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Abstract Micromachined silicon platforms
provide two methods for reducing the acceleration
sensitivity of surface transverse wave resonators. First,
micromachining allows precise control over the structure
of the silicon mounting platform and supports. The
platform can thus be shaped to apply stresses to the
resonator such that the minimum acceleration sensitivity
is achieved. Second, a platform supported by flexible
arms acts as a vibration isolation system, thus reducing
the effective acceleration applied to the resonator. A
study of a silicon micromachined isolation platform has
been performed. Numerical analysis has been used to
determine the effect of stress on the resonator, while a
mass spring model has been used to predict the effective
acceleration applied to the resonator.

Introduction

The reliable fabrication of small oscillators with
low acceleration sensitivity (107%g) is desired for a
variety of military applications. Typically, to provide
very low acceleration sensitivity requires the use of a
vibration isolation system. This system increases the size
of the oscillator, thus limiting the applications. The
fabrication of a micromachined isolation system provides
a solution to this problem.

Silicon  micromachining allows  precise
fabrication of milli- and micro- sized mechanical systems
with components having dimensions on the order of
1 micrometer. A study of the application of a
micromachined silicon isolation platform to reducing
acceleration sensitivity of a surface transverse wave
(STW) resonator is presented here. The basic design of
the resonator and the micromachined isolation system is
shown in Fig 1.
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The design of the silicon platform and supports
determines the stresses applied to the resonator.
Therefore, the platform design can be adjusted to induce
stresses such that the minimum acceleration sensitivity is
obtained. In order to determine the optimal platform
design, a numerical analysis of the acceleration
sensitivity of a STW resonator mounted on a silicon
isolation system is performed. The isolation system also
provides vibration isolation to the mounted resonator.
The resonator and isolation platform are thus modeled as
a mass-spring system with one degree of freedom to
determine the effective vibration isolation. Combining
the results of each analysis yields basic design guidelines
for the fabrication of a micromachined vibration isolator.

Numerical Analysis

The calculation of the acceleration sensitivity of
an isolated STW resonators is similar to the analysis of
SAW resonators [1]. First the STW mode shape is
calculated. Next, the isolation system with the attached
resonator is parameterized and a finite element mesh is
generated. An acceleration is applied to the mesh and
the nodal displacements are calculated. The
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Figure 1. Illustration of a STW resonator mounted on a
silicon isolation platform.



displacements provide the solution to the static biasing
problem. Tiersten’s perturbation integral [2] is used in
conjunction with the STW mode shape and the spatially
varying effective elastic constants determined from the
static bias to numerically calculate the acceleration
sensitivity of the STW resonator.

Solution of the Biasing State

The development of the static finite element
equations for the solution of the biasing state begins with
the general three dimensional equations of elasticity
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where 7); are the components of the stress tensor, b; are
the components of body force per unit volume, S;; are the
components of the infinifesimal strain tensor with u,
representing the components of displacement, ¢, are the
components of the 2™ order elastic constant tensor, and p
is the mass density of the material. The variational form,
or weak form, of egs. (1)-(3) is formulated for a body
occupying a volume V bounded by a surface S as
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The finite element discretretization process is applied by

interpolating the displacements with a set of shape

functions, MV? as follows:

u, = Nu/

are the nodal displacements.
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where - In eq. (5) the
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superscripts are intended to imply a sum over nodes
within an element or an entire mesh, depending upon the
context. The shape functions N? may take on several
forms and will not be explicitly defined here. The reader
is referred to references [3] and [4] for these and other
finite element definitions. Using eq. (5) in the functional
(4) gives
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Here () represents the discretized domain and I the
bounding surface. For arbitrary variations, 5%/, eq. (6)
reduces to
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with the elemental equation
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where K5 and FF are the global stiffness matrix and
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load vector, with k5 and I7 the corresponding element

or local quantities, and
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Here () represents the single element domain with
bounding surface I, The global system gives rise to the
matrix problem

Ki=F (11)
with solution
#=K'F (12)

Solution of STW Mode Shape

Shown in Fig. 2 is the general coordinate system
and dimensions used for the development of the surface
transverse wave solution. The STW mode shape is
calculated by expanding the u, displacement in an
infinite Floquet series of space harmonics as [5-7]
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is the n™ space harmonic propagation constant, with S
the Floquet wave propagation constant, o, is the
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Figure 2. Coordinate system and dimensions for surface
transverse wave calculations.



