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Abstract.

The outer hair cell (OHC) in the organ of Corti (OoC) is hypothesized to boost the cochlear responses through electromotility.
This hypothesis has been challenged for decades because of the low-pass OHC transmembrane impedance (commonly represented
by a resistor-capacitor (RC) circuit). In this study, we analyze an electro-mechanical model of the OoC to explore mechanisms
capable of producing high-frequency amplification. By examining the responses, we find that the inertia-like tectorial membrane
(TM) shear motion is crucial for the cochlear amplification function. Only when the TM shear motion is inertia-dominant, the
amplification gain is critically determined by the structural parameters related to the TM bending motion. The optimal structural
parameters may help achieve the high gain seen in the in vivo experiments even with the RC cut-off frequency far below the
characteristic frequency. As discussed in recent literature, we also find that the RC filtering of the OHC is a feature of the response
rather than some inherent “problem”. The coupling of the OHC electromotility to the TM motion may be crucial for the high-
frequency amplification.

INTRODUCTION

The outer hair cell (OHC) converts the modulation of a resting electrical potential into cycle-by-cycle force generation
to add mechanical energy to the cochlea, both sharpening the filtering of incoming pressure and increasing the gain [2,
4]. Yet, the mechanism by which the OHC contributes to amplification at high frequencies has been debated because
the mechanoelectric transducer (MET) current-induced voltage at high frequencies is greatly reduced by the low-pass
OHC transmembrane impedance [3, 13]. To better understand the high-frequency amplification mechanism, studies
have focused on the OHC transmembrane impedance characterized by a resistor-capacitor (RC) circuit [6, 10, 13].
Johnson et al. found that the cut-off frequency of the impedance (~ 1/(27RC)) is much higher than the value adopted
in the literature [7]. Other work has intimated that the cut-off frequency of the transmembrane impedance is less
important than the capacitance value in amplifying signals [1, 14].

On the other hand, the inertia-like radial motion of the tectorial membrane (TM) is required to allow the OHC to
transfer energy to the cochlear partition [5, 9]. Mathematical models have been proposed to examine the condition
that maximizes the power transfer of the OHC to the surrounding micro-structures. O Maoiléidigh and Jiilicher found
that the cochlear partition operating in the proximity of a Hopf bifurcation enhances the energy injection and achieves
the key properties of the cochlear amplifier [15]. Rabbitt and Bidone identified the optimal working condition to
maximize the power conversion by assuming a coupling between the hair bundle motion and the TM motion [11]. On
the basis of the previous findings, we establish a linearized two dimensional electro-mechanical mathematical model
for the organ of Corti (OoC) based on our previous cochlear model [12] to further analyze the cochlear amplification
at high frequencies to identify the importance of the TM bending-related parameters on the amplification.

TWO-DIMENSIONAL ELECTRO-MECHANICAL MODEL OF THE OOC

The OoC houses the mechanosensory cells to filter the responses and transit afferent acoustic information. When
the acoustic wave propagates to the inner ear, a coupled fluid-structure wave propagates along the cochlea, a wave
which is amplified through an OHC-mediated process. In this section, an electro-mechanical mathematical model of a



single cross-section of the OoC without a traveling wave is described to help understand the crucial roles of different
components in response to a force applied to the BM.

Kinematics of the OoC

The kinematical model of the OoC is shown in Fig. 1 (a). The depth of the cochlear slice is 10 um. Here, the BM is
modeled as a simply-supported beam vibrating in the y direction. The pillar cells (PCs) are assumed rigid and hence
rotate about point A. The reticular lamina (RL) rotates rigidly around point C. The movement of the RL and BM
elongates or contracts the OHCs in their length direction. The hair bundles of the three OHCs are assumed rigid and
rotate synchronously around their roots. The HB rotation angle is assumed to be the same for the three OHCs. The
length change of the three OHCs varies with the position, as dictated by the rigid body rotation and translation of the
RL and the motion of the BM. The TM is assumed to have two degrees of freedom, a shear mode and a bending mode.
The shear mode, i, is the translation in the x” direction. The bending mode, u;,,;,, represents the rotation around
point H, and under small rotations is in the y’ direction to represent the TM bending motion.
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FIGURE 1. (a) Microstructures of the OoC. (b) Effective equivalent circuit for the OoC slice.

