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ABSTRACT 

!.lhenever a three-dimensional frame of reference 
i s  physical ly  instrumented by electromechanical 
sensors ,  a s  f o r  example a t r i a d  of accelerometers 
in  an i n e r t i a l  measurement u n i t ,  the i n e v i t a b l e  
misalignment of the e f f e c t i v e  i n p u t  axes of these  
sensors  from the idea l ized  orthogonal frame of 
reference must be taken i n t o  considerat ion.  This 
paper i n v e s t i g a t e s  in  d e t a i l  the l i n e a r  transforma- 
t i o n  required t o  obta in  orthogonal components of a 
vector  given the nonorthogonal components of t h a t  
vec tor ,  a s  produced by a physical sensor  t r i a d .  

INTRODUCTION 

The operat ion of an i n e r t i a l  navigat ion o r  
guidance system i s  u l t imate ly  predicated on the  
accura te ,  real- t ime sensing of the acce lera t ion  and 
ro ta t ion  vectors  with respec t  t o  i n e r t i a l  space. 
The t o t a l  acce le ra t ion  vector  i s  sensed by a t r i a d  
of mutually orthogonal accelerometers ,  and t h e  
t o t a l  r o t a t i o n  vector  by a t r i a d  of mutually or tho-  
gonal gyroscopes, which toge ther  comprise a f u l l y  
instrumented i n e r t i a l  platform. 

Great pains a r e  taken i n  the manufacture of 
these electromechanical sensors t o  def ine  p r e c i s e l y  
t h e i r  s e n s i t i v e  ( i n p u t )  axes ,  and in  the assembly 
of these sensors  i n t o  an i n e r t i a l  platform t o  have 
the  t h r e e  accelerometer  input  axes mutually or tho-  
gonal, the three gyro i n p u t  axes mutually orthogo- 
n a l ,  and the two orthogonal t r i a d s  p a r a l l e l  t o  a 
conceptual three-dimensional rec tangular  frame of 
reference.  While per fec t ion  i s  of ten  approached, 
i t  cannot be f u l l y  a t t a i n e d  i n  p r a c t i c e ,  and hence 
one must deal with the problem of having a vector  
expressed in  terms of three nonorthogonal compo- 
nents and needing t o  have i t  expressed i n  terms of 
t h r e e  orthogonal components, e.g. along the  concep- 
tua l  platform axes. 

This paper i n v e s t i g a t e s  i n  d e t a i l  the l i n e a r  
t ransformation required t o  obta in  orthogonal compo- 
nents of a vector  given i t s  nonorthogonal compo- 
nents, e .g .  a s  produced by a t r i a d  of real-world 
sensors .  Although t h i s  i s  a very bas ic  problem i n  
the f i e l d  of i n e r t i a l  navigat ion and guidance, a 
thorough perusal of the a v a i l a b l e  open l i t e r a t u r e  
has revealed t h a t  the t reatment  of t h i s  s u b j e c t ,  
in  most ins tances ,  i s  conspicuous by i t s  absence. 
Where t r e a t e d  a t  a l l  (e.g.  PARVIN, 1962), i t  i s  
glossed over  and confusing. The only cogent 

t reatment  t o  be found i s  t h a t  by BRITTING (1971); 
however, the steps of the b r i e f  der iva t ion  given 
there in  could not be followed by t h i s  au thor ,  and 
hence the motivation f o r  a d e t a i l e d  der iva t ion  
which may be of general i n t e r e s t .  

