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Abstract

The Tuned Ratio Unbiased Mean Predictor (TRUMP) was introduced by Singh and Sedory (2017:
Survey Research Methods Section, Proceedings of the American Statistical Association, pp. 1746-
1759). They have shown that the proposed TRUMP when utilizing First Basic Information (FBI)
about the TRUMP Care coefficient can perform better than the Best Linear Unbiased Estimator
(BLUE) and, also can perform better than the Best Linear Unbiased Predictor (BLUP). Warner
(1965: Journal of the American Statistical Association, pp. 63-69) introduced the idea of
estimating the population proportion of a sensitive attribute by making use of randomization
device. Later on, the idea was extended to estimate the population mean of a sensitive variable by
making use of an approach involving additive and multiplicative scrambling variables. In this
paper, we will study the future of the TRUMP with a Unified Scrambling Approach (USA) along
the lines of Singh, Joarder and King (1996: Australian Journal of Statistics, pp. 201-211). Making
a great adjustment (MAGA) by means of scrambling variables may help TRUMP have more
precise estimates of frauds, induced abortions, illegal immigration, extramarital relations, tax
returns, illegal drugs, and cheating etc. The results based on theory and simulation study will be
reported.

Key Words: Population mean, Scrambled responses, Jackknifing, TRUMP Cuts, TRUMP Care
coefficient, Linear model.

1. Introduction

Assume Y; and X;, i =12,..., N, be the values of the i unit of the study variable and auxiliary

variable, respectively, in a population €. Consider the problem of estimating the population
mean

_ 4N
Y=N"2y (1.1)
1=
by assuming that the population mean
_ N
X=N1yx 12)

i=1
of the auxiliary variable is known.
Assume a simple random and with replacement sampling (SRSWR) S of N units is taken from

the population of interest €2 Assume (yi VX ) i=12,...,n, be the values of the i" unit, in the

sample S, of the study variable and auxiliary variable. Let the sample means for the study
variable and the auxiliary variable, respectively, be given by

Yn=—2Y (1.3)
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_ 1n
Xn=— 2 X
n= El i (1.4)
Cochran (1940) defined a ratio estimator of the population mean Y given by
_ (X
YRat = ¥n (_—J (1.5)
Xn

In case the regression line is passing through the origin, the well-known mean predictor model is
given by:

Yi = RXj +¢; (L6)
where
Y
R=% 1.7
X 17
is the ratio of the population mean of the study variable to that of the auxiliary variable.
Em (ei | Xj ) =0 (1.8)
1.9
and
Em(eiejIXin)=Cm(ei,ej|xi,x,-)=o (1.10)

where Ep, Vi, and Cy, denote the model expectation, variance, and covariance, respectively.
Singh and Sedory (2017) developed the Tuned Ratio Unbiased Mean Predictor (TRUMP)

YTRUMP given by:

n pr— - p— -
2 Yo (i)re %n (ire

— =1 _
YTRUMP =2 X (1.11)
Y i Xn (]
£ [l
where
ng y_y
— /- i~ Yn
Ynlihe=——7F—" (1.12)
nl )TC n9 -1
o (g - (113)
Xn (] = .
n\JJTC nd _1

are called TRUMP Cuts (TC), and W, (j) are called tuned calibrated weighs to be determined

based on certain criterion.

Fig. 1.1. TRUMP Cuts versus Jackknifing
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The TC is obtained by calibrating the jth sampled observation y j by n9 . and then subtracting

the sampled mean value yp, . The value of g # 0 is called TRUMP Care coefficient.

~ TRUMP CARE
TR CLINIG

Fig. 1.2. TRUMP Care coefficient
Its value depends on the First Basic Information (FBI). For example, if g =—1, then

- - ~Yi=NYa NYn-yjpoo

Yn(ie = P —— =Vn(J) (1.14)
which is the usual jackknifing due to Quenouille (1956) and was first used to estimate the variance
by Tukey (1958).

In the next section, we discuss the need of randomized response techniques.

