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The paper is devoted to the analysis of a hemivariational inequality problem for the stationary Stokes equations
in a bounded planar domain with a nonmonotone and multivalued slip boundary condition. First, a result on
the stability of solutions of the hemivariational inequality on variations of the domain is established. Then we
provide the existence of a solution to optimal shape design problems of the stationary Stokes hemivariational
inequality. We investigate the convergence of shape optimization problems for the penalized inequality when

the penalty parameter tends to zero. Finally, we prove a convergence result for a finite element approximation
of the shape optimization problem.

1. Introduction

Since the 1960s, variational inequalities have been a focus of re-
search in the fields of mathematical theories, numerical solutions, and
applications ([34,18,23,22,58]). On the other hand, many theoretical
results have appeared on the properties of solutions to Stokes prob-
lems, for instance, existence and uniqueness in [15,16], regularity in
[53,52], and the continuous dependence on the data in [35]. In these
references, the slip and leak boundary conditions of the friction type
are expressed by monotone relations between physical quantities, and
as a result the weak formulations of the corresponding problems have
the form of variational inequalities. Since that time, many publications
have appeared on variational inequalities for the Stokes equation, such
as [37,40,17,38,31,9,2,10]. The finite element approximation for a vari-
ational inequality of the Stokes equation with a nonlinear slip boundary
condition has been studied in [39,32]. Optimal control problems related
to variational inequalities are considered in [4,56].

Hemivariational inequality represents a powerful tool in the study
of a large number of nonlinear boundary value problems involving non-
monotone relations between physical quantities. The notion of a hemi-

variational inequality has been first proposed by Panagiotopoulos in
the early 1980s ([49]), and its concept and development are closely re-
lated to the generalized gradient of a locally Lipschitz functional in the
sense of Clarke ([7,8]). Some early comprehensive references on hemi-
variational inequalities include [50,47,46,27]. In these monographs,
mathematical theories and numerical solutions of hemivariational in-
equalities have been studied systematically. Since then hemivariational
inequalities have been widely exploited in a variety of subjects and
have solved a large number of problems. For example, the study of
hemivariational inequalities and their applications can be found in sev-
eral works such as [5,54,36,21]. In recent years, numerical methods
for solving hemivariational inequalities have been extensively studied.
The finite element method is analyzed in [11] for solving a stationary
Stokes hemivariational inequality with a slip boundary condition. The
optimal order error estimates are given in [57] by using the linear vir-
tual element solutions of elliptic hemivariational inequalities. With the
development of science and technology, optimal control theory has a
wide range of applications in the fields of mechanical system analysis,
aviation and space technology, vehicle drive dynamics, and plant man-
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agement. Research on optimal control problems for systems governed
by hemivariational inequalities can be found in [12,42,43].

Shape optimization of nonlinear partial differential equations is a
growing field in modern structural optimization design ([25,55]). Shape
optimization of fluid models with slip boundary conditions as the state
problem has great practical significance. For example, shape optimiza-
tion of the interior of hydraulic elements can reduce the velocity gradi-
ent and thus achieve energy savings ([28]). Hamaildinen et al. in [20]
have studied a shape optimization problem for the incompressible flows
using the stabilized finite element method. The discretization and con-
vergence analysis of the shape optimization for the Stokes problem with
threshold slip boundary conditions are discussed in [30], see also [24].
Haslinger et al. in [26] have analyzed the existence of the optimal shape
problem described by generalized Navier-Stokes equations. Further, the
numerical analysis of the shape optimization problem for Navier-Stokes
equations was presented in [29]. In all aforementioned references, the
weak formulations of the problems are variational inequalities.

In this paper, we consider a hemivariational inequality problem for
the stationary Stokes equations in a bounded domain Q c R? with Lip-
schitz boundary 0Q. The boundary is divided into a slip boundary I'g
and a non-slip boundary I';, = dQ \ T'g, where the measures || > 0,
ITp| >0, and T;, NT'g = @. We consider the Stokes problem for steady
flows of incompressible viscous fluids:

—-VvogAu+Vp=f inQ, (1.1a)
divu=0 inQ, (1.1b)
u=0 onlp, (1.10)
u,=0, —-o,€0ju,) onlg, (1.1d)

where u = u(x), p=p(x) and f = f(x) are the flow velocity field, pres-
sure and density of external forces, respectively. Let v and z be the unit
outward normal and tangential vectors on the boundary 0Q, respec-
tively. If v is a vector-valued function on the boundary, its normal and
tangential components are represented by v, =v-v and v, =v -0V,
respectively. With the fluid velocity u and the pressure p, we define
the strain tensor &(u) = %(Vu + (Vu)") and the Cauchy stress tensor
o = —pI + 2vye(u), where I denotes the identity matrix and v, is the
kinematic viscosity. We denote the normal and the tangential compo-
nents of ¢ on the boundary by ¢, =v-ov and 6, =ov - o,v, respec-
tively. We assume that the function j : I'¢ x R?> — R is locally Lipschitz
with respect to its second argument, and 9, denotes the Clarke general-
ized subgradient of j(x,-). To simplify notation, we shall write j(x,u,)
as j(u,). The condition (1.1d) is known as a slip boundary condition on
I'g. It consists of the impermeability (no leak) condition u, = 0 which
means that the fluid cannot pass through this boundary outside the do-
main, and a multivalued friction condition between the friction force
o, =2vy(e(u)v), and the tangential velocity u,. If the potential j is a con-
vex function, the problem of the Stokes equations leads to a variational
inequality, see [14]. When the function j is nonconvex, the problem
(1.1) corresponds to a hemivariational inequality.

We recall the definition of the generalized directional derivative and
generalized subgradient in the Clarke sense for a locally Lipschitz con-
tinuous function ([8]).

Definition 1.1. Let V be a Banach space with the dual space V*, and
f 1V — R be a locally Lipschitz function. The generalized directional
derivative of f at u €V in the direction v € V, denoted by fO(u;v), is
defined by

fw+ ) - fw)

fo(u;u) = limsup 7

w—u, A0

The generalized subgradient or subdifferential of f at u € V is defined
by

ofw={¢eV*| fouv)>(,v) forall veVy).
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We also need the following properties of the generalized directional
derivative and the generalized subgradient, which can be found, for
example, in [44].

Proposition 1.2. Let V be a Banach space and f: V — R be a locally
Lipschitz function. Then the following holds.

(i) For every u € V, the function f%(u;-): V — R is positively homoge-
neous and subadditive, i.e., fO(u;Av) = Af%u;v) forall >0, vEV
and fO(u; vy +0,) < fOus v)) + fO(us vy) for all vy, v, €V, respectively.

(ii) The function f0: V x V — R is upper semicontinuous, i.e., for all
{u,}, {v,} CV, u, veV such that u, —u and v, — v in V, we have
limsup,_,, f°G,;v,) < fOu;v).

