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ABSTRACT

Graph Isomorphism is one of the classical problems of graph theory for which no deterministic
polynomial-time algorithm is currently known, but has been neither proven to be NP-complete. Several
heuristic algorithms have been proposed to determine whether or not two graphs are isomorphic (i.e.,
structurally the same). In this paper, we analyze the discriminating power of the well-known centrality
measures on real-world network graphs and propose to use the sequence (either the non-decreasing or
non-increasing order) of eigenvector centrality (EVC) values of the vertices of two graphs as a precursor
step to decide whether or not to further conduct tests for graph isomorphism. The eigenvector centrality of
a vertex in a graph is a measure of the degree of the vertex as well as the degrees of its neighbors. As the
EVC values of the vertices are the most distinct, we hypothesize that if the non-increasing (or non-
decreasing) order of listings of the EVC values of the vertices of two test graphs are not the same, then the
two graphs are not isomorphic. If two test graphs have an identical non-increasing order of the EVC
sequence, then they are declared to be potentially isomorphic and confirmed through additional heuristics.
We test our hypothesis on random graphs (generated according to the Erdos-Renyi model) and we observe
the hypothesis to be indeed true: graph pairs that have the same sequence of non-increasing order of EVC
values have been confirmed to be isomorphic using the well-known Nauty software.
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1. INTRODUCTION

Graph isomorphism is one of the classical problems of graph theory for which there exist no
deterministic polynomial-time algorithm and at the same time the problem has not been yet
proven to be NP-complete. Given two graphs G(Vi, E|) and G»(V>, E>) - where V| and E| are the
sets of vertices and edges of G, and V, and E, are the sets of vertices and edges of G, - we say the
two graphs are isomorphic, if the two graphs are structurally the same. In other words, two graphs
G(Vy, E)) and G,(V,, E>) are isomorphic [1] if and only if we can find a bijective mapping f of the
vertices of G, and G, such that Vv € V|, fiv) € V, and V (u, v) € E,, (u), f(v))€ E,. As the
problem belongs to the class NP, several heuristics (e.g., [7-9]) have been proposed to determine
whether any two graphs G, and G, are isomorphic or not. The bane of these heuristics is that they
are too time-consuming for large graphs and could lead to identifying several false positives (i.e.,
concluding a pair of two non-isomorphic graphs as isomorphic).

To minimize the computation time, the test graphs (graphs that are to be tested for isomorphism)
are subject to one or more precursor steps (pre-processing routines) that could categorically
discard certain pair of graphs as non-isomorphic (without the need for validating further using
any time-consuming heuristic). For two graphs G(V}, E|) and G,(V,, E,) to be isomorphic, a
basic requirement is that the two graphs should have the same number of vertices and similarly
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the same number of edges. That is, if G|(V}, E|) and G,(V,, E,) are to be isomorphic, then it
implies |V|l = IV,l and |E|| = |E,l. If IV}l # IV,] and/or |E,| # |E,|, then we can categorically say that
G| and G, are not isomorphic and the two graphs need not be processed further through any time-
consuming heuristics to test for isomorphism.

In addition to checking for the number of vertices and edges, one of the common precursor steps
to test for graph isomorphism is to determine the degree of the vertices of the two graphs that are
to be tested for isomorphism and check if a non-increasing order (or a non-decreasing order; we
will follow a convention of sorting in a non-increasing order) of the degrees of the vertices of the
two graphs is the same. If the non-increasing order of the degree sequence of two graphs G, and
G, are not the same, then the two graphs can be categorically ruled out from being isomorphic. If
two graphs are isomorphic, then identical degree sequence of the vertices in a particular sorted
order is a necessity. However as shown in Figure 1, it is possible that two graphs could have the
same degree sequence in a particular sorted order, but need not be isomorphic [2]. Though very
time-efficient, the degree sequence-based precursor step to test for graph isomorphism is typically
considered to be erratic and not reliable (leading to false positives), especially while testing for
isomorphism among graphs with a smaller number of vertices (like the example in Figure 1).

