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The paper is devoted to the analysis of a hemivariational inequality problem for the stationary Stokes equations 
in a bounded planar domain with a nonmonotone and multivalued slip boundary condition. First, a result on 
the stability of solutions of the hemivariational inequality on variations of the domain is established. Then we 
provide the existence of a solution to optimal shape design problems of the stationary Stokes hemivariational 
inequality. We investigate the convergence of shape optimization problems for the penalized inequality when 
the penalty parameter tends to zero. Finally, we prove a convergence result for a finite element approximation 
of the shape optimization problem.
1. Introduction

Since the 1960s, variational inequalities have been a focus of re-

search in the fields of mathematical theories, numerical solutions, and 
applications ([34,18,23,22,58]). On the other hand, many theoretical 
results have appeared on the properties of solutions to Stokes prob-

lems, for instance, existence and uniqueness in [15,16], regularity in 
[53,52], and the continuous dependence on the data in [35]. In these 
references, the slip and leak boundary conditions of the friction type 
are expressed by monotone relations between physical quantities, and 
as a result the weak formulations of the corresponding problems have 
the form of variational inequalities. Since that time, many publications 
have appeared on variational inequalities for the Stokes equation, such 
as [37,40,17,38,31,9,2,10]. The finite element approximation for a vari-

ational inequality of the Stokes equation with a nonlinear slip boundary 
condition has been studied in [39,32]. Optimal control problems related 
to variational inequalities are considered in [4,56].

Hemivariational inequality represents a powerful tool in the study 
of a large number of nonlinear boundary value problems involving non-

monotone relations between physical quantities. The notion of a hemi-
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variational inequality has been first proposed by Panagiotopoulos in 
the early 1980s ([49]), and its concept and development are closely re-

lated to the generalized gradient of a locally Lipschitz functional in the 
sense of Clarke ([7,8]). Some early comprehensive references on hemi-

variational inequalities include [50,47,46,27]. In these monographs, 
mathematical theories and numerical solutions of hemivariational in-

equalities have been studied systematically. Since then hemivariational 
inequalities have been widely exploited in a variety of subjects and 
have solved a large number of problems. For example, the study of 
hemivariational inequalities and their applications can be found in sev-

eral works such as [5,54,36,21]. In recent years, numerical methods 
for solving hemivariational inequalities have been extensively studied. 
The finite element method is analyzed in [11] for solving a stationary 
Stokes hemivariational inequality with a slip boundary condition. The 
optimal order error estimates are given in [57] by using the linear vir-

tual element solutions of elliptic hemivariational inequalities. With the 
development of science and technology, optimal control theory has a 
wide range of applications in the fields of mechanical system analysis, 
aviation and space technology, vehicle drive dynamics, and plant man-
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agement. Research on optimal control problems for systems governed 
by hemivariational inequalities can be found in [12,42,43].

Shape optimization of nonlinear partial differential equations is a 
growing field in modern structural optimization design ([25,55]). Shape 
optimization of fluid models with slip boundary conditions as the state 
problem has great practical significance. For example, shape optimiza-

tion of the interior of hydraulic elements can reduce the velocity gradi-

ent and thus achieve energy savings ([28]). Hämäläinen et al. in [20]

have studied a shape optimization problem for the incompressible flows 
using the stabilized finite element method. The discretization and con-

vergence analysis of the shape optimization for the Stokes problem with 
threshold slip boundary conditions are discussed in [30], see also [24]. 
Haslinger et al. in [26] have analyzed the existence of the optimal shape 
problem described by generalized Navier-Stokes equations. Further, the 
numerical analysis of the shape optimization problem for Navier-Stokes 
equations was presented in [29]. In all aforementioned references, the 
weak formulations of the problems are variational inequalities.

In this paper, we consider a hemivariational inequality problem for 
the stationary Stokes equations in a bounded domain Q ⊂ℝ2 with Lip-

schitz boundary 𝜕Q. The boundary is divided into a slip boundary Γ𝑆

and a non-slip boundary Γ𝐷 = 𝜕Q ⧵ Γ𝑆 , where the measures |Γ𝑆 | > 0, |Γ𝐷| > 0, and Γ𝐷 ∩ Γ𝑆 = ∅. We consider the Stokes problem for steady 
flows of incompressible viscous fluids:

− 𝜈0 Δ𝒖+∇𝑝 = 𝒇 in Q, (1.1a)

div𝒖 = 0 in Q, (1.1b)

𝒖 = 𝟎 on Γ𝐷, (1.1c)

𝑢𝜈 = 0, −𝝈𝜏 ∈ 𝜕𝑗(𝒖𝜏 ) on Γ𝑆 , (1.1d)

where 𝒖 = 𝒖(𝒙), 𝑝 = 𝑝(𝒙) and 𝒇 = 𝒇 (𝒙) are the flow velocity field, pres-

sure and density of external forces, respectively. Let 𝝂 and 𝜏 be the unit 
outward normal and tangential vectors on the boundary 𝜕Q, respec-

tively. If 𝒗 is a vector-valued function on the boundary, its normal and 
tangential components are represented by 𝑣𝜈 = 𝒗 ⋅ 𝝂 and 𝒗𝜏 = 𝒗 − 𝑣𝜈𝝂, 
respectively. With the fluid velocity 𝒖 and the pressure 𝑝, we define 
the strain tensor 𝜺(𝒖) = 1

2 (∇𝒖 + (∇𝒖)⊤) and the Cauchy stress tensor 
𝝈 = −𝑝𝑰 + 2𝜈0𝜺(𝒖), where 𝑰 denotes the identity matrix and 𝜈0 is the 
kinematic viscosity. We denote the normal and the tangential compo-

nents of 𝝈 on the boundary by 𝜎𝜈 = 𝝂 ⋅ 𝝈𝝂 and 𝝈𝜏 = 𝝈𝝂 − 𝜎𝜈𝝂, respec-

tively. We assume that the function 𝑗 ∶ Γ𝑆 ×ℝ2 →ℝ is locally Lipschitz 
with respect to its second argument, and 𝜕𝑗 denotes the Clarke general-

ized subgradient of 𝑗(𝒙, ⋅). To simplify notation, we shall write 𝑗(𝒙, 𝒖𝜏 )
as 𝑗(𝒖𝜏 ). The condition (1.1d) is known as a slip boundary condition on 
Γ𝑆 . It consists of the impermeability (no leak) condition 𝑢𝜈 = 0 which 
means that the fluid cannot pass through this boundary outside the do-

main, and a multivalued friction condition between the friction force 
𝝈𝜏 = 2𝜈0(𝜺(𝒖)𝝂)𝜏 and the tangential velocity 𝒖𝜏 . If the potential 𝑗 is a con-

vex function, the problem of the Stokes equations leads to a variational 
inequality, see [14]. When the function 𝑗 is nonconvex, the problem

(1.1) corresponds to a hemivariational inequality.

We recall the definition of the generalized directional derivative and 
generalized subgradient in the Clarke sense for a locally Lipschitz con-

tinuous function ([8]).

Definition 1.1. Let 𝑉 be a Banach space with the dual space 𝑉 ∗, and 
𝑓 ∶ 𝑉 → ℝ be a locally Lipschitz function. The generalized directional 
derivative of 𝑓 at 𝑢 ∈ 𝑉 in the direction 𝑣 ∈ 𝑉 , denoted by 𝑓 0(𝑢; 𝑣), is 
defined by

𝑓 0(𝑢;𝑣) = limsup
𝑤→𝑢, 𝜆↓0

𝑓 (𝑤+ 𝜆𝑣) − 𝑓 (𝑤)
𝜆

.

The generalized subgradient or subdifferential of 𝑓 at 𝑢 ∈ 𝑉 is defined 
by

𝜕𝑓 (𝑢) = {𝜁 ∈ 𝑉 ∗ ∣ 𝑓 0(𝑢;𝑣) ≥ ⟨𝜁, 𝑣⟩ for all 𝑣 ∈ 𝑉 }.
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We also need the following properties of the generalized directional 
derivative and the generalized subgradient, which can be found, for 
example, in [44].

Proposition 1.2. Let 𝑉 be a Banach space and 𝑓 ∶ 𝑉 → ℝ be a locally 
Lipschitz function. Then the following holds.

(i) For every 𝑢 ∈ 𝑉 , the function 𝑓 0(𝑢; ⋅)∶ 𝑉 → ℝ is positively homoge-

neous and subadditive, i.e., 𝑓 0(𝑢; 𝜆𝑣) = 𝜆𝑓 0(𝑢; 𝑣) for all 𝜆 > 0, 𝑣 ∈ 𝑉

and 𝑓 0(𝑢; 𝑣1 +𝑣2) ≤ 𝑓 0(𝑢; 𝑣1) +𝑓 0(𝑢; 𝑣2) for all 𝑣1, 𝑣2 ∈ 𝑉 , respectively.

(ii) The function 𝑓 0 ∶ 𝑉 × 𝑉 → ℝ is upper semicontinuous, i.e., for all 
{𝑢𝑛}, {𝑣𝑛} ⊂ 𝑉 , 𝑢, 𝑣 ∈ 𝑉 such that 𝑢𝑛 → 𝑢 and 𝑣𝑛 → 𝑣 in 𝑉 , we have 
limsup𝑛→∞ 𝑓 0(𝑢𝑛; 𝑣𝑛) ≤ 𝑓 0(𝑢; 𝑣).

(iii) For all 𝑢, 𝑣 ∈ 𝑉 , we have 𝑓 0(𝑢; 𝑣) =max{⟨𝜁, 𝑣⟩ ∣ 𝜁 ∈ 𝜕𝑓 (𝑢)}.

The organization of this paper is as follows: In the next section, 
we introduce the weak formulation of the Stokes problem (1.1). In 
Section 3, we present the shape optimization problem related to the 
Stokes hemivariational inequality and recall some auxiliary material. 
The existence result for the shape optimization problem is established 
in Section 4. In Section 5, we discuss the shape optimization problem 
related to the Stokes hemivariational inequality problem with penal-

ized terms, and analyze the stability of the shape optimization problem 
under consideration. In Section 6, we apply the finite element method 
to the convergence analysis of the shape optimization problem for the 
penalized Stokes problem.

2. Weak formulation

To give a weak formulation of the problem (1.1) we first introduce 
the following function spaces:

𝑽 (Q) = {𝒗 ∈ (𝐻1(Q))2 ∣ 𝒗 = 𝟎 on Γ𝐷, 𝑣𝜈 = 0 on Γ𝑆},

𝑽 div(Q) = {𝒗 ∈ 𝑽 (Q) ∣ div𝒗 = 0 in Q},

𝑽 0(Q) = (𝐻1
0 (Q))2,

𝐿2
0(Q) =

{
𝑞 ∈𝐿2(Q) ∣ ∫

Q

𝑞 𝑑𝑥 = 0
}
.

Let 𝑑 be a positive integer and 𝕊𝑑 be the space of symmetric 𝑑 × 𝑑

matrices. The canonical inner products on ℝ𝑑 and 𝕊𝑑 are denoted by 
“⋅” and “∶”, respectively.

The standard norms in (𝐿2(Q))𝑑 and (𝐻1(Q))𝑑 are denoted by ‖ ⋅‖0,Q
and ‖ ⋅ ‖1,Q, respectively. Since the measure |Γ𝐷| > 0, it is well known 
that the following Korn inequality, see [33, Lemma 6.2], is satisfied

𝐶
1∕2
𝐾

‖𝒗‖1,Q ≤ ‖𝜺(𝒗)‖ for all 𝒗 ∈ 𝑽 (Q), (2.1)

where  = 𝐿2(Q; 𝕊𝑑 ) and the Korn constant 𝐶𝐾 > 0 depends only on 
Q and Γ𝐷 . Hence, we conclude that on 𝑽 (Q) the norms ‖ ⋅ ‖1,Q and | ⋅ |1,Q ∶= ‖𝜺(⋅)‖ are equivalent, and (𝑽 (Q), | ⋅ |1,Q) is a Hilbert space. By 
the Sobolev trace theorem, we know that the tangential trace operator 
𝛾 ∶ 𝑽 (Q) → 𝐿2(Γ𝑆 )2 given by 𝛾𝒗 = 𝒗𝜏 on Γ𝑆 for 𝒗 ∈ 𝑽 (Q) is linear and 
continuous. We still denote its operator norm by ‖𝛾‖.

The mixed variational formulation of the problem (1.1) involves a 
hemivariational inequality and it can be derived analogously as in [11, 
Section 3].

