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Reader Aids-
Purpose: Present & analyze a model
Special math needed for explanations: Probability theory
Special math needed to use results: Same
Results useful to: Analysts of fault-tolerant systems

Abstract-Bounds are established for the probability of failure of
fault-tolerant systems. The underlying failure and recovery process is
assumed to follow a semi-Markov model in which the potential sojourn
times of component failures have exponential distributions and those of
system responses have general distributions. A product form of the
bounds is derived from a model which provides for competing responses
to component failures. Bounds are calculated in terms of integral factors
which depend on component failure rates and the actual distributions of
response times. Bounds are also calculated in terms of percentiles, condi-
tional mean response times, and certain transition probabilities. Besides
providing a computationally efficient method of estimating reliability
from a flexible model, the bounds seem reasonably tight for a fairly wide
range of cases. An example is given to illustrate calculating the bounds for
a model with competing system responses.

1. INTRODUCTION

Background

Fault-tolerant hardware and software refer to a
methodology for structuring systems to achieve high
reliability. In critical applications such as the safe control
of aircraft, special techniques [1-31 are used to detect and
isolate failed components, switch in spare components,
and switch out failed components. The underlying failure
and recovery process can often be represented by a time-
continuous Markov or semi-Markov model in which the
states of the model describe the system status in terms of
the numbers of operational components, numbers of ac-
tive components, available spare components, etc. The
jumps between states correspond to the occurrence of com-
ponent failures or to system responses to previously failed
components. The time parameter of the process can be the
elapsed time since the start of a mission or local time since
a particular event.

Within this framework it is usually of interest to
estimate reliability, possibly for the purpose of studying
the effect on reliability of varying the number of com-

ponents, their configuration, or other system design
parameters which affect reliability. For example, the
choice of decision rules [2] concerning the number of er-
rors to be detected in the output of a component before the
component is deactivated can affect system response times,
hence affect reliability. Except for simple models which
assume the failure and response times are exponentially
distributed, estimates of reliability involve computational-
ly difficult, multivariate integrals. Considerable research
has been devoted to estimating reliability on the basis of
various models: Stiffler, Bryant, Guccione [4], Ng &
Avizienis [5], and other models and techniques as surveyed
in Geist & Trivedi [6].

Description

The main purpose of this paper is to derive and pre-
sent several forms of bounds for unreliability which
generalize the bounds suggested by White [7] to a model
that provides for competing responses to component
failures. Although restricted to single system responses (ie,
noncompeting responses), White's bounds are derived
from a flexible semi-Markov model in which component
failure times have exponential distributions and response
times have general distributions. His bounds have a pro-
duct form with factors that depend on component failure
rates, and means and standard deviations of response
times. In the present formulation, competing responses
can correspond to the process of deactivating failed com-
ponents and activating spare components; eg, deactivating
component A vs component B. Rather than standard
deviations of response times, the bounds are given in terms
of integral factors which depend on the actual distributions
of response times. Other forms of the bounds are given in
terms of fewer parameters: percentiles, conditional mean
response holding times, and certain transition prob-
abilities.

Some advantages of a method based on bounds are:
I)it gives a computationally efficient technique for
estimating reliability, 2)estimates can be given from ex-
perimentally derived information without making restric-
tive assumptions concerning the form of the Cdf's of
response times, 3)a user of the bounds always knows
whether he is under or overestimating the true unreliability
(assuming the model is correct), 4)an estimate of the error
is available whenever the bounds are calculated.

Sections 2 and 3 describe the model, section 4 derives
the general form of the bounds, and sections 5 and 6 give
bounds that require less detailed information concerning
the Cdf's of response times. In section 7 an example il-
lustrates calculating the bounds for a model with competing
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system responses. Section 8, the final section, discusses
tightness of the bounds.

