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A feature of quantum mechanics that distinguishes it from classical Newto-

nian mechanics is that momentum and position are described by non-commuting

operators on a Hilbert space. It has long been known that certain di�usion

theories provide stochastic models for Schrödinger's equation, together with a

natural way to understand this non-commutative structure. This theory is revis-

ited here. It suggests that the origin of quantum theory might be found in an

algebraic extension of the geometry of space-time to complex numbers. It is a

possible stepping stone to an emergent explanation for quantum mechanics and

to a uni�cation of classical and quantum physics.

I. INTRODUCTION1

Heisenberg introduced the concept of a time-dependent and non-commuting

algebra for dynamic variables like position and momentum in his landmark 1925

paper [1]. Stochastic mechanics (SM) provides a stochastic interpretation for

quantum mechanics [2�4]. It also provides a toolkit of rigorous mathematical
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theorems in stochastic processes for proving theorems about quantum mechan-

ics. This is particularly relevant to the path-integral approach [4�8]. Another

interesting reason for studying it is that it can help in the search for an emer-

gent explanation for quantum mechanics, as envisioned by Einstein [9] and many

others [10�14]. It may also provide insight into quantum noise and vacuum �uc-

tuations. Although stochastic mechanics has focused much more on the wave

function formalism of Schrödinger than on the operator formalism of Heisenberg,

there is an operator approach to generalized stochastic mechanics (GSM) that

is closely related to the Heisenberg operator formalism in quantum mechanics

[15�17]. Whereas SM provides a di�usion model for quantum mechanics with a

unique value for the di�usion constant, GSM provides many di�usion models that

all have di�erent di�usion constants [17, 18]. Jaekel and Pignon generalized this

result even further by allowing the di�usion constant to depend on position and

time [19]. Position-dependent di�usion constants are a well-known phenomenon

in condensed matter physics ([20], � 3.7), and GSM might �nd applications there

as well. GSM is based on the mathematical framework of SM [2�4, 21], and it

depends on a nonlinear transformation of Schr�îdinger's equation and a modi�-

cation of Nelson's force equation in stochastic mechanics [16, 18]. The reason

why any di�usion constant value can be used in GSM, as explained below, is

that the combination of wave-function collapse combined with the Heisenberg

uncertainty principle makes it probably impossible to directly measure the dif-

fusion constant for a quantum particle. A review of wave-function collapse is

given in [22]. This is a contentious subject as there are quantum interpretations

that attempt to remove this collapse from physics such as Many Worlds, De-

coherence, Bayesian, and Spontaneous Collapse interpretations. None of these
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have yet successfully predicted experiments that were con�rmed, and that di�er

from standard Copenhagen quantum mechanics. Therefore we can take them

as e�ectively equivalent to wave-function collapse as far as the measurability of

the di�usion parameter is concerned here. Should this change in the future, and

this is certainly a possibility, then it may be possible to measure the di�usion

parameter in GSM, and this would be great.

It is fair to say that GSM has been somewhat ignored by mathematicians in

favor of a unique value for the di�usion constant. One reason for this is the

action principle of Nelson [3, 23] that many have argued supports the claim of

uniqueness of stochastic mechanics with the di�usion constant of ℏ/2m. But

actually, it's possible to generalize the action principle to allow for a variable

di�usion constant as is shown below.

Heisenberg introduced the wave-function collapse in 1927 [24]. It was made

into a rigourous mathematical postulate by Von Neumann [25]. Dirac discussed

the measurement process and the wave function collapse postulate in his 1930

book [26]. The desire to have maximum mathematical rigor in stochastic me-

chanics made it di�cult to incorporate it, so it was mostly ignored in the SM

literature. The measurement problem is still a fundamental problem of quantum

theory [27]. Petroni and Morato [28] remarked on the de�cient lack of attention

to this topic in the SM literature. The physical interpretation of SM or GSM

can be taken to be similar to Bohmian mechanics, and good sources for this

are [29�32]. Both theories are essentially non-local when multi-particle states

are considered. Wave function collapse simply doesn't easily �t neatly into rig-

orous mathematical stochastic analysis. But nature and experiments require it.

At the very core of quantum theory is this mysterious collapse, and it suggests
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that the di�usion parameter cannot be measured in an experiment. There have

been many e�orts to demystify it. Many Worlds, Decoherence and Spontaneous

Collapse are prime examples, but none of these e�orts have achieved unanimous

acceptance by physicists.

In this paper the non-commutative approach is reviewed, and it is shown how

the usual Heisenberg algebra can be constructed. The analytic continuation to

complex values for the di�usion constant can be interpreted as a di�usion in

complex space (or space and time in a relativistic framework). This adds to

a growing list of reasons that we should take the arena of space-time to be a

complex 4D manifold, where the real subspace plays a prominent role at the

macroscopic level, but the complex embedding plays a large role when quantum

mechanics is necessary.

There are similarities between the techniques used here and the path integral

approach of Feynman in his thesis [33]. Feynman derives the commutation rules

of quantum mechanics by time-ordering products of position and momentum at

in�nitesimally di�erent times, and summing over real-valued paths with a complex

weighting factor. This is the same technique we use here, but our weighting

factor in GSM is positive de�nite, and it quali�es therefore as a true stochastic

process. We �nd here that the commutator between position and momentum

is real-valued for a real di�usion constant. Only by analytically continuing to a

complex space-time can we obtain an imaginary commutator between position

and momentum, whereas Feynman obtains an imaginary commutator for paths

in real space-time. So GSM seems to favor the introduction of complex space-

time into physics more strongly than the Feynman path integral method does.

It's also obvious that one can generalize the Feynman path integral approach by
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using the same nonlinear gauge transformation of the Schrödinger equation used

in deriving GSM.

Stochastic mechanics, like Bohmian mechanics, is a non-local theory because

of wave-function collapse for entangled multi particle states. Moreover, since

the drift term in GSM for multi particle states depends on the coordinates of all

the particles, IE. on con�guration space, they can be considered to be non-local

even without considering collapse. There are good arguments that quantum

mechanics is inherently non-local, and this doesn't only apply to hidden variable

interpretations [32, 34�36]. Nelson eventually became very worried about this

and recommended concentrating on �eld theory instead of wave function analysis

of particle motion [37]. The non-locality problems of stochastic mechanics are

no worse than those faced by Bohmian mechanics, and since a fair number

of physicists accept Bohmian mechanics as a viable interpretation, they would

probably �nd stochastic mechanics equally acceptable. See, for example, [30, 38].

One possible way of avoiding non-locality is if underlying the stochastic behavior

is a hidden fully-deterministic theory, yet still a local one. An example of this

is 't Hooft's Planck scale cellular automata theory [39]. Finding the algorithm

that nature might use for this is a di�cult problem though. The stochastic

motion of particles in stochastic mechanics might be caused by such a chaotic

deterministic theory at the Planck scale that allegedly eliminates free-will in the

analysis of Bell type experiments. This can avoid the non-locality, as 't Hooft has

argued. Another possibility is that we are living in a complex space-time manifold

that appears real to us because the events that we are aware of are happening

on or near to a real subspace [40], but the space-time is overlayed with multiple

Riemann sheets of �elds. Generalized stochastic mechanics on complex manifolds
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provides a continuous path to the Heisenberg algebra by analytic continuation

to imaginary di�usion constant. This requires embedding the theory in complex

space-time. The Feynman path integral approach also derives the Heisenberg

algebra, but it does so in real space-time [33]. So the Feynman path integral

picture might be considered superior since it doesn't require a complex space-

time to derive the Heisenberg algebra, but on the other hand it's not a true

di�usion theory since the path integrals are weighted by a complex measure. For

a true di�usion theory such as GSM we must analytically continue it to complex

space-time to get the Heisenberg algebra. If this is how nature actually works,

then GSM is giving us a clue to it that the Feynman path integral approach does

not give.

In this paper, we shall mainly use the Markov transition function, the forward

and backward di�erential equations for it, the Chapman-Kolmogorov equations,

and the multiple-time densities of generalized Brownian motion. The mathe-

matics needed is therefore familiar to most physicists, and is su�cient to do

calculations. We treat only the 1 dimensional case here for simplicity, but we use

the ∇x and △x operator symbols to represent the �rst and second derivatives in

1D. For simplicity of notation, we shall refer to a Wiener process as having an ar-

bitrary di�usion constant ν, and denote it by W (t, ν) =
√
2νW (t), where W (t)

is the standard Wiener process with di�usion constant of 1/2. When writing

out operators that involve derivatives, we shall use the operator notation used in

quantum mechanics. For example ∇̂f(x) = ∇f + f∇̂.
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II. ON MEASURING OR PLACING AN EXPERIMENTAL BOUND ON

THE DIFFUSION CONSTANT OR THE DRIFT TERM IN STOCHASTIC

MECHANICS

A widely accepted assertion about quantum mechanics is that all measure-

ments ultimately boil down to positions measurements. It is then argued that

a consequence of this is that if we can develop a stochastic model of quantum

mechanics that correctly describes probability densities as they evolve in position

and time, then this is su�cient to describe nature. For example, in ([41], �16,

p. 111) Nelson writes:

�It is a triviality that all measurements are reducible to position measurements,

since the outcome of any experiment can be described in terms of the approximate

position of macroscopic objects. Let us suppose that we observe the outcome of

an experiment by measuring the exact position at a given time of all the particles

involved in the experiment, including those constituting the apparatus. This is

a more complete observation than is possible in practice, and if the quantum

and stochastic theories cannot be distinguished in this way then they cannot be

distinguished by an actual experiment. However, for such an ideal experiment

stochastic and quantum mechanics give the same probability density |ψ|2 for the

position of the particles at the given time.�

In a similar vein, Feynman and Hibbs ([42], �5, 96) wrote:

�Indeed, all measurements of quantum-mechanical systems could be made

to reduce eventually to position and time measurements (e.g., the position of a

needle on a meter or the time of �ight of a particle). Because of this possibility

a theory formulated in terms of position measurements is complete enough in
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principle to describe all phenomenon.�

Without this reasonable assertion, the path integral approach would not be

equivalent to other interpretations of quantum mechanics, nor would Bohmian

mechanics or stochastic mechanics. A formal mathematical investigation of the

degrees of freedom in describing quantum position-equivalent nonlinear wave

equations was performed by Doebner and Goldin [43]. GSM is possible because

it exploits a particular nonlinear gauge transformation of Schrödinger's equation

which is included in Doebner and Goldin's more general framework.

Quantum mechanics does not agree with experiments unless the postulate of

wave-function collapse is included in some form or another. An ideal experiment

is viewed in the Copenhagen interpretation as manufacturing a change in the

quantum state succinctly described by a projection operator acting on the quan-

tum Hilbert state vector. This projection imprints the result of a measurement

onto the canvas of reality [25]. This is exploited routinely in quantum comput-

ers. When wave function collapse is combined with the Heisenberg uncertainty

principle, it makes it seemingly impossible to measure the di�usion constant.

This section is partially a response to an argument that the di�usion constant

cannot be larger than ℏ/2m without abandoning the �usual assumptions� ([3],

�14, p. 66). It is not an observable. The reason why is quite simple, but worth

presenting here. For the purpose of this argument, I assume that the collapse as

described by Von Neumann occurs. If it doesn't then the following argument is

not correct, and there may be a way to measure the di�usion constant. Consider

a non-relativistic particle without spin. Let us consider a real and positive dif-

fusion constant in GSM. It's important to note that we are talking about GSM

here, and not the general di�usion situation. GSM is very special in that the
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Schrödinger equation is the same for all values of the di�usion constant. The

di�usion constant (in 1D for simplicity) is de�ned by the stochastic expectation

ν =
1

2
lim

ϵ→0

(
(E(x(t+ ϵ)− x(t))2)

ϵ

)
(1)

The expectation value here is the stochastic process expectation, and it's real-

valued (for real ν), unlike a quantum expectation which would be complex valued

because of the non-commuting property of position operators at di�erent times.

