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STRUCTURE 
The UMIP currently employs a Modified-Euler sub-stepping scheme with automatic error control based on 

the work outlined in Sloan (1987), Potts & Zdravkovic (1999) and Sloan et al. (2001). It uses the Pegasus 

method originally proposed by Dowell & Jarratt (1972) following the approach in Hong et al. (2012). The 

yield surface drift correction is based on Potts & Gens (1985), Potts & Zdravkovic (1999) and  

Sloan et al. (2001). The sequence of operations follows that described in detail by Azeiteiro (2021). 

 

Energy-based quantities according to the algorithm proposed by Taborda et al. (2016) are also calculated, 

enabling the estimation of energy dissipation during shearing, as well as an evaluation of the corresponding 

damping ratio. 

 

The UMIP is further divided into eight distinct components that aggregate different aspects of the code: 

Data modules Contain data required for running the UMIP 

Interface Link between PLAXIS and the UMIP 

Integration Link between the UMIP and the constitutive laws 

Tools Mathematical and computational tools for constitutive modelling 

Error Centralises error and warning codes 

Output Produces output of the integration of the model 

Energy Calculates energy-based quantities if requested  

Licensing Verifies the licensing rights of the current copy 

 

The contents of each component in terms of functions are listed in the following section. 

 

UMIP – UDSM INTERFACE NOTES 
Initialisation variable 

Value of InitVar: hard(1) Description 

0 

Full initialisation 
Provided by Plaxis kernel at start of first phase of model, or when “reset 
hardening parameters” is selected 
 
UMIP calls hardin if idtask = 1 

1 Initialised state 

2 
Use of special option 
Calls hardres at every start of idtask = 2 
 

3 
Correction of stress state 
Calls hardin at every start of idtask = 2 
 

4 

HCA model flag 
Calls single instance of hardening parameter initialisation via linear_creep 
subroutine. Hard(1) reverts to 3 after HCA hardening parameter 
initialisation. 
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Model characteristic flags 

Flag Description 

𝑖𝑠𝑡𝑒𝑛𝑠𝑖𝑜𝑛 
Tension/Compression flag 
0: compressive formulation 
1: tensile formulation 

𝑖𝑠𝑎𝑛𝑖𝑠𝑜 
Flag for elastic anisotropy 
0: isotropic elastic matrix 
1: cross-anisotropic elasticity 

𝑎𝑑𝑖𝑟 

Flag defining direction of anisotropy 
1: XX 
2: YY 
3: ZZ 

𝑖𝑐𝑦𝑐𝑙𝑖𝑐 

Reversal detection for cyclic models 
0: No reversal detection via elauload/plauload 
1: Reversal detection formulated in strain-space (elauload.f90) 
2: Reversal detection formulated in stress space (plauload.f90) 

𝑖𝑠𝑎𝑓𝑒 
Flag for safety analysis 
0: not available 
1: available 

𝑖𝑎𝑙𝑔 Integration algorithm 

𝑖𝑛𝑜𝑛𝑙𝑜𝑐𝑎𝑙 Nonlocal algorithm 

𝑖𝑐𝑟𝑒𝑒𝑝 Creep (HCA) 

𝑖𝑟𝑒𝑐𝑜𝑟𝑑 Recording (HCA) 

 

 

Model integration flags 

Flag Description 

𝑖𝑛𝑒𝑚𝑖𝑛 Minimum number of elastic integration steps 

𝑖𝑛𝑒𝑚𝑎𝑥 Maximum number of elastic integration steps 

𝑖ℎ𝑟𝑑𝑒𝑐 Flag for integration control based on elastic hardening parameters 

𝑖ℎ𝑟𝑑𝑝𝑐 Flag for integration control based on plastic hardening parameters 

𝑛𝑦𝑖𝑒𝑙𝑑 Maximum number of iterations of the Pegasus method 

𝑖𝑛𝑝𝑚𝑖𝑛 Minimum number of plastic integration steps 

𝑖𝑛𝑝𝑚𝑎𝑥 Maximum number of plastic integration steps 

𝑛𝑑𝑟𝑚𝑎𝑥 Maximum number of drift correction steps 

𝑥𝑛𝑒𝑡𝑜𝑙 Elastic integration tolerance 

𝑥𝑛𝑝𝑡𝑜𝑙 Plastic integration tolerance 

𝑠𝑚𝑙𝑡𝑜𝑙 Small tolerance 

𝑦𝑡𝑜𝑙 Yield surface tolerance 
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𝑡𝑖𝑝𝑡𝑜𝑙 Apex tolerance for correction of stress state 

