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Abstract. In this paper, we propose a new non-symmetric Gaussian wake model, which allows
for different lateral expansions on the two sides of a wake to account for its interaction with
neighbouring wakes. The proposed model is formulated following classical speed-deficit
assumptions and momentum conservation. Departing from the existing literature, a non-
symmetric Gaussian function is used to represent the velocity deficit in the wake. Accordingly,
different wake expansions are assumed on the two sides of the wake, each expressed as a function
of the locally prevailing turbulence intensity. The model considers that wake-added turbulence
changes with downstream distance; hence, the turbulence intensity on a wake-immersed side of
the wake is location dependent. The new model is compared to LES-ALM numerical simulations
of three turbines in partial wake overlap. The free parameters of the model describing the wake
development are tuned based on the CFD results. Results indicate that the new model provides
for a very good agreement of the velocity profiles at different downstream positions, generating
an improved representation of merging wakes and their downstream development.

1. Introduction

Analytical (engineering) wake models are indispensable for computing-intensive or time-critical
applications, such as wind farm design and control. Over time, these wake models are being
continuously improved to capture more of the complex flow phenomena that result from the interaction
of wind turbines within a wind farm and from the interaction of the farm with the atmospheric boundary
layer [1, 2]. While analytical models can already capture the steady-state characteristics of single fully-
developed wakes quite well, there is no common consensus yet on how to model superimposing wakes
[3-5]. It is the goal of this paper to contribute filling this gap, by developing a new model for laterally
interacting wakes.

It is well known that ambient turbulence (which is strongly linked to atmospheric stability) affects wake
recovery [6]. However, in addition to ambient turbulence, the wake itself produces some extra
turbulence (termed “wake-added turbulence”) [7]. Hence, the wake released by a wake-affected wind
turbine develops under the combined effects of the ambient and of the wake-added turbulence. Every
time a downstream turbine is operating in partial wake overlap, it releases behind it a wake that is
immersed in the upstream wake on just one of its two sides. When this happens, it is reasonable to expect
that the wake expansion will be different on the two sides. In fact, different turbulence intensities, and
hence mixing, prevail on each side: one is exposed to the ambient flow, while the other is immersed in
the upstream wake. This lack of symmetry between the two sides of a wake is not considered by existing
wake models.
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In the following, the model equations for the new non-symmetric wake model are first derived. Next,
the new model is compared with the original symmetric Gaussian formulation, and both are then
contrasted with CFD results, which are assumed as the ground truth.

2. Model derivation

In this work, Bastankhah's velocity model [8] is modified to take into account the influence of a spatially
varying turbulence intensity on wake development, as caused by overlaps with wakes released by
neighboring turbines. Therefore, a new logic is introduced to calculate the evolution of wakes, which
accounts for downstream changes in the flow characteristics in which the wake develops. This differs
from the classical model, which on the contrary assumes the same development of the wake on its two
lateral sides, and an evolution downstream that only depends on the ambient conditions at the rotor disk
of the shedding turbine.

2.1. Velocity model

The Gaussian velocity model of Bastankhah et al. [8] is modified to enable a non-symmetric Gaussian
distribution of the velocity deficit. For simplicity, only the equations for the far wake region are
modified. To enable different wake expansions on the lateral sides of the wake, the distribution of the
velocity deficit is split into two halves, where each half is characterized by a unique standard deviation
(0y,; for the left half, g, ,- for the right half). The velocity deficit, defined as the ratio of the wake velocity
U to the inflow velocity U, at a specific lateral coordinate y and vertical coordinate z can then be
expressed as follows:

u 1_¢ —Ay? —Az? |

Uw P\ 20z )P\ 207 ) (0
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where Ay =y — (ywgec + 8) and Az = z — zy 5 are the distances to the centerline of the wake from
the hub coordinates (X 5c, Ywec, Zwec), While the lateral wake deflection is noted §. C is the maximum
velocity deficit, while oy, is either equal to gy, - or g,,;, depending on which side of the wake the velocity

deficit is calculated. This allows for a non-symmetric Gaussian distribution of the velocity deficit in the
lateral direction. Following [8], the conservation of momentum deficit is enforced as follows:

d [ee] [ee]
af_m f_mU(Um — U)dydz ~ 0. 3)