Problem (). Find (𝒖, 𝑝) ∈ 𝑽 (Q) ×𝐿2
0(Q) such that

𝑎(𝒖,𝒗) − 𝑏(𝒗, 𝑝) + ∫
Γ𝑆

𝑗0(𝒖𝜏 ;𝒗𝜏 )𝑑𝑠 ≥ (𝒇 ,𝒗)0,Q for all 𝒗 ∈ 𝑽 (Q), (2.2)

𝑏(𝒖, 𝑞) = 0 for all 𝑞 ∈𝐿2
0(Q). (2.3)

Here 𝑎∶ 𝑽 (Q) × 𝑽 (Q) →ℝ and 𝑏∶ 𝑽 (Q) ×𝐿2(Q) →ℝ are defined by
0
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𝑎(𝒖,𝒗) = 2𝜈0 ∫
Q

𝜺(𝒖) ∶ 𝜺(𝒗)𝑑𝑥 for 𝒖,𝒗 ∈ 𝑽 (Q), (2.4)

𝑏(𝒗, 𝑞) = ∫
Q

𝑞 div𝒗𝑑𝑥 for 𝒗 ∈ 𝑽 (Q), 𝑞 ∈𝐿2
0(Q), (2.5)

and

(𝒇 ,𝒗)0,Q = ∫
Q

𝒇 ⋅ 𝒗𝑑𝑥 for 𝒗 ∈ 𝑽 (Q), 𝒇 ∈𝐿2(Q)2. (2.6)

Note that the incompressibility constraint (1.1b) implies Δ𝒖 =
2 Div𝜺(𝒖), see, e.g., [28, Remark 2.1], and, therefore, we have

𝑎(𝒖,𝒗) = 2𝜈0 ∫
Q

𝜺(𝒖) ∶ 𝜺(𝒗)𝑑𝑥 = 𝜈0 ∫
Q

∇𝒖 ∶ ∇𝒗𝑑𝑥 for 𝒖,𝒗 ∈ 𝑽 (Q).

We observe that the bilinear form 𝑎(⋅, ⋅) is continuous and coercive, 
see [41],

|𝑎(𝒖,𝒗)| ≤ 2 𝜈0 |𝒖|1,Q|𝒗|1,Q for all 𝒖,𝒗 ∈ 𝑽 (Q), (2.7)

𝑎(𝒗,𝒗) = 2 𝜈0 |𝒗|21,Q for all 𝒗 ∈ 𝑽 (Q). (2.8)

The bilinear form 𝑏(⋅, ⋅) is continuous and satisfies the inf-sup condition: 
there are constants 𝜌0, 𝜌1 > 0 such that

|𝑏(𝒗, 𝑞)| ≤ 𝜌0 |𝒗|1,Q‖𝑞‖0,Q for all (𝒗, 𝑞) ∈ 𝑽 (Q) ×𝐿2
0(Q), (2.9)

𝜌1 ‖𝑞‖0,Q ≤ sup
𝒗∈𝑽 0(Q)

𝑏(𝒗, 𝑞)|𝒗|1,Q for all 𝑞 ∈𝐿2
0(Q). (2.10)

A detailed proof of (2.10) can be found [19, (5.14), page 81].

Concerning the superpotential 𝑗, we assume the following hypothe-

sis.

𝐻(𝑗): 𝑗 ∶ Γ𝑆 ×ℝ2 →ℝ is such that

(i) 𝑗(⋅, 𝝃) is measurable on Γ𝑆 for all 𝝃 ∈ℝ2 and 𝑗(⋅, 𝟎) ∈𝐿1(Γ𝑆 ),
(ii) 𝑗(𝒙, ⋅) is locally Lipschitz on ℝ2 for a.e. 𝒙 ∈ Γ𝑆 ,

(iii) ‖𝜼‖ℝ2 ≤ 𝑐0 + 𝑐1‖𝝃‖ℝ2 for all 𝝃 ∈ℝ2, 𝜼 ∈ 𝜕𝑗(𝒙, 𝝃), a.e. 𝒙∈ Γ𝑆 with 𝑐0, 
𝑐1 ≥ 0,

(iv) (𝜼1 − 𝜼2) ⋅ (𝝃1 − 𝝃2) ≥ −𝑚𝜏 ‖𝝃1 − 𝝃2‖2ℝ2 for all 𝝃𝑖 ∈ ℝ2, 𝜼𝑖 ∈ 𝜕𝑗(𝒙, 𝝃𝑖), 
𝑖 = 1, 2, a.e. 𝒙∈ Γ𝑆 with a constant 𝑚𝜏 ≥ 0.

Remark 2.1. The inequality in 𝐻(𝑗)(iv) is called the relaxed monotonic-

ity condition for the subgradient 𝜕𝑗(𝒙, ⋅) for a.e. 𝒙 ∈ Γ𝑆 , and it is known 
from [44] that it is equivalent to

𝑗0(𝝃1;𝝃2 − 𝝃1) + 𝑗0(𝝃2;𝝃1 − 𝝃2) ≤𝑚𝜏 ‖𝝃1 − 𝝃2‖2ℝ2 for all 𝝃1,𝝃2 ∈ℝ2.

Moreover, if, in addition, 𝑗(𝒙, ⋅) for a.e. 𝒙 ∈ Γ𝑆 is a convex function, 
then the relaxed monotonicity condition, or equivalently 𝐻(𝑗)(iv) holds, 
with 𝑚𝜏 = 0, due to the monotonicity of the convex subdifferential.

Example 2.2. We provide an example of the potential function in the 
slip boundary condition (1.1d) such that the Stokes problem (1.1) does 
not lead to a variational inequality, and results of [14] are not appli-

cable. Here, we are motivated by [11, Section 5]. Let 𝑗 ∶ ℝ2 → ℝ be 
defined by

𝑗(𝝃) =

‖𝝃‖
∫
0

𝜇(𝑟)𝑑𝑟 for 𝝃 ∈ℝ2, (2.11)

where the integrand satisfies

𝐻(𝜇): 𝜇∶ [0, +∞) →ℝ is such that

(1) 𝜇 is continuous,

(2) |𝜇(𝑟)| ≤ 𝜇0 + 𝜇1|𝑟| for 𝑟 ≥ 0 with 𝜇0, 𝜇1 ≥ 0,
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(3) 𝜇(𝑟1) − 𝜇(𝑟2) ≥ −𝑚𝜇(𝑟1 − 𝑟2) for 𝑟1 > 𝑟2 ≥ 0 with 𝑚𝜇 > 0.

Under 𝐻(𝜇)(1) and (2), the function given by (2.11) is locally 
Lipschitz, Clarke regular, and satisfies 𝐻(𝑗)(ii) and (iii). If, in addi-

tion, 𝐻(𝜇)(3) holds, then 𝐻(𝑗) is satisfied with 𝑚𝜏 = 𝑚𝜇 . The con-

dition 𝐻(𝜇)(3) is the so-called one-sided Lipschitz condition, which 
allows the function to decrease at a rate not faster than 𝑚𝜇 . The con-

crete function 𝜇(𝑟) = (𝑎 − 𝑏)𝑒−𝛼𝑟 + 𝑏 with 𝑎 > 𝑏 and 𝛼 nonnegative con-

stants, satisfies 𝐻(𝜇) with 𝑚𝜇 = 𝛼(𝑎 − 𝑏). If 𝐻(𝜇)(1) and (2) hold, then 
𝜕𝑗(𝝃) = 𝜇(‖𝝃‖)𝜕‖𝝃‖ for 𝝃 ∈ ℝ2 and the friction in (1.1d) is modeled by 
a nonmonotone law which is equivalent to the threshold slip boundary 
condition of the form

⎧⎪⎨⎪⎩
‖𝝈𝜏‖ ≤ 𝜇(0) if 𝒖𝜏 = 0

−𝝈𝜏 = 𝜇(‖𝒖𝜏‖) 𝒖𝜏‖𝒖𝜏‖ if 𝒖𝜏 ≠ 0.
(2.12)

In this way we recover the slip boundary condition of frictional type 
with the threshold function 𝜇 depending on the fluid tangential speed ‖𝒖𝜏‖, see [2,9,24,28]. The coefficient of friction 𝜇 represents the mag-

nitude of the slip bound (or limiting friction bound) at which the slip 
begins.

Theorem 2.3. Assume 𝐻(𝑗), 𝒇 ∈ (𝐿2(Q))2, and

2 𝜈0 > 𝑚𝜏‖𝛾‖2, 2 𝜈0 𝐶𝐾 > 𝑐1‖𝛾‖2. (2.13)

Then Problem () has the unique solution (𝒖, 𝑝) ∈ 𝑽 (Q) ×𝐿2
0(Q) and

‖𝒖‖1,Q + ‖𝑝‖0,Q ≤ 𝑐 (1 + ‖𝒇‖0,Q), (2.14)

where a positive constant 𝑐 depends on Q, Γ𝑆 , ‖𝛾‖, 𝐶𝐾 , 𝑐0, 𝑐1, 𝜈0, and is 
independent of 𝒇 .

Proof. For the existence and uniqueness part, we use [11, Theo-

rems 3.4 and 3.5] which is summarized as follows. Under 𝐻(𝑗) and 
the first smallness condition in (2.13), for any 𝒇 ∈ 𝐿2(Q), Problem ()
has a unique solution (𝒖, 𝑝) ∈ 𝑽 (Q) ×𝐿2

0(Q).
Next, we establish (2.14). To this end, we use the second smallness 

condition in (2.13). Let us take 𝒗 = −𝒖 in (2.2), and from (2.3), we 
obtain

𝑎(𝒖,𝒖) ≤ ∫
Γ𝑆

𝑗0(𝒖𝜏 ;−𝒖𝜏 )𝑑𝑠+ (𝒇 ,𝒖)0,Q. (2.15)

By Proposition 1.2 (iii) and 𝐻(𝑗) (iii), we obtain

𝑗0(𝒖𝜏 ;−𝒖𝜏 ) = max{𝜼 ⋅ (−𝒖𝜏 ) ∣ 𝜼 ∈ 𝜕𝑗(𝒖𝜏 )}

≤ ‖𝜼‖ℝ2‖𝒖𝜏‖ℝ2 ≤ (𝑐0 + 𝑐1‖𝒖𝜏‖ℝ2 )‖𝒖𝜏‖ℝ2 . (2.16)

From the Korn inequality (2.1), (2.8), (2.15), and (2.16), we have

2𝜈0𝐶𝐾‖𝒖‖21,Q ≤ 2𝜈0|𝒖|21,Q = 𝑎(𝒗,𝒗)

≤ ∫
Γ𝑆

(𝑐0 + 𝑐1‖𝒖𝜏‖ℝ2 )‖𝒖𝜏‖ℝ2 𝑑𝑠+ ‖𝒇‖0,Q‖𝒖‖0,Q
≤ 𝑐0 ∫

Γ𝑆

‖𝒖𝜏‖ℝ2 𝑑𝑠+ 𝑐1 ∫
Γ𝑆

‖𝒖𝜏‖2ℝ2 𝑑𝑠+ ‖𝒇‖0,Q‖𝒖‖1,Q
= 𝑐0

√|Γ𝑆 |‖𝒖𝜏‖0,Γ𝑆
+ 𝑐1 ‖𝒖𝜏‖20,Γ𝑆

+ ‖𝒇‖0,Q‖𝒖‖1,Q
≤ (𝑐0

√|Γ𝑆 |+ 𝑐1 ‖𝛾‖‖𝒖‖1,Q)‖𝛾‖‖𝒖‖1,Q + ‖𝒇‖0,Q‖𝒖‖1,Q,

(2.17)

where we have used the Hölder inequality and continuity of the tangen-

tial trace operator. Hence

(2𝜈0𝐶𝐾 − 𝑐1‖𝛾‖2)‖𝒖‖1,Q ≤ 𝑐0
√|Γ𝑆 |‖𝛾‖+ ‖𝒇‖0,Q. (2.18)

It follows from (2.18) and the smallness condition (2.13) that
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𝑥1

𝑥2

1
0

Q(𝛽)

Γ𝑆 (𝛽)

Γ𝐷 Γ𝐷

Γ𝐷

𝛽𝑚𝑖𝑛

𝛽𝑚𝑎𝑥

Fig. 1. Geometry of admissible domains.
‖𝒖‖1,Q ≤ (2𝜈0𝐶𝐾 − 𝑐1‖𝛾‖2)−1(𝑐0√|Γ𝑆 |‖𝛾‖+ ‖𝒇‖0,Q). (2.19)

Now, we show the boundedness of the norm of the pressure. Us-

ing the test function 𝒗 ∈ 𝑽 0(Q), from (2.1), (2.2), (2.7) and (2.18), we 
deduce

𝑏(𝒗, 𝑝) ≤ 𝑎(𝒖,𝒗) − (𝒇 ,𝒗)0,Q ≤ 𝑐 (1 + ‖𝒇‖0,Q)|𝒗|1,Q,

where 𝑐 > 0 depends on Q, Γ𝑆 , ‖𝛾‖, 𝐶𝐾 , 𝑐0, 𝑐1, 𝜈0, and it is independent 
of 𝒇 . Thus, it follows from (2.10) that

𝜌1‖𝑝‖0,Q ≤ sup
𝒗∈𝑽 0(Q)

𝑏(𝒗, 𝑝)|𝒗|1,Q ≤ 𝑐 (1 + ‖𝒇‖0,Q).
This completes the proof. □

Remark 2.4.

