Processing logical states under transformations in logical subspaces
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An evolution of a logical state is well described by the superoperator formalism in the case of a logical
subspace of an error-correction code is not a subject to various transformations. However, there is
no general framework that applies to the situation when both logical state and its logical subspace
change in a potentially non-unitary manner. In this work, we present a theoretical framework that
offers the way to describe how a logical state evolves under the influence of simultaneous changes in
both physical state and in the logical subspace structure. These results are applicable to a wide range
of cases with the most prominent applications to defects movements in surface code. As we expect,
our results of are interest for ongoing experiments on demonstrating quantum error correction with
the use of existing generation of quantum processors, such as those based on superconducting circuits

and Rydberg atom arrays.

I. INTRODUCTION

Experiments with noisy intermediate-scale quantum
(NISQ) devices demonstrate their power to solve certain
computational problems [1-6], which are beyond the ca-
pabilities of existing supercomputers based on traditional
principles. However, the full potential of quantum com-
puting devices are believed to be uncovered with the ap-
pearance of fault-tolerant quantum computers, whereas
the problem of efficient error correction in the quantum
domain is highly challenging [7-10]. Principles of quan-
tum error correction are under exploration in experi-
ments with physical platforms of various nature, such
as superconducting circuits [11-15], trapped ions [16—
21], and Rydberg atom arrays [22, 23]. However, cer-
tain theoretical aspects of implementing quantum error
corrections remain uncovered, in particular, the problem
of describing logical states in the case of transformations
of a logical subspace of an error-correction code. Such
a problem appears, for example, in the case of defects
movements in surface code [24-27]. Indeed, logical sub-
spaces itself might be subject to transformations: for ex-
ample, when a stabilizer S of the code is changed, both
logical subspace and the form of logical operators within
this subspace are transformed [24-26]. Thus, one needs
to close a gap in the theoretical description of the evolu-
tion of a logical state and logical measurement statistics
that could take into account both changes in the logical
subspace structure and an evolution of a physical state,
which is not necessarily unitary.

In this work, we present a framework for describing
how a logical state evolves under the influence of simul-
taneous changes in both physical state and in the logi-
cal subspace structure. The framework combines state-
and operator-formalism, and allows to describe poten-
tially non-unitary transformations. As an example, we
demonstrate applications of our approach to the case of
surface code, where we provide all the necessary details of
our method. This paper is organized as follows. In Sec. II

we provide a general background including the descrip-
tion of super-ket and super-bra notations [28] and a basic
introduction to stabilizer codes. In Sec. III, we further
build on these notations to introduce a general frame-
work that incorporates processing logical states under
changes in both logical subspaces and in physical state-
vector that corresponds to a logical state. Additionally,
we provide simple examples of how this framework can
be used to analyse transformations of logical states. In
Sec. IV we demonstrate the applicability of our approach
to the problem of defining by-product operators for de-
fects movements in surface code, as well as provide some
additional technical results supporting the derivations.
We conclude in Sec. V.

II. BACKGROUND

Super-Ket and Super-Bra Notations

This section represents a brief summary of super-ket
and super-bra notations for the description of physi-
cal states, measurements and operations using Hilbert-
Schmidt space.

Let H be a Hilbert space representing system of n
qubits, d = 2", and let I be the identity matrix of size
d x d.

Definition 1. Hilbert-Schmidt space B(H) is a linear
space of d x d complex matrices equipped with an inner
product

(A|B) = tr(ATB).

Hilbert-Schmidt space is a Hilbert space with respect
to the given inner product. To represent states in this
space, the notion of density matrix is used.

Definition 2. Density matriz p € B(H) is a positive
semi-definite matriz with trace 1.



To represent measurements, the notion of effects cor-
responding to some POVM is used.

Definition 3. Effects {Ey}M. | are a set of positive semi-
definite matrices from the dual space B(H)" such that

iw:l E, = I and they represent all possible measure-
ment outcomes {py}AL, for some POVM:

pr = (Eilp) = tr(E]p).

If we define a basis in B(H), we will be able to prescribe
coordinates to elements from B(H) and from dual B(H)".

Given an orthonormal basis {Bi}fil, where
<<BZ|BJ>> = tI‘(BZB]) = 52’]’ Vi, j € {1, ...,d2},

super-bra and super-ket notations are represented by the
following coordinates’ prescription to density matrices p
and effects Ey:

tr(B]p)

(Bil = ((Ee|B1) (BulB) ...) =

= (te(E}B1) tr(E[B) ...).