For each sample path in the expectation x(t) is a continuous real-valued function

of t (almost surely). Now let's ask how we can measure this. We shall accept

with Nelson and Feynman that we must make position measurements. We must

measure the same particle in quick succession, �rst at time t and then later at

time t + ϵ. We take that the particle is described by a wave function ψ(x, t)

undergoing unitary time evolution up until the �rst measurement is performed,

and this can be described as a di�usion process up until that point de�ned by

the standard form of stochastic di�erential equation as

dx = b(x, t, ν)dt + dw(t, ν) (2)

where b(ν, x, t) is a su�ciently well-behaved function called the drift term, w(t, ν)

is a Wiener function with di�usion constant ν, and the second term is called the

di�usion term [41]. The drift term depends on the wave function, and it also

depends on what value of ν we are considering. If we precisely measure the

particle position at time t, and then instantly the wave function collapses, the

drift term will become huge after this measurement because of the Heisenberg
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uncertainty principle. The collapsed ψ will be localized at a point x, but it

will have a large spread in momentum, and so the drift term will dominate the

di�usion term even during the short time delay ϵ to the next measurement. This

situation persists no matter how small we make ϵ, and consequently, we can

never measure the di�usion constant. This was pointed out, for example, in

[19]. In [3] it was argued that for large values of ν, the di�usion term would

dominate and could thereby be ruled out with a measurement, but this assumes

that the b term doesn't grow with increasing values of ν, and this is exactly what

happens in GSM, as the probability density in GSM is independent of ν. After

measuring the position at time t, the wave function collapses and evolves to time

t+e through the Schrödinger equation, which is independent of ν. Therefore, the

argument against very large values of ν does not apply to GSM. One might try

to get around this situation with some sort of weak measurement [44] that might

indirectly determine the di�usion constant without disturbing the wave function

so much, but thus far there's no known way to do this. One can't even place a

bound on the magnitude of ν, as we have just shown. GSM is possible because

of this inability. Nelson ([3], �, p.117) agrees that strictly speaking, the di�usion

constant cannot be measured, but he suggests that a reasonable assumption is

that the forward velocity b right after a position measurement should be no bigger

than p/m, where p here denotes the uncertainty in the momentum of the particle

after measurement as required by the Heisenberg uncertainty principle. This

assumption is not satis�ed in GSM, where b would also depend on the di�usion

constant after a measurement because of (22), and for a large di�usion constant,

it would be bigger than Nelson's suggested upper bound. So in this paper, we

abandon the �usual assumptions� used to dismiss large di�usion constants as
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metaphysical. Thus, we are free to analytically continue the stochastic functions

of GSM into the entire complex ν plane.

Note that the Heisenberg uncertainty principle alone, without collapse of

the wave function, is not su�cient to prevent us from measuring the di�usion

constant. A visualization of this comes from the bouncing drop experiments of

Yves Coudet [45�47]. In these experiments we see a wave in�uencing a particle's

motion as envisioned by de Broglie. The wave equation is not exactly the same

as quantum mechanics, but it shows some aspects of quantum behavior. It's

quite possible that these wave functions can in some con�guration satisfy an

approximate form of the Heisenberg uncertainty principle as far as the wave

function alone is concerned, but nevertheless we can easily measure the position

and momentum of the bouncing drops without a�ecting them so there's no

collapse. We might be called super-observers because of this. If there were ways

to measure a real electron without disturbing its wave function in this way, then

the di�usion constant in GSM could be measured. It's conceivable that someday

this might be possible, but this would be revolutionary. The analog of a quantum

observer in the bouncing drop framework would have to be an apparatus built

from only bouncing drops that could somehow perform a measurement on other

bouncing drops. This might lead to a wave-function collapse or change and to

something like a Heisenberg uncertainty principle. The subject of noninvasive

measurability in quantum mechanics has been researched intensively, and there

is very strong evidence that it is impossible to achieve [48�50]. It might still be

possible to infer a value for the di�usion constant in some special situations. In

X several speculative candidate systems are discussed.

So one can construct a stochastic model for Schr�îdinger's equation with any
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positive di�usion constant whatsoever. Negative values of the di�usion constant

could correspond to a time reversal or to a di�usion in complex space-time. If

you use the value, ν = ℏ/2m, you get standard stochastic mechanics. If you

take the limit ν → 0 you get Bohmian mechanics, a result �rst shown by Shucker

[51]. If you analytically continue ν to imaginary values using GSM, you get the

Heisenberg algebra when ν = ±iℏ/2m. This requires complex space-time which

we discuss below. From a strictly empirical point of view all of these theories are

equivalent, at least given our current understanding of measurement limitations.

This non-uniqueness of stochastic mechanics re�ects a kind of nonlinear gauge

invariance of Schr�îdinger's equation, as proved in [18], which is a subset of

[43]. Modern physics is happy with gauge invariance, and so striving to �x an

unmeasurable gauge with an arbitrary mathematical bias might not be the wisest

strategy. If any value of the di�usion constant is preferred, it is a purely imaginary

value of ±iℏ/2m, for with this value, the Heisenberg algebra is perfectly mirrored

in GSM. Unlike the Feynman path integral approach though, such an imaginary

value requires embedding the di�usion in a complex space-time manifold.

If we can't measure the di�usion constant if it is real-valued and positive,

we certainly can't measure it if it is complex-valued because we have no way

of measuring the imaginary part of the position of a particle even if we are

embedded in a complex space-time. We can only observe the real part of a

particle's position. Our macroscopic tools for measurement are all located on

the real subspace of complex space-time, or at least that's the picture that is

emerging. It's like we are in a higher dimensional �atland and not aware of it

[52].

Similar arguments can be applied to the forward velocity b and the backward
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velocity b∗. They cannot apparently be measured directly, either. It is remarkable

how e�ectively quantum mechanics manages to cover its tracks in this way.

Perhaps someday a way to get around these limitations will be found, and a

measurement of these hidden parameters might be possible. But considerable

time has passed since the original publications on GSM [16, 18], and so far

no experiments have been performed or even proposed to actually measure the

di�usion constant.

III. A SHORT REVIEW OF STOCHASTIC MECHANICS WITH

ARBITRARY DIFFUSION CONSTANT

Most of this can be found in [41], especially in �13. We have two stochastic

di�erential equations: a forward and a backward equation in 1D for simplicity,

although the higher dimensions are straightforward.

dx(t, ν) = b(x(t), t, ν)dt+ dw(t, ν) (3)

dx∗(t, ν) = b∗(x∗(t), t, ν)dt+ dw∗(t, ν) (4)

b(x, t, ν) can be interpreted as the stochastic expectation value of the velocity

just after the particle has passed through the point x, and b∗(x, t, ν) as the

velocity expectation just before the particle passes through x. If the Markov

trajectories were di�erentiable, then these would be equal. But they are not

di�erentiable, and so the forward and backward velocities are di�erent, and this

leads to great richness and complexity in this theory. The existence of this pair

as both Markov processes is assured by a theorem by Doob (see [41], �13, p. 85).
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We mention it because the backward velocity b∗ plays are large role in creating

a time symmetric di�usion which is necessary for a stochastic model of quantum

mechanics, and otherwise we would have to make it a separate assumption. As

Nelson points out, the usual approach to di�usion in Brownian motion, that

is not time symmetric, is not suitabIe for time reversible stochastic mechanics.

In Appendix A a list of formulas that are useful in stochastic mechanics are

presented. The parameter ν is the time independent di�usion parameter de�ned

by

ν =
1

2
E
(
(dw(t, ν))2

)
/dt (5)

and w(t, ν) is a Wiener process. Although b and b∗ depend on ν, we shall not

always include it in the argument list of these and other functions to simplify the

notation.

Central to our discussion is the Markov transition density function. We follow

the convention used in [15] such that the earlier time is to the right of the

semicolon which is opposite to the convention in [3], so we have

P (x, t; y, s) = lim
dx→0

1

dx
P (x(t) ∈ dx | x(s) = y), t > s (6)

The notation P (A|B) means the probability of A conditioned by B. This

transition function satis�es the Chapman-Kolmogorov equation (unless otherwise

speci�ed, the domain of integration is taken to be −∞ to +∞)

P (x, t; y, r) =

∫
P (x, t; z, s)P (z, s; y, r)dz, for times t > s > r (7)
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Continuity of paths leads to the limiting behavior

lim
t↓s

P (x, t; y, s) = δ(x− y) (8)

where δ denotes the Dirac delta function-distribution. The transition function is

normalized. ∫
P (x, t; y, s)dx = 1 (9)

The time reversed process has a di�erent transition density function P∗, but it

is simply related to P provided that the density function is never zero by the

formula from ([3], eqn. 6.2, p 35)

P∗(y, t;x, s) = P (y, t;x, s)
ρ(x, s)

ρ(y, t)
, t > s (10)

which also satis�es a Chapman-Kolmogorov equation. We have for the probability

density ρ:

ρ(x, t) =

∫
P (x, t; y, s)ρ(y, s)dy, t > s (11)

ρ(y, s) =

∫
P∗(x, t; y, s)ρ(x, t)dx, t > s (12)

In general this does not describe a stationary process, and therefore the time re-

versed process is di�erent from the forward process, even though the Schrödinger

equation is invariant under time reversal. The Markov transition function plays

a role similar to the time evolution operator in quantum mechanics. We can cal-

culate the probability densities for multiple times very easily by forming products

of Markov transition functions ([3], eqn. 6.3, p 35).

It is customary to write the probability density as
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ρ(x, t) = exp(2R(x, t)) (13)

We de�ne SN up to a function independent of x by

2ν
∂

∂x
SN(x, t, ν) ≡

b(x, t, ν) + b∗(x, t, ν)

2
(14)

and similarly ([41], �15)

2ν
∂

∂x
R(x, t, ν) ≡ b(x, t, ν)− b∗(x, t, ν)

2
(15)

and it follows that (in 3D this assumes that curl(b) = 0)

b(x, t) = 2ν∇ (R + SN) (16)

b∗(x, t) = 2ν∇ (−R + SN) (17)

The wave function will be written as

ψ(x, t) = exp(R(x, t) + iSQ(x, t)) (18)

In stochastic mechanics, SN = SQ and ν = ℏ/2m = 1/2 in our units. The

wave function will be independent of ν in GSM. This is because the following

two equations are equivalent, as shown for real-valued constant z in [18]

(
− ℏ2

2m
△+ V

)
exp(R + iSQ) = iℏ

∂

∂t
exp(R + iSQ) (19)
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(
−(zℏ)2

2m
△+

(
V +

ℏ2

2m

(
z2 − 1

) △√
ρ

√
ρ

))
exp(R + iSQ/z)

= i (zℏ)
∂

∂t
exp(R + iSQ/z) (20)

and where ρ = exp(2R). This equivalence is also true for all complex values of

z by simple analytic continuation from the real values. The extra nonlinear term

in the potential in (20) is just Bohm's quantum potential up to a multiplica-

tive constant. The second equation looks like a modi�ed Schrödinger equation

with the replacements ℏ → zℏ and V →
(
V + ℏ2

2m
(z2 − 1)

△√
ρ

√
ρ

)
, so we can

immediately, model this with a stochastic process of the form (2) with

ν = z
ℏ
2m

(21)

b(x, t, ν) = 2ν∇ (R(x, t) + SQ(x, t)/z) = ∇
(
2νR(x, t) +

ℏ
m
SQ(x, t)

)
(22)

This then de�nes the generalized stochastic process for any value of the di�usion

constant. The generalized �equation of motion� is given in (31) along with (32).