(a) The first smallness condition in (2.13) means that if the loss of 
monotonicity of 𝑗(𝒙, ⋅) is not “too large” and is compensated by 
the coercivity constant of the form 𝑎, then Problem () has a 
unique solution. A particular form of the problem (1.1) with the 
boundary conditions 𝑢𝜈 = 0 and (2.12) has been studied under an 
analogous smallness condition in [28, Theorem 2.4, see (2.16), and 
Remark 2.5] by a fixed point argument.

(b) Remark that if, in addition, 𝑗(𝒙, ⋅) for a.e. 𝒙 ∈ Γ𝑆 is convex, then 
𝐻(𝑗)(iv) and the first smallness condition in (2.13) hold trivially, 
see Remark 2.1. Note also that in Theorem 2.3, the pressure is 
unique up to a constant in 𝐿2(Q), while in 𝐿2

0(Q) it is unique. 
For a more general existence and uniqueness results for a class 
of variational-hemivariational inequalities, we refer to [45, The-

orem 18].

3. Formulation of shape optimization problem

In this section we shall formulate a shape optimization problem for 
the Stokes model (1.1) and provide some preparatory material needed 
in the next sections. In the shape optimization problem the goal is to 
find a domain from an admissible class of sets which minimizes a cost 
functional depending on the solution to (1.1).

In Section 2 we have treated the Stokes problem in a fixed domain. 
For an optimization problem we will consider a family of admissible 
domains, parametrized by suitable functions. We suppose that only a 
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part of the boundary with the prescribed slip condition is the object of 
optimization.

Let us consider a specific family of sets whose part is represented by 
the graph of a function (see Fig. 1):

 =
{
Q(𝛽) ∣ 𝛽 ∈ Σ𝑎𝑑

}
,

where

Σ𝑎𝑑 =
{
𝛽 ∈ 𝐶1,1([0,1]) ∣ 𝛽min ≤ 𝛽 ≤ 𝛽max in [0,1],

|𝛽(𝑖)| ≤ 𝐶𝑖, 𝑖 = 1,2, a.e. in (0,1)
}
,

Q(𝛽) =
{
𝒙 = (𝑥1, 𝑥2) ∣ 𝑥1 ∈ (0,1), 𝑥2 ∈ (0, 𝛽(𝑥1))

}
for 𝛽 ∈ Σ𝑎𝑑 ,

see [24]. Here, 𝐶1,1([0, 1]) is the set of all (1, 1)-Hölder continuous func-

tions on [0, 1], 𝛽(𝑖) is the 𝑖th-order derivative of 𝛽 with respect to 𝑥1, and 
the positive constants 𝛽min, 𝛽max, 𝐶1, 𝐶2 are such that Σ𝑎𝑑 ≠ ∅. In what 
follows, the functions 𝛽 ∈ Σ𝑎𝑑 will play the role of the control variables 
from the admissible set of controls Σ𝑎𝑑 .

Let the slip boundary Γ𝑆 (𝛽) be the graph of a function 𝛽, i.e.,

Γ𝑆 (𝛽) =
{
(𝑥1, 𝑥2) ∣ 𝑥1 ∈ (0,1), 𝑥2 = 𝛽(𝑥1)

}
, 𝛽 ∈ Σ𝑎𝑑 .

To underline the dependence of the Stokes problem on a parameter 
by 𝛽, we shall write 𝑽 (𝛽) ∶= 𝑽 (Q(𝛽)), 𝑽 div(𝛽) ∶= 𝑽 div(Q(𝛽)), 𝑽 0(𝛽) ∶=
𝑽 0(Q(𝛽)), and 𝐿2

0(𝛽) ∶=𝐿2
0(Q(𝛽)). When the domain Q and the boundary 

part Γ𝑆 are replaced by Q(𝛽) and Γ𝑆 (𝛽), respectively, then the bilinear 
forms 𝑎𝛽 , 𝑏𝛽 and the function 𝑗𝛽 represent 𝑎 in (2.4), 𝑏 in (2.5), and 
𝑗 in 𝐻(𝑗), respectively. Further, we assume that 𝒇 ∈ (𝐿2

loc
(ℝ2))2, for 

simplicity.

The weak formulation of Problem () on a set Q(𝛽) reads as follows.

Problem ((𝛽)). Find (𝒖(𝛽), 𝑝(𝛽)) ∈ 𝑽 (𝛽) ×𝐿2
0(𝛽) such that

𝑎𝛽 (𝒖(𝛽),𝒗) − 𝑏𝛽 (𝒗, 𝑝(𝛽)) + ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜏 (𝛽);𝒗𝜏 )𝑑𝑠 ≥ (𝒇 ,𝒗)0,Q(𝛽)

for all 𝒗 ∈ 𝑽 (𝛽), (3.1)

𝑏𝛽 (𝒖(𝛽), 𝑞) = 0 for all 𝑞 ∈𝐿2
0(𝛽). (3.2)

In Problem ((𝛽)) various functions have different domains of def-

inition, and to compare them, we need their extension to the common 
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domain Q̂ defined by Q̂ = (0, 1) × (0, 2𝛽max). From now on, we suppose 
that Q(𝜌) ⊆ Q̂ for all 𝜌 ∈ Σ𝑎𝑑 .

The analysis of Problem ((𝛽)) as well as of the shape optimiza-

tion problem introduced below will heavily rely on several facts which 
hold uniformly, for all admissible domains Q(𝛽) or equivalently for all 
functions 𝛽 ∈ Σ𝑎𝑑 . These facts are collected in the following.

Remark 3.1.

(a) Let 𝜓𝛽 ∶ 𝑉 (𝛽) → (𝐻1(Q̂))2 be a linear and bounded extension op-

erator for 𝛽 ∈ Σ𝑎𝑑 . The family  consists of domains with Lips-

chitz boundaries, and therefore all domains Q(𝛽), 𝛽 ∈ Σ𝑎𝑑 satisfy 
the uniform cone property, see [6]. Hence, by [6, Theorem II.1], 
see also [25, Theorem A.8], there exists an extension operator 𝜓𝛽

whose norm is estimated independently of 𝛽 ∈ Σ𝑎𝑑 .

(b) The norm ‖𝛾‖ of the tangential trace operator 𝛾 ∶ 𝑽 (𝛽) →𝐿2(Γ𝑆 (𝛽))2
can be bounded from above uniformly with respect to 𝛽 ∈ Σ𝑎𝑑 , 
see [25, Lemma 2.19, p. 62].

(c) The constant in the Korn inequality can be chosen uniformly with 
respect to a class of domains with the uniform cone property, 
see [48]. Hence, the constant 𝐶𝐾 > 0 in (2.1) can be selected in-

dependently of 𝛽 ∈ Σ𝑎𝑑 .

(d) The constant in the inf-sup condition for pressure can be chosen 
independently of 𝛽 ∈ Σ𝑎𝑑 , see [30, Lemma 2].

Let W∶ Δ →ℝ be a prescribed cost functional, where

Δ=
{
(𝛽,𝒘, 𝑞) ∣ 𝛽 ∈ Σ𝑎𝑑 , 𝒘 ∈ 𝑽 (𝛽), 𝑞 ∈𝐿2

0(𝛽)
}
.

For simplicity, we write (𝛽) ∶= W(𝛽, 𝒖(𝛽), 𝑝(𝛽)). Now we introduce the 
following shape optimization problem.

Problem (𝕄). Find 𝛽∗ ∈ Σ𝑎𝑑 such that

(𝛽∗) ≤(𝛽) for all 𝛽 ∈ Σ𝑎𝑑 ,

where (𝒖(𝛽), 𝑝(𝛽)) is the unique solution of Problem ((𝛽)), see 
Lemma 4.1 in Section 4.

In order to prove the existence of the solutions to Problem (𝕄), an 
auxiliary material is needed. First, we recall the definitions of con-

vergence of domains in , and convergence of functions defined on 
different domains, see [25, Definitions 1-3].

Definition 3.2. Let Q(𝛽𝑛), Q(𝛽) ⊂ , where 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 , 𝑛 ∈ ℕ. We say 
that Q(𝛽𝑛) → Q(𝛽), if

𝛽𝑛 → 𝛽 in 𝐶1([0,1]). (3.3)

Definition 3.3. Let 𝒘𝑛 ∈ 𝑽 (𝛽𝑛), 𝒘 ∈ 𝑽 (𝛽), where 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 , 𝑛 ∈ℕ. We 
say that 𝒘𝑛 ⇀𝒘 (and 𝒘𝑛 →𝒘, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦), if

𝜓𝛽𝑛
𝒘𝑛 ⇀ 𝜓𝛽𝒘 (and 𝜓𝛽𝑛

𝒘𝑛 → 𝜓𝛽𝒘, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦) in (𝐻1(Q̂))2, (3.4)

where 𝜓𝛽𝑛
and 𝜓𝛽 denote the bounded and linear extension operators, 

see Remark 3.1(𝑎), whose operator norms are bounded independently 
of 𝛽 ∈ Σ𝑎𝑑 .

Definition 3.4. Let e𝑛 ∈ 𝐻1
0 (Q(𝛽𝑛)), e ∈ 𝐻1

0 (Q(𝛽)), where 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 , 
𝑛 ∈ℕ. We say that e𝑛 ⇀ e (and e𝑛 → e, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦), if

e0𝑛 ⇀ e0 (and e0𝑛 → e0, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦) in 𝐻1
0 (Q̂), (3.5)

where the symbol “𝑒0” stands for the zero extension of a function e ∈
𝐻1

0 (Q(𝛽)) to the set Q̂, i.e.,

e0 =
{

e in Q(𝛽),
0 in Q̂ ⧵Q(𝛽).
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Similarly we define the convergence of a sequence {𝑞𝑛}, where 𝑞𝑛 ∈
𝐿2
0(𝛽𝑛).

We conclude this section by recalling three auxiliary lemmas which 
will be used in the next section. The first result can be easily proved 
based on the definition of Σ𝑎𝑑 , see also [30, Lemma 1].

Lemma 3.5. Let 𝜒𝑛, 𝜒 be the characteristic functions of the sets Q(𝛽𝑛) and 
Q(𝛽), respectively. Then

(i) the family of domains  is compact with respect to the convergence of 
sets introduced in Definition 3.2,

(ii) if Q(𝛽𝑛) → Q(𝛽) with 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 , then

𝜒𝑛 → 𝜒 in 𝐿𝑞(Q̂) for all 𝑞 ∈ [1,∞) . (3.6)

The next lemma on the continuity type result for the trace opera-

tor, plays an important role in a proof of convergence of solutions to 
Problem ((𝛽𝑛)), see [25, Lemma 2.21, p. 65].

Lemma 3.6. Let {(𝛽𝑛, 𝒘𝑛)}, 𝛽𝑛 ∈ Σ𝑎𝑑 , 𝒘𝑛 ∈ (𝐻1(Q̂))2 be such that

𝛽𝑛 ⇉ 𝛽 (uniformly) on [0,1],

𝒘𝑛 ⇀𝒘 in (𝐻1(Q̂))2, 𝑛→∞,

for some 𝛽 ∈ Σ𝑎𝑑 and 𝒘 ∈ (𝐻1(Q̂))2. Then

𝒘𝑛|Γ𝑆 (𝛽𝑛)◦𝛽𝑛 →𝒘|Γ𝑆 (𝛽)◦𝛽 in (𝐿2(0,1))2, 𝑛→∞,

where 𝒘𝑛|Γ𝑆 (𝛽𝑛)◦𝛽𝑛 = 𝒘(𝑥1, 𝛽𝑛(𝑥1)) and 𝒘|Γ𝑆 (𝛽)◦𝛽 = 𝒘(𝑥1, 𝛽(𝑥1)), 𝑥1 ∈
(0, 1).

Finally, we also recall a result that can be found in [30, Lemma 3].