The next set of definitions gives the notion of com-
pletely positive trace preserving (CPTP) superoperators.
It is an important class of superoperators because they
describe physically allowed operations.

Definition 4. A superoperator A : B(H) — B(H) is
trace preserving (TP), if tr(p) = tr(Alp]) Vp € B(H).

Definition 5. A superoperator A : B(H) — B(H) is
positive, if for any positive semi-definite p € B(H) the
transformed Alp] is positive semi-definite as well.

Definition 6. A superoperator A : B(H) — B(H) is
completely positive (CP), if A® Idy : B(H) X Ha —
B(H) x H.4 is positive for any auziliary state space A,
where Idy : Ha — Ha is the identity map.

Now we introduce a very useful matrix representation
of the action of CPTP superoperators.

Definition 7. Given a CPTP superoperator A : B(H) —
B(H) and a basis {Bi}fil, we can represent the superop-
erator by a transfer matriz Th

[Alpl) = Talp)-

When the superoperator A acts on a state, the proba-
bilities of outcomes corresponding to effects { Ex }2 | can
be determined using transfer matrix T:

pi = (Exlp") = (Ex|Talp)-

Note that if we change a basis {B;}%", to some
{B/}& |, while not changing {E}M | and p, then prob-
abilities expressed in a coordinate form will not change,
since

pi = (Bxl - [p) = tr(Blp) = (Exlp) = px
by definition of the Hilbert-Schmidt product.
Stabilizer codes

In this section, We outline features of stabilizer codes
that will be used in the context of density matrices. A
more elaborate general explanation can be found in [10].

Let n and k denote a number of physical and logical
qubits, respectively. An [[n, k]] code can be characterized
using the notion of a code space that represents a sub-
space of the Hilbert space of states of a physical system
of n qubits. The code space contains all possible states of
system of k logical qubits and can itself be characterized
by a stabilizer S.

Consider all n-fold tensor products of Pauli matrices
with multiplicative factors +1, +¢ denoted by G,,. Gen-
erally, the stabilizer S is an Abelian subgroup of G,, that
do not contain —I. It can be expressed as the set of all
possible compositions of operators from a finite subset of
G, called a generator. The generator’s elements must be
independent, and they should commute. For an [[n, k]|
code, there are n — k elements in the generator of S.

Quantum states |¢) from a Hilbert space for which
glv) = |¢) for some operator g € G,, are said to be
stabilized by g.

The code space C(.S) represents a subspace within the
composite system, where each state in the subspace is
stabilized by any element from the stabilizer S.

III. GENERAL FRAMEWORK FOR
PROCESSING LOGICAL STATES UNDER
CHANGES IN LOGICAL SUBSPACES

Consider a code with stabilizer S. Let B%(H) be a sub-
space of B(#) containing density matrices p constructed
from states of the corresponding code space C(S). Let k
denote the number of logical qubits, and D = 2¥. Note
that the dimensionality of B%(#) is D?.

We can pick a basis set {B,s} within B%(H), where
~ and § are binary vectors of the size k each, so that,
for instance, the value v; = 1 corresponds to the logical
operator X'j, and the value §; = 1 corresponds to the



logical Zj. Note that the size of such a set is D?, which
is exactly the dimensionality of B%(H).
Formally, let us define

AN S~ B NS
Bys = —= [[(X) (2",
D iy

where X; and Z; are logical X- and Z-operators for j-th
logical qubit, and D = 2*. X; and Z; can be defined
flexibly as physical operators, but we restrict this choice
by the following set of commutation relations:

[Xj S] = [Zj,s] = OVJ Vs € S,
[Xj,Zk] = 0Vj # k,

{X;,2;} =0V

In some cases it will be more convenient to use sim-
pler indexation of the basis set. One possible choice
could be a set of indexes {i iD:Ql such that binary index
(0,...,0)[(0,...,0) corresponds to i =1, (1,...,1)|(1,..., 1)
corresponds to i = D2, and other indexes are ordered
according to some binary representation of v|d. Further
in the text, when we write {Bi}gl, we mean exactly this
type of indexation, so the commutation relations imposed
on the basis remain.