IV. AN ACTION PRINCIPAL COMPATIBLE WITH ARBITRARY

DIFFUSION CONSTANT

Here we utilize the theorem and technique of Yasue [53], but with a modi�ed

Lagrangian. Given an action of the form

I = E

[∫ b

a

L(x(t), Dx(t), D∗x(t))dt

]
(23)
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where the operators D and D∗ are de�ned in (A10) and (A11). He obtained the

extended Euler-Lagrange equation

D

(
∂L

∂D∗x(t)

)
+D∗

(
∂L

∂Dx(t)

)
− ∂L

∂x(t)
= 0 (24)

(see also Zambrini, equation 25 in [54]). The operators D and D∗ are the

forward and backward time derivatives of [41]. Yasue showed that the following

time reversible Lagrangian

LN =
m

2

(
(Dx(t))2 + (D∗x(t))

2

2

)
− V (x) (25)

leads to the Euler-Lagrange equation if Dx(t) and D∗x(t) are varied indepen-

dently

m
DD∗ +D∗D

2
x(t) = −∂V (x(t))

∂x(t)
(26)

and this is the same equation of motion that Nelson found which gives the

Schr�îdinger equation provided the di�usion constant is given by

νN =
ℏ
2m

(27)

and where we have chosen units so that ℏ = 1. The following acceleration is

called the mean acceleration

aN =
DD∗ +D∗D

2
x(t) (28)
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Now consider modifying the Lagrangian to read

Lν = A (LN + V (x)) +B (Dx(t)) (D∗x(t))− V (x) (29)

where A and B are constants. Note that this modi�ed Lagrangian is still invariant

under time reversal. The Euler-Lagrange equations for this Lagrangian are

A

(
m
DD∗ +D∗D

2
x(t)

)
+B

(
m
DD +D∗D∗

2
x(t)

)
= −∂V (x(t))

∂x(t)
(30)

It was shown in [18] that the following �equation of motion� also leads to

Schr�îdinger's equation

(
m
DD∗ +D∗D

2
x(t)

)
+m

β

8
(D −D∗)

2 x(t) = −∂V (x(t))

∂x(t)
(31)

provided that

ν =
ℏ
2m

1√
1− β/2

(32)

or equivalently

β = 2

(
1−

(
ℏ

2mν

)2
)

(33)

and therefore, we get Schr�îdinger's equation provided that

A = 1− β

4
, and B =

β

4
(34)

and therefore we can have an action principal for any value of the di�usion

constant. Nelson has argued in [3] that although we cannot physically measure

the di�usion constant according to existing quantum theory, maybe someday
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a means will be found to get around this, which would be a violation of our

current understanding of what is possible. The action chosen in [3] for simplicity

is divergent, but when the in�nite part is subtracted o�, one gets a remainder

that gives a unique di�usion constant that is Nelson's original value of ℏ/2m.

It is argued that the in�nite part of the action depends only on the di�usion

constant, and therefore does not enter into the variation. One might question

the mathematical rigor of this argument because of the equality: ∞+a = ∞+b

for all �nite values of a and b. Since the di�usion constant cannot be measured,

this argument is metaphysical, but it could nevertheless be the way that nature

works. Jaekel has also given a rendition of this result [23]. For the purpose of

tying together the Heisenberg operator approach to stochastic mechanics, we

consider the variable di�usion constant general theory of GSM in this paper.

V. DERIVING THE HEISENBERG OPERATOR FORMALISM FROM

GENERALIZED STOCHASTIC MECHANICS

The simplest way to illustrate or derive the Heisenberg operator formalism

in the framework of stochastic mechanics is to use di�usion in a complex space

or space-time. Here we start with real ν and use results from [15, 16], but

we alert the reader that the de�nition of ν in these two papers di�er by a

factor of 2. Here in (5) we use the de�nition in [15] which coincides with

([41], �13). The basic idea of the derivation of non-commuting operators in

stochastic mechanics is that the order of operations at equal times is simply

the in�nitesimal time-ordering of certain expectation values in the limit where

the di�erence between the times tends to zero. Consider the random variable
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x(t) in SM setting. The time derivative does not exist for these functions as is

well known. However, if we consider the two-point function E(x(t)x(s)),then

this function is typically di�erentiable with respect to either time if the forward

velocity b(x, t) is su�ciently well-behaved which we assume. Now to get an

idea of where the noncommutativity comes from in this framework, consider the

following limiting procedure with t > s

Commutator = lim
t↑s

(
∂

∂t
− ∂

∂s

)
E(x(t)x(s)) (35)

The expectation E() here is just the classical expectation for a stochastic process

x(t). It is not a quantum expectation. The sample paths for x(t) are continuous

but non-di�erentiable trajectories. They are fractal curves if you like. It is

imperative that the expectation value be taken �rst, before the di�erentiation,

because of this. The only exception is the Bohmian limit where ν = 0 and the

paths become di�erentiable. This microscopic time ordering is essentially the

same technique employed by Feynman in his thesis [33], but for a true di�usion

process here. Our treatment here is based entirely on stochastic mechanics,

though as modi�ed in GSM. If the sample paths were smooth, this commutator

would vanish. It is a di�erence between the two time orderings of a velocity

times a position. So It's like a commutator. It can be evaluated by means of the

forward and backward derivatives in the present context

Commutator = E ((b∗(x, s)− b(x, s))x(s)) (36)
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Now we use (A6) to obtain by using integration by parts

Commutator = −
∫

2ν
grad ρ(x, t)

ρ(x, t)
xρ(x, t)dx = 2ν (37)

This simple result suggests that we can use the microscopic time ordering of

expectations to de�ne a non-commuting operator algebra. If we consider Nelson's

value of ν = ℏ/2m, and that the momentum is m times the velocity, it looks

like the commutator of p and x is simply ℏ up to a sign at least, since we could

have chosen the opposite ordering. Thus the time-ordering of expectations of

this type induce a non commutative structure as was described in [15, 16], but

the commutators are real-valued if the di�usion constant is real. Note that the

de�nition of ν in [16] di�ers by a factor of 2 compared with [15] and here. In

order to get the usual Heisenberg commutation relations, we must analytically

continue to imaginary values of ν and set

ν = −i ℏ
2m

(38)

The interpretation of this analytical continuation is non-trivial, and the reader

should not be surprised if he has trouble visualizing what this means. It's basically

an area of active research. A few papers dedicated to this problem are discussed

brie�y below. We saw that Schrödinger's equation was invariant as a function

of ν in GSM for positive ν. But then, assuming that both sides of the equation

are analytic in ν, the equality extends automatically to all complex values of ν.

We assume this is the case. In this way we can achieve three desirable goals:

1. We describe quantum mechanics with a bona �de di�usion process with
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positive de�nite probability densities.

2. We can describe these processes utilizing non-commuting operators as in

quantum mechanics, but for real values of the di�usion constant, the com-

mutator of x̂ and ˆ̇x is real. We can replicate the Heisenberg algebra with

an imaginary commutator.

3. We can describe Bohmian mechanics, stochastic mechanics, and general-

ized stochastic mechanics in a single framework.

Given that the Schrödinger equation is always the same, independent of ν in

GSM, then according the Nelson and Feynman's position mandate, it doesn't

matter what value of ν we use. But, if we desire to replicate the Heisenberg

algebra in this way, it requires that the particle di�uses in a complex space, and

if we consider that space and time mix under Lorentz transformations, then this

would ultimately require motion in a complex space-time. In order to develop the

Heisenberg algebra further, we follow the approach in [15, 16]. In the Heisenberg

picture the coordinates and momenta operators are time-dependent, but the

wave function is �xed, as opposed to the Schrödinger picture where the wave

function is time-dependent and the coordinates and momenta operators are time

independent. Towards this end we introduce a base time s which will be �xed, and

we derive time-dependent operators from this point using the Markov transition

functions. This base time is arbitrary. We introduce it so that we can immediately

utilize the various equations of the stochastic process which all depend on time.

It is assumed that all other choices of base time are equivalent and can be

mapped from one to another using the equations of Markov processes. After

the commutation rules for operators are established, we can transform them by
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similarity transformations that leave them unchanged, and in this way recover

the usual quantum mechanical Hilbert space formulation. So �rst let's introduce

a Hilbert space Hs with the following inner product:

(f, g) = E (f ∗(x(s), s)g(x(s), s)) =

∫
ρ(x, s)f ∗(x, s)g(x, s)dx (39)

The functions f and g that we consider are assumed to be di�erentiable to

all orders in both independent variables. Now let us de�ne operators on these

functions. The operator for x we denote by simple multiplication, and since the

base time s is �xed, we drop it from the argument of x̂ notational simplicity

x̂f(x, s) ≡ xf(x, s) (40)

Next we de�ne an operator for ẋ that acts on elements of the Hilbert space Hs

and is de�ned as the following limit of a derivative of a conditional expectation

ˆ̇xf(x, s) ≡ lim
t↓u

lim
u↓s

∂

∂u
E (x(u)f(x(t), t)|x(s) = x) , t > u > s, f ∈ Hs (41)

where the notation limt↓u means take the limit as t approaches u from above.

Now it's convenient to write this expectation in terms of the Markov transition

function densities because we can then use the forward and backward equations

to simplify it. Using (A20) we can write the probability density for three times,

where t1 < t2 < t3, as

ρ(x3, t3;x2, t2;x1, t1) = P (x3, t3;x2, t2)P (x2, t2;x1, t1)ρ(x1, t1) (42)
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and this approach can be extended to any number of di�erent times. To get the

conditional expectation we simply drop the term ρ(x1, t1). So we rewrite (41) as

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∂

∂u

∫
f(xt, t)xuP (xt, t;xu, u)P (xu, u;x, s)dxtdxu (43)

We assume uniform convergence so that we can bring the
∂

∂u
inside the integral.