Lemma 3.7. Let 𝛽𝑛 → 𝛽 in 𝐶1([0, 1]), 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 and 𝒗 ∈ 𝑽 (𝛽) be 
given. Then there exist a sequence {𝒗𝑘}, 𝒗𝑘 ∈ (𝐻1(Q̂))2 and a function 
𝒗 ∈ (𝐻1(Q̂))2 such that 𝒗|Q(𝛽) = 𝒗 and

𝒗𝑘 → 𝒗 in (𝐻1(Q̂))2, 𝑘→∞, (3.7)

where for any 𝑘 ∈ℕ and an appropriate 𝑛𝑘 ∈ℕ, we have

𝒗𝑘|Q(𝛽𝑛𝑘 )
∈ 𝑽 (𝛽𝑛𝑘 ). (3.8)

4. Existence of an optimal shape

In what follows, we will establish the existence result for solutions 
to the shape optimization problem, Problem (𝕄).

We begin with the following result on a unique solvability and a 
stability estimate for Problem ((𝛽)), for every fixed 𝛽 ∈ Σ𝑎𝑑 . It can be 
proved similarly as Theorem 2.3 provided we admit hypotheses on the 
data which hold for all 𝛽 ∈ Σ𝑎𝑑 , uniformly with respect to 𝛽 ∈ Σ𝑎𝑑 .

Consider the following hypothesis.

𝐻(𝑗𝛽 ): 𝑗𝛽 ∶ Γ𝑆 (𝛽) ×ℝ2 →ℝ is such that

(i) 𝑗𝛽 (⋅, 𝝃) is measurable on Γ𝑆 (𝛽) for all 𝝃 ∈ℝ2 and 𝑗𝛽 (⋅, 𝟎) ∈𝐿1(Γ𝑆 (𝛽)), 
for all 𝛽 ∈ Σ𝑎𝑑 ,

(ii) 𝑗𝛽 (𝒙, ⋅) is locally Lipschitz on ℝ2 for a.e. 𝒙 ∈ Γ𝑆 (𝛽), all 𝛽 ∈ Σ𝑎𝑑 ,

(iii) there are constants 𝑐0, 𝑐1 > 0 independent of 𝛽 ∈ Σ𝑎𝑑 such that for 
all 𝛽 ∈ Σ𝑎𝑑 , all 𝝃 ∈ℝ2, 𝜼 ∈ 𝜕𝑗𝛽 (𝒙, 𝝃), a.e. 𝒙 ∈ Γ𝑆 (𝛽), it holds ‖𝜼‖ℝ2 ≤
𝑐0 + 𝑐1‖𝝃‖ℝ2 ,

(iv) there is a constant 𝑚𝜏 ≥ 0 independent of 𝛽 ∈ Σ𝑎𝑑 such that for all 
𝛽 ∈ Σ𝑎𝑑 , all 𝝃𝑖 ∈ℝ2, 𝜼𝑖 ∈ 𝜕𝑗𝛽 (𝒙, 𝝃𝑖), 𝑖 = 1, 2, a.e. 𝒙∈ Γ𝑆 (𝛽), we have

(𝜼1 − 𝜼2) ⋅ (𝝃1 − 𝝃2) ≥ −𝑚𝜏 ‖𝝃1 − 𝝃2‖2 2 .
ℝ
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(v) for every 𝛽𝑛 → 𝛽 in 𝐶1([0, 1]), 𝝃𝑛 → 𝝃, 𝜼𝑛 → 𝜼 in ℝ2, it holds

limsup
𝑛→∞

𝑗0
𝛽𝑛
(𝝃𝑛;𝜼𝑛) ≤ 𝑗0

𝛽
(𝝃;𝜼).

For an example of functions satisfying 𝐻(𝑗𝛽 )(v), we refer to [13, Exam-

ple 2.4]

Lemma 4.1. Assume 𝐻(𝑗𝛽 )(i)-(iv), 𝒇 ∈ (𝐿2
loc
(ℝ2))2, and

2 𝜈0 > 𝑚𝜏‖𝛾‖2, 2 𝜈0 𝐶𝐾 > 𝑐1‖𝛾‖2. (4.1)

Then, for any fixed 𝛽 ∈ Σ𝑎𝑑 , Problem ((𝛽)) has the unique solution 
(𝒖(𝛽), 𝑝(𝛽)) ∈ 𝑽 (𝛽) × 𝐿2

0(𝛽), and there exists a positive constant 𝑑 ∶=
𝑑(𝒇 , 𝑐0, 𝑐1) independent of 𝛽 ∈ Σ𝑎𝑑 such that

‖𝜓𝛽𝒖(𝛽)‖1,Q̂ + ‖𝑝0(𝛽)‖0,Q̂ ≤ 𝑑. (4.2)

Proof. The existence of a unique solution, for any fixed 𝛽 ∈ Σ𝑎𝑑 , can be 
established as in the proof of Theorem 2.3.

The first term in (4.2) can be estimated as follows. Analogously as 
in the proof of (2.18) in Theorem 2.3, we have

(2𝜈0𝐶𝐾 − 𝑐1‖𝛾‖2)‖𝒖(𝛽)‖1,Q(𝛽) ≤ 𝑐0
√|Γ𝑆 (𝛽)| ‖𝛾‖+ ‖𝒇‖0,Q(𝛽).

On the other hand, since 𝒖(𝛽) ∈ 𝑽 (𝛽), by the boundedness of the exten-

sion operator, we know that there exists a constant 𝑐2 > 0 independent 
of 𝛽 ∈ Σ𝑎𝑑 such that

‖𝜓𝛽𝒖(𝛽)‖1,Q̂ ≤ 𝑐2 ‖𝒖(𝛽)‖1,Q(𝛽).

We combine the last two inequalities to get

‖𝜓𝛽𝒖(𝛽)‖1,Q̂ ≤ 𝑐2
𝑐0
√|Γ𝑆 (𝛽)| ‖𝛾‖+ ‖𝒇‖0,Q(𝛽)

2𝜈0 𝐶𝐾 − 𝑐1‖𝛾‖2 . (4.3)

It follows from Remark 3.1 (a), (b) and (c) that positive constants 𝑐2, ‖𝛾‖ and 𝐶𝐾 , respectively, do not depend on 𝛽 ∈ Σ𝑎𝑑 . Recall that also 𝜈0
and the constants 𝑐0 and 𝑐1, by 𝐻(𝑗𝛽 ) (iii) are independent of 𝛽 ∈ Σ𝑎𝑑 . 
Therefore, the upper bound in (4.3) does not depend on 𝛽 ∈ Σ𝑎𝑑 , and 
we obtain the uniform bound on the term ‖𝜓𝛽𝒖(𝛽)‖1,Q̂.

For the estimate of the second term in (4.2), let 𝒗 ∈ 𝑽 0(Q(𝛽)). From

(3.1), analogously as in Theorem 2.3, we have

𝑏(𝒗, 𝑝(𝛽)) ≤ 𝑎(𝒖(𝛽),𝒗) − (𝒇 ,𝒗)0,Q(𝛽) ≤ 𝑐3 (1 + ‖𝒇‖0,Q(𝛽) |𝒗|1,Q(𝛽)),

where 𝑐3 > 0 is independent of 𝛽 ∈ Σ𝑎𝑑 . Having in mind Remark 3.1 (d), 
from the inf-sup condition (2.10), it follows

𝜌1‖𝑝(𝛽)‖0,Q(𝛽) ≤ sup
𝒗∈𝑽 0(𝛽)

𝑏(𝒗, 𝑝(𝛽))|𝒗|1,Q(𝛽)
≤ 𝑑,

with 𝑑 > 0 independent of 𝛽 ∈ Σ𝑎𝑑 . This completes the proof of 
(4.2). □

The following convergence result is important in the forthcoming 
analysis.

Theorem 4.2. Let 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑 , and (𝒖𝑛, 𝑝𝑛) ∶= (𝒖(𝛽𝑛), 𝑝(𝛽𝑛)) ∈ 𝑽 (𝛽𝑛) ×
𝐿2
0(𝛽𝑛), 𝑛 ∈ ℕ, be a solution of Problem ((𝛽𝑛)). Suppose that 𝐻(𝑗𝛽 ) and

(3.3) hold, and that there exists an element (𝒖, 𝑝) ∈ (𝐻1
0 (Q̂))2 ×𝐿2

0(Q̂) such 
that

𝜓𝛽𝑛
𝒖𝑛 ⇀ 𝒖 in (𝐻1(Q̂))2, (4.4)

𝑝0𝑛 ⇀ 𝑝 in 𝐿2
0(Q̂), 𝑛→∞. (4.5)

Then the pair (𝒖(𝛽), 𝑝(𝛽)) ∶= (𝒖|Q(𝛽), 𝑝|Q(𝛽)) is a solution of Problem ((𝛽)).

Proof. First we show that (𝒖|Q(𝛽), 𝑝|Q(𝛽)) ∈ 𝑽 div(𝛽) × 𝐿2
0(𝛽). Using the 

definition of (𝒖𝑛, 𝑝𝑛), from (4.4) and (4.5), we have 𝒖(𝛽) ∶= 𝒖|Q(𝛽) = 0
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on Γ𝐷(𝛽) and 𝑝(𝛽) ∶= 𝑝|Q(𝛽) ∈ 𝐿2
0(𝛽). Let 𝝂𝛽 ∶= 𝝂𝛽 (𝑥1) and 𝝂𝛽𝑛 ∶= 𝝂𝛽𝑛 (𝑥1)

be the unit outward normal vector of Γ𝑆 (𝛽) and Γ𝑆 (𝛽𝑛), respectively. 
We denote their natural extensions defined in Q̂ by the same notation, 
i.e., 𝝂𝛽 (𝒙) ∶= 𝝂𝛽 (𝑥1) and 𝝂𝛽𝑛 (𝒙) ∶= 𝝂𝛽𝑛 (𝑥1), where 𝒙 = (𝑥1, 𝑥2) ∈ Q̂. Since 
𝛽𝑛 → 𝛽 in 𝐶1([0, 1]), we have

𝝂𝛽𝑛 → 𝝂𝛽 in 𝐶(Q̂).

From Definition 3.3, we know that 𝒖(𝛽𝑛) ⇀ 𝒖(𝛽) in (𝐻1(Q̂))2. Thus,

𝒖𝑛 ⋅ 𝝂
𝛽𝑛 = (𝒖𝑛 − 𝒖) ⋅ 𝝂𝛽𝑛 + 𝒖 ⋅ 𝝂𝛽𝑛 → 𝒖 ⋅ 𝝂𝛽 , 𝑛→∞.

Therefore, 𝒖 ⋅ 𝝂𝛽 = 0 on Γ𝑆 (𝛽). Let 𝜙 ∈𝐻1(Q(𝛽)) be given such that 𝜙 =
0 on Γ𝐷(𝛽). Now we denote the extension of 𝜙 on Q̂ by 𝜙̃ ∈ 𝐻1(Q̂)
satisfying 𝜙̃ = 0 on 𝜕Q̂ ⧵ [0, 1] × {0}. Hence, 𝜙̃ ∈ 𝐻1(Q(𝛽𝑛)) and 𝜙̃ = 0
on Γ𝐷(𝛽𝑛). Let 𝜙 ∈ 𝐿2

0(Q(𝛽𝑛)) = 𝐿2(Q(𝛽𝑛))∕ℝ. Note that |Q(𝛽𝑛)| > 0. Then 
there exists a constant 𝜅 = (∫Q(𝛽𝑛)

𝜙̃ 𝑑𝑥)∕|Q(𝛽𝑛)| such that 𝜙̃ = 𝜙+𝜅. Since 
𝒖𝑛 ∈ 𝑽 (𝛽𝑛) for all 𝑛 ∈ ℕ, we deduce that

∫
Q(𝛽𝑛)

𝜙̃div𝒖𝑛 𝑑𝑥 = ∫
Q(𝛽𝑛)

𝜙div𝒖𝑛 𝑑𝑥+ ∫
Q(𝛽𝑛)

𝜅 div𝒖𝑛 𝑑𝑥

= 𝜅 ∫
Q(𝛽𝑛)

div𝒖𝑛 𝑑𝑥

= 𝜅 ∫
𝜕Q(𝛽𝑛)

𝒖𝑛 ⋅ 𝝂
𝛽𝑛 𝑑𝑠− 𝜅 ∫

Q(𝛽𝑛)

𝒖𝑛 ⋅ 0𝑑𝑥

= 𝜅 ∫
Γ𝑆 (𝛽𝑛)

𝒖𝑛 ⋅ 𝝂
𝛽𝑛 𝑑𝑠

= 0,

where the third equation is due to the Green formula. By applying the 
Green formula again, we get

∫
Q(𝛽𝑛)

𝒖𝑛 ⋅∇𝜙̃ 𝑑𝑥 = ∫
𝜕Q(𝛽𝑛)

𝜙̃(𝒖𝑛 ⋅ 𝝂
𝛽𝑛 )𝑑𝑠− ∫

Q(𝛽𝑛)

𝜙̃div𝒖𝑛 𝑑𝑥= 0,

which means that

∫̂
Q

𝜒𝑛𝜓𝛽𝑛
𝒖𝑛 ⋅∇𝜙̃ 𝑑𝑥 = 0,

where 𝜒𝑛 denotes the characteristic function of the set Q(𝛽𝑛). Applying 
the Lebesgue-dominated convergence theorem, see [44, Theorem 1.65], 
Lemma 3.5 (ii) and (3.6), we obtain

∫̂
Q

𝜒𝑛𝜓𝛽𝑛
𝒖𝑛 ⋅∇𝜙̃ 𝑑𝑥→ ∫̂

Q

𝜒𝒖 ⋅∇𝜙̃ 𝑑𝑥 = ∫
Q(𝛽)

𝒖(𝛽) ⋅∇𝜙𝑑𝑥 = 0,

where 𝜒 is the characteristic function of the set Q(𝛽). Subsequently, let 
𝜙 ∈ 𝐶∞

0 (Q(𝛽)) ⊂ 𝐻1
0 (Q(𝛽)). Since

∫
Q(𝛽)

𝒖(𝛽) ⋅∇𝜙𝑑𝑥= ∫
𝜕Q(𝛽)

𝜙(𝒖(𝛽) ⋅ 𝝂𝛽 )𝑑𝑠− ∫
Q(𝛽)

𝜙div𝒖(𝛽)𝑑𝑥

= − ∫
Q(𝛽)

𝜙div𝒖(𝛽)𝑑𝑥 = 0,

using the variational lemma [44, Lemma 2.9], we get that 𝒖(𝛽) ∈
𝑽 div(𝛽).