We want to adopt notations from the previous sec-
tion to describe how probabilities of particular measure-
ments of logical qubits change, when there are 3 types of
changes that happen simultaneously:

1. Stabilizer S changes to S’.

2. Basis {B,5} of the subspace BS(H) changes to
{B! 5} of the subspace BS' (H).

3. Density matrix p corresponding to the set of states
stabilized by S changes to density matrix p’ corre-
sponding to the set of states stabilized by S’.

For brevity, we will use a notion of configuration K
that binds together stabilizer and a basis corresponding
to this stabilizer:

Definition 8. Configuration is a tuple consisting of sta-
bilizer of a code S, a set of logical X -operators { X }?zl,

and a set of logical Z-operators {Z;}%_,

K= (S, {Xj}§:17 {Zj}§:1)~

Logical X- and Z- operators from the configuration K
determine basis elements B, of B%(#).

Thus, all the 3 types of changes can be described by
two transitions:

K—K, p—/p.

Let us focus on coordinate description of objects as-
sociated with a configuration K. If the amount of log-
ical qubits in the code is k, then to every logical state
with a density matrix p from B%(H) we can prescribe
D? = (2F)2 coordinates using the basis determined from
the configuration IC. Let us use

(B1lp)
P = : =
(Bpz|p)

Note the important detail: although the density matrix
p is from the physical space, the amount of coordinates
in the vector |p))xc corresponds to the logical space. That
is, the size of p is d®> = (2")2, where n is the amount of
physical qubits, but the size of [p)x is D? = (2¥)2.

We can pick a POVM consisting of M effects { Ej, }2
from BS(H)*. This POVM will correspond to measure-
ments of logical qubits. D? coordinates in a configuration
K can be prescribed to effects in the same way:

c(Ex| = ((Ex|B1) ... (Ex|Bp2)) =

tr(B1"p)

tr(Bp2Tp)

= (tr(Ex'By) ... (By'Bpe)).

If some CPTP logical superoperator Ay : B(H) —
B(H) acts on a state p from a physical space, we can rep-
resent this action in a configuration K basis by a D x D
matrix T/’\CL

ALl = TX, o).

Under the action of Ay, probabilities of logical mea-
surements are transformed using T/’\CL in the following
way:

Pk =x (Exlp" )k =x (Ex|TX, |p)x-

So far we have been only restricting the notations from
the previous section to the subspace B°(H). Now we
need to build on this apparatus to be able to work with
transitions that change not only the density matrix p,
but the configuration K as well.

Definition 9. A CPTP superoperator regards K — K',
if it transforms any density matriz from the subspace
BS(H) to the subspace B (H), where S corresponds to
K, and S’ corresponds to K'.

Definition 10. Consider the transformation

K=K, pep =Al,

where p is stabilized by S from K and p’ is stabilized by
S’ from K', and A is a CPTP superoperator that regards
K — K'. Logical transfer matrix T/’\C'_)’C/ is a matrix such
that for every proper p

Ve = TN p)x.



Such a matrix exists because the transformation from
lp)xc to |p'Vk is a linear map from coordinate space CP ’
to coordinate space CP 2, as shown in Supplemental Ma-
terials.

Note that the superoperator A and the transformation
of configuration K — K’ fully define the logical transfer
matrix T/’\C’_)’C/. Additionally, the transfer matrix T' ACL

can be represented as a special case of T/’\C’_ml
configuration doesn’t change.

As we will see later, T/’\C'_)’C/ allows to incorporate ac-
tion in Heisenberg picture corresponding to K — K’ and
action in Schrodinger picture corresponding to p — p'.

To define how probabilities of logical measurements
change under the transformation from Def. 10, we need
to define how effects change. Let us require that under
K +— K’, coordinates of effects remain the same:

K Bx| =k (Eyl-

This is a well-defined transformation from Ej, to E},, since
the effect after transformation Ej; will be simply defined
by coordinates in the basis from K’

The motivation for such a requirement is the following:
in the Background section we showed that a basis change
in B(H) preserves measurements’ probability vector, if p
is fixed. This doesn’t allow for the usage of Heisenberg
representation, since these probabilities must change to
represent some physical transformation. This leads us
to a conclusion that for Heisenberg picture not a basis
but rather effects should be redefined to represent op-
erations under fixed p. In this case, the interpretation
of what is X-operation and what is Z-operation will be
defined by transformation of effects, representing Heisen-
berg picture’s logic. When K — K’ there is no way to
avoid change in basis, so we are ”binding” changes in
effects to this change in basis.