(iii) For allu, v eV, we have fO(u;v) = max {(,v) | € 0f ()}

The organization of this paper is as follows: In the next section,
we introduce the weak formulation of the Stokes problem (1.1). In
Section 3, we present the shape optimization problem related to the
Stokes hemivariational inequality and recall some auxiliary material.
The existence result for the shape optimization problem is established
in Section 4. In Section 5, we discuss the shape optimization problem
related to the Stokes hemivariational inequality problem with penal-
ized terms, and analyze the stability of the shape optimization problem
under consideration. In Section 6, we apply the finite element method
to the convergence analysis of the shape optimization problem for the
penalized Stokes problem.

2. Weak formulation

To give a weak formulation of the problem (1.1) we first introduce
the following function spaces:

VQ={veH" Q) |v=00nTy, v,=00nTg},
Vai(Q={reV(@Qldive=0in Q},
Vo(Q = (H, Q)
12Q={¢€ Q| / gdx=0}.
Q

Let d be a positive integer and S? be the space of symmetric d x d
matrices. The canonical inner products on R? and S? are denoted by
“.” and “:”, respectively.

The standard norms in (L2(Q))¢ and (H'(Q))? are denoted by |- [lo o
and | - ||, respectively. Since the measure |I'p| > 0, it is well known
that the following Korn inequality, see [33, Lemma 6.2], is satisfied

Y7 Iwllig < lle@)lly, forall veV(Q. 2.1)

where H = L?(Q;S%) and the Korn constant Cx > 0 depends only on
Q and I'p,. Hence, we conclude that on ¥(Q) the norms || - ||, o and
[11.q :=lle()ll;; are equivalent, and (V(Q), |- |, o) is a Hilbert space. By
the Sobolev trace theorem, we know that the tangential trace operator
y: V(Q)— L*(I's)? given by yv =v, on I' for v € V(Q) is linear and
continuous. We still denote its operator norm by ||y||.

The mixed variational formulation of the problem (1.1) involves a
hemivariational inequality and it can be derived analogously as in [11,
Section 3].

Problem (M). Find (u, p) € V(Q) X L(Z)(Q) such that

a(u,v) - b(v, p) + / JOusv)ds > (f.v)yo forall veV(Q). (2.2)
Is

b(u,q)=0 forall g€ L3(Q). (2.3)

Herea: V(Q)xV(Q)—> R and b: V(Q) X L(z)(Q) — R are defined by
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a(u,v):Zvo/e(u) :e(v)dx for u,veV(Q), 2.4
Q
b(v,q) = / qdivedx for veV(Q), g€ L}(Q), (2.5)
Q
and
(f V)0 = / f-vdx for veV(Q), feL*Q)>. (2.6)
Q

Note that the incompressibility constraint (1.1b) implies Au =
2 Dive(u), see, e.g., [28, Remark 2.1], and, therefore, we have

a(u,v)=2v0/£(u) : e(v)dx:vO/Vu : Vvdx for u,v eV (Q).
Q Q

We observe that the bilinear form a(-,-) is continuous and coercive,
see [41],

la(u,v)| <2vj lul; glvl o forall u,veV(Q), 2.7)
aw,v)=2vy |v]], forall veV(Q). (2.8)

The bilinear form b(-, -) is continuous and satisfies the inf-sup condition:
there are constants p,, p; > 0 such that

[b@. @) < pg vl gllgllog forall (v.q) €V (Q)x LI(Q), (2.9)

b(v,
plllog< sup T2 forall ge L3Q (2.10)

vevo@ P10
A detailed proof of (2.10) can be found [19, (5.14), page 81].
Concerning the superpotential j, we assume the following hypothe-
sis.

H(j): j:T'gxR?— R issuch that

(i) j(-,&) is measurable on 'y for all & € R? and j(-,0) € L'(T'y),
(ii) j(x,-) is locally Lipschitz on R? for a.e. x € T'g,
(i) lInllg2 < co+e;ll€llge for all & € R?, n € dj(x, &), a.e. x €Ty with ¢,
(4] > 0;
) m—m)- & - &) z-m & - fz”éz for all ¢ € R?, 5; € 9j(x,&)),
i=1,2,ae. xelg with a constant m_ > 0.

Remark 2.1. The inequality in H(j)(iv) is called the relaxed monotonic-
ity condition for the subgradient d/(x,-) for a.e. x €'y, and it is known
from [44] that it is equivalent to

PErE =N+ En — &) <m NIE ~ &7, forall &.& R’

Moreover, if, in addition, j(x,-) for a.e. x €T’y is a convex function,
then the relaxed monotonicity condition, or equivalently H (j)(iv) holds,
with m, =0, due to the monotonicity of the convex subdifferential.

Example 2.2. We provide an example of the potential function in the
slip boundary condition (1.1d) such that the Stokes problem (1.1) does
not lead to a variational inequality, and results of [14] are not appli-
cable. Here, we are motivated by [11, Section 5]. Let j: R*> — R be
defined by

lel
/y(r)dr for £ eR?,
0

j&= (2.11)
where the integrand satisfies

H(u): u: [0,400)— R is such that

(1) u is continuous,
(2) |u < po+pylr| forr =0 with po, py 20,
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(3) u(ry) — u(ry) 2 —m,(ry —ry) for ry>r, >0 with m, >0.

Under H(u)(1) and (2), the function given by (2.11) is locally
Lipschitz, Clarke regular, and satisfies H(j)(ii) and (iii). If, in addi-
tion, H(u)(3) holds, then H(j) is satisfied with m, = m,. The con-
dition H(u)(3) is the so-called one-sided Lipschitz condition, which
allows the function to decrease at a rate not faster than m,. The con-
crete function u(r) = (a — b)e™*" + b with a > b and « nonnegative con-
stants, satisfies H(u) with m, = a(a - b). If H(u)(1) and (2) hold, then
0j(&) = u(||E|)al|€|| for £ € R? and the friction in (1.1d) is modeled by
a nonmonotone law which is equivalent to the threshold slip boundary
condition of the form

llo Il < u(0)

u,
—0'T=l4(||ur||)m if u, #0.
T

if u,=0
(2.12)

In this way we recover the slip boundary condition of frictional type
with the threshold function x4 depending on the fluid tangential speed
llu,|l, see [2,9,24,28]. The coefficient of friction u represents the mag-
nitude of the slip bound (or limiting friction bound) at which the slip
begins.

Theorem 2.3. Assume H(j), f € (L*(Q))?, and

2v > m Iy II%, 2y Ck > ey llyII%. (2.13)

Then Problem (M) has the unique solution (u, p) € V(Q) X Lé(Q) and

llullig + llpllog < e+ 1fllog)s (2.14)

where a positive constant ¢ depends on Q, L', |ly|l, Ck, ¢, ¢1, vy, and is
independent of f.

Proof. For the existence and uniqueness part, we use [11, Theo-
rems 3.4 and 3.5] which is summarized as follows. Under H(j) and
the first smallness condition in (2.13), for any f € L*(Q), Problem (M)
has a unique solution (u, p) € V(Q) X L%(Q).