© ©,

Degree-based EVC-based Degree-based EVC-based
Ordering Ordering Ordering Ordering

Vertex Degree Vertex EVC Vertex Degree Vertex EVC

0 3 0 0.4253 3 3 3 0.3941
2 3 2 0.4253 4 3 4 0.3941
4 3 4 0.4253 5 3 5 0.3941
6 3 6 0.4253 6 3 6 0.3941
1 2 1 0.2629 0 2 0 0.3077
3 2 3 0.2629 1 2 1 0.3077
5 2 5 0.2629 2 2 2 0.3077
7 2 7 0.2629 7 2 7 0.3077

Figure 1: Example for Two Non-Isomorphic Graphs with the Same Degree Sequence, but Different
Eigenvector Centrality (EVC) Sequence

Centrality metrics are one of the commonly used quantitative measures to rank the vertices of a
graph based on the topological structure of the graph [3]. Degree centrality is one of the primitive
and typically used centrality metrics for complex network analysis; but, in addition to the
weakness illustrated in Figure 1 and explained in the previous paragraph, it is also evident from
Figure 1 that degree centrality-based ranking of the vertices could result in ties (i.e., the technique
has weak discrimination power) among vertices having the same degree (as the degree centrality
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values are integers) and it may not be possible to unambiguously rank the vertices; for graphs of
any size, it is likely that more than one vertex may have the same degree (ties). Eigenvector
centrality (EVC) is a well-known centrality measure in the area of complex networks [4]. The
EVC of a vertex is a measure of the degree of the vertex as well as the degree of its neighbors
(calculations of EVC values is discussed in Section 2). For example: if two vertices X and Y have
degree 3, but if all the three neighbors of X have a degree 2 and if at least one of the neighbors of
Y have degree greater than 2 and others have degree at least 2, then the EVC of Y is guaranteed to
be greater than the EVC of X. In general, the EVC of a vertex not only depends on the degree of
the vertex, but also on the degree of its neighbors. For a connected graph, the EVC values of the
vertices are positive real numbers in the range (0...1) and are more likely to be different from each
other, contributing to the scenario of unambiguous ranking of the vertices as much as possible
(the EVC technique has a relatively stronger discrimination power compared to the degree-based
technique).

With respect to Figure 1, we notice that the non-increasing order listings of the EVC values of the
vertices for the two graphs are not the same. The discrepancy is obvious in the largest EVC value
of the two sequences itself. The largest EVC value for a vertex in the first graph is 0.4253 and the
largest EVC value for a vertex in the second graph is 0.3941. The example in Figure 1 is a
motivation for our hypothesis to use the EVC values as the basis for deciding whether or not two
graphs could be isomorphic.

The rest of the paper is organized as follows: Section 2 explains the procedure to determine the
Eigenvector Centrality (EVC) values of the vertices. Section 3 analyzes the discriminating power
of the well-known degree and shortest path-based centrality measures and identifies the EVC
measure to have the highest discriminating power, motivating its use for detecting graph
isomorphism. In Section 4, we propose the use of the Eigenvector Centrality (EVC) measure as
the basis of the precursor step to determine whether or not two graphs are isomorphic. In Section
5, we test our hypothesis on random network graphs (generated according to the Erdos-Renyi
model [5]) with regards to the application of the EVC measure for detecting isomorphism among
graphs. Section 6 discusses related work. Section 7 concludes the paper. Throughout the paper,
the terms 'node' and 'vertex' as well as 'edge' and 'link' are used interchangeably. They mean the
same.

2. EIGENVECTOR CENTRALITY

The Eigenvector Centrality (EVC) of a vertex is a measure of the degree of the vertex as well as
the degree of its neighbors. The EVC of the vertices in a network graph is the principal
eigenvector of the adjacency matrix of the graph. The principal eigenvector has an entry for each
of the n-vertices of the graph. The larger the value of this entry for a vertex, the higher is its
ranking with respect to EVC. We illustrate the use of the Power-iteration method [6] (see
example in Figure 2) to efficiently calculate the principal eigenvector for the adjacency matrix of
a graph. The eigenvector X;,; of a network graph at the end of the (i+1)™ iteration is given by:

i

, where lIAXjll is the normalized value of the product of the adjacency matrix A of a

i+ =
lax.|
given graph and the tentative eigenvector X; at the end of iteration i. The initial value of X; is the
transpose of [1, 1, ..., 1], a column vector of all 1s, where the number of 1s correspond to the

number of vertices in the graph. We continue the iterations until the normalized value IIAX;,,ll
converges to that of the normalized value IAXll. The value of the column vector X; at this juncture
is declared the Eigenvector centrality of the graph; the entries corresponding to the individual
rows in X; represent the Eigenvector centrality of the vertices of the graph. The converged
normalized value of the Eigenvector is referred to as the Spectral radius.
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As can be seen in the example of Figure 2, the EVC of a vertex is a function of both its degree as
well as the degree of its neighbours. For instance, we see that both vertices 2 and 4 have the same
degree (3); however, vertex 4 is connected to three vertices that have a high degree (3); whereas
vertex 2 is connected to two vertices that have a relatively low degree (of degree 2); hence, the
EVC of vertex 4 is larger than that of vertex 2. As can be seen in the example of Figure 2, the
EVC values of the vertices are more likely to be distinct and could be a better measure for
unambiguously ranking the vertices of a network graph.

