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Objec6ves	&	Challenges	
Modeling	lithosphere	and	mantle	deformaDon	with	conDnuum	mechanics:	
Stokes	flow	with	large	strains,	strain	localiza4on,	non-linear	rheologies,		
sharp	contrasts	in	material	proper4es,	complex	BCs.	



Governing	equa6ons	

•	Conserva6on	of	mass	and	momentum	

•	Conserva6on	of	energy	

•	Non-linear	viscosity	law	+	elas6city	+	plas6city			

∂k vk = 0

∂ j ′σ ij − ∂i P + ρg = 0

∂T
∂t

+ v∇T = ∇⋅ κ∇T( ) + H



Numerical	methodology	/	Cita6ons	

•	Finite	Difference	/	Par6cle-in-Cell	method.	
			Implementa6on	largely	based	on	Gerya	[2010].	

•	Methodology	partly	described	
				in	Olive	et	al.	[2016,	GJI]	



Finite-difference	discre6za6on	

Conserva6ve	FD	scheme		
	on	a	staggered	grid:	

∇⋅ η ∇v +∇vT( )( )−∇P + ρg = RHS 				 		

Leads	to	linear(ized)	system:	

∇⋅v = 0

Gerya	[2010]	

Solved	with	MATLAB’s	
“backslash”	solver.	

Steady-state	Stokes	flow		
on	Eulerian	grid:	

Shear	nodes	

Normal	nodes	



Par6cles	handle	material	advec6on	

•	low	density	sphere	in	dense,	low	viscosity	fluid:	



Par6cles	handle	material	advec6on	

•	low	density	sphere	in	dense,	low	viscosity	fluid:	



Basic	code	structure	

[density,	viscosity	on	nodes]		 [velocity,	pressure	on	nodes]		
SOLVER		

Boundary	condi6ons		
																	+		

[velocity	on	markers]		

INTERPOLATION		

Advec6ng	material	
proper6es	on	markers.	Density,	viscosity	on	markers	

INTERPOLATION		



Handling	non-linear	creep	laws	

The	formula6on	of	viscosity	strictly	pertaining	to	non-linear	
creep	laws	writes:	

This	dis6nguishes	the	contribu6ons	from	diffusion		
and	disloca6on	creep.	

η = 1
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+ 1
ηDISC

+  other terms 
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Each	creep	law	can	be	parameterized	as:	   η = A
−1
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Picard	iteraDons	to	handle	non-linearity:	
1/	Solve	the	flow	equa6ons	using	the	latest	viscosity	map	
2/	Calculate	strain	rate	from	latest	solu6on	
3/	Re-evaluate	viscosity	from	the	new	strain	rate	map	
Repeat	un6l	flow	solu6on	is	accurate	within	specified	tolerance.	



Implementa6on	of	visco-elas6city	

VISCOUS	BEHAVIOR	

ELASTIC	BEHAVIOR	



Implementa6on	of	plas6city	

Yield	stress	prescribed	through	cohesion	and	fric6on	

Lavier	et	al.	[2000]	



Solving	visco-elasto-plas6c	flows	
SiStER_flow_solve.m

while residual > tolerance

��$VVHPEOH�WKH�nodal viscosity array from current maps of material type, 

temperature, pressure, cohesion, friction, shear modulus... 

Viscosity = harmonic average of ductile creep viscosities and plastic viscosity
Use ductile creep laws (SiStER_get_ductile_rheology-) formulated in terms of 

strain rate if elasticity is OFF, deviatoric stresses if elasticity is ON. 

,I�HODVWLFLW\�LV�21��D�ELVHFWLRQ�DOJRULWKP�KHOSV�HYDOXDWLQJ�VWUHVVHV�IRU�XVH�
LQ�WKH�FUHHS�ODZ��6L6W(5BYLVFRVLW\BVWUHVVBELVHFWLRQ��
Plastic viscosity = yield stress / inelastic strain rate.

��$VVHPEOH�DGGLWLRQDO�FRUUHFWLRQ�WHUPV�UHOHYDQW�IRU�HODVWR�SODVWLFLW\�
(SiStER_VEP_rheology)

��$VVHPEOH�finite difference matrix L from viscosity and density arrays 

��ERXQGDU\�FRQGLWLRQV��$VVHPEOH�right-hand side vector R from stresses.