Next, we establish (2.14). To this end, we use the second smallness
condition in (2.13). Let us take v = —u in (2.2), and from (2.3), we
obtain

a(u,u) S/jo(uf;—u,)ds+(f, u)oo- (2.15)
Is
By Proposition 1.2 (iii) and H (/) (iii), we obtain
Jougs—u,) = max{n- (-u,) | n€dj(u,))
Sz llu g < (e + e llullg2)llu; g2 (2.16)

From the Korn inequality (2.1), (2.8), (2.15), and (2.16), we have
2 Cx lullf < 2vlulf o = a(@,v)

< / (co + e lullg)llu, g2 ds + 11 £ llo o llullog

2
<ap [l ds ey [l ds+ 17 Ioglullg

2
=V |Fs|||uf||o,rs +c ”ur”()IS + 11 fllogllullio

<o VITsl+ey lly Mlully Dl el g + 1 f Nlogllull g
(2.17)

where we have used the Holder inequality and continuity of the tangen-
tial trace operator. Hence

@voCx = eillyIM)llull g < coVITslliv Il + 1 £ llog- (2.18)

It follows from (2.18) and the smallness condition (2.13) that
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Fig. 1. Geometry of admissible domains.

llull,g < @wCk = crllr P~ (o VI I+ 11 Tlo0)- (2.19)

Now, we show the boundedness of the norm of the pressure. Us-
ing the test function v € V((Q), from (2.1), (2.2), (2.7) and (2.18), we
deduce

b, p) < au,v) — (f,v)gg <c+|flloQ)l?l0

where ¢ > 0 depends on Q, I'y, |7, Ck, ¢, €15 vy, and it is independent
of f. Thus, it follows from (2.10) that
b(v, p)

pillpllog < sup —— <c(+|fllog)-
T vevy Ivhig ©

This completes the proof. []
Remark 2.4.

(a) The first smallness condition in (2.13) means that if the loss of
monotonicity of j(x,-) is not “too large” and is compensated by
the coercivity constant of the form a, then Problem (M) has a
unique solution. A particular form of the problem (1.1) with the
boundary conditions u, =0 and (2.12) has been studied under an
analogous smallness condition in [28, Theorem 2.4, see (2.16), and
Remark 2.5] by a fixed point argument.

Remark that if, in addition, j(x,-) for a.e. x €' is convex, then
H(j)(iv) and the first smallness condition in (2.13) hold trivially,
see Remark 2.1. Note also that in Theorem 2.3, the pressure is
unique up to a constant in L?(Q), while in Lg(Q) it is unique.
For a more general existence and uniqueness results for a class
of variational-hemivariational inequalities, we refer to [45, The-
orem 18].

)

=

3. Formulation of shape optimization problem

In this section we shall formulate a shape optimization problem for
the Stokes model (1.1) and provide some preparatory material needed
in the next sections. In the shape optimization problem the goal is to
find a domain from an admissible class of sets which minimizes a cost
functional depending on the solution to (1.1).

In Section 2 we have treated the Stokes problem in a fixed domain.
For an optimization problem we will consider a family of admissible
domains, parametrized by suitable functions. We suppose that only a

part of the boundary with the prescribed slip condition is the object of
optimization.

Let us consider a specific family of sets whose part is represented by
the graph of a function (see Fig. 1):

O={QM|PEZy}

where

Zoa = {B€C 0. 11) | frnin < B < Ponay in [0, 1],
1pP1<C;, i=1,2, ae in (0,1},

QB ={x=(x;.x) | x; €0, 1), x, €(0,8(x,))} for fEZ,y.

see [24]. Here, C11([0, 1]) is the set of all (1, 1)-Ho6lder continuous func-
tions on [0, 1], @ is the ith-order derivative of f with respect to x;, and
the positive constants fpin, fmaxs C1» Co are such that X, # @. In what
follows, the functions g € X, will play the role of the control variables
from the admissible set of controls = ;.

Let the slip boundary I'(f) be the graph of a function 4, i.e.,

Cs(f)={(x1,x) | x; €0, 1), x3=p(x))}, fEZyy.

To underline the dependence of the Stokes problem on a parameter
by f, we shall write V() := V(Q(f)), Vaiy(B) 1=V 4i(QH)), Vo(p) :=
V(Q(p)), and Lg(ﬂ) = Lg(Q(ﬁ)). When the domain Q and the boundary
part Iy are replaced by Q(p) and I'g(p), respectively, then the bilinear
forms ag, bg and the function Jjp represent a in (2.4), b in (2.5), and
j in H(j), respectively. Further, we assume that f € (leoc(Rz))z, for
simplicity.

The weak formulation of Problem (M) on a set Q(f) reads as follows.

Problem (M(f)). Find (u(p), p(p)) € V(p) X L(Z)(ﬁ) such that

apu(B),v) — by(w, p()) + / Jpu BY:v)ds = (f v o)
Ts(B)

for all veV(p), (3.1)
by(u(p).q)=0 forall g€ Li(p). (3.2)

In Problem (M(f)) various functions have different domains of def-
inition, and to compare them, we need their extension to the common
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domain 6 defined by 6 =(0,1) X (0,2f4x)- From now on, we suppose
that Q(p) C Q forall peX,,.

The analysis of Problem (M(p)) as well as of the shape optimiza-
tion problem introduced below will heavily rely on several facts which
hold uniformly, for all admissible domains Q(f) or equivalently for all
functions g € ;. These facts are collected in the following.

Remark 3.1.

(@) Let yy: V() > (H 1((/j))2 be a linear and bounded extension op-
erator for p € X,;. The family © consists of domains with Lips-
chitz boundaries, and therefore all domains Q(f), g € X, satisfy
the uniform cone property, see [6]. Hence, by [6, Theorem II.1],
see also [25, Theorem A.8], there exists an extension operator Wy
whose norm is estimated independently of € Z,,.

The norm ||y|| of the tangential trace operator y : V(f) = L*(I'g(f))*
can be bounded from above uniformly with respect to g € X,
see [25, Lemma 2.19, p. 62].

The constant in the Korn inequality can be chosen uniformly with
respect to a class of domains with the uniform cone property,
see [48]. Hence, the constant Cx > 0 in (2.1) can be selected in-
dependently of € X,,.

The constant in the inf-sup condition for pressure can be chosen
independently of g € X ,, see [30, Lemma 2].

)

(=

(@

@

Let W: A — R be a prescribed cost functional, where

A={(p.w.q) | BEL,y, wEV(). g€ LY(P)}.

For simplicity, we write W() := W(B,u(p), p(f)). Now we introduce the
following shape optimization problem.

Problem (M). Find p* € X, such that

W) <w(p) forall pex,,,

where (u(f),p(f)) is the unique solution of Problem (M(f)), see
Lemma 4.1 in Section 4.

