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constraints in a Banach space. First, we derive a unique solvability theorem for such problem
under some mild hypotheses. Second, we construct a penalized problem for such nonlinear
system, and show the existence and uniqueness of its solution to obtain an approximating
sequence for the nonlinear system. Moreover, we prove the strong convergence of the sequence
of approximate solution to the solution of the original system when the penalty parameter
converges to zero. Finally, these results are applied to a quasistatic elastic frictional contact
problem with heat equation with memory, and damage.

1. Introduction

As a powerful and practical mathematical tool, the theory of differential equations has been widely used to describe various
physical laws, chemical reaction processes, and to solve a large number of industry-generated problems. In 1982, Grimmer first
obtained some basic results for linear integral differential equations, see [1]. In 1983, Grimmer and Pritchard, presented their
findings on the use of resolvent operators for mild solutions for integrodifferential systems, see [2]. The variational inequalities
originated from the classical unilateral constraint model proposed by the famous Italian mathematician and physicist Signorini in
the process of studying contact problems, that is, the Signorini problem. The variational inequalities deal with significant aspects
of optimization theory and have shown a considerable progress over the past century. Relevant scholars have carried out many
explorations and studies, which have enriched and developed the theory and algorithmics. In the process of study various complex
system problems, we often need to use variational inequality analysis and the theory of differential equations to solve the problems.
The combination of differential equations and variational inequalities is one of a basic generalization of differential equations.
This intersection of disciplines not only expands the scope of research and applications of differential equations, but also offers a
broader approach to modeling complex engineering systems in the real world. The use of this tool has been effective in the study of
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various theories, including physics, economic equilibrium, and optimization. The concept of a hemivariational inequality involves
variational principles for nonconvex and nonsmooth functions, and it was initially proposed by Panagiotopoulos et al. in [3]. Later,
hemivariational inequalities have been widely studied and applied. Many practical problems can be found in [4-6]. For other results
on variational and hemivariational inequalities the reader may consult [7-21].

Contact problems are ubiquitous in the fields of physics, biology, and engineering, and they have been a major problem for
applied mathematicians. Over the past one hundred years of research, a range of effective mathematical methods have been
produced. Li et al. [22] consider a mathematical model which describes the frictional contact with subdifferential boundary
conditions between a deformable body and a foundation. Djabi et al. [23] employ the thermo-elastic-viscoplastic with damage
constitutive law for the material. Recently, Mesai Aoun et al. [24] have investigated a quasistatic problem describing the contact
with friction and wear between a piezoelectric body and a moving foundation. Many models related to contact problems can be
found in the books [25,26]. In particular, we mention that our model can be used to describe many real problems such as the
dynamic Nash equilibrium problem with shared constraints, engineering operation research and others, see [27-30].

Let X and W be separable and reflexive Banach spaces. We consider two Gelfand triples of spaces V. c Hc V*andY CcY, CY*
with continuous, dense embeddings, where V', Y are separable, reflexive Banach spaces, and H, Y, are separable Hilbert spaces.
Let K and Ky be nonempty, closed, and convex subsets of V and Y, respectively. Moreover, we assume that A: D(X) cCW->Ww
is the infinitesimal generator of a C,-semigroup {7'(#)},», on W. Hence, D(A) endowed with graph norm ||y||, = [yl + Ayl is a
Banach space, which will be denoted by (Z, || - || ;). We suppose that A and C(7) are linear closed operators on W with domains
D(X) C D(C), Ry, R, are two history-dependent operators, and M : V — X is a compact operator. Let I denote a finite time interval
[0,T]. We formulate the following differential inequality system.

Problem 1.1. Findu:I - K,¢{:I - Ky and w: I - W such that, forallre I,
t
w(t) = A\w(t) + F(t, (Ryw)(@), u(?), (R1$)(1)) + / C(t — s)w(s)ds,
0

t
(At u() + /0 B — 5, 10(5), u(s), £(5)) ds, 0 — (D) ey

+ jOw (@), Mu(r), Mu(t); Mv — Mu(t)) > {f(1),v — u(t))y«xy forall veKk,
(€),n = Oy, +aC®),n = @) 2 (Bt w®), u®), D), n = D)y, forall ne€ Ky,
w(0) = wy, £0) = .

The present system was studied in the literature only in particular cases. We list below a few examples. If the infinitesimal
generator A of a semigroup and an integral term with a linear and closed operator C are omitted, and the hypotheses are more
restrictive, namely, the operator B is linear and does not depend on w, the operator ¢ is independent of w, and the operator F
in the ordinary differential equation does not involve h.-d. operators and is independent of the variable ¢, then the problem has
been recently studied by Chen et al. [31]. Further, if j(w,x,y) = j(w,y) and K = V, then Problem 1.1 has been treated by Xuan
and Cheng [32]. If ¢ is neglected, and the infinitesimal generator A of a semigroup and an integral term with a linear and closed
operator C are omitted, the operator F does not involve h.-d. operators, A(t,v) = Av, and j(w, x,-) is convex, then Problem 1.1
reduces to the following one

w(t) = F(t, w(t), u(®))
(A@)) + Su(®),v — u(t))ysxy

+ ju(@), w(t), v) — j@), w), u®)) = (f@),v—u®))y+y, forall veKk,
w(0) = wy,

which is closely related to a problem studied by Chen et al. [33]. For several relevant particular cases of Problem 1.1, we refer to
Migbérski et al. [34], Migérski and Zeng [35], Han et al. [36], and Xuan and Cheng [32].

In this paper we construct the unconstrained differential variational-hemivariational inequalities governed by the set of
constraints K, D K and a penalty parameter p, > 0. Note that the method we use, the constraints imposed to the solution are
not completely removed (since K,, is not supposed to be the whole space), but with a new unilateral constraint (since K,, > K). For
this reason, we call this method as a generalized penalty method (cf. [37]).

Finally, we consider a new model of quasistatic elastic frictional contact problem involving damage, and a heat equation with
memory. We will show that the weak formulation of the mechanical problem leads to a differential variational inequality to which
our abstract results apply.

The remaining part of this paper is organized as follows. In Section 2, we recall a useful notation and some results which will
be used in the rest of this paper. In Section 3, we present the existence and uniqueness result for Problem 1.1 by using a fixed
point principle. In Section 4, we introduce the generalized penalty problem, establish its unique solvability, and prove our main
convergence result, Theorem 4.3. In Section 5 we consider an example of a frictional contact problem which is transformed into
Problem 1.1 and solved by the methods developed in the paper.
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2. Preliminaries

In this section we recall a preliminary material which will be useful in the sequel. For more details, we refer to [29,38,39].

Let (X, ||-|lx) be a Banach space, X* be its dual space and (-, -) y«x denote the duality brackets between X* and X. We write (-, )
instead of (-, )} «y), everywhere in the paper. The symbols “—” and “—" stand for the strong and the weak convergences in different
spaces, respectively. We denote by C(I; X) the space of continuous functions defined on I with values in X which is equipped with
the standard norm ||v]|¢(r.x) = max,g V() x for all v € C(I; X). It is well known that if X is a Banach space, then C(I; X) is also
a Banach space. A mapping G : X — X* is called

(a) monotone, if (Gu — Gv,u—v) >0 for all u, v € X,

(b) bounded, if G maps bounded sets of X into bounded sets of X*,

(c) pseudomonotone, if G is bounded and for every sequence {u,,} C X with u, — u in X such that limsup (Gu,,u, —u) <0, we
have (Gu,u — v) < liminf (Gu,, u, — v) for all v € X,

(d) hemicontinuous, if the function A — (G(u + Av), w) is continuous on [0, 1] for all u, v, w € X,

(e) demicontinuous, if u, — u in X implies Gu, —» Gu weakly in X*,

(f) maximal monotone, if G is monotone and (Gu — w,u — v) > 0 for any u € X entails w = Guv.

It is known that G: X — X* is pseudomonotone (in the sense of the above definition) if and only if G is bounded and x, — x in
X with limsup(Gx,,, x,, — x) < 0 implies lim(Gx,, x, — x) = 0 and Gx, — Gx in X*.

A convex function j: X — R U {oo} is said to be proper, if j > —oco and there exists a point u € X such that j(u) < +oo. It is
well known that, if j: X > RU {oo} is a convex, proper and lower semicontinuous function, then the convex subdifferential 9, is
a maximal monotone operator.