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∫
f(xt, t)

∫
xu

∂

∂u
(P (xt, t;xu, u)P (xu, u;x, s)) dxudxt

(44)

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∫
f(xt, t)×

×
∫
xu

(
∂P (xt, t;xu, u)

∂u
P (xu, u;x, s) + P (xt, t;xu, u)

P (xu, u;x, s)

∂u

)
dxudxt

(45)

Use the backward equation A18 (with ∇ and △ symbols for derivatives in 1D):

∂P (xt, t;xu, u)

∂u
= − (b(xu, u) · ∇xu + ν△xu)P (xt, t;xu, u), t > u (46)

and use the forward equation A17 to obtain:

P (xu, u;xs, s)

∂u
= − (∇xu · b(xu, u) + b(xu, u) · ∇xu − ν△xu)P (xu, u;xs, s), u > s

(47)

and integrating this by parts, results in :∫
xu

(
∂P (xt, t;xu, u)

∂u
P (xu, u;x, s) + P (xt, t;xu, u)

P (xu, u;x, s)

∂u

)
dxu

=

∫
P (xt, t;xu, u) (−xu (∇xu · b(xu, u) + b(xu, u) · ∇xu − ν△xu))P (xu, u;x, s)dxu+∫

P (xt, t;xu, u) ((∇xu · b(xu, u) + b(xu, u) · ∇xu − ν△xu)xu)P (xu, u;x, s)dxu

(48)
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This can be expressed more compactly in terms of a commutator

=

∫
P (xt, t;xu, u)

[(
∇xu · b(xu, u) + b(xu, u) · ∇̂xu − ν△̂xu

)
, xu

]
P (xu, u;x, s)dxu

(49)

but [(∇xu · b(xu, u)) , xu] = 0 and so

=

∫
P (xt, t;xu, u)

[(
b(xu, u) · ∇̂xu − ν△̂xu

)
, xu

]
P (xu, u;x, s)dxu (50)

and we have
[(
b(xu, u) · ∇̂xu − ν△̂xu

)
, xu

]
=
(
b(xu, u)− 2ν∇̂xu

)
(51)

=

∫
P (xt, t;xu, u) (b(xu, u)− 2ν∇xu)P (xu, u;x, s)dxu (52)

Now we can take the limits

lim
t↓u

P (xt, t;xu, u) = δ(xt − xu) (53)

lim
u↓s

P (xu, u;xs, s) = δ(xu − xs) (54)

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∫
f(xt, t)δ(xt − xu) (b(xu, u)− 2ν∇xu) δ(xu − xs)dxtdxu, t > u > s

(55)

now we integrate over xt

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∫
f(xu, t) (b(xu, u)− 2ν∇xu) δ(xu − xs)dxu, t > u > s

(56)

now we integrate by parts once again

ˆ̇xf(x, s) = lim
t↓u

lim
u↓s

∫
δ(xu − xs) (b(xu, u) + 2ν∇xu) f(xu, t)dxu, t > u > s

(57)

ˆ̇xf(x, s) = (b(x, s) + 2ν∇x) f(x, s) (58)
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ˆ̇x =
(
b(x, s) + 2ν∇̂x

)
(59)

It follows then that a commutator relation exists

[
ˆ̇x(s), x̂(s)

]
= 2υ (60)

and this is very similar to the Heisenberg commutation rule, except that its value

is real and not imaginary. Note that ˆ̇x(s) is non-Hermitian in general, unless ν is

imaginary. Since x̂ is just a simple multiplication operator, we will drop the hat

over this symbol for simplicity. To proceed further, we note that we can write

ˆ̇x =
[
(∇x · b(x, s)) +

(
b(x, s) + ν∇̂x

)
· ∇̂x, x

]
(61)

For a smooth function ĵ(x, s) of x and s let us de�ne an operator corre-

sponding to a time derivative by a commutation rule derived from this as

ˆ̇j(x, s) =
[
(∇x · b(x, s)) +

(
b(x, s) + ν∇̂x

)
· ∇̂x, ĵ(x, s)

]
+
∂ĵ(x, s)

∂s
(62)

To justify this equation, replace the term xu in (43) with the function j(xu, u).

Then assuming that this function is smooth, and that the integral is uniformly

convergent, the result follows.

Next, we de�ne an acceleration operator

ˆ̈xf(x, s) ≡ lim
t↓u

lim
u↓s

∂2

∂u2
E (x(u)f(x(t), t)|x(s) = x) , t > u > s, f ∈ Hs (63)



28

This simpli�es to

ˆ̈x =
∂b(x, s)

∂s
+ ν (△xb(x, s)) +

1

2

(
∇x

(
b2(x, s)

))
(64)

Proof

ˆ̈xf(x, s) ≡ lim
t↓u

lim
u↓s

∂2

∂u2

∫
f(xt, t)xuP (xt, t;xu, u)P (xu, u;x, s)dxtdxu, t > u > s

(65)

again we assume uniform convergence so that we can bring the ∂2

∂u2 inside

the integral and use the forward and backward equations to obtain

ˆ̈x = lim
t↓u

lim
u↓s

∫
P (xt, t;xu, u)×[(

∇xu · b(xu, u) + b(xu, u) · ∇̂xu − ν△̂xu

)
,[(

∇xu · b(xu, u) + b(xu, u) · ∇̂xu − ν△̂xu

)
, xu

]
]

×P (xu, u;x, s)dxu +
∂b

∂s
(66)

ˆ̈x = lim
t↓u

lim
u↓s

∫
P (xt, t;xu, u)[(

∇xu · b(xu, u) + b(xu, u) · ∇̂xu − ν△̂xu

)
,
(
b(xu, u)− 2ν∇̂xu

)]
×

×P (xu, u;x, s)dxu +
∂b

∂s
(67)

But we have

[(
∇̂xu

(
b(xu, u)− 2ν∇̂

)
+ ν△̂xu

)
,
(
b(xu, u)− 2ν∇̂xu

)]
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=
[(

∇̂xu

(
b(xu, u)− 2ν∇̂

))
,
(
b(xu, u)− 2ν∇̂xu

)]
+
[
ν△̂xu ,

(
b(xu, u)− 2ν∇̂xu

)]
=
[(

∇̂xu

(
b(xu, u)− 2ν∇̂

))
,
(
b(xu, u)− 2ν∇̂xu

)]
+
[
ν△̂xu , b(xu, u)

]
(68)

and now we use the commutator identity [AB,B] = [A,B]B to obtain

[(
∇̂
(
b− 2ν∇̂

)
+ ν△̂

)
,
(
b− 2ν∇̂

)]
=
[
∇̂
(
b− 2ν∇̂

)
, b− 2ν∇̂

]
+
[
ν△̂,

(
b−���2ν∇̂

)]
=
[
∇̂,
(
b−�

��2ν∇̂
)](

b− 2ν∇̂
)
+
[
ν△̂, b

]
=
[
∇̂, b

] (
b− 2ν∇̂

)
+
[
ν△̂, b

]
= (∇ · b)

(
b− 2ν∇̂

)
+ ν

[
△̂, b

]
= (∇ · b)

(
b− 2ν∇̂

)
+ ν

([
∇̂, b

]
∇̂+ ∇̂

[
∇̂, b

])
= (∇ · b)

(
b− 2ν∇̂

)
+ ν

(
(∇ · b) ∇̂+ ∇̂ (∇ · b)

)
=

1

2
∇b2 + ν∆b

(69)

Then adding in the term ∂b/∂s from 66, the result 64 is obtained. This is

the same acceleration operator that was found in both [16] and [15] which use

slightly di�erent manipulations to arrive at the same result, up the the factor of

2 di�erence in the de�nition of ν mentioned above. This can be conveniently

rewritten in the following form [15] as

ˆ̈x = ∇x

(
exp(−R− SN)

(
2ν

∂

∂t
+ 2ν2△x

)
exp(R + SN)

)
, b = 2ν∇(R+SN)

(70)

Lets compare (64) with the swapped version by interchanging b and b∗ which
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is

ˆ̈x∗ =
∂b∗(x, s)

∂s
+ ν△xb∗(x, s) +

1

2
∇x

(
b2∗(x, s)

)
(71)

Now consider the di�erence

ˆ̈x− ˆ̈x∗
2

=
∂u(x, s)

∂s
+ ν△xu(x, s) +∇x (u(x, s)v(x, s)) (72)

Comparing this with the kinematic equation (13.5) in [41] which is

∂u(x, s)

∂s
+ ν△xv(x, s) +∇x (u(x, s)v(x, s)) = 0 (73)

We see that

ˆ̈x− ˆ̈x∗
2

= ν△xu(x, s)− ν△xv(x, s) (74)

Kinematic here means that this result does not depend on the particular

equation of motion chosen. Now we can write

ˆ̈x =

(
ˆ̈x+ ˆ̈x∗

)
+
(
ˆ̈x− ˆ̈x∗

)
2

(75)

ˆ̈x =

(
∂v(x, s)

∂s
+������ν△xv(x, s) +

1

4
∇x

(
b2(x, s) + b2∗(x, s)

))
+(

ν△xu(x, s)−������ν△xv(x, s)
)

(76)

ˆ̈x =
∂v(x, s)

∂s
+

1

4
∇x

(
b2(x, s) + b2∗(x, s)

)
+ ν△xu(x, s) (77)

Let's compare this with Nelson's mean acceleration in equation ([2] eqn.
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13.6) in

aN =
∂v(x, s)

∂s
− u · ∇xu+ v · ∇xv − ν△xu (78)

aN =
∂v(x, s)

∂s
+

1

2
∇x

(
v(x, s)2 − u(x, s)2

)
− ν△xu(x, s) (79)

Let's now �nd the di�erence

ˆ̈x−aN =

(
1

4
∇x

(
b2 + b2∗

)
+ ν△xu(x, s)

)
−
(
1

2
∇x

(
v(x, s)2 − u(x, s)2

)
− ν△xu(x, s)

)
(80)

ˆ̈x− aN = 2ν△xu(x, s) +
1

4
∇x

(
b(x, s)2 + b∗(x, s)

2 − 2b(x, s)b∗(x, s)
)

(81)

ˆ̈x− aN = 2ν△xu(x, s) +∇x

(
u(x, s)2

)
(82)

But u = 2ν∇xR, and therefore

ˆ̈x− aN = 2ν△x (2ν∇xR) +∇x

(
(2ν∇xR)

2) (83)

ˆ̈x− aN = (2ν)2∇x

(
△xR + (∇xR)

2) (84)

ˆ̈x− aN = (2ν)2∇x

(
△x

√
ρ

√
ρ

)
(85)

It follows from the GSM equation of motion (31) that

maN = −∇xV (x, t)−m
β

8
(D −D∗)

2 x(t) (86)

m
β

8
(D −D∗)

2 x(t) = ∇x

(
mβν2

△
√
ρ(x, t)√
ρ(x, t)

)
(87)
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maN = −∇x

(
V (x, t) +mβν2

△
√
ρ(x, t)√
ρ(x, t)

)
(88)

maN = −∇x

(
V (x, t) +m

(
2

(
ν2 −

(
ℏ
2m

)2
))

△
√
ρ(x, t)√
ρ(x, t)

)
(89)

Therefore

ˆ̈x = aN + (2ν)2∇x

(
△x

√
ρ

√
ρ

)
(90)

mˆ̈x = −∇x

(
V (x, t) +m

(
2

(
ν2 −

(
ℏ
2m

)2
))

△
√
ρ(x, t)√
ρ(x, t)

)
+m (2ν)2∇x

(
△x

√
ρ

√
ρ

)
(91)

mˆ̈x = −∇x

(
V (x, t) +m

(
2

(
−ν2 −

(
ℏ
2m

)2
))

△
√
ρ(x, t)√
ρ(x, t)

)
(92)

mˆ̈x = −∇xV (x, t) +∇x

(
2mν2 +

ℏ2

2m

)
△x

√
ρ(x, t)√

ρ(x, t)
(93)

This is the same formula that was found in ([15], eqn. 35). Here we have

presented the tedious derivation which was omitted there. We see that the

simplest possibility occurs when ν = ±iℏ/2m, for then we get the Heisenberg

formula of quantum mechanics

mˆ̈x = −∇xV (x, t), if ν = ±iℏ/2m (94)
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In general we have

mˆ̈x = −∇xU(x, t) (95)

for some function U(x, t), and in particular, for the GSM equations of motion,

we further have

U(x, t) = V (x, t)−
(
2mν2 +

ℏ2

2m

)
△
√
ρ(x, t)√
ρ(x, t)

(96)

The zero di�usion limit of the stochastic process gives Bohmian mechanics [51].

This is a signi�cant uni�cation of two of the principal alternative interpretations

of quantum mechanics, namely the Bohmian and the stochastic interpretations.