In order to prove the existence of the solutions to Problem (M), an
auxiliary material is needed. First, we recall the definitions of con-
vergence of domains in O, and convergence of functions defined on
different domains, see [25, Definitions 1-3].

Definition 3.2. Let Q(8,), Q(f) C O, where §,, f € Z,,, n € N. We say
that Q(g,) — Q(p), if

B, — B in C'([0,1]). (3.3)
Definition 3.3. Let w, € V(8,), w € V(B), where B,, f€Z,;, n€N. We
say that w, -~ w (and w, — w, respectively), if

Wy W, = yw (and Wy, W, = YW, respectively) in (HI(Q))Z, (3.4

where 7 and y; denote the bounded and linear extension operators,
see Remark 3.1(a), whose operator norms are bounded independently
of feZ,,.

Definition 3.4. Let ¢, € H(i Q) e H(; (Q(p)), where g,, p €2,
n € N. We say that e, — e (and e, — e, respectively), if
0

en

— ¢’ (and €% — €°, respectively) in H}(Q), (3.5)

where the symbol “e%” stands for the zero extension of a function e €
HS(Q(ﬂ)) to the set O, i.e.,
o { e in 9(’5)_’

0 in Q\Q(p).

217
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Similarly we define the convergence of a sequence {g,}, where ¢, €
L2(B,).
0 n

We conclude this section by recalling three auxiliary lemmas which
will be used in the next section. The first result can be easily proved
based on the definition of X, see also [30, Lemma 1].

Lemma 3.5. Let y,, x be the characteristic functions of the sets Q(f,) and
Q(p), respectively. Then

(i) the family of domains © is compact with respect to the convergence of
sets introduced in Definition 3.2,
(i) if Q(B,) — Q(B) with f,, p €X,y, then

Xp— x in Lq((A}) forall g€[l,0). (3.6)

The next lemma on the continuity type result for the trace opera-
tor, plays an important role in a proof of convergence of solutions to
Problem (M(8,)), see [25, Lemma 2.21, p. 65].

Lemma 3.6. Let {(8,.w,)}, B, € Z.4, w, € (H'(Q))? be such that

p, = p (uniformly) on [0,1],

w, =~ w in (H'©)?% n- o,

for some p e, and w € (H'(Q))%. Then

W, |15, °B = Wlrypoh in (L*(0,1)% n— o,

where wnll“s(/i,,)°ﬁn = w(x,,B,(x,)) and wll-s(/,)oﬂ = w(x,p(x))), x; €
0, 1).

Finally, we also recall a result that can be found in [30, Lemma 3].

Lemma 3.7. Let f, — f in C'([0,1]), B, f €2, and v € V() be
given. Then there exist a sequence {v,}, v, € (H'(Q))?* and a function
v e (H'(Q))? such that V0o =v and

v, -7 in (HQ)?, k- o, (3.7)
where for any k € N and an appropriate n;,, € N, we have
Viloe,, ) €V (Byy)- (3.8)

4. Existence of an optimal shape

In what follows, we will establish the existence result for solutions
to the shape optimization problem, Problem (M).

We begin with the following result on a unique solvability and a
stability estimate for Problem (M(f)), for every fixed g € Z,,. It can be
proved similarly as Theorem 2.3 provided we admit hypotheses on the
data which hold for all g € X, uniformly with respect to f € ,.

Consider the following hypothesis.

H(jg): Jjp: Ts(f)xR* > R is such that

@D Jjp(. &) is measurable on I"¢(f) for all £ € R? and jg,0) € LY(T4(B),
forall pex,,,
(ii) jg(x,) is locally Lipschitz on R? for a.e. x eTg(p), all fEX,,,

(iii) there are constants ¢\, ¢; > 0 independent of g € X, such that for
all B L, all E€R?, n€djy(x.£), ae. x €Tg(p), it holds ||nllg: <
¢+ l1€lg2

(iv) there is a constant m, > 0 independent of g € =, such that for all
BEZ,,allE eR?, y € 0jp(x,&;), i=1,2, a.e. x €T g(p), we have

m —m)- (& — &) 2-m. 11§ - &%,
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(v) for every g, — f in C'([0,1]), &, — &, 1, — 1 in R?, it holds
limsup jy (&,:1,) < Jjy(&:m).
n—0oo

For an example of functions satisfying H(j,)(v), we refer to [13, Exam-
ple 2.4]

Lemma 4.1. Assume H(j;)(i)-(iv), f € (L2 (R%))?, and

loc

2vy > m|lylI%, 2v Cx > ¢y llyII*. 4.1

Then, for any fixed p € X,;, Problem (M(B)) has the unique solution
w(p),p(p)) € V(B) x Lg(ﬂ), and there exists a positive constant d :=
d(f,cy,c) independent of p € X, such that

lwpu®ll, o+ 10" Bllgg <d. (4.2)

Proof. The existence of a unique solution, for any fixed g € £,;, can be
established as in the proof of Theorem 2.3.

The first term in (4.2) can be estimated as follows. Analogously as
in the proof of (2.18) in Theorem 2.3, we have

2w Ck — ¢ ||7||2)||u(/3)||1,Q(ﬁ) <cVITsBIIrIl+ ||f||0,Q(ﬁ)-

On the other hand, since u(f) € V (), by the boundedness of the exten-
sion operator, we know that there exists a constant ¢, > 0 independent
of p €3, , such that

lwsull| g < o luBll1qe):
We combine the last two inequalities to get

oV ITs@HY I+ 1L oo

4.3
2vy Cx = ¢y lIyII? @3

lpu(p)ll, g < e

It follows from Remark 3.1 (a), (b) and (c) that positive constants c,,
[ly]l and Cg, respectively, do not depend on f € X,,. Recall that also v,
and the constants ¢, and ¢;, by H(j,) (iii) are independent of f € X ;.
Therefore, the upper bound in (4.3) does not depend on g € £, and
we obtain the uniform bound on the term ||y/ﬁu(ﬂ)||1Q.

For the estimate of the second term in (4.2), let v € V,(Q(f)). From
(3.1), analogously as in Theorem 2.3, we have

b, p()) < a(B),v) — (f . ) qep < e3 (L + .fllogep 1211.00p)

where c; > 0 is independent of # € X ;. Having in mind Remark 3.1 (d),
from the inf-sup condition (2.10), it follows

bw.p(B) _

pillp(Pllogepy < sup <d,

vevo® 1Plop

with d > 0 independent of g € X,,. This completes the proof of
4.2). O

The following convergence result is important in the forthcoming
analysis.

Theorem 4.2. Let f,, f € X, and (u,,p,) := wB,),p(B,) € V(B,) X
Lg(ﬂn), n €N, be a solution of Problem (M(,)). Suppose that H(jz) and

(3.3) hold, and that there exists an element (u,p) € (Hé(@))2 X Lé(@) such
that

wpu, ~u in (H'Q), (4.4

Py =7 inL3Q), n—co. (4.5)
Then the pair (u(f), p(f)) := (@lgep)Plo)) is @ solution of Problem (M(f)).