The number of iterations needed for the normalized value of the eigenvector to converge is
anticipated to be less than or equal to the number of vertices in the graph [6]. Each iteration of the
power-iteration method requires ®(V?) multiplications, where V is the number of vertices in the
graph. Though a maximum of V iterations could be expected, on average, the number of iterations
for a large vertex graph is far less than the number of vertices. Hence, the overall time-complexity
of the algorithm to determine the Eigenvector Centrality of the vertices of a graph of V vertices is

o(V?).
12345678

o 110 1100000 1 2 0277 | 1

211 0010001 1 3 0416 | 2

e 310010010 1 3 0416 | 3

40 11 00010]|x|1 =3 | = 0416 | 4

o o 5[0 0000101 1 2 0277 | 5

6|0 0001010 1 2 0277 | 6

e 700110100 1 3 0416 | 7

8/0 1 00100C0 1 2 0277 | 8

o lteration 1 Normalized Value = 7.21
1 2345678 1 2345678 A - .
110 1100000 0277 0832 0316 | 1 110 11 00 0 0 0] 0.316 0.791 0298 | 1
2(1 0010001 0416 0871 0369 | 2 2|11 0010001 0.369 1.054 0397 | 2
31 0010010 0416 1.109 0422 | 3 3|11 0010010 0422 1.212 0.457 | 3
4/0 11000 10| x| 0416 |=]1248 |2 | 0474 | 4 4(0 11000 10| x|0474 | =1212 | = | 0457 | 4
50 0000101 02rr 0.555 0211 | 5 510 0000101 0.211 0.527 0198 | 5
6/0 0001010 0277 0693 0264 | 6 6l0 DOO0O 1010 0264 0632 0238 | 6
710 0110100 0416 1.109 0422 | 7 710 0110100 0422 1.159 0437 | 7
8|10 1001000 0277 0.693 0264 | 8 8/0 1001000 0.264 0.579 0219 | 8
Iteration 2 Normalized Value = 2.63 lteration 3 Normalized Value = 2.65
Vertex

1 2345678 1 2345678 - _ _ID
10 1100000 0298 0855 0321 | 1 110 11000 0 0] 0321 0815 0306 | 1
2(1 0010001 0.397 0974 0366 | 2 2|11 0010001 0366 1032 0388 | 2
3(1 0010010 0.457 1192 0449 | 3 3(1 0010010 0449 1241 0467 | 3
4/0 1100 0 10| x| 0457 |=]1292 |2 | 0486 | 4 4/0 11000 10| x|0486|=|1248 |- |0469 | 4
50 D00D1D01 0198 0457 0172 | 5 5|0 0DOO1 01 0172 0434 0174 | 5
6|0 0001010 0.238 0636 0239 | 6 6|0 00OO1TO0O10O0 0.239 0606 0228 | 6
710 0110100 0437 1.153 0434 | 7 70 0110100 0.434 1174 0441 | 7
8|0 1001000 0219 0.596 0224 | 8 8|0 1001000 0224 0.538 0202 | 8
Iteration 4 Normalized Value = 2.66 Iteration 5 Normalized Value = 2.66 Eigenvector
Centrality

Figure 2: Example to Illustrate the Computation of Eigenvector Centrality (EVC) of the Vertices using the
Power-Iteration Method

3. DISCRIMINATING POWER OF CENTRALITY MEASURES FOR REAL-
WORLD NETWORKS

In this section, we explore the discriminating power among some of the commonly used degree-
based and shortest path-based centrality measures for real-world networks and show that the
eigenvector centrality (EVC) measure has the highest discriminating power among the widely
used centrality measures for complex network analysis. We consider the degree centrality (DegC)
and eigenvector centrality (EVC) for the degree-based centrality measures and the betweenness
centrality (BWC) and closeness centrality (CIC) for the shortest path-based centrality measures.
Before we delve into the analysis of the discriminating power of the above four centrality
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measures, we briefly review the betweenness and closeness centrality measures as well as give a
high-level overview of the real-world networks studied.