We are now ready to describe how a probability vector
changes. Consider some POVM for logical measurements
composed of effects {Fj }2L,. These effects can be char-
acterized using basis { B,|s} defined by a configuration K.
Let the probability vector of logical measurements cor-
responding to the POVM for density matrix of a logical
state p in a configuration K be defined as

, when

e =k (Exlp)k.

Then, under the transformation

)i = 0" ) = T p)e,

probabilities will change in the following way:
P =k (Bilp Vs = (Bl TX ™" o)

Change in operators will be represented by possibility
to pick any allowable physical operator to be a represen-
tative of the basis set. This particular choice of physi-
cal form of X; and Z; will be a key to incorporate the
Heisenberg picture.

Example - Heisenberg Picture

It is clear that if only basis of a configuration changes,
then logical transfer matrix TJI\C'_)’C/ will not be equal to
identity, although density matrix didn’t change. This will
lead to a change in a measurement statistics that corre-
spond to Heisenberg representation. The next example
illustrates this idea.

Here we want to use our framework to represent an ac-
tion by logical operator X in the Heisenberg picture. Let
‘H be a Hilbert space for 1 physical qubit and let stabilizer
S be equal to identity I. Then B°(H) = BX(H) = B(H).
Logical X and Z are simply physical X and Z, so the
basis in the initial configuration K = (I, {X},{Z}) is de-
fined as {B;} = {%, %,%,%} Let us only change
the logical operators so that

K= K'= (SG{X},{*Z})

The basis after the transformation of the configuration

will be B} = {%, %, ;\/g, 7%/ ). Although p physically
didn’t change, its coordinates in the configuration K’ are

changed, so the transformation matrix TX7X" will not
be equal to identity:
10 0 0
— K=K _ 101 0 O
00 0 -1

Let us pick effects corresponding to a measurement
defined by observable Z:

k{Eo| = (% 0 % 0),

1 1
(Bl = (ﬁ 0 -7 O)-
According to our convention, coordinates of the effects
do not change:

K Er| = (EL-

Let p represent the state |0). Its coordinates are

Probability vector for the chosen effects before the
transformation is

p= () = (6)-

Probability vector after the transformation is

r=(Ciihs) = (lai-v i) = ().

exactly as expected after the action of X.



IV. PROCESSING DEFECTS MOVEMENTS IN
SURFACE CODE

This section is devoted to explicit application of the
described framework. It is divided into four parts.

The first part contains general description of a simple
approach to analyse defects movements in surface code
with the help of the logical transfer matrix T/’\O_)K/ from
Def. 10. In Lemma 1 we argue that if |1/)> [") correspond
to physical state-vectors, and {B; }Z L {B}P O are basis
sets before and after the transformation, then the val-
ues (¢/|Bl|y’) and (y|B;|¢) are related via the logical
transfer matrix T AC'_)’C/. In addition, we provide a useful
technical result in the form of Lemma 2.

The rest three parts describe how to express values
(¢'|Bi|¢") as linear combinations of (¢|Bj|t)). This helps
reconstruct logical transfer matrix TX X" in three dif-
ferent scenarios:

e One-cell defect movement
e Multi-cell defect movement

e Braiding for logical CNOT
General approach

We want to prove that some physical transformation
represents an action of a logical superoperator Ay;. To
do this, we do the following steps:

1. Define a candidate physical transformation
K=K, p=p =Apl,

where p is stabilized by S from IC and p’ is stabilized
by S’ from K’, A is a superoperator that regards
K+ K', and TF7X is a logical transfer matrix

10 )i =T | ph.

2. Find a transfer matrix T, corresponding to

[Azlpr])

where |p)) is a super-bra vector in an abstract log-
ical space, not related to the actual physical space
linked to configurations K, K’, and potentially non-
unitary physical superoperator A from the previous
step.

= TAL |pL>>a

3. Prove that

’
T/C'-)/C _ TAL )

If we do these steps, we will essentially prove that prob-
abilities of particular measurements will change as they
would change after acting on a density matrix of logical
state by the logical superoperator A;. We will consider

a practically relevant type of A, such that A[p] = ApAT.
This transformation, nevertheless, can be defined by ran-
domized parameters and can be projective.