Proof. First we show that (&|q), Plog) € Vai(8) X L3(B). Using the
definition of (u,,p,), from (4.4) and (4.5), we have u(f) :=ulg, =0
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on I'p(B) and p(p) :=plo) € LE(B)- Let vF :=vFP(x;) and v/r 1= vhn(x))
be the unit outward normal vector of I'¢(f) and I'g(B,), respectively.
We denote their natural extensions defined in O by the same notation,
i.e., v(x) :=vP(x)) and v/ (x) := vPr(x,), where x = (x|, x,) € 6 Since
B, — B in C1([0, 1]), we have

Vi 538 in ).

From Definition 3.3, we know that u(g,) — u(p) in (H'(Q))2. Thus,

u,,~vﬂ"=(u,,—u)‘vﬂ"+u~vﬁ"—>u~vﬂ, n— oo.

Therefore, u - v/ =0 on Tg(p). Let ¢ € H'(Q(A)) be given such that ¢ =
0 on I'p(B). Now we denote the extension of ¢ on Q by ¢ € H'(Q)
satisfying ¢ =0 on 00 \ [0,1] x {0}. Hence, ¢ € H'(Q(f,)) and ¢ =0
on I'p(8,). Let ¢ € L2(Q(B,)) = L*(Q(B,))/R. Note that |Q(8,)| > 0. Then
there exists a constant k = ( [Q< 4 $dx)/|1Q(B,)| such that ¢ = ¢+ . Since
u, € V(p,) for all n e N, we deduce that

/(ﬁdivundx=/$divundx+ / kdivu, dx

Q) Q(fn) Q(Bn)

K / divu, dx
Q)
=K

9Q(B,)

u, - vhnds —« / u,-0dx
Q)

=K u, - vhids
s (Bn)
0,

where the third equation is due to the Green formula. By applying the
Green formula again, we get

/ u, - Vodx= /

Q) 9Q(By,)

du, - VvPryds — / ¢divu,dx =0,
Q(By)

which means that

/Inll/ﬁ”un ) V(ﬁdx =0,

Q

where y, denotes the characteristic function of the set Q(g,). Applying
the Lebesgue-dominated convergence theorem, see [44, Theorem 1.65],
Lemma 3.5 (ii) and (3.6), we obtain

/;(nwﬁnun-V<]§dx—>/)(ﬂ-V<]§dx=/u(ﬁ)-Vqux=O,
d B QP

where y is the characteristic function of the set Q(f). Subsequently, let

¢ € C(Q(P) € Hy(Q(P)). Since

/ u(f)-Vodx= / p@p)-vhds - / $divu(p)dx

Q) aQ(A) Q)
=— / ¢divu(f)dx =0,
QB

using the variational lemma [44, Lemma 2.9], we get that u(p) €
Vdiv(ﬁ)-

It remains to prove that (u(f), p(f)) solves Problem (M(f)). Let v €
V(B). Then there exists a sequence {v,} with v, € (H'(Q))? satisfying
(3.7) and (3.8). Using v, as a test function in Problem (M(B,,)), we get

a,, (W, . v;) = b, Wy, p, )+ / j,?k Wy, 303 ds 2 (f, Vk)o,Q(ﬂnk), (4.6
CsBy,)

where, for simplicity of notation, we write a, = ap, > by, 1=by and

Jn 1= jﬁ"k. Next, by (4.4), (3.7), and Lemma 3.5 (ii), it follows that
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I}ergo/xnk Vu/ﬁnk u, -V dx
Q

Jim / Xn [V, W, - (VO = VD) + Vi w,, - VD] dx
Q
:/;(VE-Vde.

Q
Therefore, it yields

klirgoa,,k(u,,k,vk) =Y klirgo / Vu, -Vu,dx
QB

= I}Lrg/xnk Vy/ﬂnk u, -Vupdx

>

= vo/;(VE- Vvdx

Q
=vy / Vu(p) - Vvdx
Q)
=ay(u(p).v). 4.7)
From (4.5), (3.7) and Lemma 3.5(ii), we obtain
. 0 . - . -
JH’L‘O/ X Py, divey dx = / x pdivodx,
Q Q
and subsequently
kllglo bnk (vk’pnk) = klirgo / Pny, * diVUk dx
QP
= / p(p) - divodx
Q)
= by (. p(p)). “4.8)
In view of (3.7), we have
lim ;(nf~vkdx=/)(f~5dx,
k—oo k
Q Q
and
Jim (f v)o.qep,,) = Jim / fvedx
QB
= / f-vdx
QB
=, U)o,Q(ﬁ)~ (4.9)

Since unk(x) = u(xl,ﬂnk(xl)) on FS(ﬁnk) and u(x) = u(x,f(x;)) on I's(p),
from Lemma 3.6 we have
u(xy, B, (x1)) = ulxy, flx))) in (L2(0,1))%, k - co.

Since ! = p’ uniformly in [0, 1], applying H(j;) and the Fatou lemma
([44, Theorem 1.64]), we obtain

1

0 . P 0 . /
/ ip,, (u,,kf,vkr)ds:hkm_)s;}p/jﬂnk(unkr,ka) 1+|ﬂ;k|2dx1
0

Tsby,)

lim sup
k—o0

1

.|

0

limsupjg Uy, o301+ |ﬂ,’,k [2dx,
k—co "k
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1
< [ vV TR,
0

/ Jpugiv,)ds. (4.10)
CsB

It follows from (4.7)-(4.10) that (u(B),p(p)) is a solution of Prob-
lem (M(p)) which completes the proof. []

We conclude this section with an existence result for the optimal
shape design problem, Problem (M).

Theorem 4.3. Suppose the hypotheses of Theorem 4.2. If the cost functional
W: A - R satisfies the following lower-semicontinuity condition:

B,—p in C'([0,1]), B,, BEZ,y
w,~w in (H' Q)2 w, weH Q)
in L2(Q). g, g€ L2@Q)

= liminf W, w1, dnloe,) 2 WE. wlop) dlap)

4 —q
(4.11)

then Problem (M) has a solution.

Proof. Let {(un, pn)} be a minimizing sequence for Problem (M), i.e.,
lim W(ﬁ,,,u(ﬂ,,),p(ﬁ,,))=ﬁienzf W(B,u(B), p(B)),
n—oo ad

where (u,,p,) solves Problem (M(f,)). Let (lpﬂnun,pg) e (H'(0))? x
L%((A)). Then, from Lemma 4.1 and Theorem 4.2, we know that there
exists an element (&, p) € (H) ©))? x Lg(@) satisfying

p,— p* in C'([0,1)),
wyu,—~u in (H'(Q),

=7 in LXQ.
where g,, p* € ,,. The lower-semicontinuity property (4.11) of W
yields
liminf W(B,.wp, unlogs,)- Pylas,) = WO o). Ploge)

= WS, u(B"), p(f")).