Using the kinematic relations among different components [12], the rotation of RL (A,;), the rotation of HB (Ayp),
and the length change of the second OHC (i) are given by
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where uy,, is the BM motion at point E (the location of the OHC 2 is assumed at the midpoint of the BM), u;,,,, and 5
are the TM bending motion and TM shear motion at point F. In the model, the counter-clockwise direction is defined
as the positive direction for the rotations. The OHC contraction is considered as the positive OHC length change. The
translation displacements uy,, is in the y-direction. As shown in Fig. 1 (a), points E and F are the connection points
of the second OHC to the BM and TM, which are the points we use to represent the BM and TM transverse motion
in experiments; 6y, 6>, @, ¥, B are the angles shown in Fig. 1(a); A equals o — 3; L,, is the distance between points
C and G, Ly is the HB length, distance between points F and G; L, is the distance between points A and B; y,
and Y, correspond to the values of the first mode shape of a simply supported beam evaluated at points B and E as
Yap = sin(Lyc/b) and Wopeo = sin(Lype2 /b). The length Lyyc» is the distance between points A and E while b is the
length of the BM (the distance between points B and D). The constants Cy, C>, and C3 as:

Ci = Wupsin(0; +6,)/sin6, , Cr=siny—cosy-tanA, C3=cosy—siny -tanA . )

The expression of the length change of the second OHC can be used to compute the length changes of the first and
third OHC, u,jc1 and u,p3 using knowledge of up,,, s, and uy,,s and the assumed BM mode shape [12].



Electro-mechanical coupling of the OHC

The electromechanical coupling in the OoC occurs through the variable mechanoelectrical-transducer (MET) conduc-
tance and the OHC electromotility. Here, we model the coupling for the second OHC. The variable MET conductance
is a nonlinear function of the HB rotation. With the small rotation assumption, we adopt a linearized expression in
Eq 5 to describe the current going through the apex of the OHC [12].

Inp = Yo Viner + GmelleAhb ) (5)

where Y, is the apical admittance at the angular frequency o, ¥, = (1/R, +i®0C,); R, and C, are the apical resistance
and capacitance; Oy, is the MET sensitivity; V. is the fluctuation of the potential about the resting potential across
the OHC apex. The linearized MET current 1, is the HB rotation-induced current.

The OHC electromotility is a piezoelectric-like effect. Since the perturbation of the displacement and voltage away
from equilibrium in vivo are typically small, the linear piezoelectric relations are employed to couple the electrical
and mechanical properties as in Eqs. 6 and 7 [12].

Fone = Koncltone + €3Vone 3 (6)
Lone = VoncYm — Ettone ) (7)

where Y, is the basolateral admittance at the angular frequency ®, Y, = (1/Ryy +i®Cp,); Ry, and Cp, are the basolateral
resistance and capacitance; €3 is the electro-mechanical coupling; V. is the fluctuation of the potential about the
resting potential across the OHC basolateral membrane; K, is the OHC stiffness.

Electrical model of the OoC

The equivalent circuit of the OoC cross-section is shown in Fig. 1 (b). The boundaries of SV and ST away from the
BM are assumed to be nearly grounded. The potentials ¢s,, @sm, @Pone, and @y represent the variation of the voltage
caused by the motion of the organ of Corti. Therefore, the potential across the OHC apical pole Vs 1S Qs — Pone, and
the potential across the OHC basolateral membrane V. is @,nc — @5 The resistance R,; is the resistance for current
flowing from SV to ground; R, represents the resistance seen by the current flowing from the SV to the SM; R; is
the resistance to current flow from ST to ground. For the electrical properties of the OHCs in the cross-section, we
combine the effect of all three OHCs by multiplying the properties of the second OHC with 3 as in Fig. 1(b). Since
the electromotility-induced current is a function of the OHC length change, the current I,, is described as

]m =—& (u()hcl + uohc2 + uoth) 3 (8)
Based on Kirchhoff’s laws, the governing equations for the given electrical circuit are written as
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For the model, the two unknowns for solving the electrical response of the OoC are @, and @s.

