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Let G be a finite group, and Sy, ..., 5, a sequence of simple finite groups such that any simple
quotient of the form H/N, where H is a subgroup of GG, and N is a normal subgroup of H, is
isomorphic to S; for a unique j € @ := {1,...,¢}. For any j € ) and any increasing sequence
G1 C --- C Gy (with k > 2) of subgroups of G, with G; normal in G4 fori=1,...,k— 1, let
fi(G1, ..., Gg) be the number of quotients G;11/G; isomorphic to S;:

fj(Gl,...,Gk) = |{’L | 1 S 1 S k—1 and Gi+1/Gi ~ Sj}‘

Recall that (G1,...,Gy) as above is a composition series for Gy if G; = 1, and if all the quotients
Gi11/G; are simple. In this case we clearly have

> fi(Gr . Gr) =k —1. (1)
JjeQ
Theorem 1 (Jordan-Hélder Theorem). If (Gy,...,Gy) and (Hy, ..., Hy,), with k,m > 2, are
composition series for Gy, = G = H,,, then we have f;(G1,...,Gy) = f;(Hi,...,Hy) for all
j € Q. In particular implies k = m.

It suffices to prove:

Lemma 2. If G is a finite group admitting a composition series (G, ...,Gy) with k > 2, then
Theorem [1] holds for G.

Proof of Lemma |9 We prove Lemma 2] by induction on k& > 2. The case k = 2 is obvious. Assume
that k£ > 3 and that the Lemma holds for n with 2 <n < k—1. Let (Gy,...,Gg) and (Hy, ..., Hy,)
be two composition series for G. If G_; = H,,,_1 we can apply the induction hypothesis to this
group, and the result follows. Hence we can assume Gy_1 # H,, 1. Setting K := Gp_1 N Hy,_1,
and letting (K7,..., K,) be a composition series for K = K, we get

fi(Gy, o Gr) = [i(Ghy o Gret) + (G, Gie)
for all 7 € Q. Applying the induction hypothesis to G_; yields p = k — 2 and

F(Gra o G = f5(Ks s K2y Gir) + f5(Gre, G
= fi(K1, ..., Ky—a) + fj(Kp—2, Gr—1) + [;(Gr—1,Gy)
= [i(Ky, oo Ko) + fi(Ky—a, Hy1) + fi(Him1, Hi)
= fi(Ky, ..., Ko, Hyp1) + fi(Hm—1, Hp),

the third equality following from the Diamond Isomorphism Theorem. Arguing as above, we
conclude that m = k and that

[i(Gy,...,Gg) = f;(Hy,...,Hy_1) + fj(Hg1, Hy)
— fj(Hly"'7Hk)'
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