2. NOTATION, NOMENCLATURE,
AND ASSUMPTIONS

Notation

A a set, { 1, 2, ..., k}, of possible system states; these
are mapped 1-1 to a set of physical system states,
eg, a physical state might be the number of opera-
tional components, status of system response, and
current system configuration

R(i) subset of A consisting of states the system can
enter from state i as a result of system responses to
previously failed components

R (1) states the system can enter from state i as a result
of component failures

T(i, j) potential sojourn time from state i to state j, a r.v.
G(x; i, I) Cdf of T(i, j), j E R(i); ie, Cdf of a system

response time
G (x; i, j) Sf, 1 - G(x; i,j)
W(i) holding time in state i
ZO, Z1, ..., Zn any series of states that terminates in an ab-

sorbing state, zn
ZO, Z1, ..., Zn r.v.'s for which zo, zi, ..., Zn are realiza-

tions
0(l) Pr{Zo = i}
0(i, j) Pr{Zm+i = ilZm = i}, i, j E A, m = 1, 2, ...

Other, standard notation is given in "Information for
Readers & Authors" at rear of each issue.

Nomenclature

Potential sojourn time: Elapsed time, measured from the
instant of entering a state, until the system enters
another state

Sojourn (holding) time: Time, measured from the instant
of entering a state, until the system changes state;
more precisely, the smallest of the potential
sojourn times

Assumptions

1. The failure and recovery process is semi-Markov;
that is, the potential sojourn times are mutually statistical-
ly independent.

2. The potential sojourn times of component failures
have exponential distributions.

3. System response times have general, continuous
distributions.

4. The state space A has a finite number of elements
and the system cannot re-enter a state; models with an in-
finite number of loops between states are not discussed.

5. All states that a system can enter from a particular
state are known and states that represent system failure
(absorbing states) are also known.

3. REMARKS CONCERNING THE MODEL

The model providing a basis for estimating reliability
is that of the usual semi-Markov process (Heyman &
Sobel, [8, p 196], Cox & Isham, [9, p 55]) in which the se-
quence of states entered over time is determined by a
Markov chain and attached to each pair of states is a r.v.
T(i, j) representing a potential sojourn time from state i to
state j, all potential sojourn times being mutually
s-independent. If T(i, j) corresponds to a state change
resulting from a component failure, its Cdf is that of an ex-
ponential distribution with rate parameter X(i, j). Other-
wise, T(i, J) represents a system response time and has Cdf
G(x; i, j).

To calculate unreliability, we must consider each
series of states zo, z1, ..., z, a system can enter over time
and which terminates in an absorbing state. Typically, zo
represents an initial state wherein all components are
operational. The system enters some state z, as the result
of a component failure, enters Z2 as a result of another
component failure or, as a result of a system response to a
previously failed component, and so on. Because the so-
journ times W(zo), W(z1), ..., W(znil) between state
changes are conditionally (given a particular series of
states) s-independent, and ZO, Z1, .., Z, follow a Markov
chain [8, 9] their joint pdf is:

n-I

0(zo) nI O(zi, zi+i)dQ(wi; zi, zi+,) (1)

0(i, j) transition probabilities

Q(x; zm, Zm+i) Pr{ V(Zm) < xlZm = zm, Zm+i = Zm+}.

To interpret (1) in terms of the basic r.v.'s {T(i, f)}
suppose the system enters state zm = i after m state
changes. Then W(i) and Zm+, can be represented as W(t) =
min{T(i, e): f E R(i) U R (i)} and Zm+i = j if and only if
T(i, j) = W(i); that is, the system enters state j from state i
if and only if T(i, I) is smaller than all other potential so-
journ times attached to state i. It follows that:

0(i, j)Q(x; i, j) = Pr{ W(i) < x, T(i, j) = W(l)I Zm = i.

Each factor 0(i, f)dQ(x; i, I) of (1) can be calculated in
terms of the Cdf's of the { T(i, Q)} from assumptions 1-3:

j(i,J) exp(- Xix) I G (x; i, P)dx, j E R (i)

exp(- Xix) HI G (x; i, f)dG(x; i, j), j E R(i)
e*j
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(ER (j1)X(l C)

the products in (2) involve only the indices of response
times.