It remains to prove that (𝒖(𝛽), 𝑝(𝛽)) solves Problem ((𝛽)). Let 𝒗 ∈
𝑽 (𝛽). Then there exists a sequence {𝒗𝑘} with 𝒗𝑘 ∈ (𝐻1(Q̂))2 satisfying 
(3.7) and (3.8). Using 𝒗𝑘 as a test function in Problem ((𝛽𝑛𝑘 )), we get

𝑎𝑛𝑘
(𝒖𝑛𝑘

,𝒗𝑘) − 𝑏𝑛𝑘 (𝒗𝑘, 𝑝𝑛𝑘 ) + ∫
Γ𝑆 (𝛽𝑛𝑘 )

𝑗0𝑛𝑘
(𝒖𝑛𝑘𝜏

;𝒗𝑘𝜏 )𝑑𝑠 ≥ (𝒇 ,𝒗𝑘)0,Q(𝛽𝑛𝑘 )
, (4.6)

where, for simplicity of notation, we write 𝑎𝑛𝑘
∶= 𝑎𝛽𝑛𝑘

, 𝑏𝑛𝑘 ∶= 𝑏𝛽𝑛𝑘
and 

𝑗𝑛 ∶= 𝑗𝛽 . Next, by (4.4), (3.7), and Lemma 3.5 (ii), it follows that

𝑘 𝑛𝑘
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lim
𝑘→∞ ∫̂

Q

𝜒𝑛𝑘
∇𝜓𝛽𝑛𝑘

𝒖𝑛𝑘
⋅∇𝒗𝑘 𝑑𝑥

= lim
𝑘→∞ ∫̂

Q

𝜒𝑛𝑘

[
∇𝜓𝛽𝑛𝑘

𝒖𝑛𝑘
⋅ (∇𝒗𝑘 −∇𝒗) + ∇𝜓𝛽𝑛𝑘

𝒖𝑛𝑘
⋅∇𝒗

]
𝑑𝑥

= ∫̂
Q

𝜒∇𝒖 ⋅∇𝒗𝑑𝑥.

Therefore, it yields

lim
𝑘→∞

𝑎𝑛𝑘
(𝒖𝑛𝑘

,𝒗𝑘) = 𝜈0 lim
𝑘→∞ ∫

Q(𝛽𝑛𝑘 )

∇𝒖𝑛𝑘
⋅∇𝒗𝑘 𝑑𝑥

= 𝜈0 lim
𝑘→∞ ∫̂

Q

𝜒𝑛𝑘
∇𝜓𝛽𝑛𝑘

𝒖𝑛𝑘
⋅∇𝒗𝑘 𝑑𝑥

= 𝜈0 ∫̂
Q

𝜒∇𝒖 ⋅∇𝒗𝑑𝑥

= 𝜈0 ∫
Q(𝛽)

∇𝒖(𝛽) ⋅∇𝒗𝑑𝑥

= 𝑎𝛽 (𝒖(𝛽),𝒗). (4.7)

From (4.5), (3.7) and Lemma 3.5(ii), we obtain

lim
𝑘→∞ ∫̂

Q

𝜒𝑛𝑘
𝑝0𝑛𝑘

div𝒗𝑘 𝑑𝑥= ∫̂
Q

𝜒 𝑝div𝒗𝑑𝑥,

and subsequently

lim
𝑘→∞

𝑏𝑛𝑘 (𝒗𝑘, 𝑝𝑛𝑘 ) = lim
𝑘→∞ ∫

Q(𝛽𝑛𝑘 )

𝑝𝑛𝑘 ⋅ div𝒗𝑘 𝑑𝑥

= ∫
Q(𝛽)

𝑝(𝛽) ⋅ div𝒗𝑑𝑥

= 𝑏𝛽 (𝒗, 𝑝(𝛽)). (4.8)

In view of (3.7), we have

lim
𝑘→∞ ∫̂

Q

𝜒𝑛𝑘
𝒇 ⋅ 𝒗𝑘 𝑑𝑥 = ∫̂

Q

𝜒𝒇 ⋅ 𝒗𝑑𝑥,

and

lim
𝑘→∞

(𝒇 ,𝒗𝑘)0,Q(𝛽𝑛𝑘 )
= lim

𝑘→∞ ∫
Q(𝛽𝑛𝑘 )

𝒇 ⋅ 𝒗𝑘 𝑑𝑥

= ∫
Q(𝛽)

𝒇 ⋅ 𝒗𝑑𝑥

= (𝒇 ,𝒗)0,Q(𝛽). (4.9)

Since 𝒖𝑛𝑘
(𝒙) = 𝒖(𝑥1, 𝛽𝑛𝑘 (𝑥1)) on Γ𝑆 (𝛽𝑛𝑘 ) and 𝒖(𝒙) = 𝒖(𝑥1, 𝛽(𝑥1)) on Γ𝑆 (𝛽), 

from Lemma 3.6 we have

𝒖(𝑥1, 𝛽𝑛𝑘 (𝑥1))→ 𝒖(𝑥1, 𝛽(𝑥1)) in (𝐿2(0,1))2, 𝑘→∞.

Since 𝛽′𝑛𝑘 ⇉ 𝛽′ uniformly in [0, 1], applying 𝐻(𝑗𝛽 ) and the Fatou lemma 
([44, Theorem 1.64]), we obtain

limsup
𝑘→∞ ∫

Γ𝑆 (𝛽𝑛𝑘 )

𝑗0
𝛽𝑛𝑘

(𝒖𝑛𝑘𝜏
;𝒗𝑘𝜏 )𝑑𝑠 = limsup

𝑘→∞

1

∫
0

𝑗0
𝛽𝑛𝑘

(𝒖𝑛𝑘𝜏
;𝒗𝑘𝜏 )

√
1 + |𝛽′𝑛𝑘 |2 𝑑𝑥1

≤
1

∫ limsup
𝑘→∞

𝑗0
𝛽𝑛𝑘

(𝒖𝑛𝑘𝜏
;𝒗𝑘𝜏 )

√
1 + |𝛽′𝑛𝑘 |2 𝑑𝑥1

le

s

T

W

⎧⎪⎨⎪⎩
th

P

l
𝑛

w

𝐿

e

𝜓

w

y

li

T

W

a

5

s

te

p

th

𝑽

T

𝑐

w

v

0

219
≤
1

∫
0

𝑗0
𝛽
(𝒖𝜏 ;𝒗𝜏 )

√
1 + |𝛽′|2 𝑑𝑥1

= ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜏 ;𝒗𝜏 )𝑑𝑠. (4.10)

It follows from (4.7)-(4.10) that (𝒖(𝛽), 𝑝(𝛽)) is a solution of Prob-

m ((𝛽)) which completes the proof. □

We conclude this section with an existence result for the optimal 
hape design problem, Problem (𝕄).

heorem 4.3. Suppose the hypotheses of Theorem 4.2. If the cost functional 
∶ Δ →ℝ satisfies the following lower-semicontinuity condition:

𝛽𝑛 → 𝛽 in 𝐶1([0,1]), 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑

𝒘𝑛 ⇀𝒘 in (𝐻1(Q̂))2, 𝒘𝑛, 𝒘 ∈ (𝐻1
0 (Q̂))2

𝑞𝑛 ⇀ 𝑞 in 𝐿2(Q̂), 𝑞𝑛, 𝑞 ∈𝐿2
0(Q̂)

⟹ lim inf
𝑛→∞

W(𝛽𝑛,𝒘𝑛|Q(𝛽𝑛), 𝑞𝑛|Q(𝛽𝑛)) ≥ W(𝛽,𝒘|Q(𝛽), 𝑞|Q(𝛽)), (4.11)

en Problem (𝕄) has a solution.

roof. Let 
{
(𝒖𝑛, 𝑝𝑛)

}
be a minimizing sequence for Problem (𝕄), i.e.,

im
→∞

W(𝛽𝑛,𝒖(𝛽𝑛), 𝑝(𝛽𝑛)) = inf
𝛽∈Σ𝑎𝑑

W(𝛽,𝒖(𝛽), 𝑝(𝛽)),

here (𝒖𝑛, 𝑝𝑛) solves Problem ((𝛽𝑛)). Let (𝜓𝛽𝑛
𝒖𝑛, 𝑝0𝑛) ∈ (𝐻1(Q̂))2 ×

2
0(Q̂). Then, from Lemma 4.1 and Theorem 4.2, we know that there 
xists an element (𝒖, 𝑝) ∈ (𝐻1

0 (Q̂))2 ×𝐿2
0(Q̂) satisfying

𝛽𝑛 → 𝛽∗ in 𝐶1([0,1]),

𝛽𝑛
𝒖𝑛 ⇀ 𝒖 in (𝐻1(Q̂))2,

𝑝0𝑛 ⇀ 𝑝 in 𝐿2
0(Q̂),

here 𝛽𝑛, 𝛽∗ ∈ Σ𝑎𝑑 . The lower-semicontinuity property (4.11) of W

ields

minf
𝑛→∞

W(𝛽𝑛,𝜓𝛽𝑛
𝒖𝑛|Q(𝛽𝑛), 𝑝

0
𝑛|Q(𝛽𝑛)) ≥ W(𝛽∗,𝒖|Q(𝛽∗), 𝑝|Q(𝛽∗))

= W(𝛽∗,𝒖(𝛽∗), 𝑝(𝛽∗)).

hus

(𝛽∗,𝒖(𝛽∗), 𝑝(𝛽∗)) ≤ W(𝛽,𝒖(𝛽), 𝑝(𝛽))

nd the proof is completed. □

. Penalized problem

In this section we shall establish the existence and uniqueness re-

ult for the Stokes hemivariational inequality problem with a penalty 
rm. Moreover, we will discuss the shape optimization problem for the 
enalized Stokes hemivariational inequality. To this end, we introduce 
e following functional spaces.

𝑽 (𝛽) =
{
𝒗 ∈ (𝐻1(Q(𝛽)))2 ∣ 𝒗 = 𝟎 on Γ𝐷(𝛽)

}
,

div(𝛽) =
{
𝒗 ∈ 𝑽 (𝛽) ∣ 𝑏𝛽 (𝒗, 𝑞) = 0 for all 𝑞 ∈𝐿2

0(𝛽)
}
, 𝛽 ∈ Σ𝑎𝑑 .

he penalty term 𝑐𝛽 (𝒖, 𝒗) is defined as follows:

𝛽 (𝒖,𝒗) =

1

∫
0

(𝒖◦𝛽 ⋅ 𝝂𝛽 )(𝒗◦𝛽 ⋅ 𝝂𝛽 )𝑑𝑥1, (5.1)

here 𝒖◦𝛽 ⋅ 𝝂𝛽 = 𝒖(𝑥1, 𝛽(𝑥1)) ⋅ 𝝂𝛽 (𝑥1), 𝑥1 ∈ (0, 1). We formulate a hemi-

ariational inequality with a penalty term.
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Problem (𝜀(𝛽)). Find (𝒖𝜀, 𝑝𝜀) ∈ 𝑽 (𝛽) ×𝐿2
0(𝛽) such that

𝑎𝛽 (𝒖𝜀,𝒗) − 𝑏𝛽 (𝒗, 𝑝𝜀) + ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜀𝜏 ;𝒗𝜏 )𝑑𝑠+

1
𝜀
𝑐𝛽 (𝒖𝜀,𝒗)

≥ (𝒇 ,𝒗)0,Q(𝛽) ∀𝒗 ∈ 𝑽 (𝛽), (5.2)

𝑏𝛽 (𝒖𝜀, 𝑞) = 0 ∀ 𝑞 ∈𝐿2
0(𝛽), (5.3)

where 𝛽 ∈ Σ𝑎𝑑 and 𝜀 > 0 is a penalty parameter.