Next, we recall the notion of the Clarke generalized gradient, see [39].

Definition 2.1. The Clarke generalized directional derivative of a locally Lipschitz function j: X — R at x in the direction v,
denoted by jO(x; v), is defined by

Jy+4A0) =)

p for all x,v e X.

jo(x; v) = limsup
y—=x, A=0t

The generalized Clarke subdifferential of j at x is a subset of X* given by

0j(x) = {x* € X* | °%x;v) > (x*,v) forall veX}.

Definition 2.2 (See [40]).Let K and {K, } be nonempty subsets of V. We say that the sequence K, Mosco converges to K, and write
M
K, — K, if
(a) for each u € K, there exists a sequence {u,} such that forn €N, u, € K, andu, > uinV,
(b) for each sequence {u,} such that for n €N, u, € K, and u, = u in V, we have u € K.

Definition 2.3. Let X and Y be normed spaces. An operator S: C(I;X) — C(I;Y) is called a history-dependent operator, (or h.-d.
operator for short), if there is a constant ¢ > 0 such that

1
ISuD®) = SoDlly < ¢ / 101(5) = 0s(5)ll ds
0

for all v, v, € C(I;X), r € I. Details on various classes of h.-d. operators, their properties, and applications, can be found in [21]
and references therein.

Definition 2.4 (See [2, Definition 2.1]). Let W be a Banach space and A D(X) C W — W be the infinitesimal generator of a
Cy-semigroup {T(#)},5o on W. Let Z := D(A) denote a Banach space with the graph norm ||y||; = [yl + [|Ayll. A bounded linear
operator-valued function R(t) € L(W) for t > 0, is called a resolvent operator for the (1.1)(i):

t
w(t) = Aw(t) + F(t, (Ryw)(®). u(t), (R, (D)) + / Ct — syw(s)ds,
0

if it has the following properties:
(a) R(0) = I (identity operator on W) and ||R(*)|| ;- < Ne® for some constants N > 1 and @ > 0,
(b) for each y € W, t = R(t)y is continuous for ¢t > 0,
(¢) for all y € Z, R(-)y € C1([0, +00), W) n C([0, +o0), Z) and

R(t)y = AR()y + / C(t — s)R(s)yds
0

1
= RAy + / R(t — s)C(s)yds for all t > 0.
0
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Lemma 2.5 (See [21, Lemma 3, p.110]). Let X be a reflexive Banach space. If A: X — X* is a bounded, hemicontinuous and monotone
operator, then it is pseudomonotone. Moreover, if A, B: X — X* are pseudomonotone operators, then A+ B : X — X* is pseudomonotone,
too.

3. Differential variational-hemivariational inequalities

In this section, we will study the existence and uniqueness of solutions to Problem 1.1.
First, we need the following assumptions.

H(A): The operator A: I XV — V* satisfies

(a) for all v € V, A(-,v) is continuous on I,

(b) for all t € I, A(t,-) is hemicontinuous and strongly monotone with m, > 0, i.e.,

(A(tuy) = A(tuy) up —up ) = my ||uy —u2||%, for all uj,u, €V,

() for all r € I, we have A (1,0,,) = Oy

H(B): The operator B: I x W xV XY — V* satisfies

(@) foranywe W,veV and { €Y, B(-,w,v,{) is continuous on I,
(b) for any ¢t € I, B(t,-,-,-) is Lipschitz continuous with Ly > 0, i.e,,

HB (t, wl,ul,CI) - B (t, wz,uz,@)

ye S Lo (Jlwr —wally + ur = wally + 16 - &lly)

for all w), w, e W, uj,u, €V and, ¢ €Y.
H(C): A family of linear closed operators {C(t)},c[o7) On W is continuous as a linear map from Z into W, and the map ¢ — C(t)y
is measurable for all y € Z, t € I, and belongs to W ! (I; W). Moreover, there exists an integrable function c : [0, +0) — R* such
that

Icwsly <colyl; and | ey

<c®lyll, forall yeZ
w

H(j): The functional j: W x X x X — R satisfies
(a) for any w € W and x € X, j(w, x, ) is locally Lipschitz on X,
(b) there exist constants ¢, ¢; > 0 such that

10w, x, Plix= < collyllx +ep (1+llwlly +1xlly), forall (x,y,w) € X x X xW,
(c) there exist constants a;, @; > 0 such that
i (wl,Mul,le;Muz - Mv]) +,° (w2,Mu2,MU2;le —MU2)
< @ wi = wally flor = vally +a flur = wally flor = valy
for all wy, w, € W and uy, uy, vy, v, € V.
H(F): The operator F: I X W XV XY — W satisfies

(@) foranywe W,veV and { €Y, F(-,w,v,{) is continuous on I,
(b) for any t € I, F(t,-,-,-) is Lipschitz continuous with Ly > 0, i.e.,

|F (rwruw.c) = F (tws. )|, < L (lwy = wallyy + [l =]y + [ = Glly)
for all wy, w, € W, u;, u, €V and ¢, §, €Y.

H(¢p): The operator ¢p: I X W XV XY — Y, satisfies
(a) for any t € I, ¢(t,-,-,) is Lipschitz continuous with Ly >0, ie.,

I (t,wy,uy.&1) = & (wa, . 5) Ny, < Ly ([[wy = wally + [luy =]l + 16 = Clly)

for all wy, w, € W, u;,u, €V and ¢, &, €7,

(1) ¢ (-0, 0,,0y) € L? (I;Y}).
H(R): Ry: L*(0,T; W) — L*(0,T;W), R, : L*(0,T;Y) — L*(0,T;Y) are such that
(@) ”(Roul) () — (Royvs) (t)“w <ro fi or(® = 09|,y ds

for all v,, v, € L*(0, T; W), all t € I with constant r, > 0,
O) H(Rlul) ) — (Ryvy) (z)HY <ri i lo1(s) = 09|y ds

for all v,, v, € L*(0,T;Y), all ¢ € I with constant r; > 0.
H(a): The form a: Y XY — R is bilinear, continuous, symmetric and coercive in the following sense: there exist a; € R and a, > 0

such that

a(n.n) + a;|Inll5 > ayllnll; forall nev.

(Hp): The initial data are such that w, € W and ¢, € (0, 1).
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Lemma 3.1 (See [31, Lemma 3.1]). Assume H(A) and H(j). Let K with 0,, € K be closed, and convex subsets of V. If m, >
max{collMlli(V_xya, }, then for any fixed w € C(I; W) and f € C(I;V*), there exists a unique solution u,, € C (I; K) to the following
problem:

(A (tuy ) v =, () + O (w(t), Mu,(8), Mu,, (), M — Mu, (1))
> (f(),v—u,@) fordl vekK, tel.

Lemma 3.2 (See [31, Lemma 3.4]). Assume that H(a) holds and K, be a nonempty, closed, and convex subset of Y. Then for any fixed
g € L? (I;Y,), there exists a unique function { € H! (I;Y,)n L*(I;Y) such that

€. 1= LDy, + a0, n =) 2 (g, n—(M)y, foral ne€Ky, ae 1€l

with £(0) = {, € Ky. Moreover, if ¢; is the unique solution to above inequality for g = g; € L (1Y), i = 1, 2, respectively, then

t
&1 - ¢z(t)||$] <d, /0 llei(s) - g2<s)||zyl ds for ae. 1€ (0,T)
with a constant d; > 0.

Next, we have the following existence result.