Thus

W™, u(B*), p(B*)) < W(B, u(p), p())
d

and the proof is completed.
5. Penalized problem

In this section we shall establish the existence and uniqueness re-
sult for the Stokes hemivariational inequality problem with a penalty
term. Moreover, we will discuss the shape optimization problem for the
penalized Stokes hemivariational inequality. To this end, we introduce
the following functional spaces.

Vp)={veH Q) v=0 on T'pp},
VanB) = {veV(p) | byw.q)=0 forall g€ LA(p)}. fEX,.

The penalty term c;(u,v) is defined as follows:

1
c,,(u,v)=/(uoﬂ Vhwep - vPydx,, (5.1)
0

where uof - v = u(x,, f(x,)) - VA (x;), x; € (0,1). We formulate a hemi-
variational inequality with a penalty term.
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Problem (M, (f)). Find (u,,p,) € I7(ﬁ) X Lg(ﬁ) such that

| 1
aﬂ(ug,v)—bﬂ(v,pf)+/jg(un;v,)ds+gcﬂ(ue,v)
Cs®
> (f. )0 Vvef’(ﬂ),

bylue,q)=0 Vg€ L3(P),

where f € £, and ¢ > 0 is a penalty parameter.
First, we will present the existence and uniqueness result for Prob-
lem (M, (8)).

(5.2)
(5.3)

Theorem 5.1. Assume H(jy), f € (leoc(le))2 and (2.13). Then, for any
fixed € > 0, Problem (M (f)) has the unique solution (u,, p,), and

u, > u in (H'(QU))% 5.4

pe—p in Ly(P), e >0, (5.5)

where (u, p) solves Problem (M(p)).

Proof. First, we show that Problem (M, (f)) is uniquely solvable. Let

1 . .
age(ug, v)=ag(u,,v)+ ;cﬁ(ue, v) in (5.2). Since |ag(u,, v)[<[u ) o V1100
2

Loy’ from (5.1), we have

and az(w,v) = v

lage(ue,v)| < ci(@)lugli o vl o

and

a5 (v,v) > 02(5)|”|%,Q(ﬂ)’

where ¢, (¢) and ¢, (¢) are positive constants. Hence, the form a, (-, ) is
continuous and coercive. Thus, similarly as in the proof of Theorem 2.3,
we deduce that Problem (M, (#)) has a unique solution.

Next, we will prove (5.4) and (5.5) in three steps.

Step 1. We claim that {[lu.|l; g} and {lIp.llo,oc)} are bounded.
Setting v = —u, in (5.2) and using b4(u,, p,) =0, we obtain

1 .
ap(ug,up) + = cplug,u,) < / Jpues—ug)ds +(f udo o)
Ts(h)

Then the boundedness of {||u,||; o4} is obtained from (2.1), (2.8) and
(2.13). Using a proof similar to that of Lemma 4.1 and the inf-sup con-
dition, we also know that {||p,llo g} is bounded.

Step 2. We show the weak convergences

u,—~u in(H'QP). p.—p inLi(Qp), e—0.

Since |lu.|l; g5 and |1p.llo,ges) are bounded by a constant independent
of ¢, there exist elements u* € (H'(Q(f)))? and p* € Lg(/}) such that

u, =~ in (H' Q). p.—p* inLi(p), e ~0.

By passing to a subsequence if necessary, we may assume that u, — u*
a.e. on I'g(p). By Proposition 1.2(ii), we have

lim supjg(un;vf) gjg(uj;vf).
e—0

Taking upper limit in (5.2), by Fatou’s lemma, we get

f, V)(),Q(/)) < ﬂp(u*» v)— b/)(”y[)*) + / J;;)(ui, v,)ds (5.6)
LsB)

for any v € V(p). Letting € — 0 in (5.3), we obtain

by, ) =0 YqeLy(p). (5.7)

From (5.6), (5.7) and Theorem 2.3, we see that (u*, p*) is the unique
solution of Problem (M(f)), i.e., u =u* and p = p*.
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Step 3. We prove the strong convergence
u, »uin (H Q) as e = 0.
Setting v =u —u, in (5.2), we get
ag(ug,u—u,)—by(u—u,.p,)

+
s
> (fou—u)oop-

. 1
Jper (B, —ugr)ds + — eyl u—u,)

(5.8)

Since by(u,p,) =0 and by(u,,p,) =0, taking upper limit in (5.8) and
applying Proposition 1.2 (ii), we have

limsup ag(u,,u, —u) <limsup jg(u”;ur —u,)ds
e—0 —
Ls(B)
< lim S(l)lpjg(ugr;ur —u.)ds
£
s
< j/?(uf;ur —u,)ds
Ls®)
=0.
Since

2 2
cllu, — ullva(ﬂ) < |u, —u|l’Q(ﬂ) =ap(u, —u,u, —u)
=ag(ug,u, —u)—apg(u,u, —u),
where a positive constant ¢ is independent of ¢, we obtain
. 2 .
¢ limsup ||u, — u||l'Q(ﬂ) <limsupag(u,,u, —u) <0.
-0 -0
Hence,
. § _ 2 _
h?jélp [, "lll,Q(ﬂ) 0,

and u, — u in (H'(Q(#)))? as £ — 0. This completes the proof. []

Next, we introduce a class of optimal shape design problems for
which we use the solution of Problem (M, (8)) as the state variable. For
any ¢ > 0 fixed, the optimization problem reads as follows:

Problem (M,). Find g} € £, such that

W (B)) SW(B) VBEZ,,

where W, (8) = W(B,u.(p), p,(p)) and (u,(p), p.(p)) is the solution of Prob-
lem (M, (p)). As before, we can also get the following result.

Theorem 5.2. Suppose the hypotheses of Theorem 4.3. Then Problem (M,)
has a solution for any € > 0.

Next, we will analyze the correlation between the solutions of Prob-
lems (M) and (M,), as € - 0. Using similar arguments as in Section 4,
we have

Lemma 5.3. Assume that H(j;)(i)-(iv), f € (leoc([Rz))2 and (2.13) hold,
and let (u.(B), p.(p)) be a solution of Problem (M,(p)) for any € > 0. Then,
we have the estimate

el 6+ + (D) + 18Pl < 5.9)

with a constant ¢ := c(||f||0@) > 0 independent of € X ;.

Proof. First, we prove the boundedness of the first two terms in (5.9).
Setting v = —u, () € V 4;y(#) in Problem (M, (p)), we have
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1 .
ag(ug,u,)+ p cplug,u,) < / j;})(ug;—u”)ds+ (f.u)oup)-
Ls(P)
Since ic 5., u.) > 0, the boundedness of the first two terms in (5.9) can

be proved by using a similar approach as in Lemma 4.1. Next, we show
the boundedness of {p,(#)}. From (5.2), we have

by, p(B) < agu (B),v) = (f V) Sclvligp, YVEV (A,

where the constant ¢ :=c(|| f|l, 6) > 0 does not depend on f € £,,. Thus,

b2 () _

P1 ”pg(ﬂ)”(),Q(ﬁ) < sup
vl

veVy(p)

Hence, we arrive at the estimate (5.9).