First, we will present the existence and uniqueness result for Prob-

lem (𝜀(𝛽)).

Theorem 5.1. Assume 𝐻(𝑗𝛽 ), 𝒇 ∈ (𝐿2
loc
(ℝ2))2 and (2.13). Then, for any 

fixed 𝜀 > 0, Problem (𝜀(𝛽)) has the unique solution (𝒖𝜀, 𝑝𝜀), and

𝒖𝜀 → 𝒖 in (𝐻1(Q(𝛽)))2, (5.4)

𝑝𝜀 ⇀ 𝑝 in 𝐿2
0(𝛽), 𝜀→ 0, (5.5)

where (𝒖, 𝑝) solves Problem ((𝛽)).

Proof. First, we show that Problem (𝜀(𝛽)) is uniquely solvable. Let 
𝑎𝛽𝜀(𝒖𝜀, 𝒗)=𝑎𝛽 (𝒖𝜀, 𝒗) +

1
𝜀
𝑐𝛽 (𝒖𝜀, 𝒗) in (5.2). Since |𝑎𝛽 (𝒖𝜀, 𝒗)|≤|𝒖𝜀|1,Q(𝛽)|𝒗|1,Q(𝛽)

and 𝑎𝛽 (𝒗, 𝒗) = |𝒗|21,Q(𝛽), from (5.1), we have

|𝑎𝛽𝜀(𝒖𝜀,𝒗)| ≤ 𝑐1(𝜀)|𝒖𝜀|1,Q(𝛽)|𝒗|1,Q(𝛽)

and

𝑎𝛽𝜀(𝒗,𝒗) ≥ 𝑐2(𝜀)|𝒗|21,Q(𝛽),

where 𝑐1(𝜀) and 𝑐2(𝜀) are positive constants. Hence, the form 𝑎𝛽𝜀(⋅, ⋅) is 
continuous and coercive. Thus, similarly as in the proof of Theorem 2.3, 
we deduce that Problem (𝜀(𝛽)) has a unique solution.

Next, we will prove (5.4) and (5.5) in three steps.

Step 1. We claim that {‖𝒖𝜀‖1,Q(𝛽)} and {‖𝑝𝜀‖0,Q(𝛽)} are bounded.

Setting 𝒗 = −𝒖𝜀 in (5.2) and using 𝑏𝛽 (𝒖𝜀, 𝑝𝜀) = 0, we obtain

𝑎𝛽 (𝒖𝜀,𝒖𝜀) +
1
𝜀
𝑐𝛽 (𝒖𝜀,𝒖𝜀) ≤ ∫

Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜀𝜏 ;−𝒖𝜀𝜏 )𝑑𝑠+ (𝒇 ,𝒖𝜀)0,Q(𝛽).

Then the boundedness of {‖𝒖𝜀‖1,Q(𝛽)} is obtained from (2.1), (2.8) and 
(2.13). Using a proof similar to that of Lemma 4.1 and the inf-sup con-

dition, we also know that {‖𝑝𝜀‖0,Q(𝛽)} is bounded.

Step 2. We show the weak convergences

𝒖𝜀 ⇀ 𝒖 in (𝐻1(Q(𝛽)))2, 𝑝𝜀 ⇀ 𝑝 in 𝐿2
0(𝛽), 𝜀→ 0.

Since ‖𝒖𝜀‖1,Q(𝛽) and ‖𝑝𝜀‖0,Q(𝛽) are bounded by a constant independent 
of 𝜀, there exist elements 𝒖∗ ∈ (𝐻1(Q(𝛽)))2 and 𝑝∗ ∈𝐿2

0(𝛽) such that

𝒖𝜀 ⇀ 𝒖∗ in (𝐻1(Q(𝛽)))2, 𝑝𝜀 ⇀ 𝑝∗ in 𝐿2
0(𝛽), 𝜀→ 0.

By passing to a subsequence if necessary, we may assume that 𝒖𝜀 → 𝒖∗

a.e. on Γ𝑆 (𝛽). By Proposition 1.2(ii), we have

limsup
𝜀→0

𝑗0
𝛽
(𝒖𝜀𝜏 ;𝒗𝜏 ) ≤ 𝑗0

𝛽
(𝒖∗𝜏 ;𝒗𝜏 ).

Taking upper limit in (5.2), by Fatou’s lemma, we get

(𝒇 ,𝒗)0,Q(𝛽) ≤ 𝑎𝛽 (𝒖∗,𝒗) − 𝑏𝛽 (𝒗, 𝑝∗) + ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖∗𝜏 ;𝒗𝜏 )𝑑𝑠 (5.6)

for any 𝒗 ∈ 𝑽 (𝛽). Letting 𝜀 → 0 in (5.3), we obtain

𝑏𝛽 (𝒖∗, 𝑞) = 0 ∀ 𝑞 ∈𝐿2
0(𝛽). (5.7)

From (5.6), (5.7) and Theorem 2.3, we see that (𝒖∗, 𝑝∗) is the unique 
solution of Problem ((𝛽)), i.e., 𝒖 = 𝒖∗ and 𝑝 = 𝑝∗.
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Step 3. We prove the strong convergence

𝒖𝜀 → 𝒖 in (𝐻1(Q(𝛽)))2 as 𝜀→ 0.

Setting 𝒗 = 𝒖− 𝒖𝜀 in (5.2), we get

𝑎𝛽 (𝒖𝜀,𝒖− 𝒖𝜀) − 𝑏𝛽 (𝒖− 𝒖𝜀, 𝑝𝜀)

+ ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜀𝜏 (𝛽);𝒖𝜏 − 𝒖𝜀𝜏 )𝑑𝑠+

1
𝜀
𝑐𝛽 (𝒖𝜀,𝒖− 𝒖𝜀)

≥ (𝒇 ,𝒖− 𝒖𝜀)0,Q(𝛽). (5.8)

Since 𝑏𝛽 (𝒖, 𝑝𝜀) = 0 and 𝑏𝛽 (𝒖𝜀, 𝑝𝜀) = 0, taking upper limit in (5.8) and 
applying Proposition 1.2 (ii), we have

limsup
𝜀→0

𝑎𝛽 (𝒖𝜀,𝒖𝜀 − 𝒖) ≤ limsup
𝜀→0 ∫

Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜀𝜏 ;𝒖𝜏 − 𝒖𝜀𝜏 )𝑑𝑠

≤ ∫
Γ𝑆 (𝛽)

limsup
𝜀→0

𝑗0
𝛽
(𝒖𝜀𝜏 ;𝒖𝜏 − 𝒖𝜀𝜏 )𝑑𝑠

≤ ∫
Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜏 ;𝒖𝜏 − 𝒖𝜏 )𝑑𝑠

= 0.

Since

𝑐 ‖𝒖𝜀 − 𝒖‖21,Q(𝛽) ≤ |𝒖𝜀 − 𝒖|21,Q(𝛽) = 𝑎𝛽 (𝒖𝜀 − 𝒖,𝒖𝜀 − 𝒖)

= 𝑎𝛽 (𝒖𝜀,𝒖𝜀 − 𝒖) − 𝑎𝛽 (𝒖,𝒖𝜀 − 𝒖),

where a positive constant 𝑐 is independent of 𝜀, we obtain

𝑐 limsup
𝜀→0

‖𝒖𝜀 − 𝒖‖21,Q(𝛽) ≤ limsup
𝜀→0

𝑎𝛽 (𝒖𝜀,𝒖𝜀 − 𝒖) ≤ 0.

Hence,

limsup
𝜀→0

‖𝒖𝜀 − 𝒖‖21,Q(𝛽) = 0,

and 𝒖𝜀 → 𝒖 in (𝐻1(Q(𝛽)))2 as 𝜀 → 0. This completes the proof. □

Next, we introduce a class of optimal shape design problems for 
which we use the solution of Problem (𝜀(𝛽)) as the state variable. For 
any 𝜀 > 0 fixed, the optimization problem reads as follows:

Problem (𝕄𝜀). Find 𝛽∗𝜀 ∈ Σ𝑎𝑑 such that

𝜀(𝛽∗𝜀 ) ≤𝜀(𝛽) ∀𝛽 ∈ Σ𝑎𝑑 ,

where 𝜀(𝛽) = W(𝛽, 𝒖𝜀(𝛽), 𝑝𝜀(𝛽)) and (𝒖𝜀(𝛽), 𝑝𝜀(𝛽)) is the solution of Prob-

lem (𝜀(𝛽)). As before, we can also get the following result.

Theorem 5.2. Suppose the hypotheses of Theorem 4.3. Then Problem (𝕄𝜀)
has a solution for any 𝜀 > 0.

Next, we will analyze the correlation between the solutions of Prob-

lems (𝕄) and (𝕄𝜀), as 𝜀 → 0. Using similar arguments as in Section 4, 
we have

Lemma 5.3. Assume that 𝐻(𝑗𝛽 )(i)-(iv), 𝒇 ∈ (𝐿2
loc
(ℝ2))2 and (2.13) hold, 

and let (𝒖𝜀(𝛽), 𝑝𝜀(𝛽)) be a solution of Problem (𝜀(𝛽)) for any 𝜀 > 0. Then, 
we have the estimate

‖𝜓𝛽𝒖𝜀(𝛽)‖1,Q̂ + 1
𝜀
𝑐𝛽 (𝒖𝜀(𝛽),𝒖𝜀(𝛽)) + ‖𝑝0𝜀(𝛽)‖0,Q̂ ≤ 𝑐, (5.9)

with a constant 𝑐 ∶= 𝑐(‖𝒇‖0,Q̂) > 0 independent of 𝛽 ∈ Σ𝑎𝑑 .

Proof. First, we prove the boundedness of the first two terms in (5.9). 
Setting 𝒗 = −𝒖𝜀(𝛽) ∈ 𝑽 div(𝛽) in Problem (𝜀(𝛽)), we have
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𝑎𝛽 (𝒖𝜀,𝒖𝜀) +
1
𝜀
𝑐𝛽 (𝒖𝜀,𝒖𝜀) ≤ ∫

Γ𝑆 (𝛽)

𝑗0
𝛽
(𝒖𝜀𝜏 ;−𝒖𝜀𝜏 )𝑑𝑠+ (𝒇 ,𝒖𝜀)0,Q(𝛽).

Since 1
𝜀
𝑐𝛽 (𝒖𝜀, 𝒖𝜀) ≥ 0, the boundedness of the first two terms in (5.9) can 

be proved by using a similar approach as in Lemma 4.1. Next, we show 
the boundedness of {𝑝𝜀(𝛽)}. From (5.2), we have

𝑏𝛽 (𝒗, 𝑝𝜀(𝛽)) ≤ 𝑎𝛽 (𝒖𝜀(𝛽),𝒗) − (𝒇 ,𝒗)0,Q(𝛽) ≤ 𝑐|𝒗|1,Q(𝛽), ∀𝒗 ∈ 𝑽 0(𝛽),

where the constant 𝑐 ∶= 𝑐(‖𝒇‖0,Q̂) > 0 does not depend on 𝛽 ∈ Σ𝑎𝑑 . Thus,

𝜌1‖𝑝𝜀(𝛽)‖0,Q(𝛽) ≤ sup
𝒗∈𝑽 0(𝛽)

𝑏𝛽 (𝒗, 𝑝𝜀(𝛽))|𝒗|1,Q(𝛽)
≤ 𝑐.

Hence, we arrive at the estimate (5.9). □

The following lemma is crucial in proving the convergence of solu-

tions to Problem (𝕄𝜀) as 𝜀 → 0.

Lemma 5.4. Let 𝐻(𝑗𝛽 ) and (3.3) hold, and {(𝒖𝑛, 𝑝𝑛)} be the sequence 
of solutions to Problem (𝜀𝑛

(𝛽𝑛)), 𝜀𝑛 → 0. If there exists a pair (𝒖, 𝑝) ∈
(𝐻1

0 (Q̂))2 ×𝐿2
0(Q̂) such that

𝜓𝛽𝑛
𝒖𝑛 ⇀ 𝒖 in (𝐻1(Q̂))2, (5.10)

𝑝0𝑛 ⇀ 𝑝 in 𝐿2
0(Q̂), 𝑛→∞, (5.11)

then (𝒖|Q(𝛽), 𝑝|Q(𝛽)) is a solution of Problem ((𝛽)).