3.1. Betweenness Centrality

The betweenness centrality of a vertex i is a measure of the fraction of the shortest paths (between
any two vertices) going through vertex i when considered over all pairs of vertices j and k. We

thus define BWCG) = 3 M

jerei #5p(J,k)
between vertices j and k, and #sp.(j, k) is the number of such j-k shortest paths that go through
vertex i. The BWC of the vertices of a graph G(V, E) is determined by running the Breadth First
Search (BFS) algorithm of time complexity O(IVI+IEl) on each of the IVl vertices. The BFS
algorithm run starting from a vertex j identifies the levels of each other vertex on the shortest path
tree rooted at vertex j (the root of the BFS tree is at level 0). For a BFS tree rooted at a vertex j,
the number of shortest paths from the root j to a vertex i at level / is the sum of the number of the
shortest paths from the root j to the vertices at level /-1 to which vertex i has links in the original
graph. Figure 3 illustrates two BFS trees - one rooted at vertex 1 and another rooted at vertex 7 -
and the levels of the vertices from the root vertices in the two trees. For any BFS tree, the number
of shortest paths from the root to itself is 1. For any vertex i, the number of shortest paths between
two other vertices j and k that go through i is the maximum of the number of shortest paths from j
to i in the BFS tree rooted at j and the number of shortest paths from k to 7 in the BFS tree rooted
at k.

, where #sp(j, k) is the total number of shortest paths

BFS Tree # shortest paths BES Tree # shortest paths
rooted at from vertex 1 to rooted at from vertex 7 to
Vertex 1 the other vertices Vertex 7 the other vertices

Figure 3: Example to Illustrate the Computation of the Number of Shortest Paths

Figure 3 also illustrates the number of shortest paths from the root vertices (1 and 7) in the two
BFS trees to the rest of the vertices. The number of shortest paths from vertices 1 to 7 that go
through vertex 4 is the maximum of the number of shortest paths from vertex 1 to 4 and the
number of shortest paths from vertex 7 to 4 = Maximum (2,1 ) = 2. Figure 4 shows the BWC of
the vertices computed for the example graph in Figure 3. The BWC values could be real numbers
and hence are more likely to be distinct among the vertices; nevertheless, vertices like 0 and 2 in
Figure 4 that are identical to each other with respect to their location in the network graph and
their individual neighborhood, would end up having the same BWC.
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For vertices
1,6 and7
Betw.C =0

Betweeness for Vertex 5
Pair (6,0) --->1/1
Pair (7,0) -->1/1
Pair (6,1) --->2/ 2
Pair (7,1) -->=21 2
Pair (6,2) --->1/1
Pair (7,2) --->111
Pair (6,3) -->1/1
Pair (7,3) --->1/1
Pair (6,4) --->1/1

Betweeness for Vertex 0
Pair (3,1) -->1/ 2

Pair (4,1) ->1/ 2

Pair (5,1) -->1/2

Pair (6,1) -->1/2

Pair (7,1) -->1/ 2

Total of all Betweeness
(Vertex 0): 25

Betweeness for Vertex 2
Pair (3,1) -->1/2

Pair (4,1) -->1/2

Pair (5,1) —->1/2

Pair (6,1) -->1/2

Pair (7,1) -->1/2

Total of all Betweeness
(Vertex 2): 25

Betweeness for Vertex 3
Pair (4,0) -->1/1
Pair (5,0) --->1/1
Pair (6,0) --->1/1
Pair (7,0) --->1/71
Pair (4,1) -->2/ 2
Pair (5,1) ->2/2
Pair (6,1) -->2/ 2
Pair (7,1) ->21/2
Pair (4,2) -->1/1
Pair (5,2) ->11/1
Pair (6,2) --->1/1
Pair (7,2) -->1/1

Betweeness for Vertex 4
Pair (5,0) -->1/1
Pair (6,0) --->1/1
Pair (7,0) -->1/1
Pair (5,1) --->2/ 2
Pair (6,1) --->2/ 2
Pair (7,1) -->2/ 2
Pair (5,2) --->11/ 1
Pair (6,2) --->1/1
Pair (7,2) -->11/1
Pair (5,3) -->1/1
Pair (6,3) -->1/1
Pair (7,3) -->1/1

Pair (7,4) --->1/1 Total of all Betweeness Total of all Betweeness
Total of all Betweeness (Vertex 3): 12 (Vertex 4): 12
(Vertex 5): 10

Figure 4: Example to Illustrate the Computation of the Betweenness Centrality

It takes a total of O@(IV*I+IEIIV]) time to run the BFS algorithm across all the vertices of a graph
G(V, E). For every vertex j, it takes another ®(IVI+IEl) time to determine the number of shortest
paths from j to each of the other vertices in the graph; it takes a total of @(IV*+EIVI) time to
determine the number of shortest paths from the root vertices of each of the VI BFS trees to the
rest of the vertices in the graph. Hence, the overall time-complexity of the above-described
algorithm to determine the BWC of the vertices is @(IV2+|EIIVI). The above-described procedure
is also the basis of the well-known Brande's algorithm [25] used in the literature to determine
BWC. Nevertheless, for large network graphs (as in the real-world network graphs tested in this
paper), we observe the algorithms for Betweenness centrality to be relatively more time
consuming than the algorithms for Eigenvector centrality.