Results in [11, 12] show that if we begin with a model
for which the response times associated with a particular
state are s-dependent, and if the Q(x; i, j) are continuous
Cdfs, then there exists mutually s-independent r.v. 's, { T(i,
f)}, having Cdf's that satisfy (2). This suggests that
although it is unnecessary to assume that competing
response times are s-independent, little generality is added
by weakening assumption 1.

4. GENERAL FORM OF THE BOUNDS

Let A, B, C partition the indices of the transient
states, ZO, Zl, Z2, ... Z in the following way:

A {i: R(zi) = X, i = 0, 1, 2, ... n - 1}

B_ {i: R(zi) *,zj+j E R(zi), i = 0, 1, 2, ..., n - 1}

SU=- { (WO, W1, ..., Wn-1): SAWi C t

SL = (WO, Wl, ..., Wn-1): EAWi < t - A, wi < bi, i EE B U C)

A BBUC' i (3)

where 6i, i E B U C are arbitrarily chosen nonnegative
constants. The inequality, PL ' P ' Pu, holds because SL
C S C Su.

From the definitions of A, B, C, and from (2) the
joint pdf of W(zo), W(z1), ..., W(z, 1), ZO, Z1, ..., Zn is:

O(Zo) HI {)X(zi, zi+)/Xi} Xi exp(- Xiwi)
A

LI {exp(- Xiwi) HI G(wi; zi, f)dG(wi; zi, zi+1)}
B C*zi

H {IX(zi, zi+l) exp(- Xiwi) H GG(wi; zi, f)dwi}
c f

(4)

By integrating this pdf over the regions defined by SL and
Su, we get:

C- Ji: R(zi) *Xzi+1 E R(zi), i = 0, 1,2,...n-1

That is, each state, zi, i = 0, 1, 2, ..., n - 1 can be
classified according to whether: all states which can be
reached (in one step) from zi are those that result from
component failures; at the next state, a system response
pre-empts component failures; at the next state, a compo-
nent failure pre-empts system responses.

The main objective here is to give bounds for the
probability, P say, of entering zo, z1, ..., z,, by time t. The
method of deriving the bounds is motivated by the assump-
tion that, for highly reliable systems, component failure
times are quite large and response times are quite short.
From the definitions of A, B, C, the W(zi), i E B U C are
minima of sets of r.v.'s for which at least one member is a
response time. Thus, W(zi) can be no larger than any
response time attached to zi. Let T W(zo) + W(z1) +
+ W(zn 1) be the elapsed time since the system occupies zo
until entering Zn. The upper bound for P is calculated by ex-
cluding the potentially smaller sojourn times from T to ap-
proximate Tby EA W(zI). The lower bound is calculated by
replacing each W(zi), i E B U C, in Tby certain constants.

Define

P = Pr{ T < t, Zo =zo, Zi = Z1, .., Zn = Zn}

Pu = Pr{JAW(zi) _ t, ZO = Zo, ..I, Zn = Zn}

PL = Pr E2A W(Zi) C t - A, W(zi) _ 6i, i E B U C, ZO

= ZO0 *..,Zn = Zn}

S = {(Wo, wig . . . Wn-0) WO + WI + * s- + Wn-1 C tL}

Pu =- (zo)H(t) H aiH biH ci
A B C

PL = 6(zO)H(t - A) H ai H b' rl c'
A B C

xi = E eekR (zi) X(z1, e)

ai = X(zi, zi+)/Xi

(5)

(6)

(7)

(8)
00

bi -ylexp(- Gy) H (y; zi, f)dG(y; zi, zi+1)
e* + 1

Ci exp(- XiY)X(zi, zi+i) G (y; zi, f)dy

b - X exp(- Xyv) H1 G (y; zi, f)dG(y; zi, Zi+i)

ai
C!' - l exp(- Xyi)X(Zi, zi+1) Hi G (y; zi, f)dy

H(x) Pr{ EA W(Zi) ' X

(9)

(10)

(11)

(12)

(13)

The indices for each product shown in (9)-(12) vary only
over the indices of response time distributions. The W(zi), i
E A, in (13) are s-independent r.v.'s having exponential
distributions with rate parameters Xi, i E A.