Matrix equation L*S = R represents discretized Stokes equation 

within Picard approximation. (6L6W(5BDVVHPEOHB/B5)

��Direct solve for solution update: 

S = S - L \ residual

residual = L*S - R

��&DOFXODWH�strain rate from newest solution.

Picard / approximate-Newton iterations to handle non-linearities.

Solution vector S contains (v
x
, v

y
, P) on nodes. Solution is inaccurate: has residual > 0.

Successive estimates of strain rate / stress help refine the estimate of viscosity 
and reach a consistent solution. 

SiStER_flow_solve.m	



Detailed	code	structure	(SiStER_MAIN.m)	
SiStER_MAIN.m

��,QLWLDOL]DWLRQ�VWHS��6L6W(5B,QLWLDOL]H���6HW�XS�JULG��LQLWLDO�PDUNHU�SRVLWLRQV�DQG�PDWHULDO�
W\SHV

IRU�W� ���1W

��&RQVWUXFW�QRGDO�PDSV�RI�GHQVLW\��EXLOW�XS�HODVWLF�VWUHVVHV��IULFWLRQ��FRKHVLRQ��
DQG�VKHDU�PRGXOXV��LQWHUSRODWHG�IURP�PDUNHUV��IRU�WKH�QH[W�IORZ�VROYH��
�6L6W(5BPDWHULDOBSURSVBRQBQRGHV)

��,WHUDWH�WR�UHDFK�D�steady-state flow solution (v
x
, v

y
, P)�FRQVLVWHQW�ZLWK�

FXUUHQW�ERXQGDU\�FRQGLWLRQV��YLVFRVLW\��GHQVLW\��DQG�EXLOW�XS�HODVWLF�VWUHVVHV�
�6L6W(5BIORZBVROYH)

��$GG�DQ increment of elastic stress�FRUUHVSRQGLQJ�WR�WKH�ODWHVW�IORZ�VROXWLRQ�
WR�DOO�PDUNHUV��6L6W(5BXSGDWHBPDUNHUBVWUHVVHV).

��,I�SODVWLFLW\�LV�21��DGG�DQ�increment of plastic strain�WR�PDUNHUV�ZKHUHYHU�
SODVWLF�\LHOGLQJ�RFFXUV��$OORZ�DQ�LQFUHPHQW�RI�VWUDLQ�healing�HYHU\ZKHUH��
�6L6W(5BXSGDWHBHS)

��Output�YDULDEOHV�RI�LQWHUHVW

��Advect�PDUNHUV�LQ�ODWHVW�IORZ�ILHOG��RYHU�уW��Eliminate�PDUNHUV�ZKLFK�
KDYH�OHIW�WKH�PRGHO�GRPDLQ��Seed�QHZ�PDUNHUV�LQ�FHOO�TXDGUDQWV�ZKHUH�
PDUNHU�GHQVLW\�KDV�IDOOHQ�EHORZ�D�VSHFLILHG�WKUHVKROG�
�6L6W(5BPRYHBUHPRYHBDQGBUHVHHGBPDUNHUV)

��6ROYH�WKH�QRQ�DGYHFWLYH�SDUW�RI�WKH�heat equation���6L6W(5BWKHUPDOBXSGDWH)

��$GYHFW�Wopographic marker chain�LQ�ODWHVW�IORZ�ILHOG�RYHU�уW��$SSO\�
surface processes�LI�VSHFLILHG���6L6W(5BXSGDWHBWRSRJUDSK\BPDUNHUV)

��6HW�time step�уW�VXFK�WKDW�PDUNHUV�GRQ·W�PRYH�E\�PRUH�WKDQ�D�IUDFWLRQ
RI�WKH�JULG�VL]H�DW�D�WLPH�

��,I�HODVWLFLW\�LV�21��rotate deviatoric stresses��RQ�PDUNHUV��LQ�FXUUHQW�IORZ�
ILHOG�RYHU�уW��

��6L6W(5B,QSXWB)LOHRead input parameters from



Example	case:	rining	example	

Run	SiStER_MAIN,	then	enter	SiStER_Input_File_conDnental_riQ	



Input	file	structure	

Runs	for	100	itera6ons,	will	output	a	file	every	10	6me	steps	

Top-len	corner	of	the	domain	at	(0,0),	x>0	to	the	right,	y>0	down	

All	units	SI	Box	size	90	km	×	30	km	

Horizontal	grid	size	=	2km	between	0	
and	30	km,	400m	between	30	and	60	
km,	2	km	between	60	and	90	km.	