Distance Matrix Sumof Closeness

1 2 3 4 5 6 7 8 distances Centrality
o o o 1101 1 1 1 2 3 2| N1 0.0909
2110 2 2 2 1 2 1| 11 0.0909
o o e 3112 0 2 2 3 4 3| 17 0.0588
411 2 2 0 2 3 4 3| 17 0.0588
5112 2 2 0 3 4 3| 17 0.0588
o 6121 3 3 3 01 2| 15 0.0667
e 7132 4 4 4 10 3| 21 0.0476
8l21 3 3 3 2 3 0| 17 0.0588

Figure 5: Example to Illustrate the Computation of the Closeness Centrality
3.2. Closeness Centrality

The closeness centrality (CIC) of a vertex i is the inverse of the sum of the number of hops in the
shortest paths from the vertex i to the rest of the vertices in the network graph G(V, E). We run
the @(IVI+|El) time-complexity BFS algorithm starting from each of the VI vertices and determine
the hop count of the shortest paths to the rest of the vertices. Accordingly, the overall time-
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complexity of the procedure to determine the CIC values of all the vertices is @(VH+IEIVI). As
the hop count of the paths is integers, it is likely that the CIC values need not be distinct for the
vertices. Figure 5 illustrates an example to compute the CIC of the vertices in a graph. One can
notice that there is a tie among vertices 1 and 2 as well as ties among vertices 3, 4, 5 and 8.

3.3. Degree Distribution of Real-World Network Graphs

We study a total of six real-world network graphs whose degree distribution ranges from Poisson
to Power-law. We capture the variation in the degree distribution of the vertices in the form of the

spectral radius ratio for node degree [22], denoted ﬂf;g and defined as the ratio of the largest

eigenvalue A, of the adjacency matrix to the average node degree. In [23], it has been established

that Ky < kae < Asp < kuar. Hence, the ratio lf;g = —""js always greater than or equal to 1.0. The
avg

closer the ratio to 1, the lower the variation in the node degree among the vertices (characteristic

of a Poisson distribution, as seen in random network graphs [5]). The farther away is the ratio

from 1, the larger the variation in the node degree among the vertices (characteristic of a Power-

law distribution, as seen in scale-free networks [24]).
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Figure 6: Degree Distribution and Spectral Radius Ratio for the Real-World Network Graphs

A brief description of the six real-world network graphs is as follows: (i) US Football Network - a
network of 115 teams that participated in the Fall 2000 Football season in the US; the nodes
represent the teams and the edges (613 edges) represent whether or not two teams have played a
round-robin game against each other. (ii) Dolphin Network - a social network of 62 Dolphins in
the Doubtful Sound area of New Zealand; the nodes represent the Dolphins and the edges (159
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edges) capture whether or not two Dolphins are frequently associated with each other. The
association is captured on the basis of the fraction of time two Dolphins are seen close to each
other over a period of time and if the fraction is beyond a threshold - the nodes representing the
two Dolphins are connected with an edge. (iii) US Politics Books Network - a network of 105
books about US politics, sold in Amazon.com; the nodes are the books and there is an edge (a
total of 441 edges) between two nodes u and v if customers who bought the book corresponding
to node u also bought the book corresponding to node v. (iv) Karate Club Network - a network of
34 nodes and 78 edges, wherein the nodes represent the members of the club and there is an edge
between two nodes if the corresponding members talk to each other. (v) Word Adjacency
Network - a network of the commonly used nouns and adjectives (112 nodes) in the novel "David
Copperfield" by Charles Dickens; there is an edge (a total of 425 edges) between two nodes if the
corresponding words are seen adjacent to each other at least once in the novel. (vi) US Airports
Network - a network of 332 airports in the US during the year 1997; the airports are the nodes and
there exists an edge (a total of 2126 edges) between two airport nodes if there is at least a direct
flight between them. Data for networks (i) through (v) can be obtained from http://www-
personal.umich.edu/~mejn/netdata/. Data for network (vi) can be obtained from:
http://vlado.fmf.uni-lj.si/pub/networks/pajek/data/gphs.htm.

Figure 6 presents the degree distribution (Probability mass function and the Cumulative
distribution) of the six real-world network graphs, in the increasing order of their spectral radius
ratio for node degree. The US Football network exhibits a Poisson distribution for the degree of
the vertices with a spectral radius ratio for degree 1.01; the US Airports network exhibits a
Power-law distribution for vertex degree with a spectral radius ratio for degree 3.22. The degree
distribution of the other four networks is moderately scale free with spectral radius ratio for node
degree ranging from 1.4 to 1.8.