The last step is the most cumbersome. The lemma
below states that to perform this step, one needs to find
the explicit relation between (¢'|B;|¢)') and (¢|B;|v).

Lemma 1. Let |[¢),|¢)') correspond to physical state-
vectors, and A is a superoperator that describes trans-
formation of the pure state |1) to the pure state [¢'). Let
{B;}Z 1,{Bl’»}ZD:Ql are basis sets from the configurations
K, K" before and after the transformation. Let T}\C'—m, be
corresponding logical transfer matriz, so that

o ) =TX ™™ o)

Then the values ('|Bj|Y)’) and (|B;|¢) are related in
the following way:
W Bilw') = > (T )i (vl Blo) Vi

J

Proof. See Supplemental Materials.

Another important result that will be used in all the
parts is the following lemma about relations between pro-
jectors during defects movements:

Lemma 2. Consider the set of operators {X;}, and
the set of operators {Z;}™,, where m is the number of
cells in a defect movement. Let ax,,az, be the eigen-
values corresponding to measurements defined by X;, Z;,

respectively.
X3, Xm
Zl ZZ Z3 m 1 Zn:

Let the corresponding projectors be defined as

I + (*1)06)(1' Xl

Pay, = ———5—,
[+ (=177,
Poy, = —————.

Let {B;} be some set of numbers that equal to either 0
or 1. Then the following relation holds:

m m

[[(Pas,+8) T](Paz) [T (Pay,) =

=1 i=1 i=

—

m
] kBJ Zk Z;nkﬂj H
k=1

m

Proof. See Supplemental Materials.



One-cell movement

Thus, we can express the state after the one-cell move-
ment as

) = X'z 795 P,, Py |0
- N 7

where X'z and Z'dx are by-product operators, and the
constant v/ N is the normalization factor.

N = (|Psy Po, Pa, P

Qaxqt ozt azy 04X1|w> =

= <’¢)|Pax1 P(le Pax1 |'¢)>

Although a guess for the form of dx, dz is given in [27],
we will keep this variables till the end of the derivation.

Now let us consider the general approach. For the step
1, we need to define a candidate physical transformation.
In our case, elements taking part in this transformation
are

K= (SAX}AZ}) = (5" {X'}{27}) = K,

p =)W= [P = 0.

On the step 2 we define Ty, , given Ay. In our case, we
want Az, to be equal to I, so Ty, should be an identity.
Finally, we will make use of Lemma 1 to find ele-
ments of T/’\C'_m/ and then show that T/’\C'_)K/ = Th,.
Since T/’\C'_m, should be identity, we want to show that

(0| B gl0') is equal to (1]B5]4).

Multi-cell defects movements

The case of multi-cell movement is a straight-forward
generalization of one-cell movement, so we put in this
paragraph a description of the general approach only. For
rigorous proof of the step 3, see Supplemental Materials.

We can express the state after the multi-cell movement
as

oy = XTI Py T Pa )
VN |

where X 92 and Z'4x are by-product operators, and the
constant v/ N is the normalization factor.

m m m m
N = W\ Hpaxj HPazi Hpazi HPaxi|¢> =
i=1 i=1 =1 =1

= (¢| HPOéXi Hpazi Hpocxi ).
=1 i=1 =1

Now let us consider the general approach. For the step
1, we need to define a candidate physical transformation.
In our case, elements taking part in this transformation
are

K= (SAX}AZY) = (S X'} {2) = K

p =)W= [P = 0.

On the step 2 we define Ty, , given Ar. In our case, we
want Ay, to be equal to I, so Ty, should be an identity.

Finally, we will make use of Lemma 1 to find ele-
ments of X" and then show that TN™K = Ty, .
Since TXX" should be identity, we want to show that
(V'|B51v') is equal to (1)|Bys|1). For proof, see Sup-
plemental Materials.



Defects movements for logical CNOT

We put in this paragraph a description of the general
approach only. For rigorous proof of the step 3, see Sup-
plemental Materials.

We can express the state after the multi-cell move-
ments as

7,d27ld 27/d17,d 1 m m
Xy ? Zy * X, K Zy * H¢:1 Pazi H¢:1 Paxi|w>
VN ’

where X2d22 , Zdez, dezl , and Zldxl are by-product op-
erators, and the constant v/ IV is the normalization factor.