Theorem 3.3. Assume that H(A), H(B), H(C), H(j), H(F), H(¢), H(R), H(a) and (H,) are fulfilled. Let K and Ky be nonempty,
closed, and convex subsets of V and Y, respectively and 0,, € K. If m, > max{c||M ”%:(v- x) @1 }, then Problem 1.1 has a unique solution

Cuw) e (H (LY) nLAILY)) x CULK)XC I W).
Proof. We denote the three formulas in Problem 1.1 by (1.1)(i), (1.1)(ii), (1.1)(iii), respectively. Fix n € C (I;K), ¢ € H! (I;Y})n

L3(I;Y), w € C(I; W) and define Sy BY £, == ()= /0' B(t — s, w(s),n(s),&(s))ds for 1 € I. We consider the following reduced form
of inequality (1.1)(ii):

(AW, u(0), v = () + jO (@), Mu(r), Mu(®); Mo — Mu(®)) 2 (f, (1), 0 = u(®)) (€Y

forallve Kandrel.
First, we will show that f, € C(I;V¥). Let t,, t, € I with t; <1,. From the definition of f,, we derive

“fn (tZ)_fn (tl) v

-1 .+

n

5]
/ B (ty — s,w(s),n(s).£(s)) ds —/ B (t; — 5. w(s), n(5),£(s)) ds
0 0

&3

<y () -7 ()

ds
v

o)
b +/ ”B (12 = 5, w(s), 1(5), £(5))

ds.
v

|
- /0 |8 (12 = 5. w0). 152, £9)) = B (11 = 5. 0(5),1(3), £ (5))

The hypothesis H(B) allows us to invoke the Lebesgue-dominated convergence theorem to obtain

3
lim HB (1 — 5, w(s),1(s),£(5)) ds — B (11 — s, w(s),1(s), £(5)) HV ds=0
0

11—ty

and get

5]
/ HB (12 = 5w 1), E®))|| . ds =0, as |, =15 = 0.
n
Thus, limy, _, -0 ”f,7 (12) = £, (11) e = 0, ie., f, € C(;V*). We apply Lemma 3.1, we can conclude that inequality (1) has a
unique solution u € C(I; K) for any fixed ¢ € H! (I;Y,) n L*(I;Y), w e CU; W) and f € C(I;V*)

Further, we prove that for any fixed ¢ € H' (I,Y;) n LXI;Y), w € C(I; W) and f € C(I;V*), the inequality (1.1)(ii) has a
unique solution u € C(I; K). To this end, we consider the operator 7: C(I; V) — C (I; K) defined by # + u,, where n € C(I; V) and
u, (1) is the unique solution of the inequality (1). Then we can show that the operator z has a unique fixed point in C(I; V). In fact,
let uy, u; € C(I; V) be two unique solutions of (1) with respect to ny, n, € C(I; V), i.e.,

(A (Lu®) 0= w®) + 1° (1w, Mu(6), Mu(t); Mo — Muy(1)) > <f,7i(t), - u[(t)> @
for all v € K and ¢ € I with i =0, 1. Putting v = u;_;(r) for i =0, 1, in the inequality (2), we get

(A (tw(0) = A (110,0) 160 = 1,0 < (£, O = £, O 000 = 1 0))
+ 40 (w, Muy (), Muy (t); Mug(t) — Mu, () + j° (w0, Mug(t), Mug(t); Muy () — Muy(t))

(3)

5
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for all ¢t € I. By the definition of Iy and hypotheses H(A)(b), H(B)(b), H(j)(c), the inequality (3) yields

my ||uo® — w3 < (A (1,up(0) = A (1,uy(0)) ,ug(t) = uy (1))

< 7@ = £, ). luo® = w O]y + i [luo = @5

t
S Ly [luo® = “1(’)||V/0 o) = m)ly, ds +ay [lug = uw O3

2

for all r € I, and hence due to m, > maX{Co”MH,:(V.X)»a] 1,

L

[[uo®) = uy, D]}, <

t
5 / 10(s) = m 5|, ds
ay Jo

nmy

for all ¢ € I. Invoking [21, Theorem 25], = has a unique fixed point u,,, € C (I; K), as claimed.

We claim that the solution u,,, depends continuously on w and ¢. To show this, let w;, w, € C; W) and ¢, &, € H' (I;Y)) n
L*(I;Y). Insert w = w; and { = ¢; withi =1, v = Uy, and i =2, v = uy, ¢ in (1.1)(ii), respectively. Summing up the resulting
inequalities, we get

(ma—ay)

by, (0 = b, O,
t t
< LB/O ”uwlgl (s) - uwzgz(s)”v ds+ LB/O 1615 = @ ly, + lw01(5) = was)ly, ds
+ g [|wi (1) — w0y,
and so

i, ® = e, ], < mALfal /0’ i1, =ty )], s+ me—Tal 6 = &l 2,

" L p (€]
0 B
+ w(t) — ws (1) + / wi(s) — wy(s) ds.
) = w0l + 72 [ = w0l
Now Gronwall’s inequality yields
0160 = i, 0],
L 12 +L LgT L t
< 5% 5+ L Bz emA—al 4 B / [|wi(s) = wa ()|l ds
(my—ay)”  (ma—a) my—ay | Jo 5)
® LpT?’Ly 18T LT
+ w () = wy )| + [ —2—Lema-ar + G -¢ -
my—a ” 1 2 ||W ((mA ~ (11)2 my - a ” 1 2||L2(1,Y1)

In what follows, we shall prove that for any fixed ¢ € H! (1;Y]) n L*(I;Y), the two inequalities (1.1)(i) and (1.1)(ii) have a
unique solution (ug, we) € C(I; K) X C! (I; W). We define the operator Q : C'(I; W) — C (I; K) by setting QW )(1) = uye (1), where
Uy is the solution of inequality (1.1)(ii). Thus, we only need to show that there exists a unique w € C'(I; W) such that

t
We (1) = Awg (1) + F @, (Rywy )(0), O(we )(1), (R E)(1)) +/ Ct = we(s)ds
0
for all ¢ € H! (1;Y;) n L2(I;Y). Therefore, (Q (wg) , wg) € C(I;K)x C'(I; W) is the unique solution of inequality (1.1). Note that
a continuous function w: I — W is called a mild solution of (1.1)(i) with the initial condition w(0) = w,, see [2, Theorem 2.4], if
H(F), H(C) are fulfilled and w € C(I; W) satisfies
t
w(t) =T(w, +/ Tt — s)F(t,(Ryw)(s), u(s), (R;¢)(s))ds forall teI.
0
We consider the operator A: C(I; W) — C!'(I; W) defined by

1
Aw (1) = T(Hw, + / T(t — $)F(1, (Ryw;)(s), Qw (), (R, )(s)) ds for all 1€ 1.
0

From conditions H(F)(a) and (b), and the definition of operator Q, we get Aw € C'(I; W) when w € C(I; W). Hence, we only need
to prove that A has a unique fixed point in C(I; W). Let w,, w, € C(I; W). We conclude from the definitions of Q and A, and the
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hypothesis H(F)(b) that

HAwg ) - Awgz(t)“W
= /OIT(t = )F (5 (Rowg, )52, Q (g, ) (9. (R O)(9)) ds

_ /Ot T = 9F (5. Ryt )®). 0 (1, ) (5. (RS ) ds
<M, /0’ F (5 (Rotwg, )52, @ (1w, ) (9, (RiO(®) ds = F (5, (Rotwg, )), @ (1w, ) (), (R, ) ) HW ds
<M, LF/OI( tle(en)w-o(uws)o

<M L, /0 T g, = w0, )], + HQ (g, ) =0 () ®

where M| = sup,¢; [|T(®)]|. Let

‘(Rowgl ) 5) = Ryt o)

)ds
v

)ds,
14

Lg+Lpay Li+LpLgy e+l L a
0= (<( B R)20 + B 5 ZR)e mATe 4 B ), ky = 0
(my —ay) (my —ay)

Then it follows from inequality (5) that

o (we) -0 (we) ], <0 [ |

We consider the equivalent norm || - ||, on C(I; W) given by

wg, (1) = wg, @), dr+k [wg, (5) = we,(5)] -

Izl = max e Lz, forall z e C(I;W).
e

Therefore, we get

[ Awe, @) = Awg, @) < (MyLproT + MLk, ) /Ot leos,(5) = e, ()] as

+ MLk /01 /0x s, ) = i, | dras

and so
200 0] < (FEETEIEER ) g |, P e, ®
for all r € I with L > 0 and L is large enough, which yields that the operator A is a contraction on C(I/; W) endowed with the norm
| - Il . This shows that A has a unique fixed point w, € C(I; W), i.e., (w,u;) = (w,, 0 (w)).
Let us fix ¢}, & € H! (1;Y,) n L2(1;Y), and (u;_, w;l_) € C(I; V) x C'(I; W) be the solutions of the two inequalities (1.1)(i) and
(1.1)(ii) with ¢ = ¢ for i = 1, 2. Then it follows from the proof of (6) that

e, 0 = we, ), < (MyLproT + My Lpky) /Ot [0, ) = w0, 0], ds
+ M, Lk, /0’ /OS e, ) = w0, drds + M LT (1= Gll 2,