PARVIN (1962, p p .  132-133) gives  the inverse  
t ransformation matr ix ,  i . e . ,  the  l i n e a r  transforma- 
t i o n  of orthogonal vector  components i n t o  their non- 
orthogonal equiva len ts ,  f o r  the case of i n f i n i t e s i -  
mal misalignments in  which the small-angle approxi- 
mation i s  v a l i d .  He then argues t h a t  t h i s  inverse 
t ransformation matr ix ,  although not  or thogonal ,  i s  
c lose  enough t o  being orthogonal t h a t  i t  may be  
t r e a t e d  a s  such without incur r ing  much e r r o r .  The 
implicat ion i s  t h a t  the des i red  d i r e c t  transforma- 
t i o n  (of nonorthogonal vector  components i n t o  t h e i r  
orthogonal equiva len ts )  may be e f f e c t e d  by the 
t ranspose of t h i s  matr ix  s i n c e ,  a s  i s  well known,  
an orthogonal matr ix  has t h e  property t h a t  i t s  
inverse i s  equal t o  i t s  t ranspose.  

s iona l  example, c l e a r l y  shows t h a t  the t ranspose 
of t h e  inverse  t ransformation matr ix  i s  not the de- 
s i r e d  or thogonal izat ion matr ix .  
t o  der ive the small-angle approximation of the  
c o r r e c t  or thogonal izat ion matr ix  by means of an 
e legant ,  a1 b e i t  "handwaving" argument, the c e n t r a l  
a s s e r t i o n  of which i s  the d i f f i c u l t  p a r t  which 
could not be understood. 

BRITTING (1971, p p .  39-41), using a two-dimen- 

He then proceeds 

NOTATION 

In what fo l lows ,  the three-dimensional coordi- 
nate  reference frames a r e  taken t o  be right-handed, 
and the right-handed convention f o r  r o t a t i o n  angles  
about the  coordinate  axes i s  followed. Vectors 
wi l l  be denoted by underlined lower-case l e t t e r s ,  
and matr ices  by underlined upper-case l e t t e r s .  Use 
wi l l  be made of the elementary r o t a t i o n  matr ices  
(e .g .  M U E L L E R ,  1969, pp .  42-43): 

0 cosa sina 
0 -sina cosa 

-X 
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R ( y )  = [-s;ny cosy s i n y  c;sy i ] (3) 

which e f f e c t  the t ransformation of vector  components 
from a right-handed rec tangular  coordinate  frame t o  
a second right-handed rec tangular  coordinate  frame 
which d i f f e r s  from the f i r s t  by a r o t a t i o n ,  respec- 
t i v e l y ,  through angle  CL about the common x-axis ,  
through angle  B about the common Y-axis, and through 
angle y about the comon z-axis .  The elementary 
r o t a t i o n  mat r ices ,  a s  well a s  any product of two o r  
more such matrices, a r e  orthogonal and hence the 
inverse t ransformation i s  given by the t ranspose of 
the d i r e c t  t ransformation matrix: 

F ina l ly ,  the nota t ion  f o r  r o t a t i o n  angles  wi l l  
be e denoting r o t a t i o n  component of a x i s  i ( i = u ,  
v,wIijabout a x i s  j ( j = x , y , z )  -- see Figure 1. To 
save space in  the t ransformation equat ions involv- 
ing sines and cosines of  the r o t a t i o n  angles ,  the 
nota t ion  Sij=sinOij and C .  .=cos8 wil l  be employed. 

1 J  i j  

SMALL-ANGLE APPROXIMATION 

Because of t h e  care  taken i n  the manufacture of 
accelerometers and gyroscopes, and i n  the assembly 
of the i n e r t i a l  platform,  i t  i s  the  usual case t h a t  
the misalignment angles ,  compared t o  the r i g h t  angle ,  
a r e  in  the d i f f e r e n t i a l  range and may be t r e a t e d  a s  
i n f i n i t e s i m a l s .  Such a nonorthogonal reference 
frame, involving only "small" misalignment angles ,  
wi l l  be c a l l e d  "quasiorthogonal." In what fol lows,  
the des i red  or thogonal izat ion t ransformation wi l l  
be der ived i n  complete g e n e r a l i t y ;  however, i n  order  
t o  avoid undue complexity i n  the r e s u l t i n g  equat ions,  
t r a n s i t i o n  w i l l  be made t o  the respec t ive  small- 
angle approximations a t  an appropr ia te  point  in  t h e  
der iva t ion .  The small-angle approximation, a s  used 
here in ,  involves  the following: 

by uni ty .  

the angle  i t s e l f  ( i n  rad ians) .  