Considering that the center of the wake is at y = 0, this equation can be split into the two lateral sides
of the wake:

P f_ } f_ OOU(O'y,l)[Uoo — U(ay,)|dydz +— f_ 3 fo U(oy,)[Ue — U(oy,)]dydz.  (4)

Inserting (1) into (4) and solving the integral, one obtains:

d
aUo%,(:(z - C)(oy; + 0y,)0, = 0. (5)

Assuming that U, is not changing in the direction of the flow, and that the velocity deficit at any
downstream position of the far wake is equal to the velocity deficit at its onset, leads to:

Co(2 — Cp)20y0, = C(2 — C)(oy,; + 0y, )0, (6)

There are two solutions for the maximum velocity deficit in the far wake C, the only reasonable one
being:
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with 0y, gum = 0y, + 0y 1.

Figure 1 shows an example of how the velocity distribution changes with different standard
deviations on the two lateral sides, as caused by different local turbulence intensities; the figure also
reports the results for the original symmetric formulation. Note that the total momentum deficit is the
same in both cases, and only its lateral distribution differs in the two plots. Due to the higher turbulence
on the right side of the wake (right defined looking downwind, in the negative y-direction), the velocity
deficit shifts towards this side because of the locally stronger mixing.
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Figure 1: Velocity distributions. Solid line: Gaussian distribution; dashed line: non-symmetric
Gaussian distribution with different turbulence intensities on its two sides.

2.1.1. Turbulence model and wake growth

In the classical model, wake growth is typically a function of the local turbulence intensity at the turbine
rotor. The local turbulence intensity is formed by the ambient turbulence intensity I,,,; and the wake-
added turbulence intensity I* of any upwind turbines, i.e.

liocal = 4/Iémb + TI-IZ-' ®)

In Floris v2.4 [9], r is the area overlap of the incoming wake cross-section and the rotor disk of the

shaded turbine, i.e. r = Awake/ Avotor Since the proposed model requires that the local turbulence
rotor

intensity can be calculated at any point, the definition of » changes to a simple flag, which indicates if
the point, where the turbulence intensity shall be calculated, is in the wake area of an upstream turbine
or not:

= €
Figures 2 and 3 depict a cluster of two turbines, where the downstream one and its wake are affected
on one side by the wake released by the upstream machine. Consequently, the local turbulence intensity
at the downstream turbine is greater on the right side of the rotor because this side is in the wake of the
upstream turbine (r = 1), whereas the other side is in free stream (r = 0).
The wake-added turbulence intensity I* can be calculated with various models [7, 10, 11]. In this
study the formulation of Crespo and Hernandez is used, which writes:

{1, in the wake,
0, notin the wake.
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where Peonstants Pais> Pinitial a4 Paownstream are four tunable parameters, while a is the axial induction
and D the rotor diameter [7]. For several overlapping wakes, turbulence intensities are combined in a
recursive way for all affecting wakes at a specific location:

lipcqi = max <Ilocal' "Ilzocal + I—%—) (11)

Knowing the turbulence intensities on all sides of the wake, the lateral wake growth factors k, and
k;, as well as the vertical wake growth factor k,, can be calculated based on the parameters k, and k;,
(cf. figure 2 using I, I; for k., k; and I,,, for k,):

k =kaliocar + kp- (12)

In the example displayed in figure 2, the wake growth factor on the right side of the rotor k, will be
greater than the one on the left side k;, because of the higher local turbulence intensity on this side.

[l'kl VJ ]T'kr

L, ke,
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Figure 2: Downwind view of the wake released by the upstream WEC 1 (wind energy converter 1),
partially overlapping with the rotor of the downstream WEC 2.
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Figure 3: Top: downstream development of the wake boundaries with the new model (expressed as
standard deviation of the Gaussian velocity distribution). Bottom: development of turbulence intensity
calculated with equations (8-11).