In the Bohmian limit the velocity and position operators commute.

lim
ν→0

mˆ̈x = −
∂
(
V − ℏ2

2m

△√
ρ

ρ

)
∂x

(97)

Here V is the classical potential, and the extra term is called the quantum

potential of Bohm [55]. The theoretical description of the Markov process is

concisely summarized in the following two equations which were called �Markov

wave equations� in [16].

[
m
(2ν)2

2
△x +W

]
eR±SN = ∓m2ν

∂

∂t
eR±SN (98)

These are true for any given function W (x, t), and not just for the GSM equa-

tions. These equations were also used in [3, 21], and were almost certainly found
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earlier than [16], but I don't know who found them �rst. Notice that ˆ̇x in (59)

can be put into canonical form by a similarity transformation which does not

a�ect the commutation rules

ˆ̇xcanonical = e−R−SN ˆ̇xeR+SN = 2ν∇x (99)

The operator x̂ doesn't change under this transformation.

x̂canonical = x̂ (100)

So we can have the exact Heisenberg momentum operator at an imaginary

value for the di�usion constant

P̂Heisenberg = mˆ̇xcanonical = −iℏ∇x, if ν = −iℏ/2m (101)

[
x̂, P̂Heisenberg

]
= iℏ (102)

We can now de�ne a Hamiltonian operator by

Ĥ =

[
m
(2ν)2

2
△+ U

]
=

[
m
(2ν)2

2

(
ˆ̇xcanonical

)2
+ U

]
(103)

ˆ̇xcanonical =
1

2mν
[H, x̂] = 2ν∇x (104)

ˆ̈xcanonical =
1

2mν

[
H, ˆ̇x

]
= − 1

m
∇xU (105)
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Comparing this with (95) we �nd

ˆ̈x = ˆ̈xcanonical (106)

We can construct higher derivatives of order n using the recursive formula

x̂n =
1

2mν
[H, x̂n−1] +

∂x̂n−1

∂t
, x̂0 = x̂ (107)

and in this way we can build up a Taylor's expansion for propagating in time,

very similar to the time evolution operator in quantum mechanics. At the special

imaginary value of ν = −iℏ/2m this time evolution becomes exactly the usual

time evolution operator. For other values, so long as the equation of motion is

that of GSM, the probability density at di�erent times propagated in this way

is always the same as Schrödinger's equation gives, provided we calculate the

density only on the real subspace of complex space-time using Born's rule there.

If the probability density in position is all that can be measured, as discussed

above, then even if the di�usion constant is imaginary but di�erent from the

Heisenberg value, the measurements will still be the same in GSM because the

probability densities for positions will be the same. It's conceivable though that

someday we might �nd a way to measure the di�usion constant, and this would

open a door to a sub-quantum world that we can only imagine now. In X

we discuss some speculations about several ideas about measuring the di�usion

constant, thereby going beyond conventional quantum mechanics.
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VI. COMPARISON WITH THE FEYNMAN PATH INTEGRAL METHOD

It is quite a bit simpler to derive the Heisenberg operator algebra from Feyn-

man path integrals than from stochastic mechanics [33]. The advantage of a

stochastic process is that it can be understood as a proper di�usion process,

unlike the Feynman path integral which uses e�ectively a complex measure to

sum the di�erent paths, and then requires one to square the absolute value of

the resulting probability amplitude to obtain a probability. One might say that

GSM is quantum mechanics made complicated, but from the point of view of

emergent quantum mechanics, it's desirable to have a true di�usion process that

can replicate quantum mechanics. Also, Born's rule is rigorously derivable from

GSM, at least for real-valued di�usion constants. Then one can consider all

sorts of possible di�usion models that might lead to quantum behavior, and the

playground is enlarged.

To derive the commutation rules from Feynman path integrals, we can write

simply

⟨x̂(t)x̂(s)⟩ =
ˆ

D[x]x(t)x(s)eiS/h̄ (108)

and then we have

lim
s↑t

(
∂

∂t
− ∂

∂s

)
⟨x̂(t)x̂(s)⟩ = lim

s↑t

(
∂

∂t
− ∂

∂s

) ˆ
D[x]x(t)x(s)eiS/h̄ (109)
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lim
s↑t

(
∂

∂t
− ∂

∂s

)
⟨x̂(t)x̂(s)⟩ = 1

m
⟨[p(t), x(t)]⟩ = −ih̄ (110)

and thus we have a time ordered commutation rule expressed as a limiting pro-

cedure applied to a Feynman path integral, and from this one can reconstruct

the full Heisenberg algebra. Also, this commutator is imaginary, and so it does

not require any analytic continuation to a complex space. Because the Feynman

path integral does not represent a true di�usion theory, however, it does not

give us a picture of reality, although it feels like it does when we draw Feynman

diagrams on the blackboard. This is deceptive. GSM gives us a large variety

of truly stochastic realistic pictures of quantum processes, but it's more com-

plicated and it seems to favor a complex space-time embedding, although this

is not absolutely necessary. The Feynman path integral approach has proven

very useful, and it is seductive to imagine that quantum particles are somehow

moving along Feynman paths in our imagination, but it is not a road-map to

a stochastic interpretation of quantum mechanics. In a sense it's a deterrent

because it's mathematically much simpler than stochastic mechanics or GSM,

and it's tempting to not bother with a rigorous di�usion model.

The limiting case of Bohmian mechanics gives a deterministic picture of reality

within the framework of GSM. It is interesting to speculate that the underlying

di�usion parameter may depend on the local environment. So the di�usion

parameter in a vacuum may be di�erent than in a condensed matter setting.

We speculate in X below on some experiments that might possibly allow us to

determine the di�usion constant in some special cases.
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VII. THE CASE FOR COMPLEX SPACE-TIME

We have seen that generalized stochastic mechanics takes a particularly

simple form for a di�usion constant which is purely imaginary with a value

ν = ±iℏ/2m. In this case the commutation relations also become exactly the

Heisenberg rules. Such a di�usion constant would require the particle's motion

to be in a complex space and because of space-time mixing in special relativity,

in a complex space-time. If there are any values of the di�usion constant which

are uniquely associated with quantum mechanics it is these two imaginary ones.

But if the di�usion constant is imaginary, then the position of the particle will

take on complex values. There is a history of suggestions that the space-time

manifold might be embedded in a complex one. Perhaps the most interesting

suggestion along these lines was made by Einstein. He believed that quantum

theory might be derivable from classical �eld theory [9, 56, 57]. This is what

he meant by uni�ed �eld theory, and not the modern interpretation of the ex-

pression. He explored the complexi�cation of space-time in this e�ort [58�60].

He used a Hermitian metric so that the metric length between points would be

real-valued. Many others have pursued this line of research [61�75] An entirely

di�erent application of complex space-time comes from a fascinating method of

solving di�cult problems in general relativity involving analytical continuation of

electromagnetic charges to complex-valued coordinates [40, 75�77]. In quantum

mechanics there have been a number of applications as well [40, 71, 78�87]

David Bohm introduced the concept of the Implicate Order to physics [88].

A mathematically tangible example was proposed based on higher order algebras

by Frescura and Hiley [89]. The simplest algebraic extension of space-time is to
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replace the algebra of real numbers with that of complex numbers for the coor-

dinates. The idea of the implicate order is that behind our classical perception

of reality lies a hidden realm which interconnects non-locally events in our world.

This is a manifestation of a web of quantum entanglement that permeates our

universe. Freshly minted physicists tend to �nd the concepts of wholeness and

implicate order to be too metaphysical to be of interest, but as one matures in

the study of quantum foundations they tend to increase in perceived importance,

as the other alternatives like the Many Worlds or 't Hooft determinism seem

equally strange. In a complex space-time interpretation there are many Riemann

sheets for the electromagnetic �elds and for the particle motions. This Riemann

sheet web embedded in a complex space-time manifold is what we would com-

pare to Bohm's implicate order. This comparison resonates with recent ideas in

quantum gravity interpreting quantum entanglement in terms of Einstein-Rosen

bridges [40, 90].

There is literature from stochastic mechanics extending it to complex space

and space-time. These techniques give precise mathematical meaning to an imag-

inary value for the di�usion constant. See for example Wang [91, 92], Rosenbrock

[93�96], and Kuipers [97]. These papers all provide a framework for analytically

continuing the di�usion constant to complex space and time. Therefore it seems

that the combination of Heisenberg algebra with stochastic mechanics strongly

favors a universe which is embedded in a complex manifold. Complex time mod-

els have also been proposed [98]. This body of research suggests a possible

connection between stochastic mechanics and the geometric Langlands program

as applied to physics [99]. The paper by Kuipers also considers relativistic wave

equations. Complex space-time models have also been utilized in condensed
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matter physics [100]. These topics are subjects of current and future research.

Wang frames the basis of his stochastic model of quantum mechanics in the

language of weak measurement theory. He writes in [91]:

�In summary, we have proposed a new stochastic interpretation of quantum

mechanics in which a quantum system is associated to a stochastic process in

complex space. The real part of the trajectory of the stochastic process, which

we call a weak trajectory, is interpreted as the trajectory of a particle in real

con�guration space. We showed that, on the one hand, the ensemble averaged

moments of the weak trajectory are equal to the weak values of moments of the

position operator of the quantum system, which are complex valued but never-

theless have well de�ned physical meanings according to the weak measurement

theory [101, 102] and that, on the other hand, a single weak trajectory reduces

to the correct classical trajectory in the classical limit.�

The basis of his theory [91, 92] is exactly the same as our stochastic dif-

ferential equation (2) with a di�usion constant given by ν = iℏ/2m. He shows

that Schrödinger's equation can be derived with suitable choices of the backward

derivative.

Wang uses a backward equation, but other than this, his stochastic di�erential

equation is the same as GSM. The time reversal symmetry of GSM suggests that

Wang's theory should have time reversal symmetry too. He �nds in equation 36

of [92] an interesting result that the expectation value of a function of complex

position z is equal to the usual quantum expectation value of the same function

of a real position variable x. But this is only valid, he shows, if at some future

time the full complex probability density ρ(x, y, tf ) factorizes into a product

|ψ(x, tf )|2 δ(y), where x and y are the real and imaginary parts of z.
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Rosenbrock uses the variational formalism of dynamic programming and con-

trol theory to arrive at a stochastic model of quantum mechanics. His model is

equivalent to GSM at the value of ν = −iℏ/2m. As a step towards interpreting

the results of complex di�usion, and towards obtaining Born's rule for probability

densities, he makes the following postulate.