Ver6cal	grid	size	=	2km	between	0	and	9	
km,	400m	between	9	and	22	km,	2	km	
between	22	and	30	km.	



Input	file	structure	

The	ini6al	marker	density	is	defined	such	that	a	quarter	of	the	
smallest	cell	(defined	above)	has	8	markers,	i.e.,	the	smallest	cell	
contains	32	markers.	Bigger	cells	will	contain	more	markers	such	
that	the	density	of	markers	(number	of	markers	per	m2)	is	constant.	

Seeding	markers	to	advect	material	proper6es:	

As	markers	move	around,	gaps	may	form	in	the	marker	distribu6on.	
New	markers	will	be	added	to	fill	in	the	gaps	in	cells	that	have	
quadrants	with	less	than	4	markers.	



Input	file	structure	
Seung	up	the	ini6al	geometry	of	the	phases	(material	types)	
Here	there	are	3	phases	in	total:	a	s6cky	air	layer,	a	rock	layer		
and	a	weak	rock	inclusion	

First	phase	(air)	is	a	horizontal	layer	(type	1)	spanning	the	whole	width		
of	the	box,	between	y=0	(top)	and	y=10	km	(bo?om).	



Input	file	structure	

Second	phase	(rock)	is	a	horizontal	layer	(type	1)	spanning	the	whole		
width	of	the	box,	between	y=10	(top)	and	y=30	km	(bo?om).		

Third	phase	(weak	rock)	is	a	circle	(type	2)	of	radius	1	km	centered			
at	(45	km,	20	km).	

Phase	defini6ons	overprint	each	other	in	the	order	they	are	defined-		
make	sure	they	cover	the	en6re	domain!	



Input	file	structure	
Material	proper6es	must	be	specified	for	each	phase	defined	above,	in	the	
following	format	(shown	here	for	phase	1)	

Phase	1	will	be	indexed	in	marker	array	im	with	value	1	
Reference	density	and	thermal	expansion,	see	
SiStER_get_density	func6on	

Parameters	for	diffusion	creep	law	
Parameters	for	disloca6on	creep	law	

See	SiStER_get_ducDle_rheology…	func6ons	

Parameters	for	plas6city	(faul6ng),		
see	SiStER_get_fricDon	/	cohesion	func6ons	

Parameters	for	heat	diffusion:	conduc6vity	&	cp,	see	
	SiStER_get_thermal_properDes	



Input	file	structure	
Material	proper6es	must	be	specified	for	each	phase	defined	above,	in	the	
following	format	(shown	here	for	phase	1)	

Note	the	low	density	
+	no	thermal	dependence	of	density	

Unrealis6cally	high	shear	modulus	ensures	
an	effec6vely	viscous	behavior	

NOTES	ON	PHASE	1	(sDcky	air)	



Input	file	structure	
Material	proper6es	must	be	specified	for	each	phase	defined	above,	in	the	
following	format	(shown	here	for	phase	1)	

To	enforce	a	constant	Newtonian	viscosity	η0		
that	does	not	depend	on	temperature,	set	
n	=	1,	E=0,	and	prefactor	=	0.5/η0		
in	both	disloca6on	and	diffusion	creep	laws		

NOTES	ON	PHASE	1	(sDcky	air)	



Input	file	structure	
Material	proper6es	must	be	specified	for	each	phase	defined	above,	in	the	
following	format	(shown	here	for	phase	2)	

NOTES	ON	PHASE	2	(rock)	