N = @[] Pax, [T Poz, T Paz, T1 P, 19 =
i=1 i=1 i=1 i=1

[¥) =

- <w| HPaXi, H PO‘Z,; HPIXX,-, |'(/)>
i=1 i=1 i=1

Now let us consider the general approach. For the step
1, we need to define a candidate physical transformation.
In our case, elements taking part in this transformation
are

K= (S, {Xi}i, {Zi}?:l) =
= (S X A2 ) = K

p =)= [P )| =p

On the step 2 we define Ty, , given Ar. In our case,
we want Ay to be equal to represent logical CNOT-
operation.

Finally, we will make use of Lemma 1 to find el-
ements of T,’\C'_m/ and then show that T}\O_)’C/ =

Th,- Since TF7K" should be equal to the
transfer matrix of logical CNOT, we want to
show that <wl‘Bé’Yl@72772)\(51,51@52)|¢,> is equal to

(V|B(4, 4)|(51,5)[¥0).  For proof, see Supplemental Ma-
terials.

V. CONCLUSION

We presented a series of theoretical clarifications that
combine state- and operator-formalism to describe the
evolution of logical states under the influence of simulta-
neous transformations in both physical state and logical
subspace structure. We demonstrated the application of
the framework for processing defect movements in sur-
face code by deriving powers of byproduct operators. We
expect that our results will prove valuable for ongoing
experiments attempting to demonstrate quantum error
correction using the existing generation of quantum pro-
Cessors.
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SUPPLEMENTAL MATERIALS

Proof of the Lemma 1.

Let us expand super-ket notations for density matrices:

(B1lp) tr(B1'p) (Y[ Bil|y)
lphk = : = : = : ;
(Bp21p) tr(Bpz'p) (Y| Bpz|i)
(Bilp) tf(BiTP') (W'|Bily")
"D = : = = :
(Bpzlp") (B’D o) (V| Bp2 ')

If we write elementwise the relation [p')r =

TN ), we get

S (TR (1B v Vi

J

W'|Bily') =
and this completes the proof.

Proof of the Lemma 2.

To prove the Lemma 2, we iteratively substitute the
expression

I+ (—1)oxitbi,
PaXi+ﬁi = 9

into the expression

m m

[T Pax 48 [T ) TT(R

i=1 i=1 i=

—

and use commutation relations between operators on
every step. Let us start from ¢ = m.

Note that

10

Thus,

m—1 m—1
1
25 (Polx +/3z‘) H(Poéz7)
=1 =1

: (Pazm + (_1)

z:l
m—1 m—1 m
H ax;, +ﬂz H aZmﬁmZﬁm)H(Paxi)'
=1 i=1 i=1

Note that the product [[",(Pay,) in the end of the
initial expression remains unchanged, while the part

m m
[(Pas 400 T (Pa
i=1 i=1
transforms to
m—1 m—1
CK m m
[T (Pax, 46 T] (Pa Znfm Z 0 )
=1 =1

after making transformations for ¢ = m. Thus, doing the
same set of transformations for remaining ¢ in descending
order, we arrive at the conclusion that

TT (122 T80 (23) 255 25) T (P,

k=1 k=1

).



Proof of existence of a logical transfer matrix.

We want to prove that a logical transfer matrix T/’\C'_”C,
given in Def. 10 exists. We will show that T’ /’f'_ml corre-
sponds to a linear map cP’ — P’

Note that K contains particular basis B; * and K’ con-
tains basis B{lDz. This means that p and p’ have coordi-
nate representations in CDz, so it remains to prove that
the transformation |p)x — |p' ) = |ApAt)x is linear,

which is evident from the coordinate representation:
(B1|ApAT)

[ApAT )i = : =
(B2 ApAT)

tr(B, T ApAT)

tr(B, T ApAt)
Indeed, since trace is linear operator, we have

(1 + p2) Vi = [A(p1 + pa) AT =

= [Ap A s + [Ap2AT )i = [ )k + [P )i

and this completes the proof.

One-cell defect movement - step 3.

Let us first find N. Using Lemma 2 for 8 = 0, we get

(¢[9) + (=1)* (Y| X1 [9)) .

|~

= (Y| Pax, [¥) =

Note that the operator Z’ is in the stabilizer S of
the state |1), and this operator anti-commutes with X;.