3.4. Fraction of Unique Centrality Values for the Real-World Network Graphs

We evaluate the distinctive power of the centrality measures by counting the number of unique
values obtained for each of them when computed for the real-world network graphs. We divide
this number by the total number of vertices in the graphs to obtain the fraction of unique
centrality values with respect to a centrality measure and real-world network graph. The results
are tabulated in Table 1. We observe the EVC to incur the largest fraction of unique centrality
values for all the six real-world network graphs, ranging from Poisson to Power-law degree
distribution. The BWC also incurred a fraction of 1.0 for the US Football network; but, incurred
appreciably lower values for the other real-world network graphs. We could also state that as the
spectral radius ratio for node degree increases (i.e., the networks become increasingly scale-free),
the difference in the fraction of unique centrality values incurred for EVC becomes significantly
larger than that of the other centrality measures.

Table 1: Fraction of the Unique Centrality Values for the Real-World Network Graphs

US Dolphin US Politics | Karate Word US
Centrality Football Network Books Club Adjacency | Airports
Measure Network 1 1.40 Network Network | Network | Network

gt 1.01 |77 Ayt 1.41 Ap: 143 | A0 1.73 At 3.22
Degree 0.05 0.19 0.20 0.32 0.18 0.18
Eigenvector | 1.00 0.97 1.00 0.79 1.00 0.84
Betweenness | 1.00 0.87 0.96 0.62 0.90 0.55
Closeness 0.38 0.69 0.71 0.59 0.69 0.58

The Degree centrality measure incurred the lowest fraction of unique values for all the real-world
networks, followed by the Closeness centrality measure for five of the six real-world networks.

8
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The poor performance of the Degree centrality and Closeness centrality could be attributed to
them incurring integer values (rather than real numbers, as in the case of EVC and BWC). Only
for the US Airports network (highly scale-free), the fraction of unique CIC values incurred is
slightly larger than that of BWC. The observations in this section vindicate our reasoning to come
up with a hypothesis (see Section 4 for details) to use the Eigenvector Centrality measure as the
centrality measure to obtain a non-increasing order of listing of the vertices of any two graphs
that are to be tested for isomorphism.

4. HYPOTHESIS

Our hypothesis is that if a non-increasing order of listings of the EVC values of the vertices for
two graphs G, and G, are not identical, then the two graphs are not isomorphic. If the non-
increasing sequence of EVC values for the two graphs is identical, we declare the two graphs to
be potentially isomorphic and subject them to further tests for isomorphism (for confirmation).
Thus, the technique of listing the EVC sequence of the vertices (in a non-increasing order) could
be used as an effective precursor step before subjecting the graphs to any time-consuming
heuristic for graph isomorphism. As the EVC values of the vertices in any random graph are more
likely to be unique, this test would also help us to extract a mapping of the vertices between two
graphs that have been identified to be potentially isomorphic and make it more easy for the time-
consuming complex heuristics to test for isomorphism. We illustrate our hypothesis using an
example in Figure 7. From the example, it is very obvious that if two graphs have an identical
non-increasing order listing of the EVC sequence, they should have identical non-increasing order
listing of the degree sequence; but, not vice-versa (refer example in Figure 1). If two graphs have
a different non-increasing order of degree sequence, they cannot have the same non-increasing
order of EVC sequence and we do not need to compute the EVC values.

G1

o—2)y—(5)(s

—@—0—C
Degree-based EVC-based Degree-based EVC-based Map_pmg of

Ordering Ordering Ordering Ordering Vertices

Vertex Degree \Vertex EVC Vertex Degree \Vertex EVC G1 G2
2 5 2 0.5364 3 5 3 0.5364 | |2 3
4 4 4 0.4321 6 4 6 0.4321 4 6
1 3 3 0.3974 0 3 5 0.3974 3 5
3 3 1 0.3596 2 3 0 0.3596 1 0
5 3 5 0.3355 5 3 2 0.3355 5 2
0 2 0 0.2681 1 2 7 0.2681 0 7
6 2 7 0.1749 4 2 1 01749 | |7 1
7 2 6 0.1527 7 2 4 0.1527 6 4

Figure 7: Illustration of the Hypothesis: Eigenvector Centrality (EVC) to Decide Graph Isomorphism