1. Replacement of the cosine o f  a small angle  

2.  Replacement of the  s i n e  of a small angle  by 

................................... 

3. Replacement of a product of two or more 
s i n e s  of the  same o r  d i f f e r e n t  small angles  by zero. 

DERIVATION OF THE ORTHOGONALIZATION TRANSFORMATION 

Consider an orthogonal (e .g .  platform) reference 
frame XYZ and a quasiorthogonal (e .g .  accelerometer)  
reference frame uvw which share  the  common o r i g i n  o 
(Figure 1).  An a r b i t r a r y  vector  r w i l l  be denoted 
a s  KO=(rX,ry,rz)t when expressed in  terms o f  i t s  
components in  the orthogonal reference frame, and 
a s  +(ru,rv,rw)t when expressed in  terms of i t s  
components in  t h e  quasiorthogonal reference frame. 

The der iva t ion  w i l l  be made in  t h r e e  s tages .  In 
the f i r s t  s t a g e ,  the orthogonal reference frame xyz 
i s  r o t a t e d  t o  become reference frame X ' Y ' Z '  such 
t h a t  the x l -ax is  i s  coincident  with the u-axis o f  
t h e  quasiorthogonal system. In t h i s  r o t a t e d  or tho-  
gonal frame, rxl= ru. Subs t i tu t ing  r, f o r  rx!, the 
frame X ~ Y ' Z '  i s  then r o t a t e d  back i n t o  the o r i g i n a l  
orthogonal frame XYZ. 
s t a g e s ,  th is  two-rotat ion process i s  repeated t o  
obta in  r o t a t e d  orthogonal frames X"Y"Z" in  which 
r I I =  rv and x ' ~ I Y " ' z I * '  i n  which rzlll= r , which a r e  

nal reference frame XYZ, a f t e r  s u b s t i t u t i n g  rv f o r  
r Y 11 and rw f o r  rztlt ,  respec t ive ly .  

In the  second and t h i r d  

'then r o t a t e d  back i n t o  coincidence w Y t h  the o r i g i -  

Stage 1: Rotation of the  xyz-axes by euy about the y-axis  and by e,, about t h e  z-axis  i n t o  x ' y ' Z ' 3 Y ' Z ' -  
axes; i . e . ,  t o  br ing the x-axis o f  the orthogonal system i n t o  coincidence w i t h  t h e  u-axis o f  the quasior tho-  
gonal system: 

I 
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r x l = C  C r + S  r - C  S r ( 5 )  uz uy x uz y uz uy z = A t  t h i s  p o i n t  note t h a t  

The x i y i z i r u y i z ' - a x e s  are now r o t a t e d  back i n t o  coincidence w i t h  the  Xyz-axes: 

Performing the i n d i c a t e d  m a t r i  x -by-vector  mu1 t i  p l  i c a t i  on: 

2 2 
rx = CuZCUyrU+ S X y r x -  SuZCUZCUy~y- SuzSuyCuyrz+ Suyrx+ SuyCuyrz = 

2 2  2 = c ~ ~ c ~ ~ ~ ~ + ~ s ~ ~ c ~ ~ +  s )rx- s c c r + ( s  c - s2 s c )rz = 

= C  c r + ( l - ~  c )rX-s c c r + C  s c r 

UY uz uz uy y uy uy uz uy uy 
2 2  2 

uz uy U uz uy uz uz uy y uz uy uy z 

2 r = S  r - S  C C r + C  r + S  C S r y uz U uz uz uy x uz y uz uz uy z 

2 2 2  r = - c  s r - s  s c r + ~  c s r + S  s r + S  c r + C 2 r  = 

2 2 2  2 - 
= - C  uz s uy r U + ( s  uy c uy - s uz S uy C uy )Ix+ s ~ ~ c ~ ~ s ~ ~ ~ ~ + ( s ~ ~ s ~ ~ +  cuY)rz - 
= - c  s r + C  s c r + S  c s r + ( l - ~  s )r 