1
< (M, LproT + M, Lyk, +M1LFk0T)/0 ngl (s)— wgz(s)“w ds

+ Mk LpT ||E) - §2||L2(1;Y1)

LgT?(Lg+Lg) Epttpt LT
where k, = 28R my-a 4 —B__ Applying Gronwall’s inequality, we are led to
(mA—al)z map—ag
ng ) - wé’z(’)HW < (M1 ko LT || — §2||L2(,;Y)) oMy LprgT+My Lipky +My LpkoT)T o

for all 7 € I. We have
e, 0 = g, )], < ko /0r s, )= we, )], ds + ke jwe, 0 = wi, @, + k2 61 = Gl 2rony)

< (koT +ky) ”wcl ® - wcz(’)HW +hko (16 = Gl 2y
for all € I. Hence and by (7), it follows that
e, 0= e, 0],

@
< <(M1k0k2LFT2 + Mk k, LpT) e(MiLproT+M, Lpki+M;LpkoT)T kz) ¢, - §2”L2(1;Y1)

7
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forallt e I.

Similarly as we have proved the above, for any fixed 6 € L? (1 Y, ), the inequalities (1.1)(i) and (1.1)(ii) have a unique solution
(wg.ug). Let dg(t) = ¢ (1, wy,us(1),0(1)). Then, we claim that ¢y € L2 (I;Y}). In fact, hypothesis H(¢)(a) leads to the following
inequality
2

o3, <2 qu (£, we, ug (1), 08)) — b (t, Oy 0.0y, )

2
‘ +2 H¢> (t, Oy- 0y, Oy, )
Y

Y
2

<2(Ly (ol + ol + 100y, ) ) +2 | (r-0w-00.0n)

2

Y

<6L2 (s + el + 013, ) +2 ”4) (100,040, )

From assumption H(¢)(b), we have

2 2
Mol 2y < VOLET (Iollera + lwollem, ) +y/0L3TNON 2
+ \/§”¢ (1.0w. 01,0y, )

and so ¢y € L2 (I;Y]). Now taking g = ¢y in Lemma 3.2, we deduce that there exists a unique ¢, € H! (I,Y;) n L2(I;Y). We
define an operator y : L? (I;Y,) — H' (I1;Y;) n L>(I;Y) by putting y(6)(1) := {y(1). Since (Y,Y,Y*) is a Gelfand triple with dense
embeddings, one has H' (I;Y;) n L2(I;Y) c L2 (I;Y;). Eventually, we prove that y has a unique fixed point in L? (1;Y;). Letting
0, € L? (I;Y,) with i = 1, 2, it follows from Lemma 3.2 that

@) 07 @ @[], = o, ()~ @,

L2(1:1)

' 2
<d , Wy (8), ug (5),0,(s) ) — , Wy, (8), g, (5), 0(s) d
1/0 ‘¢(SWQ]S ug, (s 1s) ¢<sw92s ug, (s zs) y s
for all € I. From assumption H(¢)(a), we get
2
[ (0@~ (0) 0,
t 2
<y [ (500, 00,9.00) = (5 00,000,000 | s ©
) ! 2 2 2
<3d, L¢/O e, (5 = o, ||, + [, (5) = o, ||, + [161(9) = 0205, ds.
Now we combine inequalities (7) and (8) to see that we can rewrite (9) as
2
[ @) o -r (@) 0,
! 2 2
<3d, Lé/o e, 5 = o, ||, + s, 5) = e, )|, + l1619) = 0293, as (10)

2
<clloy - 02||L2(1;Y1)
for all r € I with
2
c = 3d1L§) ((k0k2T2 +k1k2T) e(LF+LFcp+LFCqT)T + k2> T
2
4 3d1L§) (kzLFTe(MILFrOTJrMILFk1+M1LFk0T)T) T +3d, pr-
From (10) we deduce
t
[ly (@)@ — ;/(192)(t)||2Yl < c/ [16,(s) — 492(s)||2Y1 ds for all re I with ¢>0.
0
This implies that the operator y : L*(I; Y;) = L*(I;Y,) satisfies
1
[ly@D® = 7(0)Dlly, < C/ 10,(s) = 6,()lly, ds for all ¢ € I with ¢ > 0.
0
We apply [21, Theorem 67, p.118] to get a unique point * € L2(I,Y)) such that §* = y(6*). So inequality (1.1)(iii) has a unique
solution ¢ which implies that Problem 1.1 has a unique solution ({,u,w;) € (H' (I;Y;) n L*(I;Y)) x C(I; K) X C (I; W). Finally,
we choose (¢, u, w) = (¢ JUg, We), which concludes the proof. []

4. Generalized penalty method

In this section we keep the hypotheses of Section 3 and introduce the generalized penalty method in the study of Problem 1.1.
We define a sequence of penalized problems, see Problem 4.2 below, prove their unique solvability and establish the convergence
of the sequence of their solutions to the unique solution of Problem 1.1, obtained in Theorem 3.3.
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Definition 4.1. An operator P:V — V* is said to be a penalty operator of a set K C V if P is bounded, demicontinuous, monotone
and K = {u €V | Pu=0y.}.

We need the following assumptions.

H(P): P:V — V* is a bounded, demicontinuous and monotone operator.

H(K): For each n € N, K,, is a nonempty closed convex subset of ¥ with K, > K. There exists a set K such that
(@) K, c K c V for each n €N,

(b)K,,&I?asneoo,

(©) (Pu,v—u)<Oforalue K and v € K,

(d) if u e K and (Pu,v—u) =0 for all v € K, then u € K.

H(p,): foreachneN, p, >0, and p, - 0 as n — oo.

Problem 4.2. Findu,:I —>V,¢,: I - Ky and w, : I - W such that, for all t € I,
t
10,,(1) = Aw, (1) + F(t, (Ryw,)(1),u, (1), (R, £,)(1) +/ C@t = w,(s)ds,
0

t
(A, u, () + / B(t — s, w, (1), u,(s), £, (s)) ds, v —u, (1)) + pi (Pu,(t),v —u,(t))
0 n
1 + jo(w,,(t), Mu, (), Mu,(t); Mv — Mu, (1)) > {f(),v—u,()) forall vek,,
(&,@.n— )y, + al&, @)1 = &,(1)) 2 (P, w, (1), u, (1), §,®), 1 = &, (D)y,
for all # € Ky,
w,(0) = wy,  £,(0) = &.

The main result of this section is the following.

Theorem 4.3. Suppose that the assumptions H(A), H(B), H(C), H(j), H(F), H(¢), H(R), H(P), H(K), H(a), (Hy) and H(p,) hold,
and m, > max{cy|| M ||2L(V, xp @ }. Let K and Ky be nonempty, closed, and convex subsets of V and Y, respectively and 0,, € K. Then
(i) for any fixed n > 0, Problem 4.2 has a unique solution

oty wy) € (H' (L Y)) 0 LA Y) X CU V)X CI W),

(ii) (C,,(t), u, (1), w,,(t)) = (@), u@®), w®) inY, xV XW forallt € I, as n - oo, where ({,u,w) is the unique solution of Problem 1.1.

Proof. (i) Consider the operator A, : I xV — V*, n € N, defined by

A, (t,u) = A(t,u) + pLPu for (tbuyeIxV.
n

Since P is bounded, demicontinuous, monotone, and K = {u € V | Pu = 0y}, it follows from H(A) that A4,(-, v) is continuous for any
fixed v € V and A,(t,-) is hemicontinuous, pseudomonotone, strongly monotone, and A, (t,OV) = 0y for all ¢+ € I. This shows that
the mapping A, satisfies hypothesis H(A). Therefore we can use Theorem 3.3 with K, =V and A = A, rendering that Problem 4.2
has a unique solution (. u,..w,:) € (H' (I;Y,) n L*(I;Y)) X C(I; V) x C(I; W).