Wake Conference 2023 IOP Publishing
Journal of Physics: Conference Series 2505(2023) 012046  doi:10.1088/1742-6596/2505/1/012046

Wake-added turbulence is a function of the streamwise coordinate x, and therefore changes
constantly. Additionally, the number of wakes at different downwind positions may vary. Consequently,
the wake growth factors must be updated based on the local turbulence intensities along the sides of the
wake. To accomplish this, the domain is divided into streamwise sections, and for each section the
growth factors of all wakes are updated based on the turbulence intensity prevailing at their lateral sides.
In figure 3 the boundaries of the sections are indicated by the grey dotted lines. Behind the near-wake
region (shown as horizontal lines behind the rotor), the far wake expands laterally in each section with
a wake growth factor that depends on the local turbulence intensity at the respective lateral side
according to equation (12). The streamwise development of the local turbulence intensity at the lateral
sides of the wakes is shown in the lower subplot of figure 3. In this case, the left side of the wake shed
by WEC 1 is only affected by the wake released by WEC 2 behind the onset of its far wake (notice that,
while turbulence intensity does increase in the near wake (cf. Figure 4), only the far-wake-added
turbulence is considered here; the complex flow phenomena taking place in the near wake are out of the
scope of the present work, and deserve dedicated studies.). As the turbulence intensity decreases
downstream, the wake growth also decreases when moving downstream. The wake growth calculated
with the classical symmetric Gaussian model is shown for comparison using a dashed grey line.

To calculate the wake expansions o,,,- and g,,; at an arbitrary downwind position, the individual
wake expansions in each section must be summed up all the way to the requested point, i.e.

0T 0
ko Xi — Xo
Tyt = Oyo + Ky S = 0yg + k.i Xiv1 X0 |, (13)
ki+n Xy — Xitn

0 0

where k,. and k; are the right and left vectors, respectively, of a specific wake containing the growth
factors for each one of its streamwise sections. The lengths of each section are stored in vector s, starting
at the end of the near wake and ending at the requested point x,.. s is therefore a vector of zeros until the
onset of the far wake x,. From this point on, it stores the lengths of the sections until the requested point,
past which it again contains zeros. In order to calculate vector k, the domain is sampled from front to
back, and each individual growth factor is calculated based on the local turbulence intensity (i.e.,
depending on neighbouring wakes). This ensures that changes in wake growth (and also of neighbouring
wakes) are considered in the calculation.

The turbulence intensity at the rotor (I,,,) is assumed to be the average between the turbulence on the
left and right sides. The wake expansion in the vertical direction is assumed to be linear:

0, = 0,0 + k,(x — x0). (14)

Knowing the wake expansions of all wakes at any downwind position through equation (13), the
velocity deficit of each wake can be calculated with equation (1) and combined using a suitable wake
combination model. Usually either a linear or a squared-root wake superposition is used, although there
is no common consensus yet on which combination model yields the best results. In this work the linear
wake combination model is employed, as it showed better agreement with field data in previous studies
[2, 12]. The length and velocity distribution of the near wake was adopted from [8] and depends on the
misalignment y, on the thrust coefficient Cr, computed with the average wind speed in the rotor area,
and on the turbulence intensity [}, at the rotor, according to:

X 4 cosy(1+.,/1-Cr
- = XWEC .
D V2(4alipeq +2(1—J1=Cr)

(15)
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3. Comparison to LES

3.1. LES setup

High-fidelity CFD simulations are used as benchmark to verify and validate the proposed wake model.
The CFD software SOWFA used in this work was proven to accurately simulate wake dynamics and
wake interactions in previous studies [13, 14]. The domain is discretized using a structured Cartesian
mesh consisting of approximately 13.5 million cells. The smallest cells have a size equal to 1 meter, and
they are located in the immediate vicinity of the turbine rotors; six levels of coarsening are applied to
limit the computational effort. The PISO algorithm [15] is used to handle the velocity-pressure coupling
in the Navier-Stokes Equations, and turbulence is modelled with the large eddy simulation approach
(LES) using the constant Smagorinsky method to model subgrid scales [16]. The domain consists of a
cluster of three IEA 3.4 MW wind turbines [17] operating at a distance of 4 rotor diameters. A partial
wake impingement condition is obtained by laterally staggering the wind turbines by half a diameter
relatively to the incoming flow. The inflow is obtained from a precursor simulation in neutral
atmospheric conditions, and it is characterised by a turbulence intensity of 6 % at hub height, a shear of
0.2, and a mean wind speed of 9.5 m/s. The actuator line method [16] is used to model the blades by
directly coupling the LES environment with the aeroservoelastic simulator FAST [18].

