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ABSTRACT

Whenever a three-dimensional frame of reference
is physically instrumented by electromechanical
sensors, as for example a triad of accelerometers
in an inertial measurement unit, the inevitable
misalignment of the effective input axes of these
sensors from the idealized orthogonal frame of
reference must be taken into consideration. This
paper investigates in detail the linear transforma-
tion required to obtain orthogonal components of a
vector given the nonorthogonal components of that
vector, as produced by a physical sensor triad.

INTRODUCTION

The operation of an inertial navigation or
guidance system is ultimately predicated on the
accurate, real-time sensing of the acceleration and
rotation vectors with respect to inertial space.
The total acceleration vector is sensed by a triad
of mutually orthogonal accelerometers, and the
total rotation vector by a triad of mutually ortho-
gonal gyroscopes, which together comprise a fully
instrumented inertial platform.

Great pains are taken in the manufacture of
these electromechanical sensors to define precisely
their sensitive (input) axes, and in the assembly
of these sensors into an inertial platform to have
the three accelerometer input axes mutually ortho-
gonal, the three gyro input axes mutually orthogo-
nal, and the two orthogonal triads parallel to a
conceptual three-dimensional rectangular frame of
reference. While perfection is often approached,
it cannot be fully attained in practice, and hence
one must deal with the problem of having a vector
expressed in terms of three nonorthogonal compo-
nents and needing to have it expressed in terms of
three orthogonal components, e.g. along the concep-
tual platform axes.

This paper investigates in detail the linear
transformation required to obtain orthogonal compo-
nents of a vector given its nonorthogonal compo-
nents, e.g. as produced by a triad of real-world
sensors. Although this is a very basic problem in
the field of inertial navigation and guidance, a
thorough perusal of the available open Titerature
has revealed that the treatment of this subject,
in most instances, is conspicuous by its absence.
Where treated at all (e.g. PARVIN, 1962), it is
glossed over and confusing. The only cogent

treatment to be found is that by BRITTING (1971);
however, the steps of the brief derivation given
therein could not be followed by this author, and
hence the motivation for a detailed derivation
which may be of general interest.

PARVIN (1962, pp. 132-133) gives the inverse
transformation matrix, i.e., the linear transforma-
tion of orthogonal vector components into their non-
orthogonal equivalents, for the case of infinitesi-
mal misalignments in which the small-angle approxi-
mation is valid. He then argues that this inverse
transformation matrix, although not orthogonal, is
close enough to being orthogonal that it may be
treated as such without incurring much error. The
implication is that the desired direct transforma-
tion {(of nonorthogonal vector components into their
orthogonal equivalents) may be effected by the
transpose of this matrix since, as is well known,
an orthogonal matrix has the property that its
inverse is equal to its transpose.

BRITTING (1971, pp. 39-41), using a two-dimen-
sional example, clearly shows that the transpose
of the inverse transformation matrix is not the de-
sired orthogonalization matrix. He then proceeds
to derive the small-angle approximation of the
correct orthogonalization matrix by means of an
elegant, albeit "handwaving" argument, the central
assertion of which is the difficult part which
could not be understood.

NOTATION

In what follows, the three-dimensional coordi-
nate reference frames are taken to be right-handed,
and the right-handed convention for rotation angles
about the coordinate axes is followed. Vectors
will be denoted by underlined lower-case letters,
and matrices by underlined upper-case letters. Use
will be made of the elementary rotation matrices
(e.g. MUELLER, 1969, pp. 42-43):

1 0 0 (1)
0 cosa sina
0 -sina cosa

0 -sing (2)
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sinB O cosB
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R(y) = | cosy siny O (3)
=z ;
-siny cosy O
0 0 1

which effect the transformation of vector components
from a right-handed rectangular coordinate frame to
a second right-handed rectangular coordinate frame
which differs from the first by a rotation, respec-
tively, through angle o about the common X-axis,
through angle B about the common y-axis, and through
angle y about the common z-axis.
rotation matrices, as well as any product of two or
more such matrices, are orthogonal and hence the
inverse transformation is given by the transpose of
the direct transformation matrix:
R,(-8) = 531(6) = (=x,y,2)  (4)