(i) Let (C,u,w) = (C,ug,wy) € (H' (1;Yy) n L2(1;Y)) x C(I; V) x C(I; W) be the unique solution of Problem 4.2. We consider
the following auxiliary problem: find a map 4,(r) : I - V such that u,(r) € K,, for all € I, and

(A (ta,m),v—a,0) + L (Pii, (1), v — i, (1))
Pn (11
+ 70 (w(t), M, (1), M, (1); Mo — M, (1)) > <7(z), v— a,,a)) ,

for all t € I and v € K,,, where f is defined by

t
7 = f(t)—/ B(t — 5, w(s), u(s), £(s))ds for teT.
0

Carrying out the same arguments as in the proof of Theorem 3.3, we know that the problem (11) is uniquely solvable for each
neN.

Claim 1. The sequence {@,()}
that

nenseg 18 uniformly bounded in V. Let n €N, 1 € I and u; € K. We take v =, in (11) to deduce

(AL 700. g = 1,(0) + = (P 0,y = 7,(0)
+ 7 (w(t), Mt (1), M, (1); Mug — My (1) > <7(1), Uy — an(r)> .

9
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It follows from the strong monotonicity of A(z,-) that
ma o = 2,0
< (A (ti,0) — A(tug) i, (t) — uy)

< (A (tug) up — i, (D) + pi (Pt (1), uy — i1, (t))
+ /0 (w(r), Mii,(), Mit, (1); Mug — M, (1)) — <7(z), Uy — an(z)>
for all 7 € I. As P is monotone, Pv =0 for all v € K and u;, € K, one has
my lluo =, 0,
<{A(tug) ug — i, (D) + pi (Pii, (t) — Pug, uy — ii, (1))
+ 70 (wt), M, (t), M, (t); Mug — M, (1)) — (7(:), Uy — a,,(r)) (12)
< (A (tug) ,ug — (D) — <7(z), ug — an(r)>
+ 0 (w(), M, (), M, (t); Mug — Mii, (1))
for all 7 € I. The hypothesis H(j)(c) implies that
30 (w@®), Mug, Mug; Mug — M, () + j° (w(t), M, (1), M, (t); Mii,(t) — Mug)
~ 2
<ay |lup — 7,y -

From (12), (13), and H(j)(b), we have

13)

(ma— ) [luo - 3,015
< my [luy = |3 +1° (0(), Mug, Mug; Mug — M, (1))
+5° (w(l), Mii, (1), Mii, (t); M, (t) — Muo)
<(Ja @, + [70,.) o - @@l

M| (e (1+ Nl ey + 1M1 uolly ) + coll Moy ) o = @]y

and so

(mg =) uo = 5,0, < (|]A (10)] .. + [70)],..) s
+ IMI* (e (14 lwll ey + 1Ml lluolly) + collMIl ol ) -

Moreover, since A(t,-) is pseudomonotone, it is bounded, so there exists a constant N, > 0, such that

HA (t,uo)”w <N, (15)

and from H(B) there exists a constant N, > 0 such that

|7

t
- < NFDlly +/0 I B(t = s, w(s),u(s), E(Nly= ds < | fllery+) + Na (16)
Combining (14), (15), and (16), one has

(ma = ay) [luo = @, 0]
SN+ flleays + Ny + M7 (e (14 Nl ey + 1M1 uolly ) + coll M o]l ) -

We conclude that {ﬁ,,(t)}n eNseT is uniformly bounded in V, which proves the claim.
We may assume that for each ¢ € I, along a relabeled subsequence depending on ¢, one has

a,(t) ~at) in V, asn— o

with some @(¢) € V. Since u,(r) € K,,, from H(K)(b) combined with Definition 2.2(b), it follows that i(r) € K.
Claim 2. For all 1 € I, we have u(f) = i(t) € K. Let t € I and v € K. Then, according to Definition 2.2(a), there exists a sequence
{v,} such that v, € K, for ne N and v, > v €V, as n — co. From (11), we have

L pa, i, - v,)
Pn
< (A (t,i,0),v, —ii,®)
+ 70 (w(o), M, (1), M, (t);; Mv, — M, (1)) + <7(t), (1) — U,,>

<A (1,@,®) lly+llv, = @Oy + 1FOlly<llo, = @Ol
FIMI (e (1+ Nwliewy + 1M @Ol ) + ol M1 a0l ) o, = a@,@lly .

a7

10
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Thus, since {u,,} and {ﬂn(t)} are bounded sequences in V, and A(t,-) is a bounded operator, we deduce that there exists a constant
C, > 0, which does not depend on #, such that

t (P,(1),7,(1) — v,) < Cp.
Therefore

lim sup (P, (1), &,(t) — v,) < 0. (18)
Now, since the sequence {Pﬁ,,(t)} is bounded in V* and v, — v in V, we have

lim sup ( Pu,(r), u,,(r) — v) < lim sup (Pu, (1), u,(t) — v,) + limsup { Pu,(?), v, — v)

= lim sup ( Pu,, (1), u, (1) — v,)

and, therefore, (18) yields

lim sup (P, (1), i, () — v) <0 for all ve K. 19)
Moreover, the regularity i(r) € K allows us to take v = u(?) in (19) to obtain

lim sup (P, (1), ii, (t) — i()) < O. (20)

On the other hand, assumption H(P) combined with [4, Definition 3.69] guarantees that P is a pseudomonotone operator. Thus,
inequality (20), together with the pseudomonotonicity of P, implies that

(Pi(n), i(t) — vy < liminf (P&, (1), i, (f) — v) < limsup (P&, (1), ii, () — v)
for all v € V and, next, (20) yields
(P, 7() —v) <0 forall veKk. (21)
Next, since K C E, we use (21) to deduce that
(Pii(t),i(f) —v) <0 forall veKk. (22)
We now combine inequality (22) with assumption H(K)(c) to find
(Pia(t),iu(t)— vy =0 forall veK,
which by H(K)(d) implies u(r) € K. Moreover, according to (11) and Pv =0 for all v € K, one has
(A (,5,1) .5, - v)
< —pi (Pv = Pi, 0,0 = ,0) + (70 7,0) - v)
n (23)
+ 70 (w(), M, (1), Mit,(t); Mv — M, (t))
< (10(0), M7, (0, Mit, (0 Mo = Miz,(0) + (70,7, - v)
for all v € K. Taking v = i(r) in (23) and passing to the upper limit as n - oo, we have
limsup (A (1,,(0)) . 8,(t) = &)}y, <O.
Moreover, the pseudomonotonicity of A(z,-) implies
(A@t, @), i#(t) — vy < liminf (A (1,7,(n)) . 7,(0) - v) . (24)
Passing to the upper limit as n — oo in (23), we obtain
limsup (A (1,,(t)) . 4,(t) — v)
< J°w(o), Mato), May; Mo - Maw) + (F0.a0) - v) @
Combining (24) and (25), we get
CAG, (1)), v — 8(0) + jO(w(t), M), Ma(r); Mo — Ma(r)) + (7(:), () — u) >0.

Since (1) has a unique solution, we know that &(¢) = u(r) and so & € C(I, K).

Claim 3. We now prove that i, () — u(t) in V for all r € I. Indeed, because {E,,(t)} is bounded in V' and for any weakly convergent
subsequence of {u,(t)} converges weakly in V to the same limit u(r), we know that the whole sequence {ﬁn(t)} converges weakly in
V to u(t), for any ¢ € I. On the other hand, using the monotonicity of A(z,-), one has

(A@t,0),1,(1) — vy < (A (£.7,0) 7,0 - v). (26)

11
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Similarly to the proof of (24), we have
(A (1,17,) 7,1 - v)
0 ~ ~ ~ -~ (27)
< 70 (w(e), M, (1), M, (t); Mo — M, (1)) + < T@.0, (1) - v) :
Taking v = u(t) in (26) and (27), and then passing to the limit as n — oo, one has
lim (A (1,7,(1)) , 7,(1) — u(®)) = 0.
Using u,(1) — u(r) in V for all ¢ € I, it follows from the strong monotonicity of A(z, -) that
lim m, [|ii, () — u(@)||} < lim (A (1, u(t)) = A (1, 5,(0)) ,u(t) = T, (1)) = 0
for all 7 € I. Consequently, we conclude for each t € I, u, () > u(r) in V, as n —> oo.
Let 7 € I and n € N. We write (11) with v = u,(#). Then, we take (1.1)(ii) with v = u,(r) and add the resulting inequalities to see
that
- ~ 1 ~ ~
(A, 4,(1) — At u, (1)), u,(t) — u, (1)) + o (Pu,(t) — Pu, (1), u, (1) — u, (1))
+ 0wy, Mii, (1), M, (1); Mu, () — Mii, (1))
+ 0w, (t), ML, (1), Mii, (1); M, (t) — M, () > 0.
Therefore, under hypotheses H(j), H(A), and the monotonicity of the operator P, we get