Dynamic model of the OoC

According to the kinematic relations shown above, the motion of the OoC can be represented by the three degrees of
freedom, upy,, Urms, and uy,,. To derive the governing equations for the three displacements, the Lagrange equation in
Eq. 11 is employed.

ddT OJL 90
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where T and L, are, respectively the kinetic energy and potential energy; O represents the generalized work done by
the external, viscous, and electromechanical forces; u; represents the generalized coordinate, which is up,,, wys, or



ump; the overdot represents the derivative with respect to time . In the model, we treated the dissipative forces and
the electromechanical coupling as external forces. Equivalently, we could have used the Rayleigh dissipation function
for the viscous damping terms and included the piezoelectric coupling in the potential energy function.

For the microstructures shown in Fig. 1(a), the masses are assumed to be lumped into the BM (M,’)m) and TM (Mtlmb
and M,,,,s). To adjust the resonance of the cross section model to the characteristic frequency of the selected cochlear
location, the fluid mass is added to increase the mass to My, for the BM motion and M;,,;, for the TM bending motion.

Therefore, the kinetic energy of the system is

1 . 1 . 1 .
T= EMbmuim + Ethsuzzms + EMfinbufzmb . (12)

The potential energy of the OoC is
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where Kp,, is the equivalent stiffness of the simply supported beam; K;,,s and K;,,,;, are the stiffness of the TM shear
and bending motion; K,; is the rotational stiffness of RL at point C; K}, is the rotational stiffness of the HB at point
G. The stiffness Kj;, and K, are assumed to be the same for the three OHCs.
The generalized work done by the external force is

0=-F (uohcl + Uoner + uohc3) + Fext - pm — ComtpmUpm — CrmstrmsUsms — CrmpUmbUsmb (14)
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where Cp,y,, Cins, and Cyy, are the viscous damping coefficients respectively for the BM motion, TM shear motion,
and TM bending motion. The viscous coefficient Cy,;, is introduced to simulate the damping force applied to the HB
rotation mode, C,j. corresponds to the viscous damping to impede the OHC length change; F,,; is the external force
applied to point E to vibrate the basilar membrane; F, is the force generated by the OHC electromotility, which is
F, = &3(one — @) taken to be the same for each OHC.

Substituting Eqs. 12-14 into Eq. 11, we can derive the governing equations for the motions of the OoC. Together
with the governing equations for the electrical domain (Eqgs. 9 and 10 ), the micro-electro-mechanical model for the

0oC is described as
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where the matrix with the subscript s represents the mechanical properties, se represents the mechanical-electro cou-
pling coefficients, es represents the electro-mechanical coupling coefficients, and e represents the electrical properties;

the vector w is w = [tpm Usms Ugmp | T. the vector @ is ¢ = [Ponc O] T. the vector F' is F = [Foxt 00] T the vector 0
is a zero vector; the superscript T means the transpose of the vector; O represents a zero matrix, and the subscript
indicates the size of the zero matrix.

By transforming the governing equations from the time domain into the frequency domain with a ¢/®’ time depen-
dence (e.g. u = Ue/?, where U represents the complex magnitude of the responses); the magnitude and phase of the
mechanical and electrical responses can be calculated.