Figure 4 shows the average wind speed and turbulence intensity over the simulated area for a period
of 4 minutes (with a time step of 0.01s).The partial wake overlaps of WEC 1 and 2 lead to increased
turbulence intensities on the affected sides, while the others are immersed in the ambient turbulence.
This asymmetric distribution of the turbulence intensity leads to different mixing and thus to a different
wake growth on the two sides of the wakes. To analyse this effect, the velocity distributions of the
overlapping wakes at four downstream locations in the far wake (marked in the upper subplot in figure
4) are compared with the proposed non-symmetric Gaussian and the classical Gaussian models.

Uinm/s

lin %

Figure 4: LES flowfields. Top: average velocity flowfield at hub height. Bottom: turbulence intensity
flowfield. Planes used to tune the turbulence parameters are indicated with black lines.
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3.2. Comparison of turbulence intensity and velocity profiles

Both the Gaussian and the non-symmetric Gaussian models depend on several tunable wake parameters.
The parameters can be adjusted by comparing the calculated velocities and turbulence intensities with
the LES results, which are taken as ground truth.

First, the turbulence parameters from equation (10) are adjusted to match the turbulence intensity of
the LES solution behind the turbines. The turbulence intensities are extracted at the centrelines of the
far wakes, as marked in figure 4. The parameters are fitted with the least squares method. Figure 5 plots
the fitted curves of the turbulence model against LES. Results indicate a good fit for the development
of turbulence intensity behind WEC 1 and 3, and a turbulence intensity of the correct order of magnitude
behind WEC 2. The fact that the agreement is worse behind WEC 2 could be caused by the interactions
of the two wakes and of the induction zone in front of WEC 3, resulting in a complex flow pattern
upstream of the third turbine.

Applying these estimated turbulence parameters to both the Gaussian and non-symmetric Gaussian
models, the velocities at the selected downstream positions can be compared. The remaining parameters
are kept at the default values recommended in Floris v2.4. Figure 6 shows the overall speed distributions
resulting from the lateral wake interactions, for the two models at the four downstream positions (as
shown in figure 4). In addition, the figure also shows the individual wakes in dashed lines. Just by
adjusting the turbulence parameters, the non-symmetric Gaussian model already seems to achieve a
good agreement with the LES results. The non-uniform lateral distribution of the turbulence intensity
leads to a larger expansion in the positive y-direction of WEC 1 and 2, while the wake of WEC 3 expands
more in the negative y-direction. This is best seen by looking at the upper subplot at x/D = 13.53 in
figure 6. The non-uniform distribution of the individual wakes leads to a close agreement with the LES
velocity profile.

On the other hand, the classical symmetric Gaussian model (lower subplots) underestimates the
velocity deficits at all downwind positions. One reason for this could be that the tuned turbulence leads
to higher wake-added turbulence intensities, compared to the default model. This leads, in the case of
the Gaussian model, to higher wake growth factors on all sides of the wake; on the other hand, for the
non-symmetric Gaussian model the wake-added turbulence only affects one side of the wake, resulting
in a good agreement with LES.
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Figure 5: Comparison of the turbulence intensity development behind each rotor between LES and the
Crespo Hernandez model.
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Figure 6: Comparison of the Floris-calculated velocity profiles with LES. Top: non-symmetric
Gaussian; bottom: classical symmetric Gaussian model. Dashed lines represent the individual wakes
computed by Floris.

By fitting the turbulence parameters to LES, a better description of the actual wake-added turbulence
was achieved. Since the new parameters differ from the standard one, the effect of the velocity
parameters, which depend on turbulence intensity, also changes. To investigate how the velocity
parameters change with the new turbulence parameter values, parameters k,, k;, a and § are tuned to
the LES velocity profiles. The parameters k, and k, are responsible for the wake growth (see
equation (12)), while parameters a and f are responsible for the length of the near wake according to
equation (15). A global multivariate optimisation is performed using the Differential Evolution
solver [19]. The Root Mean Square (RMS) error of the velocity deficits at the four positions marked in
figure 4 is used as the cost function.