To calculate the upper bound for unreliability, (5)
must be summed over all series zo, z1, ..., z, that terminate
in an absorbing state. Similarly, (6) must be summed for
all such series to give the lower bound for unreliability.

Before proceeding to discuss other forms of the
bounds in sections 5 and 6, we discuss briefly how the
choice of the 6i can affect tightness of the bounds. By
calculating bi - & and ci - c/ from (9)-(12), we get the
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inequalities:

bi - bi& < L G(&; zi, e) 6i exp(- X1y)dy

ci - c/! X(zj,z+1) { I G(&; zi, e) } exp(- Xy)dy (14)

where L. (6i; zi, f) is the probability that the smallest

response time (at state zi) exceeds bi.

Because I G (61; zi, e) decreases as &i increases, bi
- b/and ci - c/also decrease as 6i increases. Although the
effect of increasing the 6i is to also decrease H(t - A) in
(6), the calculations of section 8 suggest that the effect on
tightness of decreasing H(t - A) can be quite minimal. As
a general rule for the case of short response times, each 6,
should be chosen as an extreme percentile at the upper tail
of the Cdf of the smallest response times.

The information needed for (15)-(17) consists of the transi-
tion probabilities, e(i, j), the conditional means, 4(60; zi),
and the probabilities, G(61; zi). If only a single response is
competing with component failures at state zi, then b,j =

1. Since G(6; zi),4(6; zi) < G(6; zi)6, the upper bound can be
calculated without knowledge of the A(46; zi).

A new lower bound is obtained by replacing each of b,
and c/! in (6) by:

b'i = exp(- Xibi)b11K(61;zzi, zi+) (18)

(19)

If only a single response is competing with component
failures at state zi, then K(61; zi, zi+,) = G(6,; zi); other-
wise,

ECeR(zi)Q(Zi, f)K(61; zi, 2) = G(61; zi)

5. BOUNDS BASED ON MEANS, PERCENTILES,
AND TRANSITION PROBABILITIES

Notation and Definitions

Ti response holding time, min{ T(zi, 2): 2 E R(zi)}, in
state Zi

G (x; zi) the Sf, Pr{ Ti > x} = LI G (x; zi, f)

G(x; zi) 1 - G (x; zi)
Ai mean of Ti

A(6; zi) conditional mean, {G(6; zi)}1 J o.y dG(y; zi), of
Ti given that Ti < 6

Q(zi, ]) Pr{ T(zi, j) = Ti} = lI G (y; zi, f)
f.j

dG(y; zi, J)
K(x; zi, f) Pr{ T(zi, j) c xl T(zi, j)

- Ti} = {Q(zi j} xo L G(y; zi, f)dG(y; zi j)

The indices, 2, for the products in the definitions of G (x;
zi), Q(zi, j), and K(x; zi, j) vary only over the set R(zi).

The goal of this and the next section is to suggest
bounds that can be calculated from as few parameters as
possible rather than the full detail of the Cdf's of response
times, as needed in (9)-(12)

Consider the upper bound in (5). After some
manipulation in which exp(- Xy) in (9) is replaced by 1,
and the integral in (10) is written as a sum by integrating
over (0, 6i) and (6i, oo), a new upper bound is obtained by
replacing bi and ci in (5) by:

bli Q(zi, zi++) (15)

Cii X(Zi, Zi+1) {I(Wi; Zi) + Xi G (6i; Zi)} (16)

-q(6; zi) G(6; zi) A(b; zi) + 6 G (6; zi).

(20)CzR(zi)Q(zi, 2) = 1,

and (15) and (18) involve a substantial number of
parameters.

Remark 1. If little information concerning response
times is available, a practical solution is to assume that
system responses occur, with probability equal to 1, within
intervals of known length, bi. Then

G(61; zi) = 1,/ui = zi), K(6j; zi, zi+,) = 1 (21)

and the information needed to calculate bli, cli, b1i, and
c, consists of the transition probabilities, Q(i, j), the upper
limits, 6i, and the means, ti.