2. Need of Randomized Response Techniques

The randomized response technique is used for reducing response error problems when potentially
“sensitive questions” are present in surveys of human populations. Direct questioning of the
respondents about sensitive issues often results in either refusal to respond or falsification of the
answers. This introduces a non-sampling error that can bias sample estimates. The problem arises
when a survey asks personal questions on a sensitive issue like the illegal use of drugs, level of
income, incidents of incest or acts of domestic violence. The most serious difficulty in studying
these types of problems is the lack of reliable data on their incidence. Social stigma and fear of
reprisals sometimes result in lying by the respondents when approached with the conventional or
direct question survey method.

Fig. 2.1. Prof. Stanley L. Warner
(Dec 23, 1928 — Aug 25, 1992)
Printed with a written permission.



JSM 2024 — Survey Research Methods Section

Warner (1965), Figure 2.1, first suggested the concept of randomized response sampling. His
approach was to use a randomization device, such as a spinner, to question respondents about
sensitive topics in a way that the privacy of the person being interviewed would be preserved.
Instead of directly asking the respondent the confidential question, the interviewer would employ
the randomization device. Utilizing a spinner, a survey respondent can use the following technique
to adhere to Warner’s method. There are two sections on the spinner of different sizes. One has the
phrase “I belong to sensitive group A printed on it, while the other has “I do not belong to
sensitive group A .” A respondent is instructed to spin the spinner in private and read the
statement to themselves. Depending on their actual status, they would give the response “yes” or
“no” to the interviewer. The respondent’s privacy is maintained because a “yes” answer means
either: “yes” - | belong to sensitive group A, or “yes” — | do not belong to sensitive group A.
The same scenario exists for a “no” answer. This method shields the respondent’s privacy and
gives them confidence to answer the question honestly since they know the interviewer does not
have any idea which group their replies are coming from. In the Warner model the true proportion
of members belonging to group A is 7, and the true proportion of members belonging to group

AC is (1-7). The probability of the spinner landing on “I belong to sensitive group A is P,
and the probability of the spinner landing on “I do not belong to group A~ is (1-P). A pictorial
representation of the Warner model is shown in Figure 2.2.

Warner's Spinner

= Are you member of group, A7 (With proportion P)

Areyou not a member of group, A? (With proportion {1-P} )

Fig. 2.2. Warner’s pioneer model.
Then @, the probability of a “yes” answer is given by:

0=P(yes)=P 7+(1-P)(1-7) (2.1)

Assume a SRSWR of n people is selected from the population of interest, and X is the total
number of observed “yes” answers, then the maximum likelihood estimator of 7z given by

Tw = —A (1-P) where, P # 0.5 2.2
7 , , . .
w oP_1 (2.2)
where 6 =x/n is the observed proportion of “yes” answers. The estimator 7, is found to be

unbiased estimator of the population proportion 7z. The variance of estimator fzw is given by

V(;?W): 72'(1 7r) . P(l P)Z
n n(2P—1)
His idea has spawned a vast literature which has been reviewed by Fox (2016), Pushadapu and
Singh (2024), Pushadapu, Singh and Sedory (2024), Naatjes, Sedory and Singh (2023, 2024a
2024b), Aguirre-Hamilton, Sedory and Singh (2024), Zapata, Sedory and Singh (2022, 2023), Xu,
Sedory and Singh (2021a, 2021b, 2022), Arias, Sedory and Singh (2021, 2022), Olanipekun,
Zhao, Wang, Sedory, and Singh (2023), Zheng, Sedory, and Singh (2021a, 2021b), Yennum,
Sedory and Singh. (2019, 2022), Murtaza, Singh, and Hussain (2020, 2021), Lee, Sedory and
Singh (2013a, 2013b, 2021), Lee, Su, Mondragon, Salinas, Zamora, Sedory, and Singh (2016),