&)

&, @ = u, @], < |, = w@)|,, -

my — @
We now write

”M”(t) - “(t)“l/ < ”un(t) - ﬂn(t)”l/ + ”ﬂn(t) - ”(I)”V ’

which implies that there exists a constant D, > 0 such that

a8 = oy < D 20,0 = w0y + 7,0 = utol] (28)

Subsequently, we consider the previously introduced operator A : C(I; W) — C'(I; K) defined by
t
Aw(t) =T Hwy + / Tt —s)F(t,(Ryw)(®),u(®), (R, &)®))ds for te .
0

Then, by the proof of Theorem 3.3, we know that A has a unique fixed point. Under the assumption H(F) we see that
|w, @ — w®)|| = || Aw,®) — Aw@))|

t
< Ml/0 HF (5, (Row,)(s), 4 (5), (R E)(s)) ds — F (s, (Ryw)(s), u(s),(R]Zj)(s))H ds
t
<MLy /0 ([Rot0,)5) = Rog)(5)| + [ (5) = u(s) |
t
5/0 M Lg (roT ||w,(s) = w(s)|| + ||u(s) = u(s)||) ds.

We now apply Gronwall’s inequality to get
|w. ) — w@)||

t t t
< MALF/ [l (s) = u(s)|| ds + MfL%eM;LFT / / ||, (s) = u(s)|| dsdr (29)
0 o Jo
t
< D1</0 ||, (s) — u(s)|| ds
for allt € I, where D, = M, L + TM}L?,eMALF’OTZ. We insert (29) into (28) to find
t
[lu,(®) — u(®||,, < DyD; /0 ||, (s) — u(s)|| ds + ||, @) — u®)], -
We use Gronwall’s inequality again to derive
! t
|, @ = @]y, < ||, (&) — ||y, + DoD, / (17, () — u(s)|| eo PoPr ds
0

Since for each s € I, u,(s) > u(s) in V as n — o, and u,, € C(I; V), one has u,(f) — u(f) in V as n — oo for each 7 € I. From (29), we
can conclude that (un(t), wn(t)) = (u(t), w(t))as n — oo for each t € I. Since u(r) = u (t) and w(r) = w,(t), we have

(e @, e () = (e (D), w,(®)) in VXW, as n— oo

12
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for each 1 € I. Let ¢, (t) := ¢ (1,u (1), {(#). w,(t)). Then, by taking g = ¢, in Lemma 3.2 and using H(¢), we have

e .|, <, /0 6 (5. (52, a2, 10 )) = b (5, (5), £, wg(z))(); ds

t
S3dL2/
]¢0

Now, Gronwall’s inequality yields

e (5) - uc(s)”?/ + 166 = &I, + [|wacs) - wg(s)Hi ds.

2 2
Uy (s) — uc(s)”V + ”wn{(s) - wg(s)”v ds

13
0
t t
2.4 3dIAT
+9d1L¢e [3 //
0o Jo

2 t
< (d, L2 +9a2LAT T /
0

le@ - &0}, <3d,L3 /

2
W, (5) = we(s)||, dsar

2
Upe (s) = ”C(S)HV + ‘

2
Wy (8) = w{(s)”V ds.

2
e (5) = u ), +|

Since for each s € I, u, (s) = u(s) in V and w,(s) — w(s) in W, as n — oo, and u,, € C(I;V), w,s € C(I; W), uy € C(I;K),
wg € C(I; W), one has

¢,t) = ¢(@) in Y}, as n— oo

for each 7 € I. The proof of the theorem is complete. []
5. Application to a problem in contact mechanics

In this section, we will illustrate the applicability of the results obtained in Sections 3 and 4 in the study of the quasistatic elastic
frictional contact problem with heat equation with memory, and damage. We will show that the weak solution of the mechanical
problem leads to a differential variational inequality.

First, we recall some notations needed in this section. Let £ be a bounded domain in R¢, (d = 2,3) with a Lipschitz continuous
boundary I' := Q2 occupied by a deformable body. The points in 2 are denoted by x = (x,x,,...,x,). We are interested in the
evolution of the body on a finite time interval I := [0,T] with T > 0. We denote the space of second order symmetric tensors on
R? by S. Moreover, R? and S? are equipped with the standard inner products u - v := wv;, 6 - T := 0;;7;; (where the summation
convention over repeated indices is used), and the associated norms ||v||ge = \/V -V, ||T|lge = \/‘r_‘r foru, v e R?, o, T € S?. We
use the notation u = (i;), () = £;;(u) = % (u;j +u;;), and 6 = (0;;) to denote the displacement vector, the linearized strain tensor
and the stress tensor, respectively, where 4, ; := :%, i, j=1,2,...,d. Here and below, the spatial derivative is defined in the sense
of distribution. The normal and tangential components of stress field o and displacement field u on I' are denoted by o, = (6v) - v,
u,=u-v,o6, =ov—o,vand u, =u—u,v, respectively, where v stands for the normal outward vector which is defined a.e. on
I'. We split the boundary I into three disjoint measurable parts I';, I, and I'; with |[I;| > 0. We also use the notation Q = 2 x I,
YX=IxI,Z% =TI;x1,i=1,2, 3. The time partial derivative for a function is denoted by a dot. We usually do not explicitly point
out the dependence of the functions on x. The classical quasistatic frictional contact problem reads as follows.

Problem 5.1. Find a displacement field u: Q — R?, a stress field 6 : Q — S¢, a damage field ¢ : Q — [0, 1], and a temperature
w: Q — R such that

t
o(t) = A(t, e(u(?))) + / B(t — s, w(s), e(u(s)),&(s)) ds in Q, (30)
0

¢ — K AL + 01 () D ¢(t, w(), (), ) in Q, (31)
a_czo’ w _ on X, (32)

av dv
—Dive®) = fo®) on Q, (33)
u(®)=0 on X, (34)
o(Hv = fH(1) on %,, (35)
u,(t)<g, oM®+&0)<0, @, ()—-g(o,@®)+E&,@)=0 on X, (36)
&,(1) € 9, u, (1), u, (1) on X, (37
—o.(t) €0j,(u,(),u,(t) on X, (38)

t
w, (1) — Aw(t) = e(t, (Ryw)(®), u(t), (R {)(@)) + / b(t — s)Aw(s)ds on Q, (39)
0

w(0) =wy, €0) =, on Q2. (40)

We provide short comments on equations and conditions in Problem 5.1. In the elastic constitutive relation (30), .A denotes the
time dependent elasticity operator and B is the relaxation operator which depends on the damage function and temperature. The
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inclusion (31) describes the evolution of the damage field ¢ of the system, see, for example, [22,41,42]. If ¢ = 1, then there is no
damage in the material, when ¢ = 0 the material is completely damaged, and if 0 < { < 1 means that the material is partially
damaged. Here, ¢ represents the mechanical source of damage which is a general function of the strain, temperature and damage,
and « is a positive constant, the so-called microcrack diffusion coefficient. The term 91, stands for the subdifferential of the
indicator function of the interval [0, 1] and it guarantees that ¢ remains within the interval [0, 1]. Egs. (32) represent the boundary
condition for the damage function and the no heat flux condition for the temperature, (33) is the equilibrium equation for the
stress, where Div o = (c; i) denotes the divergence operator for tensor valued functions. The boundary conditions (34) and (35) are
the displacement and the traction conditions, respectively. The relations (36) and (37) represent the frictional Signorini unilateral
contact condition for the normal displacement in which 9/, is the Clarke generalized subgradient of a function j,. This condition
models the contact with a rigid foundation which is covered by a layer of deformable material of the thickness g > 0, see [21,
Sections 8.4, 8.5]. Condition (38) is a friction condition modeled by the Clarke subgradient of a nonconvex potential j_, see [4,21].