�The properties of the physical particle are related to those of the complex

image by the following postulate: If the expected value of some property (such

as momentum p̃ or energy H̃) of the complex images in an ensemble has the

real value α on the real axis, then α is the value of the corresponding property

of the physical particles. Whereas the usual formulation of quantum mechanics

deals with complex functions on a real space, the above procedure embeds this

theory in a theory of complex functions on a complex space. The properties of

physical particles in a real space are then regained by the postulate.�

He develops an elaborate theory which boils down to GSM evaluated at an

imaginary value of the di�usion constant. So he has the same stochastic process

as Wang, except has has ν = −i ℏ
2m

instead of ν = i ℏ
2m

dz = b(z, t)dt+ dw(t, ν) (111)

ν = −i ℏ
2m

(112)

w(t, ν) =

√
−i ℏ

2m
w(t, 1) = (1− i)

1

2

√
ℏ
m
w(t, 1) (113)

He writes the complex position z in terms of real and imaginary parts
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z = x+ iy (114)

He changes variables and chooses to work with two real variables X and Y

X = x+ y (115)

Y = x− y (116)

These are generated by the following stochastic di�erential equations

dX = (Re b(X, Y ) + Im b(X, Y )dt (117)

dY = (Re b(X, Y )− Im b(X, Y )dt+
√

ℏ/mdw(t) (118)

where Re and Im denote real and imaginary parts. Note that the X di�er-

ential does not have a di�usion term. The following equation follows from the

forward equation of Kolmogorov applied to the probability density ρ(X, Y, t)

∂

∂t
ρ+

∂

∂X
((Re b+ Im b)ρ) +

∂

∂Y
((Re b− Im b)ρ)− ℏ

2m

∂2

∂Y 2
ρ = 0 (119)

After transforming back to the original coordinates x, y Rosenbrock shows

that

ρ(x, y)|y=0= ψ
∗
(x, t)ψ(x, t) (120)
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So ρ(x, y) serves as a probability density function for the full complex space,

and ρ(x, 0) serves as a probability density function on the real space, and more-

over ρ(x, 0) is the usual quantum position density. This seems to be the best

stand-in for Born's rule in the extant literature on complex space-time and

stochastic mechanics. All of this is a special case of GSM.

Kuipers' mathematical analysis is sophisticated and powerful [97]. He con-

siders non-relativistic and relativistic particle di�usions in complex space for the

non relativistic case, and complex space and time in the relativistic case. He

generalizes the usual stochastic mechanics to allow stochastic processes which

are semimartingales.

From Wikipedia, we have the following de�nition [103]

�In probability theory, a real valued stochastic process X is called a

semimartingale if it can be decomposed as the sum of a local martin-

gale and a càdlàg adapted �nite-variation process. Semimartingales

are "good integrators", forming the largest class of processes with

respect to which the Itô integral and the Stratonovich integral can

be de�ned.

The class of semimartingales is quite large (including, for example, all

continuously di�erentiable processes, Brownian motion and Poisson

processes). Submartingales and supermartingales together represent

a subset of the semimartingales.�

In particular, he allows for the possibility that the real and imaginary parts of

the coordinates may be driven by independent Wiener processes. He does not

derive Born's rule however. His analysis includes as a special case the stochastic
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di�erential equation dz(t) = b(z, t)+ dw(t, ν = −iℏ/2m), which is the result of

analytic continuation in GSM to the Heisenberg imaginary value for the di�usion

constant, and is also the same as in Wang and Rosenbrock's papers.

He treats the relativistic case by showing the equivalence of his stochastic

processes by introducing a �proper time� variable and deriving what has been

termed the relativistic Schrödinger equation, or alternately the Stueckelberg-

Horwitz-Piron (SHP) wave equation [104]. This yields the Klein-Gordon equa-

tion when the mass constraint is imposed on the solution. Other authors have

proposed relativistic proper-time di�usion models for quantum mechanics in real

space-time, For example [105�108]. The interpretation of these types of particle

models is discussed in [109]. GSM has been extended to di�usions on Riemannian

manifolds [110]. These results apply as well to pseudo-Riemannian manifolds like

Minkowski space or the space-time in general relativity. So in particular, we could

apply GSM to the relativistic di�usion models of Kuipers or those of Oron and

Horwitz [105�108] and thereby obtain stochastic models of relativistic quantum

mechanics which are embedded in real or complex space-time.

VIII. A POSSIBLE CONNECTION TO ADLER'S TRACE DYNAMICS

A preliminary exploration of a possible connection between stochastic me-

chanics and Adler's theory of emergent quantum mechanics based on trace dy-

namics [13] was made in [111]. It was found that the non-commutative structure

of stochastic mechanics might be used to provide an explanation for trace dy-

namics. However, it was also found that the result tended to lead to the thermal

di�usion equation rather than the Schrödinger equation unless a nonlinear po-
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tential was added without any justi�cation. However, only real-valued di�usion

constants were considered in that work. If one revisits this mathematics with now

an imaginary di�usion constant, it seems plausible that the Schrödinger equation

can be understood as resulting from the trace-dynamics equilibrium for a suit-

ably de�ned trace Lagrangian. This is still another reason to consider complex

space-time to be an ontological reality.

IX. VISUALIZATIONS

The mathematics of GSM is a bit dry, and so here we will try and give some

pictorial insight into the subject. Visualizations of stochastic mechanics were

given by Yasue and Zambrini in [112]. We have used an open source Python

library called Qmsolve [113]. This convenient software generates solutions to

Schrödinger's equation. We use this to calculate the drift terms in GSM, and

then using standard Wiener process simulations we generate sample trajectories

for GSM. We also utilized a Python stochastic di�erential equation package called

sdeint [114].

In atomic units, with ℏ = 1 and me = 1, Schrödinger's equation takes a

simple form convenient for numerical analysis

(
−1

2
△+ V (x, t)

)
ψ(x, t) = i

∂ψ(x, t)

∂t
(121)

In these units, the di�usion constant of stochastic mechanics is just 1/2, and

the unit of velocity is αc so that c ≈ 137. The di�usion model in GSM depends

on ψ(x, t) and on ν by the formulas ψ = eR+iS and b(x, t, ν) = 2ν∇R+∇S. We
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generate the sample trajectories step-wise from the following stochastic equation

x(t+ ϵ, ν)− x(t, ν) = b(x(t), t, ν)ϵ+W(t+ ϵ, ν)−W(t, ν) (122)

Case 1 A simple plane wave

We consider an electron with velocity in the y direction in the x-y plane.

Though we've been considering the 1D case above, it's more interesting to see

images in two space dimensions. Here's a simple plane wave in the y direction.

Simulations are shown in �gure 1. The velocity was 10 and the initial standard

deviation was 1.

ψ(x, y, t) = exp(i(ky − (k2/2)t)) (123)

b(x, t, ν) = ∇S = kŷ (124)
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Figure 1. A plane wave as in Case 1 is plotted here. Only one starting point

is shown since all others would look similar as the drift function is independent

of starting x position for a plane wave. The di�usion constant is increasing from

left to right, starting with a value of zero which gives the deterministic Bohmian

trajectory. Next we have a weak di�usion case with ν < 1/2, then we plot the

standard Stochastic Mechanics case of Nelson with υ = 1/2, and at the left we plot

a strong di�usion case where ν > 1/2
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Case 2 A Gaussian wave function

A Gaussian wave function is an analytic solution to Schrödinger's equation

of the form (in 3 dimensions)

ψ(x, t) =
(
2πs2t

)−3/4
eiu·(x−

1
2
ut)−(x−ut)2/4stσ0 (125)

st = σ0
(
1 + it/2σ2

0

)
(126)

A nice visualization and of the Bohmian orbits for this and other wave functions

together with an excellent elucidation of the theory is in Holland [115]. We �nd

SQ(x, t) = −3

2
tan−1(

1

2
tσ2

0) + u · (x− 1

2
ut) + (x− ut)2t/8σ2

0 |st|
2 (127)

R(x, t) = −3

4
ln(2π |st|2)− (x− ut)2/4 |st|2 (128)

We calculate the drift term from (22).

b(x, t, ν) = 2ν∇R(x, t) +∇SQ(x, t) (129)

b(x, t, ν) = −2ν (x− ut) /2 |st|2 + u+ (x− ut)t/4σ2
0 |st|

2 (130)

Now with this drift term, we can calculate the orbits for various values of ν

by integrating the stochastic di�erential equation dx = b(x, t, ν)dt + dw(t, ν).
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Simulations are shown in the �gure 2. Note that these are x-y trajectory plots.

The group velocity was 10 and the initial standard deviation was 1.

Figure 2. A Gaussian wave described in Case 2 is plotted here. We have plotted the

trajectories projected onto the x-z plane. On the leftmost plot we see the Bohmian

rays and there is no di�usion. The next three plots show increasing di�usion values.

Although the trajectory plots look very di�erent, when you do all the appropriate

calculations to calculate the probability densities, they would all give the same

result. We only have plotted results for real di�usion constants, but one can also

have complex di�usion constants which still give the same probability densities.
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Case 3 Two slit di�raction of a Gaussian beam

This case cannot be solved analytically, and therefore we use a numerical

Schrödinger equation solver [113]. We launch a Gaussian wave towards a two-

slit di�raction potential barrier, and then from the solution to this wave equation

we generate various trajectories of GSM for this problem. Qmsolve can generate

animations, but we can only show discrete times in the paper. The evolution

of the wave function in time is illustrated in �gure 3. The mass is the electron

mass. The x and y limits are both ±15Å. The group velocity of the incident

Gaussian wave is 80Å/femtosecond in the positive y direction. This is a velocity

of 3.657 in atomic units. The standard deviation of the initial Gaussian is 1Å.

The center to center slit separation is 2.5Å, and the width of each slit is 1/2Å.

The phase of wave function is encoded in the color hue.

Next we show ray tracing for rays starting at the two slits at about the time

that the Gaussian wave is passing through them in Figure 4. We plot x vs y. This

is a time-dependent simulation. You can think of the stochastic average den-

sity of the x-y trajectories as approximating the smeared probability distribution∫ t2
t1
ϱ(x, y, t)dt up to a normalization constant. In order to faithfully represent

the probability density, we would need to increase the number of independent

paths, and also to be precise, we would need to include rays starting from all

possible initial positions at the start time, and weighted by their initial probability

density. We added a color map to the Bohm orbits to make them more visible.
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Figure 3. A Gaussian wave incident on a 2 Slit potential barrier as in Case 3
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Case 4 Geometrical phase quantum waveguide of Lévy-LeBlonde

Quantum waveguide e�ects and associated phase delays, familiar from mi-

crowave and optical waveguides, have been a topic of interest in quantum physics

[116, 117]. Here we present a GSM stochastic simulation for this process. Con-

sider a particle with unit mass moving down a containing tube with square cross

section such that ψ vanishes on the boundary of the tube. The wave function in

this cases is:

ψ(x, y, z, t) = sin(nxπx/a)sin(nyπy/a)e
ipze−iEt (131)

De�ning a parameter sign by

sign ≡ sgn(sin(nxπx/a)sin(nyπy/a)) (132)

Then we can calculate R and SQ by (where m = 1)

ψ(x, y, z, t) = |sin(nxπx/a)sin(nyπy/a)| eiπ(1−sign)/2eipze−iEt (133)

R(x, y, z, t) = ln(|sin(nxπx/a)sin(nyπy/a)|) (134)

R(x, y, z, t) = ln(|sin(nxπx/a)|) + ln(|sin(nyπy/a)|) (135)



53

SQ(x, y, z, t) = pz − Et+ π (1− sign) /2 (136)

E = p2/2m+

(
n2
x + n2

y

)
π2

2ma2
(137)

b(x, t, ν) = 2ν∇R(x, t) +∇SQ(x, t) (138)

∇R(x, t) = π

a
[nxcotan (nxπx/a) x̂+ nycotan (nyπx/a) ŷ] (139)

The results of a simulation are shown in 5. The velocity used for this was 10

in AU units.
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Figure 4. Ray tracing of GSM trajectories for 2 Slit di�raction as in Case 3
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Figure 5. Lévy LeBlond GSM simulations. nx = ny = a =1, v=10, as in Case 4

X. SOME SPECULATIONS ABOUT MEASURING THE DIFFUSION

CONSTANT

If the assertions about measurement limitations discussed in (II) are correct,

then it is impossible to measure the di�usion constant in GSM. However, they

are after all assertions, not proofs. I can think of two phenomena that might be

places to look for a breakdown of this assertion.