z uz uy U uz uy uy x uz uz uy y uz uy z uy uy x uy z 

2 2 2  
uz uy U uz uy uy x uz uz uy y uz uy z 

r 
This can be w r i t t e n  as 

uz uz uy 

wherefrom 1- c;zc;y -suzc c c2 s c 
YZ uy uz uy uy [:::;I= [; ; '1 [;;I - [ uz uz uy cuz suz cuzsuy -s c c 

uz uy c:zsuycuy suzcuzsuy - c2 uz s2 uy 

c:z C E Y  suz CU z cuy - c:zsuycuy - %l rx 

= [ suzcuzcuy s:z -~uz'uzsuy] c3:y [-;I - [r:] 
- c:zsuycuy - suz cuzsuy 

a r  = ~ r ' =  which can be w r i t t e n  i n  the  form 9 1  U -U- 

UY 

where the  m a t r i x  on the  r i g h t  i s  the  small-angle approximation o f  the  m a t r i x  s. 
Stage 2: Rota t ion  o f  the  mz-axes by evz about the  z-ax is  and by evx about the  x-ax is  i n t o  x"Y"Z"ZX"VZ"- 

axes; i . e . ,  t o  b r i n g  the Y-axis o f  the  orthogonal system i n t o  coincidence w i t h  the  v-ax is  o f  the  quasior tho-  
gonal system: 
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A t  t h i s  p o i n t  note t h a t  ry,, = - C  vx S vz r x + C vx C vz r y + Svxrz = rv ( 7 )  

The x"Y"z1'-x"vz"-axes are now r o t a t e d  back i n t o  coincidence w i t h  the  mz-axes:  

Performing the i n d i c a t e d  matr ix-by-vector  m u l t i p l i c a t i o n :  
2 2 2  2 

= - C  s r + ( c 2  + s2 s2 )r + ( s  c - s s c 

r = C r + S C r - C S r + S S r - S S C r + SvxCvxSvzrz = x vz x vz vz y vx vz v vx vz z vx vz vz y 

)r + s ~ ~ c ~ ~ s ~ ~ ~ ~  = vx vz v vz vx vz x vz vz vx vz vz y 
2 2  

= - cvxsv z v+ ( 1- cvxsvz rx+ ctxsv z cv zry+ svx cvxsv z z 

2 2 r = S  c r + ~  r + ~  c r - s  s c r + S 2 C 2 r - S  c c r = y vz vz x vz y vx vz v vx vz vz x vx vz y vx vx vz z 
= c ~ ~ c ~ ~ ~ ~ + ( s ~ ~ c ~ ~ -  s ~ ~ s ~ ~ c ~ ~ ) ~ ~ + ( s ~ ~ +  s vx c vz )r y - s vx c vx c vz r z = 

= C  C r + C  S c r+(l-~ c ) r - s  c c r 

2 2 2 2  

2 2 2  
vx vz v vx vz vz x vx vz y vx vx vz z 

2 r = S  r + S  C S r - S  C C r + C  r z vx v vx vx vz x vx vx vz y vx z 

wherefrom 

which can be w r i t t e n  i n  the  form 

where the  m a t r i x  on the  r i g h t  i s  the small-angle approximation o f  the  m a t r i x  E+: 

11  

Stage 3: Rota t ion  o f  the  mz-axes by ewx about the  x-ax is  and by e about the  Y-axis i n t o  x l f t ~ T t T ~ t l l -  
o f  the orthogonal system wy i n t o  coincidence w i t h  the w-axis =xlttyltlw-axes; i .e . ,  t o  b r i n g  the z-ax is  

o f  the quasiorthogonal system: 
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s s  - s c  wy wx wy wx 
0 [I:::] = Z - " ( e w x : t j  = [ ; -:I [ : cwx [ ;;j = [ Zwy s - c s  cwx c c  sWX 

wy wy wx cwx wy wy wx wy wx 
0 -s rz 111 

-xy wx' wy 

A t  t h i s  p o i n t  note t h a t  rzI l1= S r - C S r + C C r = r w y x  w y w x y  w y w x z  w 