RESULTS

To analyze the high-frequency amplification, we choose a location where the characteristic frequency (CF) is around
13 kHz. Using the parameters listed in Tables I and II, Fig. 2 shows the model simulated amplitude and phase of
Upms Urms, and Uy, in the frequency domain. The passive responses are calculated by setting the electro-mechanical
coupling &3 to zero to simulate the responses of a dead cochlea. As shown in Fig. 2, the active peak amplitude of the
BM is increased by around 8 times compared to the passive peak amplitude, although the OHC basolateral membrane
cut-off frequency determined by 1/(2zR,,C,,) is 2 kHz, much lower than the CF. Since we only model the function
of a slice of cochlea without the traveling wave, the phase accumulation effect is not present. The enhancement of the
amplitude is not as high as 40 dB in the in vivo measurements. Yet, the simulated results share similarity with the in
vivo results [8]. For example, the peak magnitude ratio of the active TM bending motion to the active BM motion is



around 3, and the peak magnitude ratio of the active TM shear motion to the active BM motion is around 0.7. The BM
motion moves in phase with the TM bending motion, whereas the phase of the TM shear motion is around 90 degrees
delayed compared to the BM motion at the peak frequency. The proposed model is able to qualitatively characterize
the dynamics of the cochlea to analyze different amplification mechanisms.

TABLE I. Geometric and electric parameters
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TABLE II. Mechanical parameters and electromechanical coupling
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FIGURE 2. Amplitude and phase with respect to the applied force of (a) BM, (b) TMS, and (c)TMB responses.

Using the model in Eq. 15, we first find the poles of this Sth-order system. The poles of the system occur as 3 pairs
of complex conjugates and 2 real-valued poles. Fig. 3(a) shows the three complex poles with a positive imaginary part
(the complex poles with a negative imaginary part and the two real-valued poles are not shown.). The imaginary part of
the pole indicates the natural frequency of the corresponding vibration mode. From Fig. 3 (a), the natural frequencies
are slightly changed for the three vibration modes from the passive to the active case. In comparison, the damping
ratio associated with pole 1 decreases substantially by the feedback control introduced by the OHC electromotility.
The damping ratio can be estimated by cos(P), where @ is the angle subtended by the complex pole at the origin. In
the figure, the damping ratio of pole 1 is decreased from 0.088 to 0.007 for K;,;, = 50 mN/m. Since pole 1 of the
active case is the closest to the imaginary axis, the dynamics of the active system are dominated by pole 1.

By varying the dynamic parameters of the OoC, we find that the parameters associated with TM bending motion
dominate the change of pole 1. Fig. 3(a) shows the poles by varying Kj,,, from 40 mN/m to 85 mN/m. With the
decrease of the stiffness, the angle ® approaches 90°, which contributes to the increase of the BM gain as shown in
Fig. 3(b). The BM active gain is defined as the active peak magnitude divided by the passive peak magnitude. When
Kimp 18 decreased to 40 mN/m, the real part of pole 1 is positive. The dynamics of the active system become unstable,
which corresponds to the Hopf bifurcation identified in [15]. In addition, around the stability boundary, the active
response is very sensitive to the parameters, as can be seen in Fig. 3(b) for the case shown with the solid line. The
BM gain is increased by 10 times with a decrease of K;,,,;, from 48 mN/m to 42 mN/m.

With the parameters listed in Table II, the natural frequency of the TM shear motion ( \/Kpus/ (4T2Mjys)) is below
the resonance of the system. The TM shear motion is inertia-like or mass-dominant around the resonance. We then
decrease the TM shear-related mass My, by 10 times to set the shear motion to be stiffness-dominant around the
resonance. As shown in Fig. 3(b), when the shear motion is stiffness-dominated (M;,,s/10), the amplification gain is
around 1, indicating almost no amplification happens in the system regardless of the change of K;,;;,. This result is
consistent with the finding in [5] that the inertia-like TM shear motion is fundamental for the cochlear amplification
function.
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CONCLUSION

In the paper, we develop an electro-mechanical coupling model for the OoC to analyze the high-frequency ampli-
fication. The simulated active relative BM-TM motion at the resonance is similar to the in vivo experiment data.
By evaluating the change of the poles, we find that the pole influenced most by the TM bending-related parameters
dominates the dynamics of the active OoC. The decrease of the TM bending stiffness may help the system achieve
the high gain seen in the in vivo experiments even with a low RC cut-off frequency, only when the TM shear motion
is inertia-like. In addition, the variation of the TM bending stiffness may change the stability of the system. The
Hopf bifurcation may occur. When the system operates in the vicinity of the stability boundary, the responses are
highly sensitive to the small parameter change. Therefore, the OHC amplification process is a coupling effect of the
structural and electrical parameters. The low RC cut-off frequency in this simple model does not undermine the the
electromechanical-feedback amplification of the model.
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COMMENTS AND DISCUSSION

John Allen: I would like to make sure that I understand what you said, and I am pretty sure that I do. The first and
most important point for me is the signal voltage inside the outer hair cell is being low-pass filtered by the membrane
capacitance. And it is not arguable in my point of view. There is no signal energy at ten or twenty kilohertz because
of this low-pass effect. And Joe Santos talks about this important issue. Is that correct?