Lattice con�ned fusion of deuterium One possible experimental application

might be as an explanation for anomalously large fusion rates that are observed

in experiments with low energy deuterium beams incident on Palladium and other
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metals. After accounting for electron screening which enhances the fusion rates

signi�cantly, the extant theory still cannot explain the observed rates without

some unusual additional assumptions [118]. D-D fusion is a very local phe-

nomenon. The two fusing nuclei need to be within a Compton wavelength or so

of one another in order to fuse. This is an experiment where the relative position

of two quantum particles really matters critically. If we take a stochastic picture

of this, then the two deuterons are both di�using in GSM, and then the chance of

two trajectories intersecting within a Compton wavelength of one another might

be enhanced if the di�usion constant underlying the motion is large. If we as-

sume that the di�usion constant in a vacuum is lower than that for deuterons

moving in Palladium metal, this could explain the increased fusion rate. These

ideas would require additional research, but could be topics for future publica-

tions. Although the fusion rates in these experiments are not useful for energy

production yet, further research may reveal ways to increase the yields. They

are quite reproducible now, and NASA has claimed that Fusion rocket engines

have been prototyped, and that they have potential application for long distance

space travel where chemical rockets emit too much mass be be useful [119�121].

Quantum behavior near event horizons and Hawking radiation Hawking

radiation might be a�ected by the value of the di�usion constant in GSM. A

crude explanation of Hawking radiation is that when a particle-anti-particle pair

is created as a vacuum �uctuation right at the event horizon of a black hole,

the two particles might be on opposite sides of the event horizon so that one

particle can escape the black hole while the other is trapped. Accepting this crude

picture, let us consider that the two particles are each undergoing a stochastic

motion described by GSM after the creation event. As we have seen, the sample
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paths of the particles are di�using in GSM. If the di�usion constant ν is large,

then the probability that the escaping particle will cross over into the interior

of the black hole's event horizon will be increased, and then this particle that

started o� outside the event horizon has an increased chance of di�using inside

of it and thus being presumable trapped by the black hole. So we would expect

that the Hawking radiation might be reduced for larger di�usion constant, or at

least a�ected by it. The same argument could be made for Unruh radiation. In

the limit of very large di�usion constant, we might expect that both Hawking

radiation and Unruh radiation would tend to zero. So far neither radiation has

been observed in nature. We might also expect that an isolated black hole would

have a lower di�usion constant than a black hole with a signi�cant accretion

disk.

XI. CONCLUSION

Stochastic mechanics provides a thorough derivation of the non-commutative

algebra of Heisenberg. The fact that an imaginary di�usion constant is preferred

adds theoretical evidence that complex space-time is related to a deeper under-

standing of quantum mechanics. It's amazing that Einstein not only declared

the need for a deeper theory but also that some of his last papers dealt with

complex space-time pointing the way. Not only that, but he also invented the

theory of Brownian motion, which is the basis of stochastic mechanics, and he

made critical insights into quantum theory. It's also remarkable that Heisen-

berg's non-commuting operators should point to the same conclusion, and that

his postulate of wave function collapse along with his uncertainty principle plays
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a key role in it. Nelson was perhaps correct that there is a preferred value for

the di�usion constant, but it might not be ℏ/2m, but rather it could well be

±iℏ/2m. This leads to the proposition that we are possibly living in a complex

space-time, but our normal sense perception has evolved us to be aware of only

the real subspace. But even if this is not the case, having GSM to provide a

variety of di�usion models with which to model quantum mechanics has bene�ts

in unifying several branches of quantum interpretations and stimulating e�orts

to someday-somehow perhaps measure the di�usion constant. Other models

that are supported in GSM are Bohmian mechanics, di�usion parameters varying

with position, complex time models, and weak and strong di�usion models, and

complex di�usion models where the complex di�usion constant di�ers from the

Heisenberg values of ±iℏ/2m.

Appendix A: Compendium of useful formulae for stochastic mechanics

(We use the notation of [41], for the most part, in this appendix)

Fokker-Planck equation or Kolmogorov forward eqn.:
∂ρ

∂t
= −div(bρ) + ν△ρ

(A1)

Schrödinger wave function: ψ = eR+iSQ (A2)

Probabilty density: ρ = ψ∗ψ = e2R (A3)

Fokker-Planck equation time reversed or Kolmogorov backward eqn.:
∂ρ

∂t
= −div(b∗ρ)− ν△ρ
(A4)

Backward velocity: b∗ = b− 2ν(grad ρ)/ρ (A5)

Osmotic velocity: u =
b− b∗
2

= ν
grad ρ

ρ
= 2νgrad(R) (A6)

Current velocity: v =
b+ b∗
2

= 2νgrad(SN) (A7)
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Equation of continuity:
∂ρ

∂t
= −div(vρ) (A8)

Time deriviative of osmotic velocity:
∂u

∂t
= −νgrad div v − grad v · u (A9)

Forward time derivative formula: Df(x(t), t) =

(
∂

∂t
+ b · ∇+ ν△

)
f(x(t), t)

(A10)

Backward time derivative formula: D∗f(x(t), t) =

(
∂

∂t
+ b∗ · ∇ − ν△

)
f(x(t), t)

(A11)

Mean acceleration of Nelson: a(t) =
DD∗ +D∗D

2
x(t) (A12)

Markov transition function:

P (x, t; y, s) = lim
d3x→0

1

d3x
P (x(t) ∈ d3x | x(s) = y), t > s (A13)

Chapman-Kolmogorov equation:

P (x, t; y, r) =

∫
P (x, t; z, s)P (z, s; y, r)d3z, for times t > s > r (A14)

Continuity of paths: lim
t↓s

P (x, t; y, s) = δ3(x− y) (A15)

Time evolution of the density function: ρ(x, t) =

∫
P (x, t; z, s)ρ(z, s)d3z, t > s

(A16)

Forward equation for Markov transition (�3, [122]):[
∂

∂t
+∇x · b(x, t) + b(x, t) · ∇x − ν△x

]
P (x, t; y, s) = 0, t > s (A17)

Backward equation for Markov transition (�3, [122]):[
∂

∂s
+ b(y, s) · ∇y + ν△y

]
P (x, t; y, s) = 0, t > s (A18)

Integration by parts when justi�ed (�13, [2]):∫ ∞

−∞
E(Df(x(t), t)g(x(t), t))dt = −

∫ ∞

−∞
E(f(x(t), t)D∗g(x(t), t))dt (A19)

Expectation value of a function of multiple positions at di�erent times:
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E(F (x(tn), ..., x(t0))) =∫
F (xn, ..., x0)P (xn, tn;xn−1, tn−1) · · · P (x1, t1;x0, t0)ρ(x0)×

×dx0...dxn, t0 ≤ t1 ≤ ... ≤ tn (A20)

ACKNOWLEDGMENTS

I would like to thank the editor Tuck Choy for very helpful discussions and

insights. I also thank the reviewers for their diligence and valuable comments.

[1] W. Heisenberg, Zeitschrift für Physik 33, 879 (1925).

[2] E. Nelson, Dynamical Theories of Brownian Motion, second edition, 2001 ed.

(Princeton University Press, Princeton, NJ, 1967).

[3] E. Nelson, Quantum Fluctuations (Princeton University Press, 1985).

[4] F. Guerra, Physics Reports 77, 263 (1981).

[5] E. Nelson, Journal of Mathematical Physics 5, 332 (1964), aDS Bibcode:

1964JMP.....5..332N.

[6] S. A. Albeverio, R. J. Høegh-Krohn, and S. Mazzucchi, Mathematical Theory

of Feynman Path Integrals, edited by J. M. Morel, F. Takens, and B. Teissier,

Lecture Notes in Mathematics, Vol. 523 (Springer, Berlin, Heidelberg, 2008).

[7] S. Albeverio and S. Mazzucchi, Scholarpedia 6, 8832 (2011).

[8] Z. Haba, Journal of Mathematical Physics 35, 6344 (1994).

[9] A. Einstein, Journal of the Franklin Institute 221, 349 (1936).



61

[10] L. De La Peña, A. M. Cetto, and A. Valdés Hernández, The Emerging Quan-

tum: The Physics Behind Quantum Mechanics (Springer International Publish-

ing, Cham, 2015).

[11] G. 't Hooft, arXiv:1405.1548 [quant-ph] (2014), arXiv: 1405.1548.

[12] G. Grössing, S. Fussy, J. M. Pascasio, and H. Schwabl, Journal of Physics: Con-

ference Series 361, 012008 (2012).

[13] S. L. Adler, Quantum Theory as an Emergent Phenomenon: The Statistical Me-

chanics of Matrix Models as the Precursor of Quantum Field Theory (Cambridge

University Press, Cambridge, 2004).

[14] S. Wolfram, Finally We May Have a Path to the Fundamental Theory of

Physics. . . and It's Beautiful�Stephen Wolfram Writings (2020).

[15] M. Davidson, Letters in Mathematical Physics 3, 367 (1979).

[16] M. Davidson, Physica A: Statistical Mechanics and its Applications 96, 465

(1979).

[17] M. Davidson, Journal of Mathematical Physics 19, 1975 (1978).

[18] M. Davidson, Letters in Mathematical Physics 3, 271 (1979).

[19] M. T. Jaekel and D. Pignon, International Journal of Theoretical Physics 24,

557 (1985).

[20] T. C. Choy, E�ective Medium Theory: Principles and Applications (Oxford Uni-

versity Press, 2015).

[21] M. Nagasawa, Schrodinger Equations and Di�usion Theory (Basel ; Boston,

1993).

[22] G. Ghirardi and A. Bassi, in The Stanford Encyclopedia of Philosophy , edited

by E. N. Zalta (Metaphysics Research Lab, Stanford University, 2020) summer

2020 ed.

[23] M. T. Jaekel, J. Phys. A 23, 3497 (1990).



62

[24] W. Heisenberg, Zeitschrift für Physik 43, 172 (1927).

[25] J. Von Neumann, Mathematical Foundations of Quantum Mechanics (Princeton

University Press, 2018).

[26] P. A. M. Dirac, The Principles of Quantum Mechanics (Clarendon Press, 1981)

google-Books-ID: XehUpGiM6FIC.

[27] S. L. Adler, Studies in History and Philosophy of Science Part B: Studies in

History and Philosophy of Modern Physics 34, 135 (2003).

[28] N. C. Petroni and L. M. Morato, Journal of Physics A: Mathematical and General

33, 5833 (2000).

[29] S. Goldstein, in The Stanford Encyclopedia of Philosophy , edited by E. N. Zalta

(Metaphysics Research Lab, Stanford University, 2021) fall 2021 ed.

[30] S. Goldstein, Journal of Statistical Physics 47, 645 (1987).

[31] G. Bacciagaluppi, in Endophysics, Time, Quantum and the Subjective (WORLD

SCIENTIFIC, 2005) pp. 367�388.

[32] D. Bohm and B. J. Hiley, Physics Reports 172, 93 (1989), aDS Bibcode:

1989PhR...172...93B.

[33] B. L. M, Feynman's Thesis - A New Approach To Quantum Theory (World

Scienti�c Publishing Company, 2005) google-Books-ID: z93ICgAAQBAJ.

[34] T. Maudlin, Quantum Non-Locality and Relativity: Metaphysical Intimations of

Modern Physics (Blackwell, 2002).

[35] H. P. Stapp, Foundations of Physics 18, 427 (1988).

[36] H. P. Stapp, American Journal of Physics 72, 30 (2004).