𝑐𝑜𝑟𝑡𝑜𝑙 Tolerance for rounding corners of the yield surface 

𝑓𝑦𝑚𝑎𝑥 Maximum value of the yield function 

𝑝𝑛𝑙𝑡𝑜𝑙 Plastic unloading tolerance 

𝑖𝑘𝑢𝑛𝑙 Flag for imposing unloading stiffness 

𝑖𝑘𝑓𝑎𝑐 Factor used to scale the stiffness for generating the stiffness matrix  

 

 

NON-LOCAL IMPLEMENTATION 
In non-local models, the determination of the plastic strains follows a different approach. The consistency 

condition states that: 

𝑑𝐹 = 0 ⇒
𝜕𝐹

𝜕𝜎

𝑇

∙ 𝑑𝜎 +
𝜕𝐹

𝜕𝑒𝑝
𝑛𝑙

𝑑𝑒𝑝
𝑛𝑙 = 0 (1) 

 

where 𝑑𝐸𝑑
𝑛𝑙  is the increment in non-local deviatoric strain. Moreover, the change in stress can be 

determined using: 

𝑑𝜎 = [𝐷] ∙ 𝑑𝜀𝑒𝑙 = [𝐷] ∙ (𝑑𝜀 − 𝑑𝜀𝑝) = [𝐷] ∙ 𝑑𝜀 − [𝐷] ∙ 𝑑𝜀𝑝 = [𝐷] ∙ 𝑑𝜀 − [𝐷] ∙ Λ ∙
𝜕𝑃

𝜕𝜎
 (2) 

 

Substituting in the previous equation: 

𝜕𝐹

𝜕𝜎

𝑇

∙ [𝐷] ∙ 𝑑𝜀 −
𝜕𝐹

𝜕𝜎

𝑇

∙ [𝐷] ∙ Λ ∙
𝜕𝑃

𝜕𝜎
+

𝜕𝐹

𝜕𝑒𝑝
𝑛𝑙

𝑑𝑒𝑝
𝑛𝑙 = 0 (3) 

 

Rearranging: 

Λ =

𝜕𝐹
𝜕𝜎

𝑇

∙ [𝐷] ∙ 𝑑𝜀 +
𝜕𝐹

𝜕𝑒𝑝
𝑛𝑙 𝑑𝑒𝑝

𝑛𝑙

𝜕𝐹
𝜕𝜎

𝑇

[𝐷]
𝜕𝑃
𝜕𝜎

 (4) 

 

There are different implementations available for the non-local models which are typically available 

through a selection parameter (𝑁𝑜𝑛𝑙𝑜𝑐𝑎𝑙𝑐𝑜𝑛𝑡𝑟𝑜𝑙): 

𝒊𝒏𝒐𝒏𝒍𝒐𝒄𝒂𝒍 Calculation of 𝚲 Update of hardening parameters 

0 Local version Plastic strains 

1 Non-local version (Eq. 4) Non-local strains during elastic and plastic stages 

2 Non-local version (Eq. 4) Non-local strains during plastic stages with softening only 

3 Non-local version (Eq. 4) Non-local strains during plastic stages 

 

Care must be taken when using this assumption whereby non-local total strains ≈ non-local plastic strains in 

situations where undrained loading is being modelled using a constitutive model where hardening is 

determined by volumetric strains. This is particularly problematic as non-local total strains will be 

approximately zero while plastic strains will be potentially vastly different, affecting the behaviour of the 
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constitutive model. This may also be an issue in highly restricted problems where zones of the soil mass are 

possibly experiencing negligible volume changes. 