Remark 2. Instead of (16), we could have replaced ci by
X(zi, zi+,)1i, which appears simpler than (16). However,
1(6i;Zi) is needed in (19). Although extimates of t,i and q(6,;

z1) might differ when calculated from experimental data,
they would differ very little if 6i is an extreme upper
percentile of G(x; zi); ,ut and ij(6E; zi) are identical, as men-
tioned in (21), whenever 6i is an upper limit of the support
of G(x; zi).

6. SIMPLER BOUNDS

We now consider bounds that are derived from a class
of distributions which is known in the reliability literature
as distributions having proportional hazard rates. This
class gives a flexible model for the Cdf's of response times,
and substantially reduces the information needed to
calculate the bounds. The proportional hazards model has
been studied extensively [13] as a basis for nonparametric
statistical methods.

To define this class, let Go(x) be a continuous baseline
Cdf, and let C be the class of continuous Cdfs G(x)
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generated from Go(x) in the following way:

G (x) = {G o(x)Vla, x > 0, for some a > 0 (22)

Suppose the response time Cdf's at state zi belong to
C for some baseline Cdf, Go(x). Then

- 2n{G (x; zi, Q)} = x(zi, f) {-fnG (x)},

for some constants, o (zi, f) > 0, f E R(zi). (23)

Now replace each G(y; zi, P) in:

K(x; zi, j) = {Q(zi, j)} 0o II G (y; zi, f)dG(y; zi, J)bipj

by its representation in (23). Upon simplifying, we get:

K(x; zi, j) = G(x; zi)

ating pair; its members are switched at regular intervals to
check the spare's operational status.

The desire to check the spare's operational status
leaves open the possibility of switching in a failed spare at
some instant when an active unit, other than the
cooperating unit, has failed. As shown in figure 1, one of
the active units, other than the cooperating unit, fails (state
1); the spare fails (state 2); the system, being unaware that
either unit has failed, automatically switches the spare with
the good active unit (state 3). State 3, as well as states 5 and
7, represent system failure since the system is not fault-
tolerant at any instant when two of the three active units
have failed. States 6 and 8 designate operational states that
are attained when the system detects, identifies, and deac-
tivates the failed active unit, and replaces it with the spare.

(24)

where G(x; zi) is the response holding time Cdf.
This well known result [13, p 171] in the reliability

literature, states that the response holding time Ti in state
zi is s-independent of the event T(zi, j) = Ti.

To summarize, if we assume the response times have
distributions with proportional hazard rates, the b'i in (18)
are equal to:

b'i = exp( - Xibi) bli G(61; zi). (25)

Bounds calculated from bli, c1i, b'i, and c,i require infor-
mation concerning only the Q(zi, f), G(6j; zi), and /(6b; zi).

7. EXAMPLE

The example illustrates a model with competing
system responses. Although experimental data on single-
system-responses is available in Lala & Smith [14], it is not
used in this example other than as a guideline for what
might be a reasonable assumption for a mean response
time. The main purpose of this example is to illustrate the
method of calculating the bounds.

Example Assumptions

1. A system has three active processor units and one
spare.

2. The active units have failure rate X.
3. The spare has failure rate -y.
4. The outputs of the active units are input to a voter

and the system fails (gives incorrect output) if two or more
active units fail.

5. If errors are detected in the output of any active
unit, the system activates the spare and switches it with the
failed unit.

6. The spare and one active unit function as a cooper-

State
0
1
2
3
4
5
6
7
8
9

. . .

Definition
all components operational
an active Linit (not the cooperating unit) fails
the spare fails
system switches in the failed spare
the spare fails
an active unit fails
system detects the failed active unit
an active unit fails
system detects the failed active unit
a cooperating active unit fails
other states are not listed

Fig. 1. State transition diagram for a system consisting of three
active processor units and a spare.

The basic model for this example is defined by
assumptions 1-5 in section 2 and by the Cdf's of the { T(i,
C) } for the state changes of figure 1. Exponentially
distributed times of component failures are indicated by
2X, -y, etc., in figure 1. Cdf's of response times are indicated
by G(x; i, j).