(2.3)
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Ahmed, Sedory and Singh (2018, 2020), Su, Sedory and Singh (2015, 2017, 2021), Sedory,
Singh, Olanipekun, and Wark (2020), Jayaraj, Odumade, and Singh (2018a, 2018b) and Jayaraj,
Sedory, Singh, and Odumade (2018), Odumade and Singh (2008, 2009a, 2009b, 2010), and
Gjestvang and Singh (2006, 2007, 2009). Some maoadifications to the Warner’s model have been
suggested by Franklin (1989), Kuk (1990), Mangat (1994), Mangat and Singh (1990), Singh,
Mangat, and Singh (1993), Singh (1994), Singh, Singh, Mangat and Tracy (1994) , Bansal, Singh
and Singh (1994), Abdelfatah, S. and Mazloum, R. (2016), and Abdelfatah, Mazloum and Singh
(2013), Arnab and Shangodoyin (2020), Batool, Shabbir and Hussain (2017), Chaudhuri (2011),
Chaudhuri and Christofides (2013). Chaudhuri, Christofides, and Rao (2016) and Chen and
Singh (2011) etc. Himmelfarb and Edgell (1980) introduced the idea of additive scrambled
randomized response model which they used to estimate the population mean of a sensitive
variable by making use of the known distribution of a scrambling variable. Eichhorn and Hayre
(1983) came up with the idea of multiplicative randomized response model which could also be
used to estimate the population mean of a sensitive variable. Chaudhuri and Stenger (1992)
incorporated another ingenious suggestion of combining both the additive and multiplicative
model together as the Unified Scrambling Approach (USA).

Fig. 2.3. Map of the USA.

In their randomization device, the ™ person selected in the sample S, is provided with a set of
two randomization devices, say Device-l1 and Device-1l. The Device-1 consists of M1 cards

marked with numbers {811,312,....,81M1} and the Device-1l consists of Mo cards marked with

numbers {821,822 """SZMZ} . The mean and variances of the numbers marked on the cards in the

Device-I and Device -l are assumed to be known, and are computed, respectively, as:

1 M1
Hsy = My El Sy (2.4)
0'§1 = Mil:\%i(sli —ﬂsl)z (2.9)
HSy = Miz %j Soi (2.6)
% ZM%E(SE ) @7

The scrambling variables Sy and Soj can be generated from the Normal, Weibull or any discrete
distribution. Chaudhuri and Stenger (1992) suggested the Unified Scrambling Approach (USA) as:
_ 5145220 28)

a

where S and S, are two scrambling variables such that E(S;) =6, V($1) = ;/12, E(S2)=6,,

Z

V(52)=7/§ and Cov(S1,S7)=pgs,7172  are known. Most of the studies considered
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Psso =0. The benefit of use of Psiso #0 was first time highlighted by Murtaza, Singh, and
Hussain (2020, 2021, 2024). Following Singh, Joarder ad King (1996). we consider linear model:
Zj = pXj +1; (2.9)
where
_Yilsy™ +[s2|™ -6,
o

is a new scrambled response made by the Unified Scrambling Approach (USA) such that
S3 ~ Cauchy(0,hy ) and Sy ~ Cauchy(0,hy). Then for -0.5< p; <05 and -05<p; <05,

we have

Z; (2.10)

211
91=E(|Sl|pl)=l”&p18ec[%j (211)
2 _ p )\ o\ _2py 2(7m
n =E (|31| ) —{E(|31| )} =y ™| Sec(7py)-Sec| == 2.12)
(2.13)
0, = E(|Sz|p2 ) = thZSec(”—gzj
2 2 (2.14)
7/22=E{(|52|p2) }—{E(|82|p2 )} =h22'02 {Sec(npz)—Secz(%ﬂ
.and Py Py | _ (2.15)
Covlsa® 21" | = g s o172
for
1< 9 g 92 <+ (2.16)

in such a way that most of available scrambling methods are special case of it, and it also allows to
use the scrambling random numbers from a Cauchy distribution.