Finally, the notation for rotation ang]es will
be o, denot1ng rotation component of axis i (i=u,
v,w) about axis j (j=x,y,z) -- see Figure 1. To
save space in the transformation equations involv-
ing sines and cosines of the rotation angles, the
notation sij=Sineij and Cij=coseij will be employed.

t
BS(8)

SMALL-ANGLE APPROXIMATION

Because of the care taken in the manufacture of
accelerometers and gyroscopes, and in the assembly
of the inertial platform, it is the usual case that
the misalignment angles, compared to the right angle,
are in the differential range and may be treated as
infinitesimals. Such a nonorthogonal reference
frame, involving only "small" misalignment angles,
will be called "quasiorthogonal." In what follows,
the desired orthogonalization transformation will
be derived in complete generality; however, in order
to avoid undue complexity in the resulting equations,
transition will be made to the respective smail-
angle approximations at an appropriate point in the
derivation. The small-angle approximation, as used
herein, involves the following:

1. Replacement of the cosine of a small angle
by unity.

2. Replacement of the sine of a small angle by
the angle itself (in radians).
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Stage 1: Rotation of the Xxvyz-axes by 6

about the y-axis and by ey, about the z-axis into x'y'z's

3. Replacement of a product of two or more
sines of the same or different small angles by zero.

DERIVATION OF THE ORTHOGONALIZATION TRANSFORMATION

Consider an orthogonal (e.g. platform) reference
frame Xyz and a quasiorthogonal (e.g. accelerometer)
reference frame Uvw which share the common origin o
(Figure 1). An arbitrary vector r will be denoted
as r°-(rx,ry,rz)t when expressed ~in terms of its

components in the orthogonal reference frame, and
The elementary as rq—(ru,rv,rw) when expressed in terms of its
components in the quasiorthogonal reference frame.
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Figure 1.

The derivation will be made in three stages. In
the first stage, the orthogonal reference frame Xyz
is rotated to become reference frame X'y'z' such
that the x'-axis is coincident with the u-axis of
the quasiorthogonal system. In this rotated ortho-
gonal frame, r_,= Ty Substituting r, for r,:, the
frame x'Y'Z' is then rotated back into the original
orthogonal frame xyz. In the second and third
stages, this two-rotation process is repeated to
obtain rotated orthogona] frames x"Y"Zz" in which
ryn= Ty and xmymz" din which rom= rg, which are

then rotated back into coincidénce with the origi-
nal reference frame xvz, after substituting r, for
ryn and r, for r,m, respectively.

UY'z'-

axes; i.e., to bring the X-axis of the orthggonal system into coincidence with the U-axis of the quasiortho-

gonal system:

roo r r
Tyr) T uz)gy(euy> Tl =] Cuz Sus © uy _Suy rx-1 = cuzcuy Suz _cuzsuy x| T
r ., r -5 C 0 0 1 0 r -5 _C S S T
N v uz uz vy uz uy uz uz uy ¥y
C
L er- i 0 0 1 Suy uy r 1L uy uy T,
- - -
=R (6_,8 Jr W =1 (c +S -C s r)|l={r,|=1r
Zyzowy? uz’| Tx vz vy x Cuzly Tuztuy Tz x u
r (<. C r +C r +5 S r ) r, r
y uz uy'x uz'y uz uy z ¥ ¥y
r (5. rx+ r) r, r_,
L z| L uy uy z'| Lz
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At this point note that r,=C C r+8 r-C S r =r (5)

x' uz uy ' x uz'y uz uy z u

The X'y'Z'=UY'Z'-axes are now rotated back into coincidence with the Xyz-axes:

t
r =R (6 _,8 J)|r = ¢ C_ -8 ¢C S r =|r
X —yz uy’ uz u uz uy uz uy uy u X
r r, S C 0 (-5 C r +C_ r +S_S 1) r
N2 Na uz uz uz uy X uz y uz uy 2z ¥
r r, -C_ 8 S 8 o (s r + c. r) r
2 Z uz uy uz uy uy uy X uy Z Z