Proof. The existence of a subsequence satisfying (5.10) and (5.11)

follows from Lemma 5.3. Since 𝒖𝑛 ∈ 𝑽 div(𝛽𝑛), from (5.10) we have 
𝒖 ∶= 𝒖|Q(𝛽) ∈ 𝑽 div(𝛽). Using Lemma 3.6, we obtain

𝑐𝑛(𝒖𝑛,𝒖𝑛)→ 𝑐𝛽 (𝒖,𝒖), 𝑛→∞, (5.12)

where, for brevity, we write 𝑐𝑛 ∶= 𝑐𝛽𝑛 . By the estimate (5.9), we know 
that

0 ≤ 𝑐𝑛(𝒖𝑛,𝒖𝑛) ≤ 𝑐 𝜀𝑛 → 0, 𝑛→∞. (5.13)

Therefore, it follows from (5.12) and (5.13) that 𝒖 ⋅ 𝝂𝛽 = 0 on Γ𝑆 (𝛽).
Next we show that 𝒖 solves Problem ((𝛽)). Let 𝒗 ∈ 𝑽 (𝛽) be given. 

In view of Lemma 3.7, there exists a sequence {𝒗𝑘}, 𝒗𝑘 ∈ (𝐻1(Q̂))2 sat-

isfying (3.7) and (3.8). Thus,

1
𝜀𝑛𝑘

𝑐𝑛𝑘 (𝒖𝑛𝑘
,𝒗𝑘) = 0.

Using 𝒗𝑘|Q(𝛽𝑛𝑘 )
as a test function in Problem (𝜀𝑛𝑘

(𝛽𝑛𝑘 )), we have

𝑎𝑛𝑘
(𝒖𝑛𝑘

,𝒗𝑘) − 𝑏𝑛𝑘 (𝒗𝑘, 𝑝𝑛𝑘 ) + ∫
Γ𝑆 (𝛽𝑛𝑘 )

𝑗0
𝛽𝑛𝑘

(𝒖𝑛𝑘𝜏
;𝒗𝑘𝜏 )𝑑𝑠 ≥ (𝒇 ,𝒗𝑘)0,Q(𝛽𝑛𝑘 )

.

The rest of the proof is similar to that of Theorem 4.2 and we omit the 
details. This completes the proof. □

As a consequence, we obtain the following convergence result, 
which states the relation between solutions of Problems (𝕄) and (𝕄𝜀)
for 𝜀 → 0.

Theorem 5.5. Suppose that 𝐻(𝑗𝛽 ), 𝒇 ∈ (𝐿2
loc
(ℝ2))2 and (4.11) hold. Let 

W∶ Δ →ℝ satisfy the following condition:

⎧⎪⎨⎪⎩
𝛽𝑛 → 𝛽 in 𝐶1([0,1]), 𝛽𝑛, 𝛽 ∈ Σ𝑎𝑑

𝒘𝑛 →𝒘 in (𝐻1(Q̂))2, 𝒘𝑛, 𝒘 ∈ (𝐻1
0 (Q̂))2

𝑞𝑛 ⇀ 𝑞 in 𝐿2(Q̂), 𝑞𝑛, 𝑞 ∈𝐿2
0(Q̂)

⟹ lim
𝑛→∞

W(𝛽𝑛,𝒘𝑛|Q(𝛽𝑛), 𝑞𝑛|Q(𝛽𝑛)) = W(𝛽,𝒘|Q(𝛽), 𝑞|Q(𝛽)). (5.14)
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Then, for any sequence {𝛽∗𝜀 } of solutions to Problem (𝕄𝜀), 𝜀 → 0, there 
exists its subsequence (denoted in the same way) and a triplet (𝛽∗, 𝒖∗, 𝑝∗) ∈
Σ𝑎𝑑 × (𝐻1

0 (Q̂))2 ×𝐿2
0(Q̂) such that

𝛽∗𝜀 → 𝛽∗ in 𝐶1([0,1]), (5.15)

𝜓𝛽∗𝜀
𝒖𝜀(𝛽∗𝜀 )⇀ 𝒖∗ in (𝐻1(Q̂))2, (5.16)

𝑝0𝜀(𝛽
∗
𝜀 )⇀ 𝑝∗ in 𝐿2

0(Q̂), 𝜀→ 0. (5.17)

In addition, 𝛽∗ is a solution of Problem (𝕄) and (𝒖∗|Q(𝛽∗), 𝑝∗|Q(𝛽∗)) solves 
Problem ((𝛽∗)). Note that any accumulation point of {(𝛽∗𝜀 , 𝒖𝜀(𝛽∗𝜀 ), 𝑝𝜀(𝛽∗𝜀 ))}
in the sense of (5.15)-(5.17) is a solution of Problem (𝕄).

Proof. Since 𝛽∗𝜀 ∈ Σ𝑎𝑑 , by using the Arzela-Ascoli theorem, see [1, The-

orem 1.6.3], we are able to find a subsequence {𝛽∗𝜀 } satisfying (5.15). In 
view of Lemmas 5.3 and 5.4, we know that (5.16) and (5.17) hold, and 
that (𝒖∗|Q(𝛽∗), 𝑝∗|Q(𝛽∗)) solves Problem ((𝛽∗)). Next, we need to show 
that 𝛽∗ solves Problem (𝕄). Let 𝛽 ∈ Σ𝑎𝑑 be arbitrary and (𝒖(𝛽), 𝑝(𝛽)) be 
the solution pair of Problem ((𝛽)). In view of Definitions 3.3 and 3.4, 
from (5.4) and (5.5), we get

𝒖𝜀(𝛽)→ 𝒖(𝛽) in (𝐻1(Q(𝛽)))2,

𝑝𝜀(𝛽)⇀ 𝑝(𝛽) in 𝐿2
0(Q(𝛽)), 𝜀→ 0,

and

𝜓
𝛽
𝒖𝜀(𝛽)→ 𝜓

𝛽
𝒖(𝛽) in (𝐻1(Q̂))2, (5.18)

𝑝0𝜀(𝛽)⇀ 𝑝0(𝛽) in 𝐿2
0(Q̂), 𝜀→ 0. (5.19)

From the definition of Problem (𝕄𝜀), we have

W(𝛽∗𝜀 ,𝒖𝜀(𝛽∗𝜀 ), 𝑝𝜀(𝛽
∗
𝜀 )) ≤ W(𝛽,𝒖𝜀(𝛽), 𝑝𝜀(𝛽)), (5.20)

while using (4.11) from (5.15)-(5.17), we obtain

W(𝛽∗,𝒖∗|Q(𝛽∗), 𝑝
∗|Q(𝛽∗)) ≤ lim inf

𝜀→0
W(𝛽∗𝜀 ,𝜓𝛽∗𝜀

𝒖𝜀(𝛽∗𝜀 )|Q(𝛽∗𝜀 ), 𝑝
0
𝜀(𝛽

∗
𝜀 )|Q(𝛽∗𝜀 )).

Similarly, from (5.14) and (5.18)-(5.19), we deduce

lim
𝜀→0

W(𝛽,𝜓
𝛽
𝒖𝜀(𝛽)|Q(𝛽), 𝑝

0
𝜀(𝛽)|Q(𝛽)) = W(𝛽,𝜓

𝛽
𝒖(𝛽)|

Q(𝛽), 𝑝
0(𝛽)|

Q(𝛽))

= W(𝛽,𝒖(𝛽), 𝑝(𝛽)).

Since W(𝛽∗𝜀 , 𝒖𝜀(𝛽∗𝜀 ), 𝑝𝜀(𝛽∗𝜀 ))=W(𝛽∗𝜀 , 𝜓𝛽∗𝜀
𝒖𝜀(𝛽∗𝜀 )|Q(𝛽∗𝜀 ), 𝑝

0
𝜀(𝛽

∗
𝜀 )|Q(𝛽∗𝜀 )), by (5.20), 

we have

W(𝛽∗,𝒖∗|Q(𝛽∗), 𝑝
∗|Q(𝛽∗)) ≤ W(𝛽,𝒖(𝛽), 𝑝(𝛽)) ∀𝛽 ∈ Σ𝑎𝑑 .

This completes the proof. □

6. Finite element approximation of Problem (𝕄𝜺)

We will focus on the finite-dimensional approximation of Problem 
(𝕄𝜀). Let 𝜀 > 0 be fixed. We introduce a discretization of Problem 
(𝜀(𝛽)) by using a discretization of the admissible set Σ𝑎𝑑 and a fi-

nite element approximation of the state problem. Next, we will analyze 
the solution of the discrete shape optimization problem and its conver-

gence when the discrete parameter ℎ → 0.

We start with piecewise linear approximations of the admissible set 
Σ𝑎𝑑 . Let 𝑡 be a positive integer and set ℎ = 1∕𝑡. We denote the equidistant 
partition of [0, 1] by 𝛿ℎ, that is

𝛿ℎ ∶ 0 = 𝑎0 < 𝑎1 <⋯ < 𝑎𝑡 = 1,

where

𝑎𝑗 = 𝑗ℎ, 𝑗 = 0, 1,… , 𝑡.

The set of discrete admissible shapes Σℎ
𝑎𝑑

consists of continuous, piece-

wise linear functions on 𝛿ℎ which satisfy constraints analogous to those 
imposed in Σ𝑎𝑑 . Let
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Σℎ
𝑎𝑑

= {𝛽ℎ ∈ 𝐶([0,1]) ∣ 𝛽ℎ|[𝑎𝑖−1 ,𝑎𝑖] ∈ 𝑃1([𝑎𝑖−1, 𝑎𝑖]), ∀ 𝑖 = 1,… , 𝑡;

𝛽min ≤ 𝛽ℎ(𝑎𝑖) ≤ 𝛽max, ∀ 𝑖 = 0,… , 𝑡;

|𝛽ℎ(𝑎𝑖) − 𝛽ℎ(𝑎𝑖−1)| ≤ 𝐶1ℎ, ∀ 𝑖 = 1,… , 𝑡;

|𝛽ℎ(𝑎𝑖+1) − 2𝛽ℎ(𝑎𝑖) + 𝛽ℎ(𝑎𝑖−1)| ≤ 𝐶2ℎ
2,

∀ 𝑖 = 1,… , 𝑡− 1},

where the positive constants 𝛽min, 𝛽max, 𝐶1 and 𝐶2 are the same as in 
the definition of Σ𝑎𝑑 . We denote the set of discrete admissible shapes by

ℎ = {Q(𝛽ℎ) ∣ 𝛽ℎ ∈ Σℎ
𝑎𝑑
}.

Let {ℎ(𝛽ℎ)} be a regular family of triangular partitions of Q(𝛽ℎ) into 
triangles. With the partition ℎ(𝛽ℎ), we introduce the corresponding fi-

nite element spaces

𝑽 ℎ(𝛽ℎ) = {𝒗ℎ ∈ (𝐶(Q(𝛽ℎ)))2 ∣ 𝒗ℎ|𝑇 ∈ (𝑃2(𝑇 ))2 ∀𝑇 ∈ ℎ(𝛽ℎ),
𝒗ℎ = 𝟎 on Γ𝐷(𝛽ℎ)},

𝐿ℎ(𝛽ℎ) = {𝑞ℎ ∈ 𝐶(Q(𝛽ℎ)) ∣ 𝑞ℎ|𝑇 ∈ 𝑃1(𝑇 ) ∀𝑇 ∈ ℎ(𝛽ℎ), ∫
Q(𝛽ℎ)

𝑞ℎ 𝑑𝑥 = 0},

where (𝑃𝑘(𝑇 ))𝑙 (𝑘 and 𝑙 are positive integers) represents the space 
of polynomials in which the total degree of the corresponding 𝑙-

dimensional vector-valued polynomial space in 𝑇 is less than or equal 
to 𝑘.

