 0 ] s Hps gy Tir
(62] E’Lj (C + aw, Tps Mg 777“)) a(C + aw) O a0
66?'(67 77 9 77 9 777")
= _Cijkl(np777q777r) J apc 1 w(ekl - 62[(C+awanp777qa77r))
(44)
Putting the terms back together yields:
0fa(c) - 050 [+
(5CH—/ gc w I—ZH(np) + gc w ZH(np)
& p=1 p=1 (45)

660'(67 77}77 77q7 777‘)
- Cijkl(npanqﬂ%) X 9 w(Ekl - egl(c + aw, Ny, Mg, 777')) 1%

(Ekl - 621(0 + Qw, 1p, g, 777“))