Performing the indicated matrix-by-vector multiplication:

r =C C r + 52 C2 r-38 C C r - 82 S C r+ S r+3 C r =
b d uz uy u uz uy X U2 uz uy'y Uz uy uy 2z uy X uy uy z
2 2
=C ¢ Hf Pas®)ros ¢ +(s__¢C 235 ¢ )r =
uz uy ' Puz uy uy’"x~ “uz uz uy y Cuyuy Cuztuyuy Uz
=C (1_c ? Jr-S C C r+C°8 C r
uz uy 0 uz uy’ " x uz uz uy y uz uy uy z
r =8, r-85 C C T+ Cr+s ¢ s
N uz uz uz uy X uz'y uz uz uy 3
r =-C S r - 82 S C r+8 C S r+ 82 82 r+ S C r + C2 r =
z uz uy u uz uy uy x uz uz uy'y uz uy z uy uy X uy z

2 2
=-C S r+(s ¢ -8 8 C Jr+sS C S r (s2 s+ c? Jr_ =
uz uy u uy uy uz uy uy’ x uz uz uy y uz uy uy' oz

=-C S +c®s C r+s C 8 r +(1 &2 )r
uz uy u  uzuy uy x Suzuz uy'y uz uy’ z
. ) r h r 2 2 2
This can be written as C C |e+} 2-C" ¢ -5 C ¢ C C r |=1r
uz uy| u uz uy uz uz uy uz uy uy X X
s C ¢ S _C_ s r r
uz uz uz uy uz uz uz uy ¥y Yy
-C_8 S ¢ 8 - r r
L uz uy| | uz uy uy uz uz uy uz uy z
i 1. .T 2 2 2
wherefrom C C |le=]2 0 Oof||r |-} 1-C5C5 -8 C_C s _C r | =
uz uy | u X uz uy “uz yz uy uz uy uy X
01 of|r -s ¢ S r
uz ¥y uz uz uy uz uz uz uy
-C_s 0 1 s ¢ s ¢ 8 1-¢2g? r
[ uz uy| L z uz uy uy  uz uz uy uz uy Z
= 2 o2 c2 r |=B]|r
uz uy Uz uz uy uzZ uy uy e —u X
C s -8 ¢ r r
uz uz uy uz uz uz uy Yy
c C -5 C 2 s |lr r
uz uy uy = uz uz uy uz uy z z
o To
. : . =B = - 6
which can be written in the form BT T AE 10, By in (6)
) 0 0
uz
-6 0 0
uy i

where the matrix on the right is the small-angle approximation of the matrix B,

Stage 2: Rotation of the xyz-axes by 6., about the z-axis and by 6,y about the x-axis into x"y"z"=x"vz"-
axes; i.e., to bring the v-axis of the orthogonal system into coincidence with the v-axis of the quasiortho-
gonal system:

r.l=R(e_JR(8 JNr. i=|1 0 0 C S 0 r | = C 0 r | =
X —X VX —2 vz X VZ vz X VZ vz X
r o, r 0 C S -S C 0 r -C._.S c _C S r

Yy N vX vX vz VZ Na VX VZ VX vz vz
r n r 0 -8 0 0 1 r S S -5 _C C r

Z Z VX VX zZ VX VZ VX VZ vz 2



= (e = (c r + S_r ) Sl onl =T on

Xz VX vz X VZ X VZ y X X

ry (-Cvxsvzrx+cvxcvzry+svxrz) T r,

r (S.8 r-s C r+C _r) T o r

L 2 VX vz X VX V2 y VX 2 Z Z
At this point note that r,.=-C S r+C C r+68 r
N VX VZ X vX vz'y VX

The x"y"z"=x"vz"-axes are now rotated back into coincidence with the xyz-axes:

r {=R (6 ,6 JMNr,.i=| c_-Cc_s S s (c. r+ s r) =|r
X ~XZ VX vz X vz VX VZ VX VZ vVZ X vz y X
r r S c C -3 ¢ r r
N s vz VX vz VX V2 v N
r r 0 S c (s. 5 r -5 C r+C_.r) r
Z z vX vX VX VvZ X VX vz y VX 2 2

Performing the indicated matrix-by-vector multiplication:

2
Cr+8 C r-C S r+ 82 82 r - S S _C r S .. C s r =
X vz x vz vz y vx vz v vx vz z VX VZ vZ y VX VX vz 2z

=CoiSyat +(c .t 52 Sy )r +(s c -s%s ¢ )r + S C 8 =
vz VZ VZ VX vz VZ N VX VX VZ Z

r

-C._. S r +(1- c s )r + 02 S0nContut SuxCoSynt

VX VZ Vv vVZ V2 Yy VX VX V2 2
2
r =5 C r+8 r+C C r - S2 S C r + 82 C2 r-3S C C r =
Yy vZ VZ X vz Yy VX VZ Vv VX vz VZ X VX V2 N VX VX V2 2
2
=C C r+(s_c -8 s c Ir +(32 + 2 P Jr -8 ¢C ¢ =
VX vz v VZ vz VX VZ V2 vz VX VZ N VX VX VZ Z
=C C r+ c S ¢ r.+(1- c2 02 Jr -8 C C r
VX V2 VvV VX VvZ vz X VX V2 vy VX VX VZ 2
2
r =95 +S5 C 8 S C C r+C r
Z VX VX VX V2 X VX VX vz §y vX 2
. . r 1.7 o 2
This can be written as ~C_ S [r+| 1-c¢c=8 cc.s_C s .C 8 r|=|r
VX V2 v > VX vz VX VZ V2 VX VX VZ X X
C C°s Cc_ 1-c2 2 -5 c c r r
VX VZ VX VZ vz VX VZ VX VX VZ N vy
S S ¢S -8 _C C c r r
L vX J L VX VX VZ VX VX VZ vX z Z
wherefrom (cc s Je=l1 0 of[r]-T1-®® s ¢ s c.s
VX vz v X VX V2 vX zZ VZ VX VX VZ
c_C 01 ollr ®s ¢ 1-c° e -
VX V2 Y VX VZ V2 VX V2 VX VX VZ
s 0 0 1|]|r S C 8 -8 C C
vX L Z VX VX V2 VX VX V2 vX
=| c2 s 28 ¢ -5 _C_S r |=B]|r
VX VZ VX VZ VZ VX VX V2 X —V X
-2 s ¢ 2 s ¢ ¢ r r
VX VZ V2 VX V2 VX VX V2 N N
-s_C S s ¢C.cC s r r
L VX VX VZ VX VX VZ VX Z_ L Z
which can be written in the form ar =Br°=| 0 -6 0 [x°
v == vz =
-8 109
vz VX
o 6 0
vx d

where the matrix on the right is the small-angle approximation of the matrix gV,

(8)

Stage 3: Rotation of the xvz-axes by e _ about the x-axis and by 6  about the y-axis into xmymzms=

=X"MY™y-axes; i.e., to bring the z-axis ¥*

of the quasiorthogonal system:

of the orthogonal system
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ml=R (e JR (6 Nr t=|C 0 -8 1 0 0 r|l=]c¢c s 8 _ =-s ¢ r | =
b s =X WX X Wy Wy X WYy WYy WX WYy WX X
j r 0 1 0 0 ¢ 5 T C S r
Y Yy WX WX ¥y WX WX b2
T o r s 0 ¢ 0 -8 c r 5. -C_S c ¢ r
Z L 2] L Wy wy WX WX z | L W Wy WX Wy WX z
=R (8 .8 J)r |=|(c r+s 8 r-s C r) ol =l m
=Xy WX’ wy X WY X WYy WXy Wy WX 2 X X
T (C r + S r ) r 1" r "y
y WXy WX Z N v
_rz_ _(Swy X Cwyswx Yy cwycwxrz) rz"'_ _rw
At this point note that rm=8 r-C 8 r+C C r =r (9)
z™ WY X WYy WXy Wy WX z W

The x'Mymzmzxmy"y-axes are now rotated back into coincidence with the xyz-axes:

t

r =R (6,0 Nr ,.|=| C S (C r+8 8 r -5 C r)|=|r
X Xy wx’'wy X wy wy WYy X Wy WXy Wy wX 2 X
T T S 8 cC_-C_s (¢c . r+ s _r) r
N Yy WY WX WX Wy WX wX'y wX z Yy
r r -s_¢C S c ¢ r r
z w Wy WX WX Wy WX w 2