We notice from Figure 7 that the vertices corresponding to the non-increasing order of the EVC
values in both the graphs could be uniquely mapped to each other on a one-to-one basis (bijective
mapping). On the other hand, the non-increasing order of the degree sequence of the vertices
merely facilitates us to group the vertices into different equivalence classes (all vertices of the
same degree in both the graphs are said to be equivalent to each other); but, one could not arrive
at a unique one-to-one mapping of the vertices that corresponds to the structure of the two graphs.
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We thus hypothesize that the EVC approach could not only help us to determine whether or not
two graphs are isomorphic, it also facilitates us to potentially arrive at a unique one-to-one
mapping of the vertices in the corresponding two graphs and feed such a mapping as input to any
heuristic that is used to confirm whether two graphs that have been identified to be possibly
isomorphic (using the EVC approach) are indeed isomorphic.

5. SIMULATIONS

We tested our hypothesis by conducting extensive simulations on random network graphs
generated according to the Erdos-Renyi model [5]. According to this model, the network has N
nodes and the probability of a link between any two nodes is p;;x. For any pair of vertices « and v,
we generate a random number in the range [0...1] and if the random number is less than py;,, there
is a link between the two vertices u and v; otherwise, not. We constructed random networks of N
= 10 nodes with pj,; values of 0.2 to 0.8 (in increments of 0.1). We constructed a suite of 1000
networks for each value of p;;,.. We chose a smaller value for the number of nodes as we did not
observe any pair of isomorphic graphs in a suite of 1000 graphs created with N = 100 nodes for
any pj;. value. Even for networks of N = 10 nodes, there is a high chance of observing pairs of
isomorphic graphs only under low or high values of pj;,. For p;.; values of 0.2 and 0.3, the pairs
of isomorphic graphs observed were typically trees (graphs without any cycles) that have the
minimal number of edges to keep all the nodes connected. As we increase the number of links in
the networks, the chances of finding any two distinct isomorphic random graphs get extremely
small. On the other hand, for p;;,, values of 0.7 and 0.8, the isomorphic graphs were observed to
be close to complete graphs (with only one or two missing links per node from becoming a
complete graph).
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Figure 8: Number of Isomorphic Random Graph Pairs: Degree Sequence vs. EVC Sequence Approach

The success of the hypothesis is evaluated by determining the number of pairs of isomorphic
graphs identified based on the non-increasing order of the EVC sequence vis-a-vis the degree
sequence. As mentioned earlier, if two graphs are isomorphic, then the non-increasing order of
listing of the EVC values of the vertices has to be identical (as the two graphs are essentially the
same, with just the vertices labeled differently). This implies that if the non-increasing order of
listing of the EVC values of the vertices for a pair of graphs G, and G, are not identical, we need
not further subject the two graphs to any other heuristic test for isomorphism. If two graphs are
identified to be potentially isomorphic based on the EVC sequence, we further processed those
two graphs using the Nauty software [7] and confirmed that the two graphs are indeed isomorphic
to each other. We did not observe any false positives with the EVC approach. The Nauty software

[7] 18 the world's fastest testing software (available at:
http://www?3.cs.stonybrook.edu/~algorith/implement/nauty/implement.shtml) for graph
isomorphism.
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Figure 8 illustrates the number of graph pairs that have been identified to be potentially
isomorphic on the basis of the EVC sequence approach vis-a-vis the degree sequence approach.
We observe that even with the degree sequence approach, for moderate p;;,, values (0.4-0.5), the
number of graph pairs identified to be potentially isomorphic decreases from that observed for
low-moderate p;;,; value of 0.3. As we further increase the pj;, value, the number of graph pairs
identified to be potentially isomorphic increases significantly with both the degree sequence and
EVC sequence-based approach, and the EVC sequence-based approach identifies a significantly
larger number of these graph pairs (that are already identified to be potentially isomorphic based
on the degree sequence) to be indeed potentially isomorphic and this is further reconfirmed
through the Nauty software. For low-moderate pj;,; values, we observe the degree sequence-based
approach to identify an increasingly larger number of graph pairs to be potentially isomorphic,
but they were observed to be indeed not isomorphic on the basis of the EVC sequence approach
as well as when tested using the Nauty software. This vindicates our earlier assertion (in Section
1) that the degree sequence-based precursor step is prone to incurring a larger number of false
positives (i.e., erratically identifying graph pairs as isomorphic when they are indeed not
isomorphic).