 

 

SAFETY ANALYSIS 
The use of factors of safety in Safety Analysis is made possible by altering the consistency condition, adding 

a component related to the 𝐹𝑜𝑆: 

𝑑𝐹 = 0 ⇒
𝜕𝐹

𝜕𝜎
𝑑𝜎 +

𝜕𝐹

𝜕𝑘
𝑑𝑘 +

𝜕𝐹

𝜕𝐹𝑜𝑆
𝑑𝐹𝑜𝑆 = 0 (5) 

 

 

 

Since 

𝑑𝜎 = [𝐷] ∙ 𝑑𝜀𝑒𝑙 = [𝐷] ∙ (𝑑𝜀 − 𝑑𝜀𝑝) = [𝐷] ∙ 𝑑𝜀 − [𝐷] ∙ 𝑑𝜀𝑝 = [𝐷] ∙ 𝑑𝜀 − [𝐷] ∙ Λ ∙
𝜕𝑃

𝜕𝜎
 (6) 

 

Substituting: 

𝜕𝐹

𝜕𝜎
∙ [𝐷] ∙ 𝑑𝜀 −

𝜕𝐹

𝜕𝜎
∙ [𝐷] ∙ Λ ∙

𝜕𝑃

𝜕𝜎
+

𝜕𝐹

𝜕𝑘
𝑑𝑘 +

𝜕𝐹

𝜕𝐹𝑜𝑆
𝑑𝐹𝑜𝑆 = 0 

⇒ Λ =

𝜕𝐹
𝜕𝜎

∙ [𝐷] ∙ 𝑑𝜀 +
𝜕𝐹

𝜕𝐹𝑜𝑆
∙ 𝑑𝐹𝑜𝑆

𝜕𝐹
𝜕𝜎

∙ [𝐷] ∙
𝜕𝑃
𝜕𝜎

−
1
Λ ∙

𝜕𝐹
𝜕𝑘

∙ 𝑑𝑘
 

(7) 

 

Safety analyses are therefore only possible if the model has the differential 𝜕𝐹/𝜕𝐹𝑜𝑆 defined. 

 

 

INTEGRATION ALGORITHMS 
Three options available: 

1. Modified-Euler for elastoplastic models with substepping for single yield surface 

udsm_ialg = 1 

meeppred.f90 

2. For two yield surfaces 

udsm_ialg = 2 

meeppred02.f90 

3. Rate-type formulation (hypo-plastic type model with no yield surface) 

udsm_ialg = 3 

meratepred.f90 

 

CYCLIC REVERSAL DETECTION ALGORITHM 
Two options available: 

1. Cyclic reversal detection in the elastic range following Taborda (2011) 

udsm_icyclic = 1 using the elauload.f90 subroutine 

2. Plastic cyclic reversal detection using Dafalias and Manzari (2004) 

udsm_icyclic = 2 using the plauload.f90 subroutine 
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MODIFYING MODEL BEHAVIOUR USING ‘SPECIAL OPTION’ 
The special option in the definition of the stage under ‘staged construction’ can be used to modify the 

behaviour of the model during the analysis. The initial implementation of this process allowed each model 

to set the implementation of this option. However, in general, a conflict between implementations existed: 

the same code, which is applied to all active materials in that stage, triggered different operations for 

different models, potentially generating a conflict. To avoid this, a general framework is set below, to which 

IC MAGE models should adhere if they are to be used in conjunction with other IC MAGE models during an 

analysis. 

A ’special option’ is assumed to be an integer value where each of the digits is individually interpreted as a 

code triggering a specific operation. Below, the general description of the roles of each of the digits is 

provided, with the specific set of operations being described under the “Model usage” section of the manual 

entry for each model. 

The expected format is: 

𝐼9𝐼8𝐼7𝐼6𝐼5𝐼4𝐼3𝐼2𝐼1 

where each of the digits is expected to trigger the following alterations: 

𝐼1 
Factor (1 to 9) by which the elastic stiffness matrix is scaled up. This potentially slows down 
convergence but reduces chances of divergence. 