Performing the indicated matrix-by-vector multiplication:

r =02r+S C 8 r-8 C C r+38

x~ wy'x Swywytwxy” Swy wywx'z Swylw
r=SCSr+SZSZr-SesCr+C2r+SCr—CSr=
y WYy WYy WX X WY WXy Wy wWXWwX2Z WXY WXWXKZ WYywXw
=-C S r+$S C S r +(s2 2 c2 Jr +(s._ ¢ - s2 S . C J)r =
WYy WX W WY Wy WX X wx'Ty CTwx wx  Twy wx wx''z
=-C S8 r+858 C S r+(1- c2 s, )r + c2 5 C
WY WX W WY Wy WX X wy W wywxwxz
r =-S5 C C r-S28 C r+8.c°r+8 C r+sr+C C r =
Z WYy WY WX X WYy WX WX Y Wy WX Z WX WXy wxz w'y'wxw
=C C r-38 +(s ¢ s°s ¢ r (s c o s )r =
Wy WX W wywywxx WX WX wywxwxy Wy W,
=C C r-8 C C r+ c2 S C r +(1_c2 o )r
Wy WX'W Wy Wy WX X Wy WX WXy wy wx'z
This can be written as s r + e S ¢ S8 _ -5 _C_C r | =]|r
Wy W wy WY Wy WX Wy Wy WX X x
-c s S C s 1-ccs2 ¢2sg ¢ r r
Wy WX Wy Wy WX WYy WX WY WX WX y ¥y
c ¢ -8 _C_¢ s Cc_ 1-02c2 r r
L Wy wx L Wy Wy wx Wy WX WX Wy wx 2 z
wherefrom S r=[1 0 of|r |- @ S C S -8 cC. ¢ r | =
wy W X Wy wy WX Wy Wy WX X
-C 8 01 0|]|r S C. s 1-¢C8ce s ¢ r
Wy WK y Wy Wy wx wy wx o ey x| |y
c ¢ 0 1| |r - 25 ¢ 1-cec r
Wy WX | L z WY Wy WX Wy WX WX Wy WX z
T 2 1.
= s -5 s s ¢ r |=8]|r
wy wy wy wx  wy wy wx || x| =W ox
5 C 8 8¢ _cc s ¢ r r
WY Wy WX WY WX WY WX WX y y
S ¢ Cc_-2s ¢ e ||r r
L Wy wy wx Wy wx wx Wy WX ]
which can be written in the form ar =Br°=| 0 0 8 |° (10)
W == wy [=
0 0 -8
WX
8 - 1
wy WX ]
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where the matrix on the right is the small-angle
approximation of the matrix B,
THE ORTHOGONALIZATION MATRIX

Invoking the principle of superposition, add
equations (6), (8), and (10):

Ari=la_ a a r =ar+ar+ar =
== “u=v =Wl ) u —uu =V —ww
v

r

LW

i o
= (B+B+B )|r | =Br

r

=

|7z

or ar®=Br°, wherefrom r°= B 'ar®= grt

where Q= gflA

A (11)
is the desired orthogonalization matrix which con-
verts (exactly) vector components measured along
the quasiorthogonal (e.g. accelerometer) UVW-axes
to their equivalent components along the orthogonal
(e.g. platform) xyz-axes.

The standard practice (e.g. PARVIN, 1962, pp.
131-132) is to assume that matrix B is negligibly
different from the identity matrix, i.e., that
B = I, and hence that Q = A , where

A= [a a_ a ] =
- —u =V W
= c _C_-C_.8 S = 1 -o 0
uz uy VX V2 wy vz wy
c . C _-C_8 6 1 -8
uz VX VZ Wy WX uz WX
-C_ 8 S c ¢ -8 ¢ 1
uz uy vx Wy WX uy VX

the last matrix being the smali-angle approximation
of A. Matrix A will be recognized to be the
transpose of the inverse transformation matrix,
i.e., of the "deorthogonalization" matrix P which
effects the transformation:

rl= pr’=g7r’= ABx
This transformation may be obtained explicitly by
collecting and writing in matrix form equations
(5), (7), and (9):

r-=|r = c_C C T =Pr =
= u uz uy uz uz uy X -
r c_.S C r
v VX V2 VX VZ VX ¥
r S, C_ 8 r
W wy Wy WX wy wx| | "z
= 1 6 -6 r
uz ouy X
-6 1 [:] r
vz VX
2] -6 1 r
wy WX ] L z |

wherefrom it is seen that

- -1
p=g=4"B=2"