The xl l lY1l~Z1l l~xl l lY1l lw-axes  are  now r o t a t e d  back i n t o  coincidence w i t h  the mz-axes:  

Performing the i n d i c a t e d  matr ix-by-vector  m u l t i p l i c a t i o n :  
2 r = C  r + S  C S r - S  C C r + S  r 

r = S  c s r + S  s r - S 2 S  c r + c 2 r + S  c r - c  s r = 

x w y x  wywyWXY w y w y w x z  w y w  

2 2  
y w y w y w x x  w y w x y  w y w x w x z  w x y  w x w x z  w y w x w  

= -CwySwxrw+ SwyCwySwxrx+(SwySwx+ 2 2  cWx)r 2 +(swxcWx- s 2 s c ) r z  = 

= CwyCwxrw- s ~ c ~ c ~ ~ ~ ~ + ( s ~ ~ c ~ ~ -  s 2 s c )r +(s2 c2 + s2 ) r  = 

Y wy wx wx 
2 2  = - c  s r + ~  c s r + ( l - ~  s ) r + c 2 S  c r 

w y w x w  w y w y w x x  w y w x y  w y w x w x z  

2 2 2  2 r = - S  C C r - S  S C r + S  C r + S  C r + S  r + C  C r = z w y w y w x x  w y w x w x y  w y w x z  w x w x y  w x z  w y w x w  

wy wx wx y wy wx wx z 
2 

w y w x w  w y w y w x x  w y w x w x y  w y w x z  = C  c r - s  c c r + ~  s c r + ( 1 - c 2 c 2 ) r  

This can be w r i t t e n  as 

wy wy wx wy wx wy wx wx 

wy wx wy wy wx wy wx wx wy wx 
-s c c c2 s c 1 - c 2  c2 

c2 s c s  - s c c  

-s c c c2 s c 1 - c 2  c2 

wywywx wywywx 
s c s l - C Z C 2  wy wx c 2 s  wy wx c wx 

wy wy wx 

wy wx wy wy wx wy wx wx wy wx 

wherefrom 

which can be w r i t t e n  i n  the  form a r  = ~ r ' =  0 
I . I w  -w- 

wy wx 
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where the  m a t r i x  on the r i g h t  i s  the  small-angle 
approximation o f  the m a t r i x  I&. 

THE ORTHOGONALIZATION MATRIX 

Invok ing the  p r i n c i p l e  o f  superposi t ion,  add 
equations (6), (8), and (10): 

o r  &q= , wherefrom = g - l & ~ ~ =  g~~ , 

i s  the  des i red  or thogona l iza t ion  m a t r i x  which con- 
v e r t s  ( e x a c t l y )  vec tor  components measured a long 
the quasiorthogonal (e.g. accelerometer) ww-axes 
t o  t h e i r  equ iva len t  components along the  orthogonal 
(e.g. p la t fo rm)  xyz-axes. 

131-132) i s  t o  assume t h a t  m a t r i x  i s  n e g l i g i b l y  
d i f f e r e n t  f rom the i d e n t i t y  mat r ix ,  i .e . ,  t h a t  
- B = 1. , and hence t h a t  g = & , where 

The standard p r a c t i c e  (e.g. P A R V I N ,  1962, pp. 

vx c c  -cuzsuy svx , wy wx 

the l a s t  m a t r i x  being the  small-angle approximation 
o f  A. M a t r i x  A w i l l  be recognized t o  be the  
transpose o f  t h z  inverse  t rans format ion  mat r ix ,  
i .e . ,  o f  the "deor thogonal izat ion"  m a t r i x  2 which 
e f f e c t s  the  t ransformat ion:  

= i - l g K o .  

