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There are, in the literature and on the web, hundreds (if not thousands) of proofs of the fact
that the dimension of a finitely generated vector space is a well defined invariant. We give a short
proof of this fact.

Let V be a K-vector space, and S a finite subset of V . We define the subspace generated (or
spanned) by S in the usual way. We also define the condition that S is linearly dependent in the
usual way. We say that V is finitely generated if it is generated by a finite subset, and we assume
that such is the case. We define a basis of V as a (finite) linearly independent generating subset.
Our aim is to prove:

Theorem 1. Any finitely generated K-vector space admits a basis, and any two such basis have
the same cardinality.

Theorem 1 will follow from Propositions 2 and 3 below.

Proposition 2. Let V be a K-vector space, and let F and G be two finite subsets of V such that
F is linearly independent, G generates V , and F ⊂ G. Let B be also a subset of V . (We think of
F and G as being “fixed”, and B being “variable”.)

(a) Assume that F ⊂ B ⊂ G, that B is linearly independent, and that B is maximal for these two
conditions, then B generates V .

(b) Assume that F ⊂ B ⊂ G, that B generates V , and that B is minimal for these two conditions,
then B is linearly independent.

(The notation F is supposed to suggest the word “free”.) Proposition 2 will follow from Lemmas
4 and 5 below.

Proposition 3. Let V be a K-vector space, let G be a generating subset of V of finite cardinality
n ≥ 0, and let S be a subset of V of finite cardinality m > n. Then S is linearly dependent.

It only remains to prove Propositions 2 and 3. If S is a finite subset of a vector space V , we
denote by ⟨S⟩ the subspace spanned by S. The following “high school algebra fact” will be freely
used:

(©) Let n be an integer ≥ 2 and let v1, . . . , vn be vectors in V . Then

⟨v2, . . . , vn⟩ = ⟨v1, v2, . . . , vn⟩ ⇐⇒ v1 ∈ ⟨v2, . . . , vn⟩

⇐⇒ there is a linear relation
n∑

i=1

λi vi = 0 with λ1 ̸= 0.

Lemma 4. Let S be a finite linearly independent subset of a vector space V , and let v be in
V \ ⟨S⟩. Then S ∪ {v} is again linearly independent.
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Proof. Let v1, . . . , vn (with n ≥ 0) be the distinct elements of S. If S ∪{v} was linearly dependent
we would get λv+

∑
λi vi = 0 with (λ, λ1, . . . , λn) ̸= (0, . . . , 0). This would imply λ ̸= 0, and thus

v ∈ ⟨S⟩ by (©).

Lemma 5. If G is a finite nonempty linearly dependent generating subset of a vector space V ,
then there is a g in G such G \ {g} is again generating.

Proof. Let g1, . . . , gn (with n ≥ 1) be the distinct elements of G. We have
∑

λi gi = 0 for some
(λ1, . . . , λn) ̸= (0, . . . , 0). We may assume λn ̸= 0. Then gn is a linear combination of g1, . . . , gn−1

by (©), and, thus, so is any vector in V .

Proof of Proposition 3. Writing |X| for the cardinality of X, we assume by contradiction that
F and G are two finite subsets of V such that F is linearly independent, G is generating, and
we have |F | = m > n = |G|. We can assume that k := |F ∩G| is maximum among all couples
(F ′, G′) of subsets of V such that |F ′| = m, |G′| = n, F ′ is linearly independent and G′ spans V .
We clearly have k < n (indeed, k = n would imply that fm is a linear combination of f1, . . . , fk,
contradicting the linear independence of the fi). Set

F = {f1, . . . , fk, . . . , fn, . . . , fm}, G = {g1, . . . , gk, . . . , gn},

with f1 = g1, . . . , fk = gk. Since G spans V , we have fm =
∑n

i=1 λi gi, or equivalently

−fm +
n∑

i=1

λi gi = 0 (1)

for some (λi)
n
i=1. Since fm /∈ ⟨f1, . . . , fk⟩ = ⟨g1, . . . , gk⟩, there is an r with k+1 ≤ r ≤ n and λr ̸= 0.

Set G′ := (G∪ {fm}) \ {gr}. By (1), the definition of r, and (©) we have ⟨G′⟩ = ⟨G∪ {fm}⟩ = V.
The equalities |G′| = n and |F ∩G′| = k + 1 being clear, Proposition 3 is proved. This completes
the proof of Theorem 1.

We end with a short unrelated observation whose goal is to define the sign homomorphism
from the symmetric group to {±1}. Let n be an integer ≥ 3, set X := {1, . . . , n}, let Sn be the
group of permutations of X, let Y be the set of two-element subsets of X, and let σ be in Sn. For
y ∈ Y define σy ∈ Y by σ{i, j} = {σi, σj}. Let 1 ≤ i < j ≤ n. Say that {i, j} is an inversion
for σ if σj < σi, let Iσ be the set of all such inversions, and define the map ε : An → {±1} by
ε(σ) = (−1)|Iσ |. We claim

ε(τσ) = ε(τ) ε(σ) (2)

for τ, σ ∈ Sn. Recall that the symmetric difference A∆B of two sets A and B is the set
(A ∪B) \ (A ∩B). We clearly have

|A∆B| = |A|+ |B| − 2 |A ∩B| (3)

if A and B are finite, as well as
Iτσ = Iσ ∆σ−1(Iτ ), (4)

and (2) follows from (3) and (4). We also claim that half the members of Sn satisfy ε(σ) = −1.
It suffices to show that at least one of them does. But the transposition (12) swapping 1 and 2
satisfies this condition (in fact we have I(12) = {{1, 2}}).
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