𝐼2 Set to 1 to reset all energy quantities 

𝐼3 Set to 1 to reset hardening parameters in preparation for a High Cycle Accumulation control loop 

𝐼4 Set to 1 to reset the plastic strain tensor 

𝐼5 Set to 1 to reset the void ratio 

𝐼6 
Set to 1 to reset the elastic stiffness of the material, set to 2 to reset elastic stiffness while 
incrementing reversal counters 

𝐼7 Set to 1 to reset any other hardening parameters related to the elastic response of the material 

𝐼8 Set to 1 to reset the position of the yield surface 

𝐼9 Set to 1 to reset any other hardening parameters related to the plastic response of the material 

 

Note that not every option will be available (or implemented) in every model. The manual entry for each 

model will specifically indicate this. Moreover, the use of a negative number will trigger the UMIP to interpret 

this as a request to use the maximum stiffness matrix, independently of the actual value of 𝐼1, provided it is 

not 0. 

 

ENERGY MODULE 
When the energy module is activated, the UMIP adds 33 extra hardening parameters to the model in order 

to allow for the calculation of energy-related quantities using the algorithm described in Taborda et al. 

(2016). These hardening parameters are placed always at the end of the list of hardening parameters for the 

model so they are numbered as 𝑁ℎ𝑎𝑟𝑑 + 𝑖, where 𝑁ℎ𝑎𝑟𝑑 is the number of hardening parameters of the model 

being used and 𝑖 varies between 1 and 33. The table below lists the parameters and their location: 
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HP1 𝜀𝑥𝑥,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑥-component) 

HP2 𝜀𝑦𝑦,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑦-component) 

HP3 𝜀𝑧𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑧-component) 

HP4 𝛾𝑥𝑦,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑥𝑦-component) 

HP5 𝛾𝑦𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑦𝑧-component) 

HP6 𝛾𝑥𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point strain state (𝑥z-component) 

HP7 𝜎𝑥𝑥,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑥-component) 

HP8 𝜎𝑦𝑦,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑦-component) 

HP9 𝜎𝑧𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑧-component) 

HP10 𝜏𝑥𝑦,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑥𝑦-component) 

HP11 𝜏𝑦𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑦𝑧-component) 

HP12 𝜏𝑥𝑧,𝑒𝑛𝑒𝑟,𝑙𝑎𝑔 Lag point stress state (𝑥z-component) 

HP13 𝜀𝑥𝑥,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑥-component) 

HP14 𝜀𝑦𝑦,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑦-component) 

HP15 𝜀𝑧𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑧-component) 

HP16 𝛾𝑥𝑦,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑥𝑦-component) 

HP17 𝛾𝑦𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑦𝑧-component) 

HP18 𝛾𝑥𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point strain state (𝑥z-component) 

HP19 𝜎𝑥𝑥,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑥-component) 

HP20 𝜎𝑦𝑦,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑦-component) 

HP21 𝜎𝑧𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑧-component) 

HP22 𝜏𝑥𝑦,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑥𝑦-component) 

HP23 𝜏𝑦𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑦𝑧-component) 

HP24 𝜏𝑥𝑧,𝑒𝑛𝑒𝑟,𝑟𝑒𝑣 Reversal point stress state (𝑥z-component) 

HP25 𝐸𝑑𝑒𝑓,𝑙𝑎𝑔 Deformation level at lag point 

HP26 𝐸𝑑𝑒𝑓,𝑖 Current deformation level 

HP27 𝐸𝑎𝑐𝑐,𝑙𝑎𝑔 Accumulated energy at lag point 

HP28 𝐸𝑎𝑐𝑐,𝑖  Current accumulated energy 

HP29 𝐸𝑒𝑙𝑎𝑠𝑡𝑖𝑐,𝑖 Current elastic energy 

HP30 𝐸𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑒𝑑,𝑖 Current dissipated energy 

HP31 𝜉𝑖  Current damping ratio 
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HP32 𝐺𝑠𝑒𝑐,𝑖 Current secant shear modulus 

