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Abstract—This paper studies the effect of time delay on stability
of mutualism population mode with limited resources for both
species. First, the stability of the model without time delay is
analyzed. The model is then improved by considering atime delay in
the mechanism of the growth rate of the population. We anayze the
effect of time delay on the stability of the stable equilibrium point.
Result showed that the time delay can induce instability of the stable
equilibrium point, bifurcation and stability switches.
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|. INTRODUCTION

TRADITIONAL Lotka-Volterra type predator-prey models

or competing models have been widely studied by many
authors (for example, see [5],[6],[8],[11],[12]). But there are
few papers considering mutualism system. Mutualism is an
interaction in which species help one another. Mutualism can
be classified into four types. seed-dispersal mutualisms,
pollination mutualisms, digestive mutualisms and protection
mutualisms. Some examples of each type of mutualisms can be
seenin Kot [10].

Ravindra Reddy et a. [1] have studied two mutualy
interacting species with limited resources for both species.
They investigated the global stability analysis of the model by
constructing a suitable Liapunov’s function. A model of two
mutually interacting species with limited resources for first
species and unlimited resources for second species have been
studied by Ravindra Reddy et al. [3]. Other research on
mutualism model was studied by Fay et a. [5].

A LotkaVolterra type mutualism system with several delays
was studied by Xia et a. [15]. Some new and interesting
sufficient conditions are obtained for the global existence of
positive periodic solutions of the mutualism system. Xia[14]
has studied global existence of positive periodic solutions for a
class of mutualism systems with several delays and obtains a
new and interesting criterion. Stability analysis of a two
species mutualistic model with limited resources and a time
delay was investigated by Ravindra Reddy et a. [2].
Mutualism population model with time delay has also been
considered by Dang and Cheng [4] and He and Gopalsamy [7].
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In this paper, we discuss mutualism population model based
on Lotka-Volterra model which is extended by incorporating a
time delay into the model. The stability of the model without
time delay is analyzed and the effect of time delay on the
stability of stable equilibrium point will be inspected.
Bifurcation and time delay margin will be determined.

II. MUTUALISM POPULATION MODEL

We consider a two population ecosystem in which both
populations interact with each other in a mutually beneficia
way. Since the food source is limited, a logistic growth model
is proposed for each population in the absence of the other.
The considered model of mutualism between the two
populations is based on Lotka-Volterra model. The effect of
their interaction will increase the size of the two populations.

Themodel is
%:rx 1-= +axy
dt K, ’
4 @
y y
— =sy| 1-—— |+ Bxy.
at Sy( Ky} o

The symbols x and y denote the population sizes at time t,
the constants K, and K denote the carrying capacities of the

populations X and Y. The parameter r and s are the
intrinsic growth rates of populations x and Yy, the constants
a and B denote the coefficients interaction between the two
populations that increase the size of the populations x and Yy
respectively.

For simplification, model (1) iswritten in the form
dx 2
— =rx—bx“ +axy,
& 2
d—i’ =sy-ey® + By.

where b:L and e:Ki. The constants band e are aso
x y

well known as the coefficient of self interaction or the

coefficient of intraspecific interaction for populations xand y

respectively.
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The equilibrium points of model (2) areEl:(0,0) where 1, Se,a and g are positive constants. The terms
,E, :(L ,O}, ES:(QE) andE" = er+as M . [1—Mj and (1—Mj in model (3) denote the
b e be-af be-af r S
density dependent feedback mechanism which tdkeasnits

of time to respond to changes in the populationsities of
populationsX and y respectively.