(complex) propagation constant into the substrate, A is
the grating period, w is the angular frequency, and A, is
the amplitude of the n™ space harmonic. Using eq. (13)
in the wave equation resulting from eqs. (1)-(3)

Cipathy s — Pl =0 (15)
yields the following polynomial equation
alcg +2a, B0y + s — pw® =0 (16)
For given values of  and o, eq. (16) can be solved for
two roots
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Since the resulting solution must decay in x,, only one
root of eq. (16) is retained, namely the one with a
positive imaginary part. This root may be written as
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where it is understood that the quantity under the square
root is always taken in absolute value.

For an electrode of length A/2, with electrode
material density p’ and thickness 4, the relevant traction
boundary condition at x, = 0, is given by the Datta-
Hunsinger relation [8]
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In eq. (20) the term 7; represents the 1-3 component of
stress in the electrode
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where 1 is the shear modulus of the electrode material
(assumed here to be isotropic) and H(xs;) represents the
Heaviside step function. Substituting eq. (13) into eq.
(20) and making use of orthogonality gives

@1

466

i{a,eq + s} 4, =

| sm M2 , , 22
- S At 1]

A":Z_w'([l pwh-’-hlu n

- I/,t Iﬁ:’ {5(\'] - 12\‘) - (S(x})}}A"ei[ﬂ"_ﬂ#]x’dx3

where 3(x3) is the Dirac delta function. Eq. (22) is

simplified by introducing the following dimensionless
quantities
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For a finite truncation of the series, say to N terms, eq.
(24) is rendered as a set of 2N+1 equations in 2N+1
unknowns, which can be expressed by the matrix
equation
DA=0 (26)
For a non-trivial solution to Eq. (26), the determinant of
the coefficient matrix must vanish
D=0 @7)
which vyields the frequency equation for STW

propagation. The general procedure for determining a
solution for a given g is to select a trial & , compute the

matrix components via eq. (25), and compute it's
determinant. The value of @ is updated accordingly
(i.e., using bisection) until a sufficiently converged root
to eq. (27) is obtained. Once a root is found, the
amplitude ratios of the space harmonics can be
determined by solving for the null space of the now
singular eq. (26).



Calculation of the Frequency Shift

The frequency shift under a given static biasing
state is computed using Tiersten’s perturbation method
[2] for small fields superposed on a bias [9]. The change
in resonant frequency of the 4/ eigen-mode is given as
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where
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is the integral over the volume, V, of the normalized
mode shape g, and the spatially varying effective elastic
constants
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the biasing state with 7 the biasing stresses, £, the

biasing strains, and w,y the biasing deformation
gradients. The constants c,mus denote the 3" order
elastic constants for the material.

The perturbation integral (29) is evaluated as a
sum over N elements as
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where , denotes the volumetric domain of the i
clement. To evaluate eq. (31) the necessary quantities
need to be sampled at a specific point, (1;, N2, M3), in the
interior of the element domain. This can be achieved by
using the solution vector with eq. (5) to obtain
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where (3] are the biasing rotations. It should be noted
that EU‘ and Q}j are sampled in the interior of the

element domain where they are accurate. In general
these quantities should not be considered accurate at
nodal points or along element edges. Using eqgs. (32) and
(33), the deformation gradients at the element domain
point (7, N2, M3) are given as

Wi, (771_772, 773) = E; (771,772,773) + QL (771,772,773) (34)
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The biasing stresses, 7, , at this point are then computed
using eq. (3) and all are combined via eq. (30) to produce
values of the components of ¢, Az AL @ point in the

interior of the element under consideration.

A single element integral of eq. (31) 1is
computed by first subdividing the element into
m, x my, x m, smaller sub-elements and sampling the

¢ LA terms at the centroid of each sub-domain. For a
small enough domain, it may be assumed that the ¢ LiMa

terms are approximately constant, which leads to the
approximation
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(i j* k™) sub-element domain Q™% under consideration.
The integral Jgf;MgdeQ("j’“ in eq. (35) is evaluated
Q(w‘k] ’ ’
exactly using the form given by Eq. (13).

Numerical Results

An analysis is done using a 1GHz STW
resonator on ST-cut quartz. The resonator is 1.87 mm
wide, 3.97 mm long, and 0.51 mm thick. The silicon
platform and supports are of uniform thickness, t. The
platform model parameters, inset, i, overhang, oh;
support length, s;; and support width, s,, are defined as
shown in Fig. 3. The resonator is assumed to be rigidly
mounted onto the silicon support platform.