This  t rans format ion  may be obta ined e x p l i c i t l y  by 
c o l l e c t i n g  and w r i t i n g  i n  m a t r i x  form equations 
(51, (71, and (9 ) :  

- r q =  -- P ro = - 

wherefrom i t  i s  seen t h a t  
-1 -1 t - P = $  = A  E = & .  

M a t r i x  B , i n  terms o f  i t s  small-angle 
approximation, i s  obta ined as the sum o f  p rev ious ly  
der ived  p a r t i a l  matr ices %, s, and %: 

B = B + B + B =  
1 I Y - w  - 

1 euz-evz e -e 

1 

Not ice  t h a t  the  o f f -d iagona l  elements o f  vanish 
(and hence g = ~  ) i f  and on ly  i f  

V Z '  
evx= ewx, e = e euz= e 

UY wy' 

t h a t  i s ,  i f  and on ly  i f  the  m - a x e s  are  a l s o  or tho-  
gonal, i n  which case the  t rans format ion  m a t r i x  Q=A 
i s  an orthogonal m a t r i x  w i t h  the proper ty  

While the  o f f -d iagona l  elements o f  E are 
small ,  they are o f  the same order  o f  magnitude as 
the  o f f -d iagona l  elements o f  A (s ince  the  mis- 
al ignment angles e . .  can be negat ive  as w e l l  as 
p o s i t i v e )  and hence l j the  assumption t h a t  g = ~  i s  
j u s t  as inappropr ia te  as the  assumption t h a t  &=L 
would be. However, s ince the  o f f -d iagona l  elements 
o f  the small-angle vers ion o f  a re  small  ( i .e . ,  
b..c<l, i#j ) ,  we can w r i t e :  

1 J  
- B-l= (r+ &E)-'= 

r 1 

and o b t a i n  the  small-angle vers ion o f  the  des i red  
or thogona l iza t ion  m a t r i x  as f o l l o w s :  

1 evz-euz e -e  1 -e  
UY wy 

VX 
1 e -e e -e 

uy wy wx vx 

= '11 '12 '13 

922 q2J 
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Performing the indicated matrix multiplication and 
enforcing the small-angle approximation conventions 
(i.e., suppressing second-order terms), we obtain: 

qll = 1 + (evz-euz)euz- ( e  -e )e = 1 
UY wy UY 

q12 = -e vz + evz- euz+ ( e  uy-ewy)eVx 

921 = evz- euz+ euz- (ewx-eVx)e UY = evz 

=. -e uz 
q13 = 8 - (evz-euz)ewx+ e - e = e  

wy UY wy UY 

= -(evz-euz)evz+ 1 + (ewx-evx)evx= 1 

=. -e 

= -0 

923 = (evz-euz)e wy - ewx+ ewx- evx 

931 = ow- ow+ (ewx-eVx)euz- euy 
VX 

wy 

q32 = - ( e  uy -e wy ) e  VZ+ ewx- evx+ evx = ewx 
q33 = ( e  -e  ) e  - (e -e )e + 1 = 1 uy wy wy wx vx wx 

Hence, the small-angle version of the desired 
orthogonalization matrix 4 becomes: 

Q =  1 -e 

-e  

- [ evz 1"" -?I 
VX 

wy ewx 

In retrospect, the same matrix inversion argu- 
ment can be applied to the small-angle version of 
the deorthogonalization matrix P . Since the off- 
diagonal elements of the small-angle version of E 
are small (i.e., 
version of 9 canPiJ be obtained directly as the 
inverse of the small-angle version of 

<<I, i#j.), the small-angle 

: 

which serves to confirm the result. 

CONCLUSION 

This paper has addressed in detail the problem 
between non- of transformation of vector components 

orthogonal and orthogonal three-dimensional coordi- 
nate frames. The orthogonalization transformation 
was derived in general terms and then specialized 
to the usual case of small-angle misalignments. 
The small-angle version of the orthogonalization 
matrix verifies the result of a brief treatment by 
BRITTING (1971) ,  which was the objective of this 
investigation. 
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