Very	low	prefactor	in	diffusion	creep		
to	select	only	disloca6on	creep	

Non-Newtonian	creep	law		
with	T-dependence	

Plas6city	parameters	follow	the	formalism	
of	Lavier	et	al.	[2000,	JGR]:	cohesion	and	fric6on	
weaken	from	Cmax	to	Cmin	and	mu	to	mumin		
when	plas6c	strain	reaches	ecrit	



Input	file	structure	
Material	proper6es	must	be	specified	for	each	phase	defined	above,	in	the	
following	format	(shown	here	for	phase	3)	

NOTES	ON	PHASE	3	(weak	rock)	

Iden6cal	to	phase	2,		
but	with	very	low	ini6al	cohesion		
to	promote	rapid	yielding	of	this	weak	seed	



Input	file	structure	
More	parameters…	

Simula6on	incorporate	elas6city	and	plas6city	(bri?le	strain	localiza6on)	



Input	file	structure	
More	parameters…	

Accumulated	plas6c	strain	(in	weak	yielded	zones,	i.e.,	faults)	
heals	exponen6ally	on	a	6me	scale	specified	here,	in	seconds		
[Lavier	et	al.,	2000,	JGR].	This	way,	old,	abandoned	faults		
where	no	strain	localiza6on	is	sustained	can	disappear.	



Input	file	structure	
More	parameters…	

Gravity	in	m/s2	
(both	x	and	y	components,	i.e.,	cases	with	sloping	gravity	are	possible)		



Input	file	structure	
More	parameters…	

The	6me	step	(used	for	marker	advec6on)	is	set	such	that	markers	cannot	
move	by	more	than		PARAMS.fracCFL	×	the	smallest	grid	size,		
at	every	6me	itera6on	(=	CFL	condi6on	for	advec6on).	



Input	file	structure	
More	parameters…	

Hard	limits	on	the	viscosity	
Here	it	cannot	drop	below	1e18	Pa.s,	or	exceed	1e25	Pa.s.	



Input	file	structure	
More	parameters…	

If	set	to	1,	the	temperature	field	will	evolve	by	advec6on	(in	the	solid	flow	
field)	and	diffusion.	
If	set	to	0,	it	will	only	be	advected-	the	heat	equa6on	will	not	be	solved.	



Input	file	structure	
Thermal	parameters	

The	ini6al	temperature	structure	follows	this	func6onal	form:	
T	=	a0	+	a1	y	+	a2	y^2	+	a3	y^3	+	amp*sin(2*pi	x/lam)	
See	SiStER_IniDalize.m	–	Make	sure	it	is	not	incompa6ble	with	the	imposed	
boundary	condi6ons!	And	do	not	forget	that	y=0	is	the	top	of	the	domain,		
not	of	the	rock	layer	(it	includes	the	s6cky	layer)	
	



Input	file	structure	
Thermal	parameters	

With	PARAMS.ynTreset	=	1,	the	temperature	field	will	be	automa6cally		
set	to	PARAMS.T0	throughout	the	s6cky	layer.	This	is	a	way	to	enforce	T0	at	
the	air-rock	interface.	
	



Input	file	structure	
Thermal	parameters	

If	MAT.cp	and	MAT.k	are	not	specified	in	the	material	proper6es	above,	the	
code	uses	these	reference	values	to	calculate	a	reference	diffusivity	(k/
(rho*cp))	constant	over	the	en6re	domain.		
	



Input	file	structure	
Surface	processes	

A	chain	of	Ntopo_markers	closely	spaced	markers	is	ini6ally	seeded	
between	phase	1	and	phase	2,	to	keep	track	of	topography.		

If	YNSurfaceProcesses	is	set	to	0,	this	marker	chain	passively	tracks	the	
s6cky	laye	–	rock	interface.	If	set	to	1,	it	can	be	diffused	with	a	diffusivity	
topo_kappa	to	simulate	simple	erosion	/	deposi6on	ac6ng	over	the	
deforming	landscape.	



Input	file	structure	
Picard	itera6ons	parameters	

This	run	will	always	use	at	least	10	Picard	itera6ons,	but	will	stop	aner	100,	
regardless	of	the	convergence	criterion.	