Wen Cai: I agree that the voltage signal is low-pass filtered. At ten or twenty kilohertz, the voltage signal is
highly decreased. But there is not enough experimental and theoretical evidence to say that there is no signal energy
input. According to our model, at tens of kilohertz, there is sufficient energy injection from the coupling of the
OHC electromotility and the TM motion. The cooperation of the entire cochlear system determines the total gain
enhancement, not just the low-pass characteristic of the OHCs.

John Allen: You kind of got a strange situation where you have something fighting the idea of a cochlear amplifier.
You did not mention it, it is very important that the membrane capacitance is not in there. Joe Santos has very
important papers where he measured the membrane capacitance as nonlinear and voltage-dependent.

Wen Cai: We include the membrane capacitance in our model. Although the membrane capacitance is nonlinear
and voltage-dependent, we linearized it in the model, considering that the variation of the voltage and motility away
from equilibrium in vivo is small.

John Allen: One last little question: does the membrane capacitance go up or down if the cell is depolarized? What
happens to the membrane capacitance, is it bigger or smaller?

Wen Cai: It is smaller when the cell is depolarized.

John Allen: So the cut-off frequency is changing in a nonlinear way.

Wen Cai: If we consider the voltage change over a very wide range, the membrane capacitance and the cut-off
frequency change in a nonlinear way. However, in our model, we consider only small variations in voltage to simulate
the in vivo working conditions. The membrane capacitance is linearized to characterize the dynamics of the system.

Daibhid O Maoiléidigh: Very interesting that the poles nearest the bifurcation seem to be very sensitive to the TM
bending and inertia. This seems to be consistent with something I found which was that the conditions to get the Hopf
bifurcation in the hair bundle required that you had negative stiffness, basically a gating compliance. That is very big.
You could overcome this limitation if you added an inertia element on top of the hair bundles. You no longer need
negative stiffness, but you do need some nonlinear response. Do you think what you are seeing along with that idea?

Wen Cai: Yes, I have seen the same thing. In our model, the hair bundle stiffness is always positive. We need the
inertia effect of the TM on top of the hair bundles and the electromotility of the OHCs to achieve the Hopf bifurcation.
Since we are considering only small deviations in voltage and displacement from equilibrium to simulate in vivo
working conditions, the nonlinearity of the OHCs is linearized for simplicity.

Kuni Iwasa: How TM moves against RL? Only perpendicularly to RL? Then how the fluid between them moves?

Wen Cai: The TM moves perpendicularly and parallel to the RL. In this single cross-section OoC model, the
traveling wave is not included. We apply a force directly to the BM.

Kuni Iwasa: is subtectorial drag between the TM and RL considered?

Wen Cai: Yes, the subtectorial drag between the TM and RL is included in the model and is represented by Csub
in Eq. (14).

Kuni Iwasa: What is the source of elastic load applied to OHCs?

Wen Cai: In the model, the relative motion of the RL and BM generates the elastic force applied to the OHCs. We
assume the Dieters cells are rigid.

George Samaras: How did you constrain the electrical parameters that you list in Table 1?
Wen Cai: We directly estimated the electrical parameters from the reference (Corbitt, Farinelli, Brownell, and
Farrell, Biophysical Journal, 2012).



George Samaras: The OHC cutoff frequency can be varied by changing either Rm and Cm, do you have any
insight on how each affects the active response of the model?