The equilibrium point of model (3) that possiblycacs in
[~ 2x+ay ax _ the first quadrant is E’ :(x*,y*):(ﬂ, bs+,8rJ.
By s—2ey+ X be-af be-af
Forr =0, this equilibrium point is asymptotically stablénen
the conditions be-af >0is satisfied, Theorem 1. To

Only the equilibrium pointE” can occur in the positive
quadrant. The Jacobian matrix of model (2) takedahm

To analyze the equilibrium poirE” , we refer to the
following result. linearize the model about the equilibrium poit of model
(3), let u(t)=x(t)-x" and v{t)=y(t)-y". Then substitute

Theorem 1Toaha, S. and Budin, H. [13]. into model (3) to get

Let E" be the positive equilibrium point of model (2). If

be-aB >0, E is asymptotically stable. aft) = ( ) ult) + x XU (t-7)+x )
| | +a(u X Jult) +y’
Example 1. Consider model (2) with the parameters .
r = 0405, b=00337, a= 0015, s=034, e=00283; ift) = ) + ) dvlt) +y Wi-0)+y)
and B = 0020. With these parameters, Theorem 1 is satisfied. + ﬁ(u Xv(t)
The equilibrium point is E" =( 25262983 and the
eigenvalues associated with this equilibrium poiate ~After simplifying and neglecting the product terme have
-1.3242: and -0.37336 This means that the equilibrium the linearized model
point E* is asymptotically stable. Some trajectories and u(t) = -bx u(t - 7)+ax vit) @)
vector field are given in Fig. 1. \'/(t) = —ey*v(t —r)+,8y*u(t).
SR "
] % § :: Analyzing the local stability of the equilibrium jmd E in

t \: ‘: the model with time delay is equivalent to analgzithe

VoW stability of the zero equilibrium point in the liewézed model.

\ E - From the linearized model we have the charactersgtuation

N

i o loxe T a —ax |

: f(1)= . . e 170,
- by eye ' +1
AN, 7)= 22 +ag, +a.e " A +age ™ =0,

where ag, =-apX'y", a;; =bx +ey , aj, =bexy’.

Fig. 1 Some trajectories around the stable eqiilibpoint E’ Since X and Yy are both positive we havey,, <0, &, >0

,anday, >0. Forr =0, the characteristic equation becomes
. MUTUALISM POPULATION MODEL WITH TIME DELAY

We consider the mutualism population model (2) whée A +aj A +ag, +ag, =0 (5)
two populations are incorporated with time delagieTmodel |\ hich has the roots

becomes
—311+\/a11 - ( o+ 2)
d()i((tt) = fX(t)(l_ bX(tr_ T)] + ax(t)y(t), M2 T ©)

3) Under the conditionbe—af >0, the characteristic equation

% - sy(t)(l— QY(tS‘ T)] + ,Bx(t)y(t). (5) has negative real roots.

In order to analyze the stability of the equilitmiyoint E~
of model (3), we transform model (4) into a secordkr delay
differential equation. Then we have
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(t) + agoult) + agoult - 27) + ault -7) =0, and an auxiliary polynomiak(s d) in term of &s d) is

As d)= d%s? -1.69750s- 0.2260H2 +0.72042
and for determining the delay margin of model (4 apply

theorem 2. Solving simultaneouslye(s d) =0and "é(s d) =0 we get

Theorem 2. J. Chiasson, [9] d,=-i,d,=i, d; =056011+ 0.82842 ,

Suppose that the equation d, =056011-0.82842, d; =-056011+ 0.82842 and
zz aIl x y(t-j7)=0 is stable for =0. The de =-0.56011-0.82842.

i=0 j=0 . ..
Next we computel’ according to Definition 2.

L (sl,dl) and (sz,dz) are to be neglected sin@e(si)i 0.
dsd)=s?+ ZZ g dd! (7) The common zeros of(sd)=0 and &(sd)=0 that satisfy
i=0 j=0 Re(g)—o and|d;| =1 are
=s? +ay(d)s+a(d). (s;,d5) = (- 0.703140.56011+ 0.82842),
(0.703140.56011- 0.82842),

characteristic equation witd =e™% is

0.70314-0.56011+ 0. 82842)

i=0 35' 5 (
(0.70314-056011-0.82842).