HP33 𝐾𝑠𝑒𝑐,𝑖 Current secant bulk modulus 

 

 

The algorithm can be called by specifying the parameter 𝐸𝑛𝑒𝑟𝑔𝑦𝑐𝑎𝑙𝑐 in the model input. There are currently 

18 possible options for this parameter, depending on the component and the interpretation of reversals: 

Component ↓ Algorithm → Original (Taborda et al., 2016) Reversals based on 𝐸𝑔 (Eq. 9) 

𝑥𝑥 1 11 

𝑦𝑦 2 12 

𝑧𝑧 3 13 

𝑥𝑦 4 14 

𝑦𝑧 5 15 

𝑥𝑧 6 16 

Deviatoric, 𝐸𝑑 7 17 

Volumetric, 𝜀𝑣𝑜𝑙  8 18 

Global, 𝐸𝑔 9 19 

 

This allows for the determination of energy-related quantities based on a single component (options 1 to 6 

and 11 to 16), deviatoric behaviour (options 7 and 17), volumetric behaviour (options 8 and 18) or just the 

global size of the strain tensor (options 9 and 19). There are two implemented algorithms: the original one 

which detects reversals and integrates the behaviour in between reversals, providing estimates of secant 

stiffness and damping ratio which reflect the nature of the cycles (options 1 to 9) and a ‘standard’ algorithm 

which detects reversals using always the size of the entire strain tensor (𝐸𝑔 in Equation 9), meaning that 

energy measurements from different components are not influenced by the reversal identification 

procedure. 

 

For options 7 and 17, the following tensors are used: 

 

{𝑒𝑗𝑘} = {𝜀𝑗𝑘} − 𝐼3 ∙
𝜀𝑣𝑜𝑙

3
=

[
 
 
 
 
 𝜀𝑥𝑥 −

𝜀𝑣𝑜𝑙

3

𝛾𝑥𝑦

2

𝛾𝑥𝑧

2
𝛾𝑥𝑦

2
𝜀𝑦𝑦 −

𝜀𝑣𝑜𝑙

3

𝛾𝑦𝑧

2
𝛾𝑥𝑧

2

𝛾𝑦𝑧

2
𝜀𝑧𝑧 −

𝜀𝑣𝑜𝑙

3 ]
 
 
 
 
 

 (8) 

 

{𝑠𝑗𝑘} = {𝜎𝑗𝑘} − 𝐼3 ∙ 𝑝 = [

𝜎𝑥𝑥 − 𝑝 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑥𝑦 𝜎𝑦𝑦 − 𝑝 𝜏𝑦𝑧

𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧𝑧 − 𝑝
] (9) 

 

 

whereas the deformation level is given by 𝐸𝑑. 

 

For options 8 and 18, the volumetric strain and mean effective stress is used in the quantification of soil 

behaviour, with the deformation level being given by 𝜀𝑣𝑜𝑙. 

 

For options 9 and 19, the full stress and strain tensors are used: 
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{𝜀𝑗𝑘} =

[
 
 
 
 
 𝜀𝑥𝑥

𝛾𝑥𝑦

2

𝛾𝑥𝑧

2
𝛾𝑥𝑦

2
𝜀𝑦𝑦

𝛾𝑦𝑧

2
𝛾𝑥𝑧

2

𝛾𝑦𝑧

2
𝜀𝑧𝑧]

 
 
 
 
 

 (10) 

 

{𝜎𝑗𝑘} = [

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑥𝑦 𝜎𝑦𝑦 𝜏𝑦𝑧

𝜏𝑥𝑧 𝜏𝑦𝑧 𝜎𝑧𝑧

] (11) 

 

with the deformation level being calculated using: 

𝐸𝑑𝑒𝑓 = √{𝜀𝑗𝑘}: {𝜀𝑗𝑘} = √(𝜀𝑥𝑥)
2 + (𝜀𝑦𝑦)

2
+ (𝜀𝑧𝑧)

2 +
(𝛾𝑥𝑦)

2

2
+

(𝛾𝑥𝑧)
2

2
+

(𝛾𝑦𝑧)
2

2
  (12) 