Input	file	structure	
Picard	itera6ons	parameters	

Convergence	is	considered	achieved	when	the	normalized	residual	of	the	
non-linear	system	falls	below	1e-9,	see	SiStER_flow_solve.m	



Input	file	structure	
Picard	itera6ons	parameters	

Eventually	this	feature	will	be	used	to	switch	to	other	solve	strategies.	
For	now	it	should	be	len	=0	



Input	file	structure	
Boundary	condi6ons	(pressure)	

Pressure	is	set	to	0	in	the	top-len	corner	of	the	domain.		
This	is	done	to	anchor	the	solu6on	to	a	specific	pressure		
and	stabilize	the	inversion.	
	



Input	file	structure	

BCs	are	specified	in	this	BC	structure	for	the	top,	bo?om,	len	and	right	
edges	of	the	domain.	The	first	entry	is	1	for	free	slip	(d	v_tangen6al	/	d	
normal	=	0),	0	for	no-slip	(v_tangen6al	=	0)	
	

Boundary	condi6ons	(flow)	



Input	file	structure	

The	second	entry	specifies	the	type	of	normal	velocity	BC	–		
it	can	only	be	0	in	the	current	version,	which	enforces	a	constant	normal		
velocity	(m/s),	specified	in	the	third	entry	(careful	with	sign	conven6ons,	
and	make	sure	inflow	matched	ou}low!)	

Boundary	condi6ons	(flow)	



Input	file	structure	

In	this	example,	a	velocity	of	1	cm/yr	is	applied	towards	the	right	on	the	
right	edge,	and	–	1	cm/yr	on	the	len	edge.	
The	top	and	bo?om	veloci6es	are	set	to	balance	this	ou}low.	

Boundary	condi6ons	(flow)	



Input	file	structure	

Seung	this	parameter	to	1	will	balance	the	inflow	of	s6cky	air	and	rock	
separately,	based	on	the	posi6on	of	the	air-rock	interface		
at	any	given	6me	(See	SiStER_flow_solve)	

Boundary	condi6ons	(flow)	



Input	file	structure	

Those	will	be	used	if	PARAMS.Tsolve	is	set	to	1.	
If	the	first	entry	is	1	(Dirichlet),	the	temperature	is	set	equal	to	the	second	
entry.	If	the	first	entry	is	2	(Neumann),	the	gradient	of	temperature	is	set	
equal	to	the	second	entry.	
	
This	example	has	T	=	0	on	the	top,	T=1000ºC	on	the	bo?om,		
and	no	heat	flux	through	the	sides.	

Boundary	condi6ons	(temperature)	



Visualizing	the	output	

Output	files	contain	(among	other	things):	
6me	(in	seconds)	
Nodal	arrays:	
X,	Y	(coordinates	of	shear	nodes)	
vx,	vy	(veloci6es)	and	p	(pressure)	
Marker	arrays:	
xm,	ym	(marker	coordinates)	
im	(phase)	etam	(viscosity)	rhom	(density)	Tm	(temperature)	
ep	(accumulated	plas6c	strain)	sxxm,	sxym	(deviatoric	stresses)	
epsIIm	(strain	rate)	
Topography:	
topo_x,	topo_y	(coordinates	of	a	dense	chain	of	markers	tracking		
the	s6cky	layer	–	rock	interface)	
	
More	variables	can	be	output-	see	l.	58	of	SiStER_MAIN	
	



Visualizing	the	output	

Useful	matlab	script	to	plot	large	marker	arrays	=	fastscaYer	
Can	be	downloaded	from	A.	Grinsted	on	MATLAB	File	Exchange	
h?ps://www.mathworks.com/matlabcentral/fileexchange/47205-
fastsca?er-m	
	
	



Visualizing	the	output	

To	visualize	marker	arrays	(here	the	strain	rate	at	itera6on	50,		
excluding	the	s6cky	air	layer):	
>>	fastsca?er(xm(im>1)/1e3,ym(im>1)	/1e3,log10(epsIIm(im>1)),'markersize’,2);	
>>	axis	ij	
>>	axis	equal	
>>	grid	off	
>>	colorbar	
>>	caxis([-18	-13])	
	
And	the	topography:	
>>	plot(topo_x,topo_y,	'k')	
>>	set(gca,'YDir','reverse')	
	
	
	
	
	