Let 𝛽ℎ ∈ Σℎ
𝑎𝑑

, ℎ > 0 and 𝜀 > 0 be given. We introduce the following 
discrete approximation of the penalized state problem (𝜀(𝛽)):

Problem (ℎ𝜀(𝛽ℎ)). Find (𝒖ℎ𝜀, 𝑝ℎ𝜀) ∶= (𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) ∈ 𝑽 ℎ(𝛽ℎ) ×
𝐿ℎ(𝛽ℎ) such that

𝑎𝛽ℎ
(𝒖ℎ𝜀,𝒗ℎ) − 𝑏𝛽ℎ (𝒗ℎ, 𝑝ℎ𝜀)+ ∫

Γ𝑆 (𝛽ℎ)

𝑗0
𝛽ℎ
(𝒖ℎ𝜀𝜏 ;𝒗ℎ𝜏 )𝑑𝑠

+ 1
𝜀
𝑐𝛽ℎ (𝒖ℎ𝜀,𝒗ℎ) ≥ (𝒇 ,𝒗ℎ)0,Q(𝛽ℎ) ∀𝒗ℎ ∈ 𝑽 ℎ(𝛽ℎ), (6.1)

𝑏𝛽ℎ (𝒖ℎ𝜀, 𝑞ℎ) = 0 ∀ 𝑞ℎ ∈𝐿ℎ(𝛽ℎ). (6.2)

Denote 𝑽 ℎ0(𝛽ℎ) = 𝑽 ℎ(𝛽ℎ) ∩ 𝑽 0(𝛽ℎ). We assume that the discrete inf-

sup condition is satisfied: for a constant 𝜌2 > 0 independent of ℎ, it holds

𝜌2‖𝑞ℎ‖0,Q(𝛽ℎ) ≤ sup
𝒗ℎ∈𝑽 ℎ0(𝛽ℎ)

𝑏𝛽ℎ (𝒗ℎ, 𝑞ℎ)‖𝒗ℎ‖1,Q(𝛽ℎ)
∀ 𝑞ℎ ∈𝐿ℎ(𝛽ℎ). (6.3)

Similarly to Theorem 5.1, we can show that Problem (ℎ𝜀(𝛽ℎ)) has 
the unique solution under the assumptions stated in Theorem 5.1 and 
(6.3).

Lemma 6.1. Assume that 𝐻(𝑗𝛽 )(i)-(iv), 𝒇 ∈ (𝐿2
loc
(ℝ2))2 and (2.13) hold. 

Let (𝒖ℎ𝜀, 𝑝ℎ𝜀) be a solution of Problem (ℎ𝜀(𝛽ℎ)). Then there exists a con-

stant 𝑐 ∶= 𝑐(‖𝒇‖0,Q̂) > 0 independent of 𝜀 > 0, ℎ > 0 and 𝛽ℎ ∈ Σℎ
𝑎𝑑

such that

‖𝜓𝛽ℎ
𝒖ℎ𝜀‖1,Q̂ + 1

𝜀
𝑐𝛽ℎ (𝒖ℎ𝜀,𝒖ℎ𝜀) + ‖𝑝0

ℎ𝜀
‖0,Q̂ ≤ 𝑐. (6.4)

Proof. The proof is similar to that in Lemma 5.3, and hence will be 
omitted. □

We define the graph in the discrete case:

ℎ𝜀={(𝛽ℎ,𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) ∣ 𝛽ℎ ∈ Σℎ
𝑎𝑑

, (𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) solves (ℎ𝜀(𝛽ℎ))},

which is, in general, a multivalued control-to-state mapping. For any 
𝜀 > 0 and ℎ > 0, the discrete shape optimization problem is formulated 
by:

Problem (𝕄ℎ𝜀). Find 𝛽∗
ℎ𝜀

∈ Σℎ
𝑎𝑑

such that

ℎ𝜀(𝛽∗ℎ𝜀) ≤ℎ𝜀(𝛽ℎ) ∀𝛽ℎ ∈ Σℎ
𝑎𝑑

,
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where ℎ𝜀(𝛽ℎ) = W(𝛽ℎ, 𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) and (𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) is the solu-

tion of Problem (ℎ𝜀(𝛽ℎ)).
Similarly as in the proof in [51, Proposition 3.1], we can show that 

ℎ𝜀 is compact in the discrete case for each 𝜀 > 0 and ℎ > 0. Hence, we 
can easily get the following result.

Theorem 6.2. Let ℎ, 𝜀 > 0 be fixed and ℎ𝜀 be the lower semicontinuous 
functional on Σℎ

𝑎𝑑
. Then Problem (𝕄ℎ𝜀) has a solution.

In order to show that the solution of Problem (𝕄ℎ𝜀) converges to the 
corresponding one of Problem (𝕄𝜀) as ℎ → 0, we need the following two 
results concerning the relation between Σℎ

𝑎𝑑
and Σ𝑎𝑑 as ℎ → 0.

Lemma 6.3. ([51]) For any 𝛽 ∈ Σ𝑎𝑑 , there exists a sequence {𝛽ℎ} ⊆ Σℎ
𝑎𝑑

such that 𝛽ℎ → 𝛽 in 𝐶([0, 1]) as ℎ → 0.

Lemma 6.4. ([51]) Let {𝛽ℎ} ⊆ Σℎ
𝑎𝑑

be such that 𝛽ℎ → 𝛽 in 𝐶([0, 1]) as 
ℎ → 0. Then 𝛽 ∈ Σ𝑎𝑑 and there exists a subsequence {𝛽ℎ𝑚

} ⊂ {𝛽ℎ} satisfying

𝛽′
ℎ𝑚

→ 𝛽′ in 𝐿∞(0,1) as ℎ𝑚 → 0. (6.5)

Next we will analyze the convergence properties of solutions to 
Problem (ℎ𝜀(𝛽ℎ)) as ℎ → 0.

Lemma 6.5. Assume that 𝐻(𝑗𝛽 ) holds. Let {𝛽ℎ} ⊆ Σℎ
𝑎𝑑

with ℎ → 0 be an 
arbitrary sequence. Then there exists a subsequence (denoted by the same 
symbol) and a triplet (𝛽, 𝒖, 𝑝) ∈ Σ𝑎𝑑 × (𝐻1

0 (Q̂))2 ×𝐿2
0(Q̂) such that

𝛽ℎ → 𝛽 in 𝐶([0,1]), (6.6)

𝜓𝛽ℎ
𝒖ℎ𝜀(𝛽ℎ)⇀ 𝒖 in (𝐻1(Q̂))2, (6.7)

𝑝0
ℎ𝜀
(𝛽ℎ)⇀ 𝑝 in 𝐿2

0(Q̂), ℎ→ 0. (6.8)

In addition, the pair (𝒖|Q(𝛽), 𝑝|Q(𝛽)) solves Problem ((𝛽)𝜀).

Proof. From Lemmas 6.1 and 6.4, and the Arzela-Ascoli theorem, it 
follows that there exists a convergent subsequence of {(𝛽ℎ, 𝜓𝛽ℎ

𝒖ℎ𝜀(𝛽ℎ),
𝑝0
ℎ𝜀
(𝛽ℎ))} satisfying (6.6)-(6.8). We show that (𝒖|Q(𝛽), 𝑝|Q(𝛽)) is a solution 

to Problem ((𝛽)𝜀). Let 𝒗 ∈ 𝑽 (𝛽). Then there exists 𝒗 ∈ (𝐻1(Q̂))2 and a 
sequence {𝒗ℎ} with 𝒗ℎ ∈ (𝐻1(Q̂))2 such that 𝒗|Q(𝛽) = 𝒗, 𝒗ℎ|Q(𝛽ℎ) ∈ 𝑽 ℎ(𝛽ℎ), 
and

𝒗ℎ → 𝒗 in (𝐻1(Q̂))2, ℎ→ 0, (6.9)

see [30, Lemma 9]. The passage to the limit in Problem ℎ𝜀(𝛽ℎ), as 
ℎ → 0, can be done as in the proof of Theorem 4.2 by using (6.5). □

Finally, we obtain the following convergence result.

Theorem 6.6. Assume that 𝐻(𝑗𝛽 ) holds, and W∶ Δ →ℝ satisfy the follow-

ing continuity property:

⎧⎪⎨⎪⎩
𝛽ℎ → 𝛽 in 𝐶([0,1]), 𝛽ℎ ∈ Σℎ

𝑎𝑑
, 𝛽 ∈ Σ𝑎𝑑

𝜓𝛽ℎ
𝒘ℎ ⇀𝒘 in (𝐻1(Q̂))2, 𝒘ℎ ∈ 𝑽 ℎ(𝛽ℎ), 𝒘 ∈ (𝐻1

0 (Q̂))2

𝑞0
ℎ
⇀ 𝑞 in 𝐿2(Q̂), 𝑞ℎ ∈𝐿ℎ(𝛽ℎ), 𝑞 ∈𝐿2

0(Q̂)

⟹ lim
ℎ→0

W(𝛽ℎ,𝒘ℎ, 𝑞ℎ) = W(𝛽,𝒘|Q(𝛽), 𝑞|Q(𝛽)). (6.10)

Let ℎ → 0 and {𝛽∗
ℎ𝜀
} ⊆ Σℎ

𝑎𝑑
be a sequence of solutions to Problem (𝕄ℎ𝜀). 

Then, one can choose a subsequence of {𝛽∗
ℎ𝜀
} (denoted in the same way)

and find a triplet (𝛽∗𝜀 , 𝒖∗𝜀 , 𝑝∗𝜀) ∈ Σ𝑎𝑑 × (𝐻1
0 (Q̂))2 ×𝐿2

0(Q̂) such that

𝛽∗
ℎ𝜀

→ 𝛽∗𝜀 in 𝐶([0,1]), (6.11)

𝜓𝛽∗
ℎ𝜀
𝒖ℎ𝜀(𝛽∗ℎ𝜀)⇀ 𝒖∗𝜀 in (𝐻1(Q̂))2, (6.12)

𝑝0
ℎ𝜀
(𝛽∗

ℎ𝜀
)⇀ 𝑝∗𝜀 in 𝐿2

0(Q̂), ℎ→ 0. (6.13)
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Moreover, 𝛽∗𝜀 is a solution of Problem (𝕄𝜀) and (𝒖∗𝜀|Q(𝛽∗𝜀 ), 𝑝
∗
𝜀|Q(𝛽∗𝜀 )) is a solu-

tion of Problem (𝜀(𝛽∗𝜀 )).

Proof. The fact that (𝒖∗𝜀|Q(𝛽∗𝜀 ), 𝑝
∗
𝜀|Q(𝛽∗𝜀 )) solves Problem (𝜀(𝛽∗𝜀 )) is 

proved in Lemma 6.5. Since 𝛽∗
ℎ𝜀

∈ Σℎ
𝑎𝑑

be a solution of Problem (𝕄𝜀), 
we have

W(𝛽∗
ℎ𝜀

,𝒖ℎ𝜀(𝛽∗ℎ𝜀), 𝑝ℎ𝜀(𝛽
∗
ℎ𝜀
)) ≤ W(𝛽ℎ,𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)).

Subsequently, from (6.6)-(6.8) and (6.10), we have

lim
ℎ→0

W(𝛽ℎ,𝒖ℎ𝜀(𝛽ℎ), 𝑝ℎ𝜀(𝛽ℎ)) = W(𝛽,𝒖|Q(𝛽), 𝑝|Q(𝛽)),

where (𝒖|Q(𝛽), 𝑝|Q(𝛽)) solves Problem (𝜀(𝛽)). Similarly, by (6.10)-(6.13), 
we obtain

lim
ℎ→0

W(𝛽∗
ℎ𝜀

,𝒖ℎ𝜀(𝛽∗ℎ𝜀), 𝑝ℎ𝜀(𝛽
∗
ℎ𝜀
)) = W(𝛽∗𝜀 ,𝒖

∗
𝜀|Q(𝛽∗𝜀 ), 𝑝

∗
𝜀|Q(𝛽∗𝜀 )).

Hence, we get

W(𝛽∗𝜀 ,𝒖
∗
𝜀|Q(𝛽∗𝜀 ), 𝑝

∗
𝜀|Q(𝛽∗𝜀 )) ≤ W(𝛽,𝒖|Q(𝛽), 𝑝|Q(𝛽)),

which completed the proof. □

Final comments

We established the existence result for the optimal shape de-

sign problems of the stationary Stokes hemivariational inequality. We 
showed the convergence of shape optimization problems for the pe-

nalized inequality, provided that the penalty parameter tends to zero. 
Moreover, we applied the finite element method for the convergence 
analysis of the shape optimization problem for the penalized Stokes 
problem.

We note that in the future project we will provide numerical anal-

ysis, implementation and simulations for the problems studied in this 
paper. We also plan to investigate shape optimization problems for 
more complicated fluid flow models with various conditions on differ-

ent parts of the boundary, for instance, the generalized Stokes problem 
with an additional implicit obstacle constraint set depending on the so-

lution, see, e.g., [59,60]. Furthermore, it would be interesting to study 
the necessary conditions of optimality for optimal shape design prob-

lems of the stationary Stokes hemivariational inequality. Finally, as it 
is known, subgradient methods have been widely adopted to solve the 
unconstrained minimization problem; see, e.g., [3] and the references 
therein. Therefore, it will be an interesting challenge to examine the 
numerical methods, for example, subgradient methods for solving non-

smooth optimal shape design problem.

Data availability

No data was used for the research described in the article.
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