Let’s denote eigenvalue for Z’ as (—1)0‘2’, then
Z'l) = (=1 |),
WIX ) = (-1 (X1 Z'9) = ~(| X2 o).

Thus, (1| X1]¢) =0, and N transforms to N = 1.
Now we are ready to perform the step 3.

(W'|BY5l¢) =
= ( 1)’7dx+6dz <w|P0¢X1 Pazl B~y|§ azy Oéxl |"/}>

:( 1)de+6dz <w|By\5Paxl+5 az, ax1|¢>

We can use Lemma 2 with m =1, 81 = § to get

P,

OéXl

Pazl Paxl = (_1)6azl Zl Paxl

11

Thus,
(W'|Bslv") =

— (_1)7dx+6(dz+azl <¢|B |5Zl o, |,(/}>

Note that Z; = Z, X' = XX, and Z’ € S, where S is
the stabilizer for the initial state |1)).

Consider two cases:

Case 1. v =0.

("I Bojslt") =

— (_1)6(dz+azl

<¢\B |5ZI x1|'(/}> =

(71)5(dz+az1 +aj,) L L1

N V2

1 _ _
5 (WIZ°[) + (= 1) (| Z° X [9)).

Note that
(W20 X1 [) = (~1)%% (9| Z° X, Z' ) =

= (12 |2 (2 X)) =

—W|Z° X1 ) = (| Z° Xy |¢) = 0.
Thus, for v =0,
(¥'|Byslv') = (=

Case 2. v =1.

1)2(@ztaz+o%,) (4| By slh).

(W'|Bysl¥) =
= (- 1)dx+5(dz+0¢21) 1 <¢|B |521 X1|¢> =

14t
N2

— ( 1)dx+5(dz+azl)

<¢I(X LYNZ')° Z} Pay, |¥) =

. 14!
:( 1)d +6(dz+ )N \[
(WIX)UZ) 23 (T + (-1)" X1) [4).

Note that in the last expression the term
(WI(XNNZ")°ZJ|Y) is equal to 0, since the opera-
tor Z' € S anti-commutes with (X’)'(Z’)°Z¢. Thus,

(@'|Byjslt") =



:( 1)(dx+(1x1)+5(dz+oézl) 1t

N\f'

WIXNZY 20 X1 lW) =

1.6

— (_1)(dx+ax1)+5(dz+azl)ili

N2

(X' X0)(Z)° 23 ) =

:( 1)(dx+ax1)+5(dz+azl+azl) 1t

N\f'

(Y| X Z§ ).

Combining these two cases together, we get

(W'|BslY") =

_ (_1)7(dx tax,)+o(dz+az, +ag,).

(1B 5]¢)-

If we substitute

dx = ax,,

S
dZ =z, +OLZ/,

then we will get the expression we wanted to prove:

(W'1B510") = (|Bysl).

Multi-cell defects movements - step 3.

Let us first find N. Using Lemma 2 for g =

z/JlHPaX v) = (<w|w> +0+...+0) =

i=1

Now we are ready to perform the step 3.

(W'|B)51") =

1
= (=1 vydx+ddz — .
(—yerbs L

<¢| HPaXi I_IPOcZ1 (ny\é) HPO‘Zz Hpaxl |1/)> =

Z;, B!

1
— (—1)vdx+édz —_ |
(=1) N

'y|6 (H POtX)PaXm-HsHPOtzi'

'HPazi HPOZX1|,(/1> =

1
= (=1 vydx+ddz — .
(=1) N

7|5 (H >Paxm+5HPaziHPx )

Note that we can use Lemma 2 to transform the prod-
uct of projectors, since in our case 5 = (00 ... 00). After
the transformation we get

(W'1B5lv) =

— (_1)’de+5(dz+zi az,;)

[~

(B, [12 1P
i=1 i

Z'e S,
Z;eS Vie{2,.,m}

(W'|B)51") =

_ (_1)’YdX+5(dZ+Zi az+300, agi) i

¢|B |6Zis Hpax W)

Consider 2 cases:
Case 1. v =0.