The heat equation with memory (39) represents the law of conservation of energy, where the function e describes the influence
on the heat sources of the displacement field and of the history operators R, and R, of the temperature and the damage. The
incorporation of the parabolic Eq. (39) in the model is motivated by the studies of Maxwell, Boltzmann, Volterra, see details and
discussions in recent papers [43,44] and references therein. Moreover, the initial temperature and damage w, and ¢, are specified
in (40). For more details on the mathematical modeling of contact problems, we refer to [20,42].

We introduce two evolution triples of spaces ¥V ¢ H Cc V* and Y C ¥; C Y* with continuous and dense embeddings, where

V={veH' (&R')|v=00onT}, H=L*R), Y=H'Q). Y =L*Q).
We also need the spaces
H=1%2:;8%, H,={reH|Divte H}, X=L*Iy;RY), W=LXQ).

It is well known that all aforementioned spaces are Hilbert spaces equipped with their standard inner products and norms. Let ¢;, > 0
be an embedding constant such that ||v||; < ¢y ||v]ly, for all v € V. We define the following sets

K={veV|v,<gaeonlz} and Ky ={{ €Y |0<¢ <1a.e. in 2}.

The first set is needed to model the Signorini condition (36) and the second one is the set of admissible damage functions. We
introduce the linear and closed operator A : D(A) c LX(Q) — L3(2) by

Aw=Aw forall we D(;l\),
with the domain D(X) defined by
N 2 ov _
DA) = {ueH @152=0 on r}.

It is well-known that A is the generator of a Cy-semigroup {T(1)},,, of contractions on W = L*(Q), that is, sup,cjo 100 ITOI < 1.
Let y: V — L*(I'; R?) be the trace operator. We define f: I - V*, a: Y xY - Rand j: XX X - R by

(F@,v) = {f2(0,7V) 2(pypa)y + (fo®), )y for veV, 1€,
a({,’,r/)=K/VC-V11dx for ¢&,ney,
Q
and

j(zl’ZZ):/ Jv(Z1ys 22)) + o (217, 25.)d T for zy,z, € X. (41)
I3

Note that we suppose here that j is independent of the variable w. Moreover, let R, and R; be two history-dependent operators
that satisfy H(R).
We use the standard procedure, see [4,21,31], to derive the following the variational formulation of Problem 5.1.

Problem 5.2. Findu:I —> K, {:I - Ky and w: I - W such that

t
o(t) = A, e(u())) + / B(t — s, w(s), e(u(s)),{(s))ds in Q,
0

(o), e(v) — e(u(®)))y +j0(yu, yu;yv—yu) > (f(t),v —u(?)) for all v € K,
&w,n— D)y, +ald,n—0) = (pw®), e@®),{®),n —{®)y, forall ne Ky,

t
w, (1) — Aw(t) = e(t, (Ryw)(®), u(?), (R {)(1) + / b(t — s)Aw(s)ds in Q,
0

w(0) = wy, ¢0) =&

for a.e.t € 1.
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In order to solve Problem 5.2, we need the following hypotheses.
H(1): The elasticity operator A: Q2 x I x S? — S¢ is such that

(a) A(x,-,-) is continuous on I x S¢ for a.e. x € 2,
(b) A(-,t,€) is measurable on £ for all (r,e) € I x S9,
(c) A(x,t,-) is Lipschitz continuous with L, > 0 for all t € I, i.e,,
HA (x,0,))— A (x,t,ez)” <Lylle;—&| foralle,e €S ae x €,
(d) for all 1 € I and a.e. x € , A (x,1,05,) = Oga,
(e) A(x,1,-) is strongly monotone with m > 0 for allr € I, a.e. x € 2, i.e.,
(A(x,t,6)) —A(x,1,85)) - (6] — &1) = my ||e] —ez||2 for all £,,¢, € S9.

H(2): The relaxation operator B: 2 x I X RxS? x R — S is such that
() B(-,t,w,¢€,¢) is measurable on  foralle € S¢, t € I,w,¢ €R,
(b) B(x,-,w,¢,¢) is continuous on I for a.e. x € 2 and all (w,&,¢) € RxS? xR,
(o) B(x,t,-,-,-) is Lipschitz continuous with Lz >0, allt € I a.e. x € , i.e.,
HB(x,t,wl,el,Cl) - B(x.1, wz,ez,g)” <my (||ey - & + |wy = wy| + [¢1 - &)
for all £,,¢, € %, all wy,w,,¢,4 €R and a.e. x € Q,
(d) there exists g;; € L?(I) such that || B(x, t, w,€,¢)|| < og)(w| + |¢| + |l€])
for all (f,w,&,&) e IXRxSY xR and a.e. x € 2;
H(3): The damage source function ¢: 2 x I x RxS? xR — R is such that
() ¢(-,t,w,€,¢) is measurable on 2, forall t € I,e € S¢ and w,¢ € R,
(b) ¢(x,t,-,-,-) is Lipschitz continuous with iq, >0forallrel ae xe€, ie.,
H¢ (x.wy.€1.81) = ¢ (x, w2752,¢2)” < Ly (|ler = &l + w0y —w,] + |8 = &)
for all £1,¢, € $9, all wy,w,,&,4, €R and a.e. x € Q,
(@ ¢ (--0,05,0) € L* (1; L*(£2)) .
H (4): The potential function j, : I'; X R xR — R is such that

(@) j,(-,ry,ry) is measurable on I3 for all r{,r, € R and there exists
e € L(TIs) such that j, (,r,e(-)) € L'(I;) for all r € R,
(b) j, (x,r,-) is regular, locally Lipschitz on R for all r € R, a.e. x € I3,
(c) there are constants ¢, é, > 0 such that for a.e. x € I3
‘6jv (x,rl,rz)’ <& (1+|r|) +¢é || forall r,r, eR,
(d) there is a constant @, > 0 such that
3 (xsporisry =) + 70 (xsp,rairy = 1y) S dylsy = syl lry =1
for all ri,ry, 51,5, €ER, a.e. x € I3.

H

—

5): The potential function j, : I; X R x R? — R is such that

(@) j,(-,r,&) is measurable on I for all » € R, & € R? and there exists
e € L*(I';;RY) such that j, (-, r, e(-)) € L'(I}) for all r € R,
(b) j, (x,r,-) is regular, locally Lipschitz on R? for all » € R, a.e. x € I 3,
(c) there exist constants ¢, ¢, > 0 such that for a.e. x € I3,
|0j, .1, &) <T (1 +|r)+7; I€] forall r R, £ €RY,
(d) there is a constant a; > 0 such that
3O (e, €138 — &) + 0 (x,50, 8281 = &) <@ylsy — 5l 1) = &l
for all 5;,s, €R, &,& €R?. ae. x € I,

H(6): The function e: @ x R x R x R — R is such that

—~

(a) e(-,-,s,&,1) is continuous on Q for all s,/ € R, & € R4.

(b) there exists function y € L2(0,T) such that
‘e (z.t,5.&1.1)) —e (271,52,‘52712)‘ <@ (|si =2 + 1€ = &all + 1 = 1a])
for a.e. (z,1) € Q, all s,55,1;,1, ER, &, & € RY.

H(7): fo € CU; H), f, € CUI; L2 (Ih; RY)), b€ Wh(0,T), b> 0, wy € W, ¢, € Ky,
g>0,and x > 0.

Theorem 5.3. Under the hypotheses H(1)-H(7) and H(R), Problem 5.2 is equivalent to Problem 1.1. Moreover, if m 4 > ||y |2 max {ﬁ 1 +a,
¢+ ¢}, then Problem 5.2 has a unique solution ({,u,w) € (H' (I;Y;) n L*(I;Y)) x C (I; K) X C (I; W).
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Proof. For any ¢t € I, we define the operators A(t,): V — V*, B(t,,,"): W XV XY —= V* F(t,-,-,): WXV xY - W, and
C(t): Z > W by

(A(t,u),v)=/A(x,t,e(u))~£(v)dx,
Q

(B(t,w,u,{),v) = / B(x,t,w,em),{) - €(v) dx,
Q

F(t, w,u, {)(x) = e(x, t, w(x), u(x), {(x)),

(CHw)(x) = b(t) Aw(x)

forallu,veV,weW,{eY,ae xe€ Q. Let M:V — X be given by Mv = yv for v € X. Under this notation, Problem 5.2 can
be reformulated as follows

t
w(t) = ;fw(t) + F(t, (Ryw)(@), u(t), (R )(®)) + / Ct—s)w(s)ds,
0

(At u(®) + [y B(t = s, w(s), u(s),{(s)) ds, v — u(®))

+j0(Mu(r), Mu(r); Mv — Mu(t)) > (f(1),v — u(®)) for all v € K,
(&@.n— D)y, +all®),n—L®) =t w®), u®), (1), n — @)y, for all n € Ky,
w(0) = wy,  £(0) = .