O

The following lemma is crucial in proving the convergence of solu-
tions to Problem (M,) as € — 0.

Lemma 5.4. Let H(j;) and (3.3) hold, and {(u,.p,)} be the sequence
of solutions to Problem M, (B)), €, = 0. If there exists a pair (u,p) €

(H} (@) x L2(Q) such that

wpu,~u in (H'Q)?, (5.10)

K =7 inLAQ). n— o, (5.11)

then (@lop). Ploe) i @ solution of Problem (M()).

Proof. The existence of a subsequence satisfying (5.10) and (5.11)
follows from Lemma 5.3. Since u, € V;,(8,), from (5.10) we have
u :=ulgp) € Vgiv(f). Using Lemma 3.6, we obtain

c,(u,,u,) — cﬁ(u,u), n— oo, (5.12)

where, for brevity, we write ¢, := cg,- By the estimate (5.9), we know
that

0<c,(u,u,)<ce, =0, n—>co. (5.13)

Therefore, it follows from (5.12) and (5.13) that u- v/ =0 on Ts(P).

Next we show that u solves Problem (M(f)). Let v € V() be given.
In view of Lemma 3.7, there exists a sequence {v, }, v, € (H I((AQ))2 sat-
isfying (3.7) and (3.8). Thus,

— ¢, () =0.
e

Using ”k|Q<ﬁnk) as a test function in Problem (Ménk (Bu))> we have

;0 .
a,, (W, ,v) = b, W, p, )+ / b, Uy, 23Uk ds 2 (s vk)O,Q(ﬂnk)‘
Ts(buy)

The rest of the proof is similar to that of Theorem 4.2 and we omit the
details. This completes the proof. []

As a consequence, we obtain the following convergence result,
which states the relation between solutions of Problems (M) and (M,)
for e - 0.

Theorem 5.5. Suppose that H(j;), f € (L; (R*)* and (4.11) hold. Let

!
W: A — R satisfy the following condition: *
B,—B inC'(0,1]), B,. BEZ,
w,—w in(H Q)2 w, weH (&)?
in L2Q), q,, a€ L(Q)

= lim WG, wyloep,) dnloe,) = WB. wlgep) dlogp)-

=4
(5.14)
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Then, for any sequence {f}} of solutions to Problem (M,), € — 0, there
exists its subsequence (denoted in the same way) and a triplet (f*,u*, p*) €
Zaq X (HY(Q))? X L3(Q) such that

p:—p* inC'([0,1)), (5.15)
wpu (f) —u* in (H'(Q)?, (5.16)
B = p* in L2Q). £ 0. (5.17)

In addition, §* is a solution of Problem (M) and (u*|qg+), p*|q(s+)) Solves
Problem (M(*)). Note that any accumulation point of {(B,u,(B). p. ()}
in the sense of (5.15)-(5.17) is a solution of Problem (M).

Proof. Since f € X, by using the Arzela-Ascoli theorem, see [1, The-
orem 1.6.3], we are able to find a subsequence {5} satisfying (5.15). In
view of Lemmas 5.3 and 5.4, we know that (5.16) and (5.17) hold, and
that (*|g(s«, p*lgs+)) solves Problem (M(f*)). Next, we need to show
that g* solves Problem (M). Let § € X, be arbitrary and (B), p(p)) be
the solution pair of Problem (M(B)). In view of Definitions 3.3 and 3.4,
from (5.4) and (5.5), we get

u, ()~ u(f) in (H'QE)?,
p.(B)—=p(p) in LIQ(P). € =0,

and

i (B) — wzu(B) in (H'Q)>, (5.18)
2B =B in L2(Q). 0. (5.19)

From the definition of Problem (M, ), we have

WBEu (7). p.(B)) < W(B, u. (B), p. (B)), (5.20)

while using (4.11) from (5.15)-(5.17), we obtain

WB" U lqpe), P lqqpe) < Timinf WL yigene, (Bl e 2 Bl ese)
Similarly, from (5.14) and (5.18)-(5.19), we deduce
: ) i 05 —W(B (B — O —
lim W, wizu (Bl oG Pe(Blog) = WBwzuBl oz P Blog)
= W(B.u(p). p(h)).

Since W(B!,u, (). p (B)=WBL . wyeu (Bl ogae) 2B oe)s by (5.20),
we have

Wt gy P logpey) < W(B.u(B). p(B)) VP EZ,,.

This completes the proof. []
6. Finite element approximation of Problem (M,)

We will focus on the finite-dimensional approximation of Problem
(M,). Let £ >0 be fixed. We introduce a discretization of Problem
(M,(B)) by using a discretization of the admissible set £, and a fi-
nite element approximation of the state problem. Next, we will analyze
the solution of the discrete shape optimization problem and its conver-
gence when the discrete parameter 7 — 0.

We start with piecewise linear approximations of the admissible set
¥,4- Let t be a positive integer and set h = 1 /7. We denote the equidistant
partition of [0, 1] by §,, that is

op: 0=ay<a;<--<a,=1,

where

a;=jh, j=0,1,...1.

The set of discrete admissible shapes ZZ , consists of continuous, piece-
wise linear functions on &, which satisfy constraints analogous to those
imposed in ;. Let
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s = (B €CUOID | Puyta_, a1 € Prlaiy.a)). Vi=1.....1;
Buin < B(@) < Prnaxs Vi =0, ....1;
1Bp(a) = Bula,_ DI S Crh, Yi=1, .15
1Bn(ais1) = 2B4(a) + Bula;_p| < Coh%,
Vi=1,...t-1},

where the positive constants f;,, fmax>» C; and C, are the same as in
the definition of X ;. We denote the set of discrete admissible shapes by

O, ={QB) | Bt}

Let {7,(8,)} be a regular family of triangular partitions of 6(ﬂh) into
triangles. With the partition 7,(g,,), we introduce the corresponding fi-
nite element spaces

V() = {v), € CQUBY | vyyr € (Py(T))? YT €T, (By).
v,=0onTp(f,)},

LB = {ay € CQRU | aur € PUT) VT € Ty(By), / gydx =0},

Q)

where (P.(T))' (k and [ are positive integers) represents the space
of polynomials in which the total degree of the corresponding I-
dimensional vector-valued polynomial space in T is less than or equal
to k.