3. TRUMP with the USA

We consider the Tuned Ratio Unbiased Mean Predictor (TRUMP) with the Unified Scrambling
Approach (USA) as:

—USA i= <

YTRUMP =" 7 (CRY)
2 %n (]
2 (el
where
2 (i) ndzj -1z, 32
(i) =—7—
n\ire nd _1

are TRUMP Cuts (TC) on the scrambled responses and g = 0 is called TRUMP Care coefficient.
Following Singh and Sedory (2017), we have

zn(j)TC:RYn(J')TC +’7n(j)TC 3.3)
where
n9nj -7,
- . j n
n(j)=—"— (3.4)
n(J) n9 -1
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Let Ep, and ER be the expected values over the original model and the randomization device,
respectively. We have

E{ﬁn(j)Tc}:EmER ngl— =Eny D N ! (3.5)

Let V,, and VR be the variance over the original model and the randomization device,
respectively. Let E and V|, be the expected value and variance over the sampling design p,
respectively. Let C, and Cr be the covariance over the original model and the randomization
device, respectively. Let E, and V|, be the expected value and variance over the sampling design
p, respectively. Then we have

_ — 20+1 2
o ngr]J —1n ngnj —1n (n g+ +1—2ng)0 (3 6)
V{nn(J)TC}IVmER —5  |*EmVR| — - S+ .
nY -1 n® -1 n(ng —1)
where
o 1 20+l 5.0 2,2 .
n(n —1) 3.7)
+1§ {(sz +0 );/ +y +2(RX-),0 7172}
= J 1772 J ‘SI‘M‘SZ‘PZ
Also, we have
coufn . (P - Ence| .
oV 7in ) I (I =EmLR )
T e nd -1 nd -1
ng77j = ”gﬂj- —n
n9 -1 nY -1
_on9) 42
_(1 2n? o ) (3.8)
n(ng —1)
.where
1 1 n 2
o ‘—2{_2,51{“‘ o 325 s e

le(ng —1)
-1 2
-n¢ {(R XJ +o )71 +7/2+2(RX ) \S ‘pl\S p27172}
_0-1)(p2,2 , 2\ 2 2 N
n {(R Xjto )yl +75 +2(ij )pslplszpzm’z}:l (3.9)
Now we have the following theorems:

Theorem 3.1. The proposed predictor 7$F§CAJMP is unbiased with the Unified Scrambling
Approach (USA).
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Proof. The proposed TRUM with the USA can be written as:

i  a (3.10)
YYRUMP =Y + X _Zlﬂn(J)Tc M (Irc
J:
.where
o % ()
e — -
Y 1% (]
j:l{ n( )TC}
Taking expected value on both sides of the Equation (3.10), we have
GUSA T _ yusA
E[yTRUMp} =EpEmER [VTRUMP]
- -h_
= EpEmER Y + X P> Hn(J)TC Un(J)TC
J:
_ - n _
= Ep Y+ X Z Hn (J)TC EmER {ﬂn(J)Tc}
J:
=Ep(Y)

which proves the theorem.

Now we have the following theorem:
. . FUSA . - .

Theorem 3.2. The variance of the proposed predictor yTRUMP with the Unified Scrambling

Approach (USA) is given by:

’ (n29+1+1—2ng)02

+W¥j
2 J
n(ng —1)

_ no_
V(V%JSGMP):XZEp jEl{Hn(J)Tc}

. (1—2n9)o—2
+ X Hy (e Hn(ihe > Vi
2= n(ng —1)

(n29+1+1—2ng )02 1

n(ng —1)2 P (in(j)TC)

72
+X Ep

(1— 2ng)0'2 n (3.13)

2 _z_'_l n
n(ng—l) 1#)=

T
—~~~
S—
_|
o

T

=}

—~~
SN—
_|
o

_.l_

Proof. We have
JUsA JUSA ZUSA JUSA
v [yTRUMPJ =EpEmVR [yTRUMP J +EpVmER [yTRUMP } +VpEmER [yTRUMP}
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_ _n _
:EpEmVR{YerE Hn(j)TCﬁn(J')TC]

+EpVmE [ +X

)zg_ﬁ )Tcﬂn(l) c}

T ™M

Hn (i i (1) c}

+VpEmER

) (n2‘3+1+1—2ng )02

_ no_ .
= X2EpEm| X {Hn(J)TC} L
=1 n(ng —1)
no_ _ (1—2ng 0'2
+ X Hp(ihcHn(ihe 1 ———*¥ji
21l n(ng —1)

- v v n el - — -
+EpVi [Y +X leH n (e {én(J)TC}]wam [Y +X X Hy (ire {8 (e |
which proves the theorem.