Wen Cai: When the OHC cut-off frequency is far below the characteristic frequency, changes in Rm do not show
a strong influence on the active responses. But a decrease of Cm can greatly increase the active gain, especially when
the system works near the Hopf bifurcation.

George Samaras: Based on my understanding, you are able to demonstrate increased sensitivity in your active
model (compared to the passive one) at frequencies higher than the cutoff frequency because the magnitude of the
basolateral admittance (Ym) is really what controls the gain enhancement, not the cutoff frequency. It could be
interesting to show the effect of Ym on the gain (by varying Ym while keeping the cutoff frequency the same).

Wen Cai: The focus of this paper is on the influence of structural parameters on the active amplification effect,
rather than on basolateral admittance. Our study reveals the critical impact of TM bending-related parameters on
amplification, even with a very low RC cut-off frequency. From this finding, we aim to demonstrate that RC filtering
of the OHC is a feature of the system rather than an inherent *problem’. The coupling of OHC electromotility to TM
motion is crucial for controlling gain enhancement.

Renata Sisto: I don’t understand for what reason in the generalized work done by the external force Q you inserted,
in addition to the dissipative forces and the pressure, also a term representing the work done by the OHC, i.e O =
_Fe(uahc] + Uohc2 + ”0/103)-

Wen Cai: In the model, we consider the organ of Corti as the system. The electromechanical force F, is generated
by the interaction of the OHCs with the external electrical field. Therefore, the electromechanical force F, is treated
as an external force to calculate the generalized work done by the external electric field on the organ of Corti system.
We certainly could have introduced the piezoelectric-like coupling as part of the free energy function (then these same
terms would appear in the potential function directly).

Renata Sisto: In addition, I derived the equation of motion for the BM and for the TM in the vertical direction
using your Lagrangian. I neglected the dissipative forces and focused my attention on the force exerted by the OHC.
I calculated the force exerted on the BM and compared it to that exerted on the TM (relatively to the bending motion)
but I found very different functional expression. In the following I reported the derivation of the equation of motion.
Let me define:

Coel =(C)

0, —
COSE:%B)—Cl cos(0) — a) + Wopen - COS QL. (16)

osA

so that the OHC deformation in Eq. (3) can be written as

Uoner = Coel - upp, + Co - tpyns — C3 - Uppy. (17)

The governing equations for the transversal displacement of the BM and TM are

dA dA du du
Mpmiipm = —Kpmitpm — KrlArlrﬂ - 3Khb87hb + Fext — 3Kone - Uohc2 3 o2 _3F, 22 (18)
Upm Upm Ubm At
, dAn dAnp o Uone
Mublismp = —KimpUemp — Kri Ayt — 3K = 3Kohe - Uonc2 == 3F, o ) (19)
Aty Aty Aty Aty
by assuming the same deformation for the three OHCs.
From Egs. 18 and 19, the OHC forces applied to the transversal direction of the BM and TM are respectively
Fi =3Coel - Kope(Coelupy — Cattymp) — 3Coel - F,,  Fi? = —3C3 - Kope(Coelupy — Cattyp) +3C5 - .
(20)

The F (f’}:’; seems to me quite different with respect to F 0’,’1”617 . Maybe you impose C3 = Coel? Or there is something

I’m missing?



Wen Cai: The derivation you did here is what we did to derive the governing equations in matrix form. The only
difference is that we considered the different deformations of the three OHCs (making the assumption that all three
OHCs deform the same is a reasonable simplification). To compare the OHC electromechanical force applied to the
transverse motion of the BM (uy,, in the y-axis direction in Fig. 1(a)) and the TM bending direction (i, in the
y’-axis direction in Fig. 1(a)), please note the angles we showed in Fig. 1(a). Generally, Coel is not equal to C3
except when a = 3 and Y = a. In this special case, the TM transverse direction is the same as the BM transverse
direction such that Coel = W, - cos & and C3 = cosy = cos . In our model, we assume L. = b/2, s0 Wper = 1.
Therefore, for this special case, Coel is equal to C3. Otherwise, because of the the geometry, the OHC forces applied
to the transverse motions of the BM and TM are different.