After calculating the STW mode shape, a Y
model finite element mesh is generated to perform the
analysis. This mesh is shown in Fig. 4. Due to the
symmetry of the problem, it is only necessary to perform
the finite element analysis on ' of the model, thus
significantly reducing the computational resources
required. For all computations, a lg normal acceleration
is applied to the mesh and the nodal displacements are
calculated. The 4 model is then mirrored around the
symmetric axes to form a complete model as seen in Fig.
5. Finally the acceleration sensitivity is computed using
Tiersten’s perturbation integral. To ensure sufficient
accuracy, convergence studies were performed over the
number of terms in the STW mode shape, the number
and allocation of nodes in the mesh, and the number of
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Figure 3. Model parameters for the silicon isolation
system.

Figure 4. A finite element mesh of % of the model.

Figure 5. Three dimensional plot of the mesh after
performing the finite element analysis and mirroring the
model about the symmetric axes.
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Figure 6. The effect of support location on acceleration
sensitivity. Data is presented for 3 different silicon
thickness values.

approximation cells in the active area. The platform
model parameters i, t, oh, s, and s, were varied over a
range of values and the acceleration sensitivity of the
resonator calculated. Unless otherwise specified, the
parameters are defined as i = 1.0 mm, t = 0.4 mm, oh =
0.573 mm, s; = 2.00 mm, and s,, = 0.05 mm.

The effect of the inset on acceleration sensitivity
is shown in Fig. 6. Increasing the inset moves the
supports closer to the center of the resonator. Fig. 7
shows the deformation of the resonator along the x;
direction for several inset values. It is clear that the
deformation at the center of the resonator decreases as
the supports are moved towards the center while the
deformations at the ends of the resonator initially
decrease, but then increase rapidly. It is also apparent
that at some point the deformation at the center of the
resonator begins to increase again. The point at which

1.26
125 «M
124 +
Inset
’é‘ 123 + (mm)
a —e—0.1
g 122 + —4—05
S 12 _\-\-\k A -
— 1.
12 Ahaahdd T e g hoh A Ak oAby e
‘*’*N_A‘_ _.A,.—o—."""
119 +
118 t t t
-2 -1 0 1 2
X3 (mm)

Figure 7. Deformation along x; at x; = x; = 0 for several
inset values.



0 + t + t
0 0.2 0.4 06 08
Thickness (1mm)

-

Figure 8. The effect of platform and support thickness on
acceleration sensitivity.

this crossover occurs results in a minimum acceleration
sensitivity value. However, the inset value at which this
occurs increases as the platform gets thicker. It has been
shown that changes in the acceleration sensitivity are
caused by deformation of the crystal [11], and therefore it
is not surprising that the acceleration sensitivity of the
resonator also decreases as the inset is increased.

Figure 8 shows the effect of thickness on
acceleration  sensitivity. Increasing the thickness
provides a more rigid support for the resonator and thus
decreases the deformation. Again, this directly leads to
decreased acceleration sensitivity.

The effect of platform overhang is shown in Fig.
9. As is seen, increasing the overhang leads to an
increased acceleration sensitivity. The effects of support
width and support length are shown in Figs. 10 and 11,
respectively. The support width has minimal effect on
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Figure 9. The effect of platform overhang on acceleration
sensitivity. Note, inset = 0.8 mm.
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Figure 10. The effect of support width on acceleration
sensitivity.

acceleration sensitivity, while increasing support length
leads to increased acceleration sensitivity

Vibration Isolation

Determining the effective acceleration applied to
the resonator is done by modeling the isolation platform
and resonator as a mass-spring system with a single
degree of freedom. This is illustrated in Fig. 12, where
k. is the effective spring constant of the supports, S is
the damping coefficient, and M, is the mass of the
resonator and the silicon support platform. The mass is
simply computed as

MO = MSTW + MPIaJorm (36)

where Mgpw is the mass of the STW resonator and
Mpiaform 18 the mass of the silicon platform. The effective
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Figure 11. The effect of support length on acceleration
sensitivity.