 

 

 

RANDOM FIELDS 
The UMIP supports the generation of Random Fields in 2D analyses if the constitutive model has been 

formulated to do so. At the moment, the UMIP uses the Cholesky decomposition of the 2D covariance matrix 

to generate the field in a regular rectangular grid. If the grid has dimensions 𝑛𝑦 × 𝑛𝑥 (𝑛𝑥 values along 

direction 𝑥 and 𝑛𝑦 values along direction 𝑦), the covariance matrix has dimensions 𝑛𝑥𝑛𝑦 × 𝑛𝑥𝑛𝑦 and is 

assembled using the following algorithm: 

 

for each line 𝑖 of the grid (out of 𝑛𝑦 lines) and for each line 𝑗 of the grid (out of 𝑛𝑦 lines) 

distance between the lines: 𝑑𝑦 = 𝑦𝑗 − 𝑦𝑖  

 select value 𝑘 of line 𝑖 (out of 𝑛𝑥 values) 

  select value 𝑙 of line 𝑗 (out of 𝑛𝑥 values) 

   calculate horizontal and vertical distances between the two points 

distance within the line: 𝑑𝑥 = 𝑥𝑙 − 𝑥𝑘 

total distance: 𝑑 = √(𝑑𝑥 𝜃𝑥⁄ )2 + (𝑑𝑦 𝜃𝑦⁄ )
2
 

   calculate the Markov function: 𝑐 = exp(−2 ∙ 𝑑) 

   store the value in covariance matrix: 𝐶((𝑖 − 1) ∙ 𝑛𝑥 + 𝑘, (𝑗 − 1) ∙ 𝑛𝑥 + 𝑗) 

 

The Cholesky decomposition is then applied to generate the lower triangular 𝐿 matrix using: 

𝐿𝑗𝑗 = √𝐶𝑗𝑗 − ∑ 𝐿𝑗𝑘
2

𝑗−1

𝑘=1

, 𝑗 = 1, 𝑛𝑥𝑛𝑦 

𝐿𝑖𝑗 =
1

𝐿𝑗𝑗
(𝐶𝑖𝑗 − ∑ 𝐿𝑖𝑘𝐿𝑗𝑘

𝑗−1

𝑘=1

) , 𝑓𝑜𝑟 𝑖 > 𝑗 𝑎𝑛𝑑 𝑗 = 1, 𝑛𝑥𝑛𝑦 

 

A vector 𝑉 of dimension 𝑛𝑥𝑛𝑦 containing random values according to a normal distribution with mean 0 and 

standard deviation 1 is then generated and multiplied by 𝐿, creating the random field vector 𝑇 which is then 

reshaped into a matrix of size 𝑛𝑦 × 𝑛𝑥 which maps onto the grid created: 

𝑇 = 𝐿𝑇 × 𝑉  
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The dimension of 𝐿 is 𝑛𝑥𝑛𝑦 × 𝑛𝑥𝑛𝑦 and 𝑉 is 𝑛𝑥𝑛𝑦 × 1, meaning that the dimension of 𝑇 is 𝑛𝑥𝑛𝑦 × 1 (i.e. it 

is a vector). Once 𝑇 is reshaped into 𝑀, a 𝑛𝑦 × 𝑛𝑥 matrix, the mean (𝜇) and standard deviation (𝜎) are then 

corrected: 

𝑀𝑖𝑗 = 𝑀𝑖𝑗 ∙ 𝜎 + 𝜇 

This correction is different for log-normal distributions. In that case, matrix 𝑀 is calculated using: 

𝑀𝑖𝑗 = 𝑀𝑖𝑗 ∙ 𝜎∗ + 𝜇∗ 

where  

𝜎∗ = √ln((
𝜎

𝜇
)
2

+ 1) 

𝜇∗ = ln(𝜇) − 0.5 ∙ (𝜎∗)2 

 

The random sample of normally-distributed values (𝑉) with mean 0 and variance 1 is generated using: 

𝑣 = √−2.0 ∙ ln(𝑣1) ∙ cos(2𝜋 ∙ 𝑣2) 

where 𝑣1 and 𝑣2 are two randomly-generate values uniformly distributed between 0 and 1.  