Consider calculating upper and lower bounds for the
probability that the system enters states 0, 1, 2, 3 by time t.
State 0 is the only state in the series 0, 1, 2 that involves on-
ly competing component failures, so A = {O}. Similarly, C
= { 1 } since the next state entered from state 1 is the result
of a component failure that pre-empts a system response.
In going from state 2 to 3, a system response pre-empts
component failures, so B = {2}. The assumptions needed
to calculate upper and lower bounds are those listed in 1-5
of section 2.
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From (15)-(20) the bounds are,

Pu - H(t)aob1 2C 1

PL = H(t - A)aob 2Cl1

aO = 2X(3X + )

b12 = l G y; 2, 8)dG(y; 2, 3)

Cii = Y{(6I1; 1) + (2X + y) G6(6'; 1)}

blj2 = bl2exp(- 2X62) K(62; 2, 3)

Ci = -y (; 1)exp[-(2X + y)b6]

n(b; 1) = G(6; 1) p(6; 1) + 6G (6; 1)

G(6; 2) = e(2, 3) K(6; 2, 3) + (2, 8) K(6; 2, 8)

H(x) = 1 - exp[-(3X + y)x].

Data (where appropriate, units are in hours):

X = Y = 0.001; 62 = 63 = 6 = 0. 04; t = 10.0;

G (6; 1, 6) = 0; ,u(6; 1) - 0.02;

K(6; 2, 3) - K(6; 2, 8) 0.9; e(2, 8) = e(2, 3) = 0.5

Then b,2 = 0.5, G (6; 1) =0 G(6; 2) = 0.9, j(6; 1) =
0.02, A = 0.08, PU = 2.0 x 10 ,PL = 1.8 x 10

8. A STUDY OF TIGHTNESS

Although assumptions 1-5 (section 2) justify the upper
and lower bounds of previous sections, they do not,
however, ensure tightness. In this section, parameters af-
fecting tightness are studied in terms of the relative error,

RE {Pu - PI }/Pu. (26)

For the less tight (than those of (9)-(12)) bounds given by
(15)-(19),

RE = 1 - {H(t - A)/H(t)} H (bl/bii) H (c/cicli) (27)
B C

bl/bl=i exp(- Xi6i)K(6i; zi, Zi++)

clilc1ii= exp(- z161)7q(6i;zi) {NI(6; zi)

+ i 6(6i; z)} (28)

Since the number of parameters in (27) can be quite
large, we consider only the case in which the response times

have distributions with support limited to bounded inter-
vals; that is, it is assumed that:

G (6,;z, C) 0 , C E R(zi), i C B U C. (29)

Condition (29) implies G (60; zi) = 0, i C B U C. This, in
turn, implies:

K(6,;Z,,zi,zi+,) = 1, i E B (30)

Fi = n(6i; Zi), i E C

1b'lbli = exp(- Xi6,), i C B

cfl/cli - exp(- Xi6i), i E C

RE = 1 - {H(t--A)/H(t)} exp(- EB C)Xibi) (31)

RE in (31) does not depend upon the transition prob-
abilities, bli = Q(zi, zj+,) or upon the mean response
holding times, ti = -q(bi; zi); thus a fairly wide range of
cases can be studied by restricting attention to bounds
calculated under (29).

Let m be the number of elements in A and let Xi, X2,
X,m be the rate parameters of the exponentially

distributed r.v.'s, W(zi), i C A. Recursive calculation of
H(x) in (13) gives:

H, (x) = 1 - exp(- Xix)

Hr(x) - 0H, I(x - y)Xrexp(- XrY)dY,

r = 2, 3, ..., m. If XI, X2, ..., X1m are all distinct, H(x) can be
calculated (Bartholomew, [15]) as a mixture:

m

H(x) = 7w,{1 - exp(- X x)}

of exponential Cdf's with weights -xi (possibly negative):
m

fr - IIH ,/(X) - Xi) i = 1, 2, ..., m
iJi

Many different cases of (31) can be studied by varying
Xi, i C A U B U Cand 6i, i C B U C, over the interval (0,
c). Let q be the number of elements of B U C and con-
sider the following:

Examplel. Xi =(5- i + I)X, i 1,22...m,m < 5

=X, 6, 6i, C B U C, q 5.