The polynomial e(ad) is said to be asymptotically stable Se-de
independent of delay iff
a(se'sr),t 0 for Re(s)=0, 720.

d)
whereai(d):ia,-jdj fori=0, 1. ES“' 4;)

Then

= =%
Definition 1: Let a(s d) be a two — variable polynomial of the I3 = rll'g ro D‘d?:

|

f;(r;nd()Zi. T2he(T S;;i;;a T, = m| {TD D‘d4 — }
Ie = mln{rDD‘ds = ’%} 3079

|

d282+zllzzla” d2 J 1’>O{

R Tg = min rDD‘dG— S (= 3079
Definition 2: 7" - the range of stability fof . Finally, we find time delay margin
Let {(5 'di) P=1 . k} be the common zeros of .- :min{r3,r4,r5,r6}: 1388. Some trajectories  of

{dsd) &sd} for which Re(s)=0, s #0 and|d|=1, ((t), y(t)) with various time delays are given in Fig. 2, 3, 4
d #1. For each such pair (5,d;), let and5.

29.8302

7, = min,>0{r 0o|d, = e"S‘}. Such an; exists sincdd;| =1

ands, #0. Define 7" =min{r;} >0.

29.83
29.8298

Example 2 Consider model (2) with the parameters 2%

r = 0405, b=0.03375 a = 0015, s= 034, e=0.02833 29.8294
and = 0020. For r =0, these parameters satisfy Theorem™ 296262

1. The equilibrium point isE" =( 2526 2983) and the 20.629

®

Y

eigenvalues associated with this equilibrium poiate 29.8288 —
—-132421 and -0.37336. This means thatE s 20,8286 -
asymptotically stable. Then we havey,, =-0.22601, 20.8284
25.257 25.2575 25.258 25.2585 25.259 25.2595 25.26 25.2605
a,, =0.72042, and a,; =1.69757. Further we have x©
Fig. 2 Trajectory of(X(t), y(t)) with x(0)= 2526, y(0)= 2983, and
(i(t) - 0.22600(t) + 0.72042(t - 27) +1.6975T(t - 7). r=01

Referring to theorem 2, then from the delay diffetied
equation we have

dsd)=s? +1.69750s- 0.22601+ 0.720421°
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Fig. 3a Trajectory ofx(t) with x(O): 2526 and 7 =133
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Fig. 3b Trajectory ofy(t) with y(0)= 2983 and 7 =133
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Fig. 4 Trajectory of(X(t), y(t)) with X(O) = 2526, y(0)= 2983,

and 7 =139
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We know that when the time delay-0, the eigenvalues
associated with the characteristic equation aré bepative.
This means that the trajectory tends to the equilib point
asymptotically without oscillation. It is reasonakthat when
we put time delay quite small, the trajectory dglhds to the
equilibrium point without oscillation, figure 2. V&éh we
increase the value of time delay, the trajectaitlytehds to the
equilibrium point and oscillates around the eqpuilibn point,
figure 3a and 3b. Figure 4 with time delay 1.39shows that

the equilibrium pointE” :(2526 29.83 is not stable. The

equilibrium point is stable whef <71 < 1389. Figure 5a and
5b show that after a short time the trajectoriegopéally
oscillate around the equilibrium point. When wetalis the
value of time delay, the trajectories will eithemeerge to the
equilibrium point or diverge. A bifurcation occurs
whenr = 1389, figure 5. In this case the time delay margin
isT=1389.

IV. CONCLUSION

In the mutualism population model, there exist four
equilibrium points. One of them is in the first guant and
asymptotically stable, Theorem 1. This means that tivo
populations can live in coexistence. When the tifeéay is
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incorporated into the mutualism model, the positive
equilibrium point may also remain stable. By anregke and
using Theorem 2, we can see that there exists a dietay
margin for stability of the equilibrium point. Thiseans that if
we take the value of time delay quite small, thesifpce
equilibrium point remains stable and the two pofiafes can
coexist.
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