In the next section, we are making a great adjustment (MAGA) to the choice of device parameters
and the TRUMP Care coefficient so that the proposed TRUMP can perform better than its
competitor.

4. MAGA-Making a Great Adjustment

Following Singh and Horn (1998), we created two scrambling variables
=0 +(s -0 ) 1-p2_ + Als -0 (“1)
1= S1 p5152 Psisy Vo 2 — 02

(4.2)

and
*
Sp =959
where sI ~ Cauchy(0,1) and sz ~ Cauchy(0,1) are independently generated random variables
from the standard Cauchy distribution using R function rcauchy(10000).

Fig. 4.1. Crunching helpful TRUMP Care coefficients.
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To compute 6, 6, 1 and yo, we fixed py =02, hp =10, pp =04, and hp =20. We
generated 10,000 scrambling variables ordered pairs (51,52) with a value of correlation
coefficient Psysy =0.70. Following Singh and Sedory (2017), from the generator of data (GOD),

we again borrowed data through the linear model
Vi =RX +¢ (4.3)
where ¢ ~N(01), x ~Gamma(2,2.5) and R=4.2 for n=100,150,200 and 250. The values

of e are generated from rnorm(n,0,1) and Xi are from rgamma(n, 2,2.5). The scrambled reposes

Zi are obtained by randomly sampling n ordered pairs (51,52) out of the generated 10,000 pairs

over the nitr =50,000 iterations. The choice of —%< p]_<%, —%< P2 <%, >0, hp>0

and the TRUMP Care coefficient ( g ) makes a variance adjustable newly created equipment
(VANCE) for the jeopardy defence (JD) system

Fig.4.2. A locksmith’s security.

to achieve the minimum variance of the estimator (VOTE)

Fig. 4.3. A voting booth.
to beat the competitors.

At the same level of JD, the percent relative efficiency of the proposed TRUMP with respect to the
usual ratio estimator is:

- 2

nitr _

_USA /-

X [y%? (')—Y}
RE = =L > x100% (4.4)
nitr _

_USA

> [yTRUMP(')_YJ

where, from Ericksson (1973),

usa (X
Vrat =Zn [_—J (4.5)

10
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is the ratio estimator with the USA. By varying the value of the TRUMP Care coefficient
ge [—O.S,O.O)U(O.O,O.S] with a skip of 0.02, the results are presented in graphs in Figure 4.4.

RE vs g for various sample sizes (n)
-0.50 -0.25 0.00 0.25 0.50

100 150 200

175

\ 150
—/'A‘N 125
100
200
175 #
$ s
150 |4 .

125 ,3 s
100
-0.50 -0.25 0.00 0.25 0.50
TRUMP Care Coefficient (g)

Percent Relative Efficiency ( RE)
N
8
N
3

Panel variable: n
Fig. 4.4. Optimal TRUMP Care coefficients.

We noted that making a great adjustment (MAGA) of the TRUMP Care coefficient with the
Unified Scrambling Approach (USA), the proposed TRUMP can perform better than the usual
ratio estimator.

Fig.4.5. A golf player
optimizing score.

5. Future of TRUMP with the USA

The future of the proposed TRUMP with the USA is very wide, cannot be summarized in a

sentence or a paragraph, however a few directions are below:

(a) Extension to Tuned Regression Unbiased Mean Predictor (TRUMP) with the Unified
Scrambling Approach (USA) on the lines of Singh and Sedory (2019) and Hansen, Hurwitz
and Madow (1953).

(b)) Extension to other sampling designs such as stratified random sampling, complex survey
designs. (Singh and Sedory (20173)).

(¢) The use of use-phase sampling design would make it more practical to deal with situations
when the population mean of the auxiliary variable is not known.

(d) Both the study variable and the auxiliary variable can be scrambled with the new USA on the
lines of Diana and Perri (2011), and so on.

(e) All calibration work following Deville and Sarndal (1992) and Singh (2003, 2004) is
extendable to study various forms of the TRUMP methodology.

(f) Anyone who improves the TRUMP methodology, can claim I-TRUMP.

11
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