Example 2. X, = X, i C A U B U C, m = 1,2.3,2,
iC BU C,q = 5.
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For Example 1, Consider the more general case in (31) and

m-i

H(x) = 1 - E (5!/f!(5 - f)!]

[1 - exp(- Xx)]9 exp[-(5 - 2)Xx]

For Example 2,

m-1

H(x) = 1 - exp(-Xx) E (Xx)x/f!

All relative errors in table I were calculated for ex-
amples 1 and 2 and a mission time of t = 10 hours. The
selection of ranges for X (in failures per hour) and for 6 (in
hours) was arbitrary, although the Lala & Smith [14] data
suggest that response times can be much smaller than the
limits, 6, considered in table I. In examples 1 and 2, the A
= 56 corresponds to a series of system states zo, Zl, ..., Zn-l
for which the potential sojourn times attached to q = 5
states involve system responses and the remaining states, m
of them, involve only component failures.

TABLE I
Relative Errors for Estimating the Probability of
Entering an Absorbing State: Examples 1 and 2

m X 6 RE RE
(Example 1) (Example 2)

1 0.1000 0.02 0.0103 0.0157
1 0.1000 0.04 0.0205 0.0313
1 0.1000 0.06 0.0306 0.0467
1 0.0100 0.02 0.0087 0.0105
1 0.0100 0.04 0.0175 0.0210
1 0.0100 0.06 0.0262 0.0315
1 0.0010 0.02 0.0099 0.0100
1 0.0010 0.04 0.0197 0.0201
1 0.0010 0.06 0.0296 0.0301
1 0.0001 0.02 0.0100 0.0100
1 0.0001 0.04 0.0200 0.0200
1 0.0001 0.06 0.0300 0.0300
2 0.1000 0.02 0.0124 0.0237
2 0.1000 0.04 0.0248 0.0471
2 0.1000 0.06 0.0371 0.0701
2 0.0100 0.02 0.0181 0.0202
2 0.0100 0.04 0.0360 0.0403
2 0.0100 0.06 0.0538 0.0601
2 0.0010 0.02 0.0197 0.0199
2 0.0010 0.04 0.0392 0.0397
2 0.0010 0.06 0.0585 0.0592
2 0.0001 0.02 0.0199 0.0199
2 0.0001 0.04 0.0396 0.0396
2 0.0001 0.06 0.0590 0.0591

Table I shows that the relative error decreases as 6
decreases but can increase as X decreases, or as m increases.

The increase in RE is limited, however, as X decreases.

H(x) = XIX2 ... Xm ID exp (- EA XiXixldx2 ... dXm

D- {(Xb X2, ...,Xm):XI+ X2 + - + Xm C X}.

Let the Xi, i E A, decrease to zero to get:

lim H(t - A)/H(t) = (1 - At l)m.

The limiting (as Xi - 0, i E A) relative error is:

lim RE = 1 - (1 - At 1)m exp (E-BCXibi).

(32)

(33)

This limit is approached rapidly for intermediate
calculations which are not shown in table I: for example 1
with m = 2, 6 = 0.04, A = 56, t = 10.0,

H(t - A)/H(t) = 0.96167 at X = 0.0100

= 0.96041 at X = 0.0001

whereas the limiting value from (32) is 0.96040. The
limiting RE for this case is 0.0396 which is the same, up to
four decimal places, as given in table I at X = 0.0001.

These calculations suggest that the limiting RE is a
good indicator of tightness. It embodies the main re-
quirements for tightness; namely, short response times
(small limits, 6k), and large times to component failures
(small Xi). Further, it indicates that other parameters can af-
fect tightness, such as the mission time t, and the numbers m
and q of states in zo, z1, ..., zn. that have indices in A and B
U C, respectively. Except for the inconvenience of
calculating H(x), one can say the same thing for RE in (31).
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