By hypotheses H(R), the operators R, and R; are history-dependent operators. Condition (H,) is a consequence of H(7). Since
g > 0, we assert that 0, € K. To conclude the proof of Theorem 5.3, it remains to verify the conditions H(A), H(B), H(C) H(j),
H(F), H(¢) and H (a). For a fixed t € I, it follows from H(1)(a), (b) and (e) and the continuity of Nemytsky operator that A(z,-) is
continuous, so it is hemicontinuous on V. The condition H(1)(c) shows that

(A(t,w) — A(t,v),u—v) = / (A(x,1,em)) — A(x,1,€())) - ((u) — e(v))dx
Q
> my / lew) — e@)? dx = m g lu — vl
Q

for all u, v € V, t € I Moreover, the condition H(1)(e) implies that A(t,-) is bounded in V and so A(t,-) is a monotone and
pseudomonotone operator for all 7 € I. The condition H(B)(a) comes directly from H(2)(b). Moreover, by H(2)(c), and Holder’s

inequality, we have
(B (t,wy,u,¢) — B (t,wy,uy,1) ,v)

< </Q HB(X’Lwl»f(ul)’C) —B(x,t,w2,e(u2),;1)”2 dx)é ol

1

2 2
< V3my (/Qﬂe(ul)—e(uz)u +||§—n||§+||w1—w2||%vdx> el

and

1
(B(t,w,u,{),v) < </ 1Bx, 7, w, @), O dX> ’ llvlly
Q
1

2
< V3040 </ le@)lI® + llwllyy, + lIC115 dx) llvlly
Q
for all u;, u,, u €V, wy, w, € W, ¢, n € Y with o € L? (I). This shows that
|8 (t 0 w1,8) = B (e, pm) |, < V3 (Jlwoy = wally, + s = wally + 1 = nlly, )

for all u;, u, € V, w,, w, € Wand ¢, n € Y. Hence H(B)(b) holds with L = \/5"113- Moreover, since b € W (0, T), the family
of operators {C(t)},c; satisfies H(C). We consider the function j: X x X — R defined by (41). From the regularity hypotheses
H(4)(b), H(5)(b), by [4, Proposition 3.35 and Theorem 3.47], we get

jo(zl,zz;v)=/ je(zlv,zb;uv)+j?(zlf,zk;vr)dl“ for all z,,z,,ve X.
I3
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Then, from the proof of [31, Theorem 4.1], we conclude that H(j)(c) holds with ¢y = 0 and «; = (&1 +El) llylI>. The condition
H(F) (a) follows directly from hypothesis H(6) (a). Using hypothesis H(6) (b) and the Poincaré inequality, we derive

| F (6 wy,m0,81) = F (1, w0,u,5) llw
1

= (/Q ‘e(z, tw(2),u)(2),6,(2)) —e (2,1, wz(z),uz(z),cz(z))(2 dz) ’

1

2 2 2 2
<y(n) (/ 3 (le(Z)— wy(2)|” + ||u1(2) —wy,2)||” + |¢1(2) = &2(2)] ) d2>
Q

<wVamax{1ey } (Jw, = wally, + luy —wlly + 16 - &lly)
for all wy, w, € W, u;, u, €V, ¢, & €Y and a.e. t € I, which ensures that H(F) (b) is valid with Ly(t) = q/(t)\/gmax {1,cV} for
t € I. According to H(3), we conclude that H(¢) holds with Ly =+4/3Ly. Finally, by the definition

161 = IEt, + | ve-veax forall (e,
Q

we know that a(¢,¢) + r<||§||$] = «|I¢1I?, and so H(a) holds with @, = a, = «. The smallness condition m, > max{collMlli(V;X),al}

of Theorem 3.3 follows from our hypothesis. By the above discussion, we infer that Problem 5.2 is equivalent to Problem 1.1.
Therefore, Theorem 5.3 holds as a consequence of Theorem 3.3. []

Let p, >0 for n €N, and p, - 0 as n — co. We consider the following penalized problem associated to Problem 5.1.

Problem 5.4. Find a displacement field u, : Q — R?, a stress field ¢, : Q — S¢, a damage field ¢, : Q — [0, 1], and a temperature
w, : Q - R such that

t
o,(1) = A, €(u, (1)) + / B(t — s, w,(s), e, (s)),¢,(s)) ds in Q,
0
Gn — K AL, + 0110 11(&y) D @t w, (1), £(u, (1), &) in Q,
0¢, ow,
=2 =, =0 on X,
v v
—Dive,) = fo) on Q,
u, () =0 on X,
6, = f>1) on X,
) S 8. 00+ 8,0 0. (0,0 = £)" +0, (1) + £, () =0 on =3,
érlv(t) € ajnv (unv(t)’ unv(t)) on 23,
_o.m'(t) € ajnr (unv(t)’ unr(’)) on 23,
t
(W) (1) = 4w, (1) = e(t, (Ryt0,)(1), 4, (1), (R, £,)(1)) + / bt — 5)dw,(s) ds on Q,
0
w,(0) = wy, §,(0)=¢, on 0

where r* stands for the positive part of » € R. Compared with Problem 5.1, the contact conditions (36) are replaced by the term
with the penalty parameter p,. Now, we define the operator P: V' — V* and the sequence of sets K, by

(Pu,v)=/ (u,—g) v,dr for uvev, (42)
I3

K,={veV]|v,<g,ae on 3} forall neN,
respectively. Then, the variational formulation of Problem 5.4 can be stated as follows.

Problem 5.5. Findu,:I -V, ¢,:I - Ky and w, : I - L*(2) such that

1
c,(t) = A(t,e(u,(1)) + / B(t — s, w, (1), e(u,(s)),¢,(s))ds in Q,
0

(6(t). £(v) — £(u, (1)) + jO(yu,. yu,: yv — yu,)

+ /)L(Pun(t), v—u,(t))yexy = (f@),v—u,@®) forall veKk,
&w,n— D)y, +ally.n — &) = (b(w, ), e, 1), §, 1), n — §,®)y, forall n€ Ky,
t
W (1) = Aw, (1) = e(t, (Ryw,)(®), u, (1), (R, ,)()) +/ bt — s)Aw,(s)ds on Q,
0

w,(0) =wy, ¢,00)=¢
forallteI.
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Theorem 5.6. Under the hypotheses H(1)-H(7) and H(R), Problem 5.5 is equivalent to Problem 4.2. Moreover, if m 4 > [l7 1> max {dl +a,
¢ +¢}, then
(i) for any fixed n > 0, Problem 5.5 has a unique solution

oty w,) € (H' (1Y) 0 LA Y) X CU V)X CU W),

(1) (8,0, u, (1), w, (1)) = €@, u(®), w(®)) in Y, XV X W forallt € I, as n — oo, where ({,u, w) is the unique solution of Problem 5.2.

Proof. It follows from (42), that the penalty operator P is a monotone operator. By the trace theorem, we know that there exists
a constant x; > 0 such that ||[v|l ;2 gey < x[|2ll, for all v € V. From Holder’s inequality, we have

(Pu = P,y = [ (= )" = (1, =) ) v, a1

1

1

([ (=)~ =e)) ar) ( [ ar)’ sl -l 1y

for all u;, uy, v € V, and so ||Pu; — Pus||,. < &7 ||lu; — u,||,,. This shows that P is a bounded and continuous operator. Furthermore,
we have

K={ueV|Pu=0,.}={ucV|u <gae onl;}

and so P is a penalty operator of the set K. Thus, we can conclude that Problem 5.5 is equivalent to Problem 4.2. We apply
Theorem 4.3 to conclude the proof. []
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