Matrix B , in terms of its small-angle

approximation, is obtained as the sum of previously
derived partial matrices B , B , and B :
=’ =u -~

E_:

uz v
0 0 -0 1 8 0 0 -8
uz vz VX WX
- 0 0 0 0 0 6 - 1
uy vX wy WX
= 1 6 6 -6
uz vz Wy uy
6 -9 1 6__-6
uz vz VX WX
6_-6 6.__-6 1
wy uy VX WX

Notice that the off-diagonal elements of B vanish
(and hence B=1I ) if and only if

6. =6_, 6 =86 _, 6 =0_,
vX WX uy wy uz vz

that is, if and only if the Uvw-axes are also ortho-
gonal, in which case the transformation matrix Q=A
is an orthogonal matrix with the property

PRl

While the off-diagonal elements of B are
small, they are of the same order of magnitude as
the off-diagonal elements of A (since the mis-
alignment angles 6., can be negative as well as
positive) and hence*Jthe assumption that B=1 is
just as inappropriate as the assumption that A=1
would be. However, since the off-diagonal elements
of the small-angle version of B are small (i.e.,
bij<<l’ i#3 ), we can write:

BT (1+63)7

= (I-68B) = 1 b -6 [ I
= = vz Uz uy Wy

-8 1 8-
vZ uz WX vX

6 -8 6 -8
uy Wy WX VX

and obtain the small-angle version of the desired
orthogonalization matrix as follows:

a=3"acx
=2 1 8 -6 6 -6 1 -6 [¢] =
vz uz uy wy vz Wy
6 -8 6 -0 6 1 -6
vz uz WX VX uz WX
Le -0 8 -8 1 -6 5] 1
uy Wy WX VX uy VX

97 %12 Y3
Q3 Ypp Y23
931 930 933




Performing the indicated matrix multiplication and
enforcing the small-angle approximation conventions
(i.e., suppressing second-order terms), we obtain:

Q, =1+ (evz-euz)euz— (euy-ewy)euy x 1
90 = _evz+ 8,2 Oug? (euy_ewy)evx = -0
Q13 © ewy— (evz_euz)ewx+ suy_ ewy = euy
Gy = Oy Ot Opm (ewx—evx)euy = 8,
Qop -(evz-euz)evz+ 1+ (ewx-evx)evx= 1
do3 = (evz_euz)swy— Oux® O™ Oux = -0
931 = euy- ewy+ (ewx_evx)euz_ euy = -ewy
d3p = -(euy-ewy)evz+ O™ evx+ va * Bx
433 = (euy-ew)ewy- (ewx-evx)ewx+ 1 = 1

Hence, the smali-angle version of the desired
orthogonalization matrix Q becomes:

a=| 1 -8, o, (12)
1 -8
vz VX
6 6 1
Wy WX

In retrospect, the same matrix inversion argu-
ment can be applied to the small-angle version of
the deorthogonalization matrix P . Since the off-
diagonal elements of the small-angle version of P
are small (i.e., p..<<l, i#j ), the small-angle
version of @ can 'Y be obtained directly as the
inverse of the small-angle version of P :

_ -1 -1_ -1
Q=E2"=| 1 06, -0, = (T+6p) 7=
-8 1 8
vZ VX
6 -8 1
wy WX
=(I-6p) =} 1 -8 Gl
- uz uy
8 1 -8
vz VX
-6 1
WX

which serves to confirm the result.

CONCLUSION

This paper has addressed in detail the problem
of transformation of vector components between non-
orthogonal and orthogonal three-dimensional coordi-
nate frames. The orthogonalization transformation
was derived in general terms and then specialized
to the usual case of small-angle misalignments.

The small-angle version of the orthogonalization
matrix verifies the result of a brief treatment by
BRITTING (1971), which was the objective of this
investigation.
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