T x(t)

Keys 5
[:S b(t)

L17177777777777

Figure 12. Single degree of freedom mass-spring system
with viscous damping.

mass of the support arms is much less than M, and is
therefore neglected.  The spring constant for all four
supports, k., is equal to the sum of the spring constants
of each of the four beams. Since the dimensions of the
beams are identical, k o = dxk where kpam is the

beam*

spring constant of one support. The spring constant of
the beam is computed as [12]

k

voam = K, TR, K, 37N
where %, is the spring constant do to bending of the
beam, k,, is the spring constant do to residual stress in
the material, and k; is the spring constant do to bending
stress in the deformed beam. The low doped (110)-cut
single crystal-silicon used in fabricating the beams has
very low residual stress, and thus &, can be neglected.
Further, for small deflections, k; is also negligible.
Therefore, the effective spring constant becomes {12}

3
st

k

beam = K1 = Eg 3 (38)
S
where FEg; is the Young’s modulus of silicon, s, is the
width of the supports, ¢ is the thickness of the supports,

and s; is the length of the support.

Calculation of System Response

In this analysis, we are concerned with the
absolute transmissibility of the acceleration from the base
to the mass, or

T =—===—= (39)

where 77, is the absolute transmissibility, x, X, ¥, b, 5,

and b are the displacement, velocity and acceleration of
the mass and base, respectively. Note that from Fig. 12
up is defined as the positive direction for both x and 6. A
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simple harmonic vibration applied to the base is written
as

b(t) = B, sin(wt). (40)

The force applied to the mass is then

S appiiea = —(ji + fD) (41

where f, is the force from the spring and f, is the
damping force. The spring force is computed from the
well known spring equation

f, =k, 8=k, (x(t)- B,sin(er)) 42)

while the damping force is proportional to the velocity of
the displacement, or

fo= S5 = S()'c(t) —Bowcos(a)t)) (43)
Substituting egs. (42) and (43) into eq. (41) and
combining with the classical acceleration equation

f =ma yields

M x(f) + km(x(t) - B, sin(a)t))

44)
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Equation (44) can be rearranged as
M 5(0) +Sx() + k, x(1) =
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Let x(t) = Asin(wt) , then X(¢) = Aw cos(wt), and

¥(t) = - Aw*sin(ewt). Substituting these into Eq. (45)
and rearranging yields
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Dividing through and rearranging results in
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Figure 13. Absolute transmissibility of a base
acceleration to a supported resonator.
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where

o, =k, | M,

is the resonant frequency of the system.

(48)

Using eqs. (36), (38), and (47), the response of
the silicon isolation platform and the STW resonator to a
vibration of the platform base can now be calculated. For
a silicon isolation platform with s,= 0.05 mm, s;= 2 mm,
t = 040 mm, and M, =2.03x 10~ kg, the spring

k,, =304x10° kg/s*, and

the resonant frequency is calculated as @, =122.4 kHz.
Figure 13 shows the transmissibility for this platform.

constant is calculated as

It is clear from Fig. 13 that as o increases above
the resonant frequency the acceleration passed from the
base to the resonator decreases. It is desirable that the
resonant frequency of the system be significantly lower
than the range of the vibration that the system is
subjected to. As can be seen, the resonant frequency of
this system is very high. Equation (48) shows that @ is
directly proportional to the square root of the spring
constant, k.., and inversely proportional to the square
root of the mass M,. Combining this with eq. (38)
generates the relationships between the system design
parameters and the resonant frequency as

S S
. x tsS‘paS/ 2

1

w. <52 M

where /£, is the support thickness. It is clear that a
significant reduction in @, requires that the support
length be increased while support thickness is decreased.
To a lesser degree, the mass and support width can also
be used to decrease the resonant frequency. By
decoupling the support thickness from the platform

(48)
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thickness we can significantly decrease ., without
decreasing the rigidity of the platform support.

Conclusions

An analysis of a micromachined silicon isolation
system has been performed. Combining the results from
numerical analysis of the system under a static load with
the vibration isolation analysis yields several conclusions.
First, the support beams should be located near the center
of the structure to properly distribute stress across the
platform. Second, the support platform should be made
as thick as possible to provide a rigid support to the
resonator. Third, to provide effective vibration isolation,
the supports must be made longer and thinner.
Therefore, it is necessary to decouple the support
thickness from the platform thickness. This will allow
the platform thickness to be increased providing the
desired rigid support, while still allowing the support
thickness to be decreased to reduce the systems resonant
frequency.
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