Table 1 lists the identified velocity parameters for the two models. For the non-symmetric Gaussian
model, the parameters are not significantly changed by tuning, as the model already showed a good
agreement with LES even with the default values. For the Gaussian model, however, the identified
parameters considerably deviate from the standard values. Figure 7 shows the resulting velocity deficit
at x/D = 13.53 for both tuned models. The figure shows that both models achieve a good fit with the
LES reference, but in different ways. In fact, the symmetric Gaussian model achieves a good fit by
changing the wake velocity parameters so that the wake expansions are smaller and the maximum wake
deficits greater. This is accomplished by a smaller k, and thus smaller wake growth and a longer near
wake region (smaller ). The non-symmetric Gaussian, on the other hand, achieves a good fit through
the asymmetric distribution of the individual wakes, and much less so through the tuning of the velocity
parameters. According to the LES velocity profiles, the end of the near wake behind WEC 1 is expected
to be between 4 and 5 D. For the Gaussian model, the near wake ends at 6.5 D when the tuned
parameters are used (i.e., unrealistically further downstream), whereas for the new non-symmetric
Gaussian it is located close to the expected position at 5.1 D. This, together with the fact that the new
non-symmetric model achieves a very good agreement with LES even without the tuning of velocity
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parameters, strongly suggests that its representation of lateral wake interactions is more physically
meaningful than the one provided by the symmetric approach.

kq kp a B
Initial 0.38 0.004 0.58 0.077
Gaussian 0.07 0.030 0.42 0.11
Non-symmetric Gaussian 0.34 0.001 0.63 0.093

Table 1: Wake velocity parameters.
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Figure 7: Comparison of the tuned Gaussian and non-symmetric Gaussian models with LES at x/D =
13.53.

4. Conclusion and outlook

In this work, a new non-symmetric Gaussian wake model was formulated, which allows for different
lateral expansions on the two sides of a wake, in accordance with the local turbulence intensity. This
enables taking into account the presence of laterally interacting wakes. In addition, the model also
considers that turbulence intensity evolves when moving downstream inside a wake, which further
affects the development of a neighbouring wake. The increased complexity of the new model comes at
the expense of an increased computational cost. To calculate the flow field of the three interacting
turbines, the proposed model takes about four times longer than Floris v2.4. However, this drawback
can be more than compensated with an increase in accuracy considering that it is still by order of
magnitudes faster than medium- or high-fidelity models like RANS or LES.
The new model as well as the classical symmetric Gaussian formulation are compared with a LES
simulation of three turbines operating in partial wake overlap. After fitting the turbulence parameters of
the Crespo Hernandez turbulence model to the LES results, the proposed model generates an overall
velocity profile resulting from the lateral interaction of the wakes that is in a very good agreement with
the numerical simulation, unlike the Gaussian model. Further tuning of the velocity parameters leads to
good matches for both models with respect to LES. However, the velocity parameters of the Gaussian
model deviate strongly from the default values, suggesting overfitting. In other words, the match is good
because there are enough degrees of freedom in the model to generate the desired profile, but the
resulting parameters take unphysical values.
The current study is limited to one specific scenario, and therefore it is clear that further analyses are
needed to confirm the findings reported here, and to gain a more detailed insight into the performance
of the proposed method. Future work will also compare the model with scaled experimental and full-
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scale field data. In particular, the downstream adjustment of wake growth that is included in the proposed
model seems especially promising when dealing with deep array effects, where many wakes can undergo
significant simultaneous lateral interactions. Additionally, the model can be extended to allow variable
wake growth also in the vertical direction, for example to include effects due to the ground or caused by
the interaction with the atmospheric boundary layer. Further improvements are possible by refining the
description of the near wake region. For this purpose, the symmetric double Gaussian formulation of
[20, 21] can be extended to a non-symmetric double Gaussian one, to account for different recoveries
on the lateral sides of the near wake due to partial wake overlaps.
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Appendix
Pconstant Pai Pinitial Pdownstream
Initial value 0.73 0.83 -0.0325 -0.32
Fitted value 1.17 0.49 0.06 -0.55
Table Al: Wake turbulence parameters.
x9/D WEC 1 xq/D WEC 2 xq/D WEC 3
LES (estimate) Between 4 and 5 Between 6.5 and 7.5 Between 10.5 and 11.5
Gaussian 6.5 6.8 10.6
Non-symmetric Gaussian 5.1 6.8 10.8
Table A2: Locations where the near wake ends.
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