(v |Bo\5|¢/> =

12

Let us denote the corresponding eigenvalues of Z; as
S

—1)%%: fori € {2,...,

@/ Then we can write

m}, and let the eigenvalue of Z’ be



_ (c1) AT ez s eg) L L
Nz

ARVA HP

_ (—1) Wzt ez AT 0 Hag) 11
N2

1) ik ax; T™ )
2 <1+ (1) e, X1> ),

2m

Note that in the last expression all terms of the type
A [I;es X;l) are equal to 0 for any non-empty set
of indexes J. This follows from the fact, that for any
such set J there exists operator Zi in the stabilizer S of
the state |¢) that anti-commutes with ]

W23 TT X510 = (—1)°% (w123 T] X Zile) =

JjeJ jeJ

jEJ

= ()= ) 2,28 [ X510) = — w28 [T X510

Jjed jeJ

Thus, continuing our derivation and taking into ac-
count that 27 = Z,

(¥ |Bo\5W’/> =

:( )é(dz+2 az,+>% 2az +aZ,) 11

N2
Lol 201y —
2*m<1/}| L) =

az. m o 4+ad,
= ()P 0RO (4 B ),
Case 2. v =1.
(W'1ByslY") =

(1)t e 4T 0F) L i

_ Nf.
(W)X ZIH

1.6
ag) 1

N2

_ (_1>dx+5(dz+zi az;+327L,

13

1) it ax; T™ .
W22 (”"'“ S HHXZ)IW

Note that in the last expression all terms of the type
WX (2 Z¢ [I;c; X;14¥) are equal to 0 for any J #
{1,...,m}, since we can find an operator from S that
anti-commutes with (X")'(Z')°Z?¢ [I;c; X; for any such
J, including J = @. Thus,

(W'|Bysly") =
(1) ax D an t 05
V2
(W2 Z T Xil) =
=1
_ (_l)dXJFZi ax;+6(dz+32, az, +3°7%, O‘;i) . E
V2
m
sy
'145

— ( 1)dX+Z ax, +5(dz+z oz, +2 = 2aZ +aZ’) .
V2

(WX Z7y) =
_ (71)1~(dx+zi ax;)+o(dz+3"; az, +>270, ocgi-&-ag/).

(| Bys[i)-

Combining these two cases together, we get

(W'|Bslv) =

= (—1)" YAx+3; ax,)+6(dz+3,; az,+X %, aZ +aj,)

(Y[ Bys[¥)-

If we substitute

dX = E ax,,
A

m

dz = Zazi + Za% + a3,
i i=2
then we will get the expression we wanted to prove:

(W'|B5|0") = (0B, s¥).-



Logical CNOT - step 3.

Let us first find N. Using Lemma 2 for 5 = (0, ...,0),

N = (0[] Pa, 1) = gy (1) 40+ . +0) = o

2m
i=1

Now we are ready to perform the step 3. Let’s denote
(Y'10") = (71,71 + 72|01 + 02, 02).

(W'|BLysr W) =

— (_1)’Y1dxl +(v1+v2)dx, +(61+02)dz, +2d 2, i
N

'<¢‘Hpaxi HPazi( fy’\é’)HPazi HPaxi‘w> =

_ (_1)"/1dx1 +(M+72)dxy+(614+02)dz, +2d 2, i
N

(W1(Bl5)

H Paxi

i\{p,m}

'HPO‘Zi HP‘)‘X@|,(/}>'

Note that we can use Lemma 2 to transform the prod-
uct of projectors, since in our case = (0...0d2 0 ... 51+
d2), where non-zero entries are on the p-th and m-th
places. After the transformation we get

(W | By ) =

POtX,, +52Paxm+(51+52)'

— (_1)’YldX1 +(1+72)dx,+(614+02)dz, +02dz,

14

m m 1
(=1 013771, oz +62 Zi:p+1 Qz; .,
(1) K
WIBLs 127 T 27 [ Pox, 1)-
i=1 i=p+1 i
Note that
Z'e S,

Z; €8 Vie{2,..,m},

[Zi,BfM(;,} =0 Vied{2,..,m}.
Let us denote the corresponding eigenvalues of Z; as
S
(=1)%% for i € {2,...,m}, and let the eigenvalue of Z7
S

be (fl)azlLl . Then we can write

(W'|BYs19) =
— (_1)’Yldx1+(71+’Yz)dx2+(51+52)dzl +d2dz, |

m

.(_1)51 Yitiaz+02 30z,

(1) ;’;Qa;ﬁézzz’;waz%.

6
(1Bl 150 20" T ] Pax, 19)-
i

Considering 2 cases in a similar manner to Multi-cell
movements case, we arrive at the desired relation.
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