Let g, € ZZ‘ > h>0and € > 0 be given. We introduce the following
discrete approximation of the penalized state problem (M, (8)):

Problem (M, (8,)). Find (., pp) 1= Wpe(B)sPpe(Bp) € V (By) X
L, (By,) such that

aﬁh(uhg’vh)_bﬂh(vhsphe)"' / jgh(uher;vhr)ds

Ts(Bp)
l ~
+ ) e ) 2 (f 0o,y YVh EVa(Bp)s (6.1)
bﬂh (Upe.q,)=0 Vg, €L,(pp). (6.2)

Denote V 10(8,) = V 4(B,) N V(B;). We assume that the discrete inf-
sup condition is satisfied: for a constant p, > 0 independent of 4, it holds

bﬁh Wn,q,) 6.3)

sup

——— Vg, € L,(fp)-
vne o 1Wallioe,)

p2llanlloqe,) <

Similarly to Theorem 5.1, we can show that Problem (M, (8,)) has
the unique solution under the assumptions stated in Theorem 5.1 and
(6.3).

Lemma 6.1. Assume that H(j;)({)-(iv), f € (LIZDC(R2))2 and (2.13) hold.
Let (uy,, py,) be a solution of Problem (M, (B)). Then there exists a con-
stant ¢ :=c(|| |, @) > 0 independent of e >0, h >0 and g, € Efl'd such that

1
v, nell &+ €, Wnerttne) + 1185, Nl <. (6.4)

Proof. The proof is similar to that in Lemma 5.3, and hence will be
omitted. []

We define the graph in the discrete case:

Cne={Bns e (Bp), Pre(B) | Bp € Zhys e (By), Pie (By)) sOIVes (M, (By)),

which is, in general, a multivalued control-to-state mapping. For any
e >0 and h > 0, the discrete shape optimization problem is formulated
by:

Problem (M,,). Find g}, € £/ such that

Wie (L) < Wy (By) VB, €2,
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where W, (8,) = W(B,, up. (By), ppe (Br)) and (wy, (By), ppe(By)) is the solu-
tion of Problem (M, (8,)).

Similarly as in the proof in [51, Proposition 3.1], we can show that
Gy is compact in the discrete case for each £ > 0 and /4 > 0. Hence, we
can easily get the following result.

Theorem 6.2. Let h, € > 0 be fixed and W,, be the lower semicontinuous
functional on 22 ;- Then Problem (M) has a solution.

In order to show that the solution of Problem (M, ) converges to the
corresponding one of Problem (M, ) as 7 — 0, we need the following two
results concerning the relation between 22‘ ,and X, as h— 0.

Lemma 6.3. ([51]) For any f € X, there exists a sequence {f,} C ZZd
such that g, — p in C([0,1]) as h — 0.

Lemma 6.4. ([51]) Let {f,} C ZZ'd be such that g, — p in C([0,1]) as
h— 0. Then p € X, and there exists a subsequence {ﬁhm} C {p,} satisfying

ﬂ;l —f in L*®(0,1) as h,, > 0. (6.5)
Next we will analyze the convergence properties of solutions to
Problem (M, (8,,)) as h — 0.

Lemma 6.5. Assume that H(j,) holds. Let {f,} C Z:d with h —» 0 be an
arbitrary sequence. Then there exists a subsequence (denoted by the same
symbol) and a triplet (B,u,p) € £,y X (HA Q)% x L(z)(Q) such that

Br— B in C([0.1]), (6.6)
Wy, e (B) ~ 4 in (H'Q)?, 6.7)
P, (B —~p in L2(Q). h—0. (6.8)

In addition, the pair (u|q s, Ploes) Solves Problem (M(),).

Proof. From Lemmas 6.1 and 6.4, and the Arzela-Ascoli theorem, it
follows that there exists a convergent subsequence of {(8;,y, Uy (By),
p‘})m (By))} satisfying (6.6)-(6.8). We show that (|, Plo(s) is a solution
to Problem (M(B),). Letv e I7(ﬁ). Then there exists v € (H! (Q))2 and a
sequence {v,} with v, € (H'(Q))? such that Vlow = s Unlog,) € V.80,
and

v, >0 inH'©)% h-0, (6.9)

see [30, Lemma 9]. The passage to the limit in Problem M, (,), as
h — 0, can be done as in the proof of Theorem 4.2 by using (6.5). []

Finally, we obtain the following convergence result.

Theorem 6.6. Assume that H(jz) holds, and W: A — R satisfy the follow-
ing continuity property:

By — B in C([0,1]), B, €X!,, X,y

wpwy—w  in (H'(Q)?%, wy, €V,(8y), we (HLQ)?
in L2(Q), g1 € Ly(By). g€ LXQ)

d }111_133) W(Bp, wy, a5) = W, wlqp)-9lop)-

4 —~q

(6.10)

Let h —» 0 and { By} c ZZ . be a sequence of solutions to Problem (M,,).
Then, one can choose a subsequence of {f; } (denoted in the same way)

and find a triplet (B!, u, p}) € X,y X (H}(@Q))? x L2(Q) such that

Bre— B in C(0,1), (6.11)
v une (B0 —ul in (H'Q) (6.12)
By~ pf in L2Q), h—0. (6.13)
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Moreover, f7 is a solution of Problem (M,) and (u |Q(ﬂ;), J |Q(ﬂ:)) is a solu-
tion of Problem (M. (f})).

Proof. The fact that (uj_le(ﬂZ), p:|Q(ﬂ:)) solves Problem (M,(f})) is
proved in Lemma 6.5. Since B, € 22 " be a solution of Problem (M,),
we have

W(B, > wne (B )s Pre B ) < W(Bps e (B1)s e (Bp))-
Subsequently, from (6.6)-(6.8) and (6.10), we have

Lim W(Bp une (Bp): Pre(Pn)) = W(B.ulgp) Plow):

where (] o), Plo(p)) solves Problem (M, (8)). Similarly, by (6.10)-(6.13),
we obtain

ilzl—r}(l) W(ﬁzevuhg(ﬁze)’phg(ﬂ;E)) = W(ﬂ:,u: |Q(p:),17: |Q(ﬂé*))~

Hence, we get

W Loy el < W Ulog): Plog):
which completed the proof. []

Final comments

We established the existence result for the optimal shape de-
sign problems of the stationary Stokes hemivariational inequality. We
showed the convergence of shape optimization problems for the pe-
nalized inequality, provided that the penalty parameter tends to zero.
Moreover, we applied the finite element method for the convergence
analysis of the shape optimization problem for the penalized Stokes
problem.

We note that in the future project we will provide numerical anal-
ysis, implementation and simulations for the problems studied in this
paper. We also plan to investigate shape optimization problems for
more complicated fluid flow models with various conditions on differ-
ent parts of the boundary, for instance, the generalized Stokes problem
with an additional implicit obstacle constraint set depending on the so-
lution, see, e.g., [59,60]. Furthermore, it would be interesting to study
the necessary conditions of optimality for optimal shape design prob-
lems of the stationary Stokes hemivariational inequality. Finally, as it
is known, subgradient methods have been widely adopted to solve the
unconstrained minimization problem; see, e.g., [3] and the references
therein. Therefore, it will be an interesting challenge to examine the
numerical methods, for example, subgradient methods for solving non-
smooth optimal shape design problem.

Data availability
No data was used for the research described in the article.
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