 

After the fields are generated, the log files provide the following data: 

• Mean value for the calculated grid: 

𝜇 =
1

𝑛𝑥 ∙ 𝑛𝑦
∙ ∑∑𝑀𝑖𝑗

𝑛𝑦

𝑗=1

𝑛𝑥

𝑖=1

 

 

 

• A standard deviation for the calculated grid: 

𝜎 = √
1

𝑛𝑥 ∙ 𝑛𝑦
∙ ∑∑(𝑀𝑖𝑗 − 𝜇)

2

𝑛𝑦

𝑗=1

𝑛𝑥

𝑖=1

 

 

• For variables for which a normal distribution has been requested, the parameters above are the 

normal distribution parameters. 

 

• For variables for which a log-normal distribution has been requested, the following distribution 

parameters are computed based on the values of 𝜇 and 𝜎 above: 

𝜇𝑙𝑜𝑔−𝑛𝑜𝑟𝑚𝑎𝑙 = exp(𝜇 +
𝜎2

2
) 

𝜎𝑙𝑜𝑔−𝑛𝑜𝑟𝑚𝑎𝑙 = [exp(𝜎2) − 1] ∙ (2𝜇 + 𝜎2) 

 

• The values of 𝜇 and 𝜎, normalised by the input value, to assess how close the resulting statistics are 

to the desired ones. 

 

The generation of cross-correlated fields is also possible for UMIP v3.1 and above. If requested by the model, 

the procedure above is performed with the following changes: 

 

• the vector containing the random values with mean 0 and standard deviation 1 (𝑉) is replaced by a 

matrix 𝑉̅ with dimensions 𝑛𝑥𝑛𝑦 × 𝑛𝑓 where 𝑛𝑓 is the number of cross-correlated fields to be 

generated. 

• before multiplying by the decomposed covariance matrix, 𝐿, matrix 𝑉̅ is multiplied by the 

decomposed cross-correlation matrix, 𝑅: 
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𝑇 = 𝐿𝑇 × (𝑉̅ × 𝑅) 

 

Matrix 𝑅 is obtained by applying the Cholesky decomposition to the cross-correlation matrix, which 

has dimensions 𝑛𝑓 × 𝑛𝑓.  

 

For three fields, the cross-correlation matrix has the form 

𝜌 = [

1.0 𝜌12 𝜌13

𝜌12 1.0 𝜌23

𝜌13 𝜌23 1.0
] 

where 𝜌𝑖𝑗  is the coefficient denoting the cross-correlation between variables 𝑖 and 𝑗 for which values 

between -1 and 1 are possible. Values of -1 and 1 represent perfect correlation between the two 

variables (albeit with a different relationship), where as a value of 0 means the two variables are not 

correlated at all. 

 

The value at a given Gauss Point is then obtained through inverse distance weighting with a 𝑝-value of 1. 

According to this method, for each Gauss Point of coordinates 𝑃(𝑥𝑐 , 𝑦𝑐), the interpolated quantity is given 

as: 

𝑢(𝑥𝑐 , 𝑦𝑐) = {

∑ 𝑤𝑖(𝑃) ∙ 𝑢𝑖
𝑁
𝑖=1

∑ 𝑤𝑖(𝑃)𝑁
𝑖=1

, 𝑑𝑖(𝑃) ≠ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖

𝑢𝑖, 𝑑𝑖(𝑃) = 0 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑖

 

 

where 𝑢𝑖 is the value of the quantity at the grid point (𝑥𝑖, 𝑦𝑖) and the weight 𝑤𝑖(𝑃) is given as: 

𝑤𝑖(𝑃) =
1

[𝑑𝑖(𝑃)]𝑝
  𝑎𝑛𝑑 𝑑𝑖(𝑃) = √(𝑥𝑖 − 𝑥𝑐)

2 + (𝑦𝑖 − 𝑦𝑐)
2 
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