6. RELATED WORK

Though centrality measures have been widely used for problems related to complex network
analysis [3], the degree centrality measure is the only common and most directly used centrality
measure to test for graph isomorphism [1]. The other commonly used centrality-based precursor
step to test for the isomorphism of two or more graphs is to find the shortest path vector for each
vertex in the test graphs and evaluate the similarity of the shortest path matrix (an ensemble of the
shortest path vectors of the constituent vertices) of the test graphs. Since the one-to-one mapping
between the vertices of the test graphs is not known a priori, one would need a time-efficient
algorithm to compare the columns (shortest path vectors) of two matrices for similarity between
the columns. The closeness centrality measure [3] is the centrality measure that matches to the
above precursor step. Both the degree and closeness centrality measures have an inherent
weakness of incurring only integer values (contributing to their poor discrimination of the
vertices) and it is quite possible that two or more vertices have the same integer value under either
of these centrality measures and one would not be able to obtain a distinct ranking of the vertices
(i.e., unique values of the centrality scores) to detect for graph isomorphism. The eigenvector
centrality measure incurs real numbers as values in the range (0...1) and has a much higher chance
of incurring distinct values for each of the vertices of a graph. Though there could be scenarios
where two or more vertices have the same EVC value, a non-increasing or non-decreasing order
listing the EVC values of the vertices of two different graphs is more likely to be different from
each other if the two graphs are non-isomorphic. As the complexity of the graph topology
increases (as the number of vertices and edges increases), we observed it to be extremely difficult
to generate two random graphs that have the same sequence (say in the non-increasing order) of
EVC values for the vertices and be isomorphic.

As mentioned earlier, graph isomorphism is one of the classical problems of graph theory that has
not been yet proven to be NP-complete, but there does not exist a deterministic polynomial time
algorithm either. Many heuristics have been proposed to solve the graph isomorphism problem
(e.g., Nauty [7], Ullmann algorithm [8] and VF2 [9]), but all of them take an exponential time at
the worst case as most of them take the approach of progressively searching for all possible
matching between the vertices of the test graphs. To reduce the search complexity, the heuristics
could use precursor steps like checking for identical degree sequence for the vertices of the test
graphs. It would be preferable to use precursor steps that contribute to fewer false positives, if not
none. This is where our proposed approach of using the eigenvector centrality (EVC) fits the bill.
We observe from the simulations that all the graphs identified to be isomorphic (using the EVC
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approach) are indeed isomorphic. Thus, the EVC sequence-based listing of the vertices could be
rather used as an effective precursor step to rule out graph pairs that are guaranteed to be not
isomorphic, especially when used with the more recently developed time-efficient heuristics that
effectively prune the search space (e.g., the parameterized matching [10] algorithm).

The eigenvector centrality (EVC) measure falls under a broad category of measures called "graph
invariants" that have been extensively investigated in discrete mathematics [11-12], structural
chemistry [13-14] and computer science [15]. These graph invariants can be classified to be either
global (e.g., Randic index [16]) or local (e.g., vertex complexity [17]) as well as be either
information-theoretic (statistical quantities) [18-19] or non-information-theoretic indices [20].
With the objective of reducing the run-time complexity of the heuristics for graph isomorphism,
weaker but time-efficient precursor tests (measures with poor discrimination power like the
degree sequence) were rather commonly used. Sometimes, a suite of such simplistic graph
invariants were used [21] and test graphs observed to be potentially isomorphic based on each of
these invariants were considered for further analysis with a complex heuristic. The discrimination
power of the weaker graph invariants also vary with the type of graphs studied [21]. To the best
of our knowledge, the discrimination power of the more complex graph invariants - especially
those based on the spectral characteristics of a graph (like that of the Eigenvector Centrality), is
yet to be analyzed. Ours is the first effort in this direction.

7. CONCLUSIONS

The high-level contribution of this paper is the proposal to use the Eigenvector Centrality (EVC)
measure to detect isomorphism among two or more graphs. We propose that if the non-increasing
order (or non-decreasing order) of listing the EVC values of the vertices of the test graphs are not
identical, then the test graphs are not isomorphic and need not be further processed by any time-
consuming heuristic to detect graph isomorphism. This implies that if two or more graphs are
isomorphic to each other, their EVC values written in the non-increasing order must be identical.
We test our hypothesis on a suite of random network graphs generated with different values for
the probability of link and observed the EVC approach to be effective: there are no false
positives, unlike the degree sequence based approach. The graph pairs that are observed to have
an identical EVC sequence are confirmed to be indeed isomorphic using the Nauty graph
isomorphism detection software. We also observe it to be extremely difficult to generate
isomorphic random graphs under moderate values for the probability of link (0.4-0.6); it is rather
relatively more easy to generate isomorphic random graphs that are either trees (created when the
probability of link values are low: 0.2-0.3) or close to complete graphs (created when the
probability of link values are high: 0.7-0.8).
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