[37] E. Nelson, in Stochastic Processes in Classical and Quantum Systems, Lecture

Notes in Physics, edited by S. Albeverio, G. Casati, and D. Merlini (Springer,

Berlin, Heidelberg, 1986) pp. 438�469.



63

[38] M. Derakhshani and G. Bacciagaluppi, On Multi-Time Correlations in Stochastic

Mechanics (2022), arXiv:2208.14189 [quant-ph].

[39] G. t. Hooft, Deterministic Quantum Mechanics: the Mathematical Equations

(2020), arXiv:2005.06374 [hep-th, physics:quant-ph].

[40] M. Davidson, Int. J. Theor. Phys. 62, 154 (2023).

[41] E. Nelson, Dynamical Theories of Brownian Motion, second edition, 2001 ed.

(Princeton University Press, Princeton, NJ, 1967).

[42] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals

(McGraw-Hill Companies, New York, 1965).

[43] H.-D. Doebner and G. A. Goldin, Physical Review A 54, 3764 (1996), publisher:

American Physical Society.

[44] L. Vaidman, Foundations of Physics 26, 895 (1996).

[45] Y. Couder and E. Fort, Physical Review Letters 97, 154101 (2006).

[46] R. Brady and R. Anderson, arXiv:1401.4356 [physics, physics:quant-ph] (2014),

arXiv: 1401.4356.

[47] R. Brady and R. Anderson, arXiv:1305.6822 [physics, physics:quant-ph] (2013),

arXiv: 1305.6822.

[48] D. Das, D. Home, H. Ulbricht, and S. Bose, Physical Review Letters 132, 030202

(2024), publisher: American Physical Society.

[49] C. Emary, N. Lambert, and F. Nori, Reports on Progress in Physics 77, 016001

(2013), publisher: IOP Publishing.

[50] G. C. Knee, K. Kakuyanagi, M.-C. Yeh, Y. Matsuzaki, H. Toida, H. Yamaguchi,

S. Saito, A. J. Leggett, and W. J. Munro, Nature Communications 7, 13253

(2016), publisher: Nature Publishing Group.

[51] D. S. Shucker, Letters in Mathematical Physics 4, 61 (1980).



64

[52] E. A. Abbott and I. Stewart, Flatland: a romance of many dimensions, Dover

thrift editions (Dover Publications, New York, 1992) oCLC: 26054205.

[53] K. Yasue, Journal of Functional Analysis 41, 327 (1981).

[54] J. C. Zambrini, International Journal of Theoretical Physics 24, 277 (1985).

[55] D. Bohm, Physical Review 85, 166 (1952).

[56] C. Lehner, in The Cambridge Companion to Einstein, Cambridge Companions to

Philosophy, edited by C. Lehner and M. Janssen (Cambridge University Press,

Cambridge, 2014) pp. 306�353.

[57] T. Sauer, in The Cambridge Companion to Einstein, Cambridge Companions to

Philosophy, edited by C. Lehner and M. Janssen (Cambridge University Press,

Cambridge, 2014) pp. 281�305.

[58] A. Einstein and E. G. Straus, Annals of Mathematics 47, 731 (1946), publisher:

Annals of Mathematics.

[59] A. Einstein, Annals of Mathematics 46, 578 (1945), publisher: Annals of Math-

ematics.

[60] A. Einstein, Reviews of Modern Physics 20, 35 (1948), publisher: American

Physical Society.

[61] E. H. Brown, Journal of Mathematical Physics 7, 417 (1966), publisher: Ameri-

can Institute of Physics.

[62] A. Chamseddine, Communications in Mathematical Physics 264, 291 (2006).

[63] A. Das, Journal of Mathematical Physics 7, 45 (1966), publisher: American

Institute of Physics.

[64] N. Debergh, G. D'Agostini, and J.-P. Petit, Journal of Modern Physics 12, 218

(2021), number: 3 Publisher: Scienti�c Research Publishing.

[65] E. Goulart, EPL (Europhysics Letters) 115, 10004 (2016), publisher: IOP Pub-

lishing.



65

[66] P. O. Hess and W. Greiner, International Journal of Modern Physics E 18, 51

(2009), publisher: World Scienti�c Publishing Co.

[67] G. Kaiser, Quantum Physics, Relativity, and Complex Spacetime: Towards a New

Synthesis (North-Holland, Amsterdam ; New York : New York, N.Y., U.S.A,

1990).

[68] M. K.-H. Kiessling and A. S. Tahvildar-Zadeh, Journal of Physics A: Mathemat-

ical and Theoretical 49, 135301 (2016), publisher: IOP Publishing.

[69] I. V. B. a. B. L. Kogan, Progress In Electromagnetics Research B 69, 103 (2016),

publisher: EMW Publishing.

[70] C. Mantz and T. Prokopec, Hermitian Gravity and Cosmology , Tech.

Rep. arXiv:0804.0213 (arXiv, 2008) arXiv:0804.0213 [astro-ph, physics:gr-qc,

physics:hep-th] type: article.

[71] E. A. Rauscher, J. J. Hurtak, and D. E. Hurtak, Journal of Physics: Conference

Series 1251, 012042 (2019), publisher: IOP Publishing.

[72] E. Witten, Physical Review Letters 61, 670 (1988), publisher: American Physical

Society.

[73] E. Witten, A Note On Complex Spacetime Metrics, Tech. Rep. arXiv:2111.06514

(arXiv, 2022) arXiv:2111.06514 [gr-qc, physics:hep-th] type: article.

[74] G. Esposito, Complex General Relativity (Springer Science & Business Media,

2006) google-Books-ID: pp0SBwAAQBAJ.

[75] A. Burinskii, Gravitation and Cosmology 14, 109 (2008).

[76] T. Adamo and E. T. Newman, The Kerr-Newman metric: A Review , Tech.

Rep. arXiv:1410.6626 (arXiv, 2016) arXiv:1410.6626 [gr-qc, physics:hep-th] type:

article.

[77] D. Lynden-Bell, in Stellar Astrophysical Fluid Dynamics (2003) pp. 369�375.

[78] M. Davidson, Foundations of Physics 48, 1590 (2018).



66

[79] M. Davidson, General Relativity and Gravitation 44, 2939 (2012), arXiv:

1109.4923.

[80] C.-D. Yang, Annals of Physics 319, 444 (2005).

[81] C.-D. Yang, Annals of Physics 321, 2876 (2006).

[82] C.-D. Yang, Chaos, Solitons & Fractals 32, 312 (2007).

[83] C.-D. Yang, Chaos, Solitons & Fractals 33, 1073 (2007).

[84] C.-D. Yang, Physics Letters A 372, 6240 (2008).

[85] C.-D. Yang, Chaos Solitons & Fractals - CHAOS SOLITON FRACTAL 41, 317

(2009).

[86] C.-D. Yang and S.-Y. Han (2020).

[87] C.-D. Yang and S.-Y. Han, Entropy 23, 210 (2021), number: 2 Publisher: Mul-

tidisciplinary Digital Publishing Institute.

[88] D. Bohm, Wholeness and the Implicate Order.

[89] F. A. M. Frescura and B. J. Hiley, Foundations of Physics 10, 7 (1980).

[90] J. Maldacena and L. Susskind, Fortschritte der Physik 61, 781 (2013).

[91] M. S. Wang, Physical Review Letters 79, 3319 (1997), publisher: American

Physical Society.

[92] M. Wang, Chinese Journal of Physics 38 (2000).

[93] H. H. Rosenbrock, Physics Letters A 110, 343 (1985).

[94] H. H. Rosenbrock, Physics Letters A 254, 307 (1999).

[95] H. Rosenbrock, IEEE Transactions on Automatic Control 45, 73 (2000).

[96] H. H. Rosenbrock, Proceedings of the Royal Society of London. Series A: Math-

ematical and Physical Sciences 450, 417 (1997), publisher: Royal Society.

[97] F. Kuipers, J. Math. Phys. 63, 042301 (2022), _eprint: 2109.10710.

[98] J. C. Zambrini, Physical Review A 33, 1532 (1986), publisher: American Physical

Society.



67

[99] A. Kapustin and E. Witten, Electric-Magnetic Duality And The Geometric Lang-

lands Program (2007), arXiv:hep-th/0604151.

[100] R. Tsekov, in New Advances in Physics, Vol. 8 (2014) p. 111, journal Abbrevia-

tion: New Advances in Physics.

[101] Y. Aharonov, D. Z. Albert, and L. Vaidman, Physical Review Letters 60, 1351

(1988), publisher: American Physical Society.

[102] Y. Aharonov and L. Vaidman, Physical Review A 41, 11 (1990), publisher: Amer-

ican Physical Society.

[103] Semimartingale (2024), page Version ID: 1223154876.

[104] L. P. Horwitz, Relativistic Quantum Mechanics (Springer Netherlands, Dor-

drecht, 2015).

[105] O. Oron and L. P. Horwitz, Rel. Grav. Cosmol. 1, 109 (2004), _eprint:

physics/0212036.

[106] O. Oron and L. P. Horwitz, Foundations of Physics 35, 1181 (2005), publisher:

Kluwer Academic Publishers-Plenum Publishers.

[107] O. Oron and L. P. Horwitz, Relativistic Brownian Motion in 3+1 Dimensions

(2003), arXiv:math-ph/0312003.

[108] M. Pavon, Journal of Mathematical Physics 42, 4846 (2001).

[109] M. Land, Entropy 19, 234 (2017), number: 5 Publisher: Multidisciplinary Digital

Publishing Institute.

[110] M. Davidson, Letters in Mathematical Physics 4, 475 (1980).

[111] M. Davidson, Stochastic mechanics, trace dynamics, and di�erential space - a

synthesis (2006), arXiv:quant-ph/0602211.

[112] K. Yasue and J.-C. Zambrini, Annals of Physics 159, 99 (1985).

[113] R. d. l. Fuente and M. Lamorena, qmsolve: A module for solving and visualizing

the schrÃ¶dinger equation.



68

[114] M. J. Aburn, sdeint: Numerical integration of stochastic di�erential equations

(SDE).

[115] P. R. Holland, The Quantum Theory of Motion: An Account of the de Broglie-

Bohm Causal Interpretation of QuantumMechanics, revised ed. edition ed. (Cam-

bridge University Press, Cambridge, 1995).

[116] J.-M. Lévy-Leblond, Physics Letters A 125, 441 (1987).

[117] R. E. Kastner, American Journal of Physics 61, 852 (1993).

[118] F. Metzler, C. Hunt, and N. Galvanetto, Known mechanisms that increase nuclear

fusion rates in the solid state (2022).

[119] V. Pines, M. Pines, A. Chait, B. M. Steinetz, L. P. Forsley, R. C. Hendricks,

G. C. Fralick, T. L. Benyo, B. Baramsai, P. B. Ugorowski, M. D. Becks, R. E.

Martin, N. Penney, and C. E. Sandifer, Physical Review C 101, 044609 (2020),

publisher: American Physical Society.

[120] B. M. Steinetz, T. L. Benyo, A. Chait, R. C. Hendricks, L. P. Forsley, B. Baramsai,

P. B. Ugorowski, M. D. Becks, V. Pines, M. Pines, R. E. Martin, N. Penney, G. C.

Fralick, and C. E. Sandifer, Physical Review C 101, 044610 (2020), publisher:

American Physical Society.

[121] Lattice Con�nement Fusion.

[122] J. L. Doob, Stochastic Processes P , reprint edition ed. (WILEY, New York, NY,

1990).


